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Abstract. We establish a Bombieri–Vinogradov theorem for sectors in real quadratic
number fields.

1. Introduction and main result

1.1. History. The classical Bombieri–Vinogradov theorem is a powerful
result about averages of the error term in the prime number theorem for
arithmetic progressions, asserting that∑

q≤Q
max

(a,q)=1
max
y≤x

∣∣∣∣π(y; q, a)− 1

φ(q)
·
y�

2

dt

log t

∣∣∣∣ ≪A
x

logA x
+Qx1/2 log6Qx

for any A > 0, where π(y; q, a) counts the number of primes p ≤ y in the
residue class a mod q. In particular, if Q ≤ x1/2−ε, then we get a bound
of O(x log−A x). The exponent 1/2 − ε is commonly referred to as “level of
distribution”. This theorem has been extended to number fields K in different
ways. Here, care needs to be taken because there may be infinitely many
prime elements p with bounded norm over Q in the ring of integers OK
satisfying a congruence relation of the form p ≡ a mod q with q being an
ideal in OK.

One way to get around this is to replace congruences a ≡ b mod m of in-
tegers by ray class equivalences a ∼ b mod m of ideals to a modulus m for K,
as introduced by Hecke. A generalized Bombieri–Vinogradov-type theorem
of this kind was established by Wilson [18] and improved by Huxley [8].
One may also proceed in a different direction if K is Galois over Q: instead
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of prime ideals in ray classes, one may count rational primes p ≡ a mod q
which are unramified in K and whose Artin symbol (p,K/Q) equals a given
conjugacy class C in the Galois group of K over Q. This route was taken by
Murty and Murty [14] and later generalized to the situation of non-Galois
extensions K of a general base field by Murty and Petersen [15]. The congru-
ence condition above can be expressed in the form N (p) ≡ a mod q, where
N (p) is the norm of a prime ideal p in OK. The above results in [14] and [15]
were strengthened by Jiang, Lü and Wang [10] and refined by Thorner [17]
who included a short interval condition. Khale, O’Kuhn, Panidapu, Sun and
Zhang [11] considered versions for Galois extensions of Q with a small sector
condition determined by Hecke characters. However, also in this setting, the
congruence condition was of the form N (p) ≡ a mod q.

Hinz [7] developed a version of the Bombieri–Vinogradov theorem in
which he considered a genuine congruence condition of the form p ≡ a mod q
in OK. So he really counted prime elements p ∈ OK in residue classes a mod q
such that the norm of p over Q is bounded by x. For this to work, he re-
stricted these prime elements p to a box. More in detail, his restriction was
that (p1, p2, . . . , pr1 , |pr1+1|2, |pr1+2|2, . . . , |pr1+r2 |2) lies in a box (0, y1]× · · ·
×(0, yr1+r2 ], where p1, . . . , pr1 are the real and pr1+1, pr1+1, . . . , pr1+r2 , pr1+r2
the complex embeddings of p. He assumed that the yk’s are about of size
x1/(r1+r2) so that the volume of the box is about of size x.

Coleman and Swallow [3] derived a version of the Bombieri–Vinogradov
theorem for imaginary quadratic fields with a genuine congruence condition
p ≡ a mod q and a restriction of p to a small sector. More precisely, they
restricted both the argument of p and its norm over Q to a short interval. In
the present article, we establish a Bombieri–Vinogradov theorem with similar
congruence and sector conditions for real quadratic fields. This case is more
delicate since the unit group is infinite. Moreover, in this context, sectors are
generally harder to handle than boxes, as considered by Hinz: summation
formulae for algebraic integers are considerably more effective over boxes
than over sectors because boxes are product sets whereas sectors are not.
Consequently, in our setting of sectors we pass from algebraic integers to
integral ideals and detect both the congruence and the sector condition using
Hecke characters, which are defined on the group of fractional ideals. The
main difficulty here is that the infinitude of the unit group may cause the
group of Hecke characters with trivial infinite part modulo q to be much
smaller than the group of Dirichlet characters modulo q, reflecting the fact
that many residue classes may collapse into a single ray class under the
action of units. We therefore carefully arrange a suitable larger set of Hecke
characters modulo q, possibly with non-trivial infinite part, to detect residue
classes. To formulate a meaningful result, we restrict the prime elements p
to a sector contained in a fundamental domain of R2 under multiplication
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by units in OK. This may be viewed as more natural than the restriction to
a box, as considered by Hinz.

In this article, we will fix the sector and consider a full interval [1, x]
bounding the norm of (p). Extending our result to small sectors and short
intervals would require zero-density estimates for Hecke L-functions. These
are avoided here to keep the arguments as simple as possible, only using
a Siegel–Walfisz-type theorem and a large sieve inequality for a family of
Hecke characters. An extension to small sectors and short intervals may be
considered in future research.

1.2. General notation. To state our main result, we first set up some
notation. For a number field K, we denote by h its class number, by OK its
ring of algebraic integers, by O∗

K the group of units in OK, by IK the set of
non-zero integral ideals in OK, by PK the subset of principal ideals, by I frac

K
the group of fractional ideals and by P frac

K the subgroup of principal fractional
ideals. For a, b ∈ IK, we write (a, b) = 1 if a and b have no common prime
ideal divisors. For a ∈ OK and a ∈ IK, we write (a, a) = 1 iff ((a), a) = 1. If
a ∈ IK, then we define the norm of the ideal a by N (a) := [OK : a]. If a ∈ K,
then we set N (a) := |NK:Q(a)|. We note that N (a) = N ((a)) if a ∈ OK. We
define the von Mangoldt function on IK by

Λ(a) :=

{
logN (p) if a = pk for some prime ideal p and k ∈ N,
0 otherwise

and set
Λ(a) := Λ((a))

if a ∈ OK. We define the Euler totient function on IK by

φ(a) := ♯(OK/a)
∗

and set
φ(a) := φ((a))

if a ∈ OK. If C is a condition, we define its indicator function as

IC :=

{
1 if C is satisfied,
0 otherwise.

If M is a set, we define its indicator function as

IM(x) :=

{
1 if x ∈ M,

0 otherwise.

From now onward, we restrict K to be a real quadratic number field,
i.e. K = Q(

√
d), where d > 1 is a square-free integer. We denote the two

embeddings of K, the identity and conjugation, by

σ1(s+ t
√
d) := s+ t

√
d and σ2(s+ t

√
d) := s− t

√
d,
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where s, t ∈ Q. We recall that, by the Dirichlet unit theorem for the case
of real quadratic fields K, the unit group O∗

K is generated by a fundamental
unit ϵ > 1 and −1. Note that σ2(ϵ) = ±ϵ−1 because

|ϵσ2(ϵ)| = |σ1(ϵ)σ2(ϵ)| = N (ϵ) = 1.

We will use the following lemma to suitably restrict generators of principal
ideals.

Lemma 1. Let a ∈ PK. Then there exists a generator a of a, unique up
to the sign, such that

ϵ−1|σ2(a)| < |σ1(a)| ≤ ϵ|σ2(a)|,

where ϵ is the fundamental unit in OK. In this case, we have

ϵ−1/2N (a)1/2 ≤ |σi(a)| ≤ ϵ1/2N (a)1/2 for i = 1, 2.

Proof. See [1, Lemma 1].

We will formulate our Bombieri–Vinogradov theorem for sectors of the
form
(1.1)
S = S(η1, η2) := {a ∈ OK : ϵη1 |σ2(a)| < |σ1(a)| ≤ ϵη2 |σ2(a)| and a > 0},

where η1 and η2 are fixed such that −1 ≤ η1 < η2 ≤ 1. By Lemma 1, every
a ∈ PK has exactly one generator in S(−1, 1). Throughout the following, let
x ≥ 2. For a ∈ OK and q ∈ IK with (a, q) = 1, we set

(1.2) ψS(x; q, a) :=
∑

s∈S(η1,η2;x)
s≡a mod q

Λ(s),

where

(1.3) S(η1, η2;x) := {s ∈ S(η1, η2) : N (s) ≤ x}.

Heuristically, we expect that ψS(x; q, a) is close to

MS(x; q, a) :=
η

φ(q)

∑
s∈S(−1,1;x)

(s,q)=1

Λ(s),

where we set
η := η2 − η1.

We denote the error term of this approximation by

(1.4) ES(x; q, a) := ψS(x; q, a)−MS(x; q, a).

1.3. Main result. Our main result is the following bound for the average
of ES(x; q, a) over residue classes.
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Theorem 1 (Bombieri–Vinogradov theorem for sectors in real quadratic
number fields). Let K be a real quadratic field. Let x ≥ 2, 1 ≤ Q ≤ x4/5,
ε > 0 and A > 0. Keep the notations above. Then
(1.5)∑

q∈IK
N (q)≤Q

max
a mod q
(a,q)=1

max
y≤x

|ES(y; q, a)| ≪ε,A,η,K (x9/11Q8/11 + x1/2Q2)xε +
x

logA x
.

In particular, if Q ≤ x1/4−2ε, we have∑
q∈IK

N (q)≤Q

max
a mod q
(a,q)=1

max
y≤x

|ES(y; q, a)| ≪ε,A,η,K
x

logA x
.

Remark 1. Using Lemma 1 and the Chebotarev density theorem, we
may further approximate the main term MS(x; q, a) by

MS(x; q, a) =
η

φ(q)

∑
s∈PK
N (s)≤x
(s,q)=1

Λ(s) =
η

φ(q)

( ∑
s∈PK
N (s)≤x

Λ(s) +O(log2N (qx))
)

=
η

hφ(q)

(
x+O

(
x

logA x

))
for any A > 0, provided that N (q) ≤ x. Therefore, the estimates in Theo-
rem 1 remain valid if the term ES(y; q, a) is replaced by

E′
S(y; q, a) := ψS(y; q, a)−

η

hφ(q)
· x.

1.4. Organization of this article. After introducing the necessary
tools, we will use Fourier analysis to pick out the residue class and sector
conditions via Hecke characters. This reduces the problem to bounding aver-
ages of Hecke character sums over prime ideals (in fact, we work with the von
Mangoldt function instead of the indicator function of primes). The moduli
q with a small norm will be treated using a version of the Siegel–Walfisz
theorem. For the remaining contribution, we will use Vaughan’s identity to
reduce the problem to bounding averages of bilinear sums with Hecke charac-
ters over ideals. For the estimation of these averages, we will use a version of
the Pólya–Vinogradov inequality as well as a large sieve inequality for Hecke
characters. This will finally allow us to establish our Bombieri–Vinogradov
theorem for sectors in real quadratic fields. Throughout the remainder of
this article, we allow implied constants to depend on ε, A, η and K.

Remark 2. The level of distribution of 1/4− ε in our Theorem 1 arises
from a large sieve inequality for a family of Hecke characters (Lemma 6
below) which is worse than what we expect to hold (see Remark 3 after
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the proof of Lemma 6). It would be desirable to improve this bound. Our
conjectural large sieve inequality would lead to a level of distribution 1/2−ε.

2. Preliminaries

2.1. Hecke characters for real quadratic fields. In this subsection,
we provide an explicit description of Hecke characters for real quadratic
fields, based on our more detailed description in [1, Section 2], which in turn
was based on material in [5], [6], [13, Section 3.3], and [16]. Hecke characters
are characters of the group of fractional ideals of K which are coprime to
some modulus. We will use them to detect elements of OK in intersections
of sectors and arithmetic progressions. To describe them properly, we set up
some notation below.

Let q ∈ IK. If a, b ∈ K, we say that a and b are multiplicatively congruent
modulo q, denoted by a ≡∗ b mod q, if for every prime ideal p dividing q, the
p-adic valuation satisfies vp((a − b)) ≥ vp(q). We say that a fractional ideal
a ⊂ K is coprime to q if vp(a) = 0 for all prime ideal divisors p of q. Let
χ̃ be a Dirichlet character modulo q (the pull-back of a group character for
(OK/q)

∗ to OK). Its multiplicative extension to K is defined as

χ(α) := χ̃(a) if a ∈ OK and α ≡∗ a mod q

when α ∈ K is such that (α) is coprime to q. If (α) is not coprime to q, then
we set χ(α) := 0. It is easy to see that χ(α) is well-defined. We refer to χ
as a Dirichlet character modulo q as well. On the group P frac

K of principal
fractional ideals of K, Hecke characters modulo q take the form

(2.1) χHecke((α)) = χ(α)χ∞(α),

where χ is a Dirichlet character modulo q and χ∞ is referred to as the infinite
part of χHecke. Every Hecke character χHecke on P frac

K extends to h distinct
Hecke characters on the full group of fractional ideals I frac

K . By convention,
given a Hecke character χHecke on P frac

K , we will fix one of these extended
characters and denote it by χHecke as well. We say that the Hecke character
χHecke belongs to the Dirichlet character χ. (More precisely, χHecke should be
viewed as a Hecke character to a modulus with finite part q and infinite part
m∞. For simplicity, we suppress m∞ throughout this article.) For χHecke((α))
to be well-defined, it is necessary that

(2.2) χ(u)χ∞(u) = 1 for all units u ∈ O∗
K.

Specifically, for a real quadratic number field K, the infinite part takes the
form (see [1, equation (2.3)])

(2.3) χ∞(α) =

∣∣∣∣σ1(α)σ2(α)

∣∣∣∣iv sgn(σ1(α))u1 sgn(σ2(α))u2 ,
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where v ∈ R and u1, u2 ∈ {0, 1}. The requirement in (2.2) imposes certain
restrictions on these parameters v, u1, u2 which we work out below.

The unit group O∗
K is generated by the fundamental unit ϵ > 1 and −1.

Therefore it suffices to ensure that χχ∞(ϵ) = 1 and χχ∞(−1) = 1. Suppose
that

(2.4) χ(ϵ) sgn(σ2(ϵ))
u2 = exp(−2πiρ).

Then ρ takes the form

(2.5) ρ =
g

2
− arg(χ(ϵ))

2π
,

where

(2.6) g :=

{
0 if sgn(σ2(ϵ))

u2 = 1,

1 if sgn(σ2(ϵ))
u2 = −1.

Since σ1(ϵ) = ϵ > 0, we have sgn(σ1(ϵ))
u1 = 1. Thus, to ensure χχ∞(ϵ) = 1,

it suffices that

sgn(σ2(ϵ))
−u2χ∞(ϵ) =

∣∣∣∣σ1(ϵ)σ2(ϵ)

∣∣∣∣iv = exp(2πiρ),

which is the case iff

ϵ2iv = exp(2iv log ϵ) = exp(2πiρ).

This in turn is equivalent to the condition

v =
π(n+ ρ)

log ϵ
for some n ∈ Z.

Moreover, to ensure that χχ∞(−1) = 1, it suffices that u1, u2 ∈ {0, 1} satisfy

(2.7)

{
u1 = u2 if χ(−1) = 1,

u1 ̸= u2 if χ(−1) = −1.

Combining the above, the infinite part χ∞ takes the form

(2.8) χ∞(α) =

∣∣∣∣σ1(α)σ2(α)

∣∣∣∣iπ(n+ρ)/log ϵ sgn(σ1(α))u1 sgn(σ2(α))u2
with ρ as defined in (2.5) and u1, u2 ∈ {0, 1} satisfying condition (2.7).

A particular Hecke character is the principal Hecke character χHecke,0
modulo q which equals the principal Dirichlet character χ0 modulo q. So in
this case, the infinite part of χHecke,0 is trivial.

2.2. Sums with Hecke characters. We shall use the following bound
for sums of Hecke characters due to Landau which generalizes the classical
Pólya–Vinogradov estimate to number fields.
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Proposition 1 (Landau’s generalization of the Pólya–Vinogradov in-
equality). Let X ≥ 1 and K be a number field of degree n over Q. Let χHecke
be a non-trivial Hecke character modulo an ideal q ∈ PK. Then∑

a∈IK
N (a)≤X

χHecke(a) ≪ N (q)1/(n+1)X(n−1)/(n+1) logn 2N (q).

Proof. See [12].

The case relevant for us will be when n = 2. We shall also use the
following generalization of the Siegel–Walfisz theorem for number fields.

Proposition 2 (Siegel–Walfisz theorem for number fields). Let X ≥ 2,
A > 0 and let K be a number field. Then there exists a positive constant
C = C(A,K) such that for any primitive Hecke character χHecke modulo an
ideal q ∈ PK with N (q) ≤ logAX, we have

(2.9)
∑
a∈IK

N (a)≤X

χHecke(a)Λ(a) ≪
X

exp(C
√
logX)

.

Proof. See [9, Chapter 5].

2.3. Vaughan’s identity. To treat sums of the form in (2.9) if N (q) >
logA x, we use Vaughan’s identity for IK to decompose the von Mangoldt
function.

Lemma 2 (Vaughan’s identity for number fields). Let n ∈ IK and U, V≥1
be such that U < N (n). Then

Λ(n) = a1(n) + a2(n) + a3(n),

where

a1(n) := −
∑
rml=n

N (m)≤V
N (l)≤U

µ(m)Λ(l),

a2(n) :=
∑
lr=n

N (l)≤V

µ(l) logN (r),

a3(n) := −
∑
mr=n

N (m)>U
N (r)>1

Λ(m)
∑
d|r

N (d)≤V

µ(d),

with the sums above running over ideals in IK.

Proof. The proof is analogous to that of the classical Vaughan identity.
For the details, see [2, p. 194].
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Let G : IK → C be a function such that G(a) = 0 if N (a) ≤ U . Then it
follows from Lemma 2 that

(2.10)
∑

N (n)≤X

Λ(n)G(n) = S1 + S2 + S3,

where
Si =

∑
N (n)≤X

G(n)ai(n).

We may bound the sums S1 and S2 by (compare with [2, p. 95])

S1 ≪ (logUV )
∑

N (t)≤UV

∣∣∣ ∑
N (r)≤X/N (t)

G(tr)
∣∣∣,(2.11)

S2 ≪ (logX)
∑

N (l)≤V

max
w≤X/N (l)

∣∣∣ ∑
N (r)≤w

G(lr)
∣∣∣,(2.12)

where we remove the term logN (r) implicit in the sum S2 using partial
summation. The sum S3 can be expressed in the form

(2.13) S3 = −
∑

U<N (m)≤X/V

∑
V <N (r)≤X/N (m)

Λ(m)H(r)G(mr),

where we set

(2.14) H(r) :=
∑
d|r

N (d)≤V

µ(d)

and note that H(r) = 0 for 1 < N (r) ≤ V .

2.4. Duality principle. The following lemma will be used to derive a
large sieve inequality for Hecke characters.

Lemma 3 (Duality principle). Let Φ : Z2 → C be a complex-valued func-
tion. Suppose that for any sequence (βn)n≤N of complex numbers,∑

m≤M

∣∣∣ ∑
n≤N

βnΦ(m,n)
∣∣∣2 ≤ ∆(M,N)

∑
n≤N

|βn|2.

Then for any sequence of complex numbers αm, we have∑
n≤N

∣∣∣ ∑
m≤M

αmΦ(m,n)
∣∣∣2 ≤ ∆(M,N)

∑
m≤M

|αm|2,

where ∆(M,N) is the same quantity in both inequalities.

Proof. See [9, Section 7.1].

2.5. Cosmetic surgery. The following lemma, termed “cosmetic
surgery” by some authors, will be used to remove certain summation condi-
tions in the form of inequalities between variables.



10 S. Baier and E. A. Molla

Lemma 4 (Cosmetic surgery). For any T ≥ 1 and α, β > 0 distinct, we
have

1α<β =

T�

−T
eitα

sin tβ

πt
dt+O

(
1

T |β − α|

)
,

where the implied constant is absolute.

Proof. See [4, Lemma 2.2].

3. Reduction to sums with Hecke characters

3.1. Picking out residue classes. Using the orthogonality relations
for Dirichlet characters, we begin by writing ψS(y; q, a) in the form

(3.1) ψS(y; q, a) =
1

φ(q)

∑
χ mod q

χ(a)ψS(y, χ),

where

(3.2) ψS(y, χ) :=
∑

s∈S(η1,η2;y)

χ(s)Λ(s).

Next, we set
(3.3)

ẼS(y; q, a) := ψS(y; q, a)−
1

φ(q)

∑
s∈S(η1,η2;y)

(s,q)=1

Λ(s) =
1

φ(q)

∑
χ mod q
χ ̸=χ0

χ(a)ψS(y, χ),

where χ0 is the principal Dirichlet character modulo q. Our strategy for the
proof of Theorem 1 will be to work out average bounds for ẼS(y; q, a) and
finally approximate ẼS(y; q, a) by ES(y; q, a), defined in (1.4). To this end,
we set

ẼS(y; q) := max
a mod q
(a,q)=1

|ẼS(y; q, a)|,(3.4)

E∗
S(x; q) := max

y≤x
ẼS(y; q).(3.5)

Our immediate aim is to bound the sum∑
q∈IK

2≤N (q)≤Q

E∗
S(x; q).

Here, the summation condition N (q) ≥ 2 comes from the fact that E∗
S(x; (1))

= 0 since there is no non-principal Dirichlet character modulo (1).
By the triangle inequality, we have

(3.6) |ẼS(y; q, a)| ≤
1

φ(q)

∑
χ mod q
χ ̸=χ0

|ψS(y, χ)|.
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Since the right-hand side is independent of the residue class a modulo q, it
follows that

(3.7) E∗
S(x; q) ≤

1

φ(q)

∑
χ mod q
χ ̸=χ0

max
y≤x

|ψS(y, χ)|.

3.2. Reduction to primitive characters. Let χ mod q be a non-
principal Dirichlet character and χ1 mod q1 with q1 | q be the primitive char-
acter inducing χ. We observe that q1 ̸= (1) since χ is non-principal. It is easy
to see that

ψS(y, χ) = ψS(y, χ1) +O(log2N (q)y).

Consequently, from (3.7), we get∑
2≤N (q)≤Q

E∗(x; q)

≪
∑

2≤N (q1)≤Q

∑∗

χ1 mod q1

max
y≤x

|ψS(y, χ1)|
( ∑

1≤N (j)≤Q/N (q1)

1

φ(jq1)

)
+Q log2Qx,

where the asterisk indicates that the relevant summation is restricted to
primitive characters. We note that φ(jq1) ≥ φ(j)φ(q), which implies∑

1≤N (j)≤Q/N (q1)

1

φ(jq)
≤ 1

φ(q)

∑
1≤N (j)≤Q/N (q1)

1

φ(j)
≪ logQ

φ(q)
.

Assuming Q ≤ x, we deduce that
(3.8)∑
2≤N (q)≤Q

E∗(x; q) ≪ (log x)
∑

2≤N (q)≤Q

1

φ(q)

∑∗

χ mod q

max
y≤x

|ψS(y, χ)|+Q log2 x.

3.3. Writing Dirichlet characters in terms of Hecke characters.
For a primitive Dirichlet character χ modulo q, let χHecke be a Hecke char-
acter belonging to χ. Recalling (2.1) and (3.2), we may express ψS(y, χ) in
the form

(3.9) ψS(y, χ) =
∑

s∈S(η1,η2;y)

Λ(s)χHecke((s))χ∞(s).

Recalling (2.8) and s > 0 if s ∈ S(η1, η2; q), we have

(3.10) χ∞(s) = sgn(σ2(s))
−u2(χ)

∣∣∣∣σ1(s)σ2(s)

∣∣∣∣−iπ(m(χ)+ρ(χ))/log ϵ

,

where u2(χ) ∈ {0, 1}, m(χ) ∈ Z and ρ(χ) and g are as given in (2.5) and
(2.6). We are free to take m(χ) = 0 and u2(χ) = 0, and hence g = 0. With
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this choice, (3.10) takes the form

χ∞(s) =

∣∣∣∣σ1(s)σ2(s)

∣∣∣∣i arg(χ(ϵ))/(2 log ϵ),
and hence (3.9) becomes

(3.11) ψS(y, χ) =
∑

s∈S(η1,η2;y)

Λ(s)χHecke((s))

∣∣∣∣σ1(s)σ2(s)

∣∣∣∣i arg(χ(ϵ))/(2 log ϵ).
3.4. Picking out sectors. Using the definitions of S(η1, η2) and

S(η1, η2; y) in (1.1) and (1.3), and recalling that −1 ≤ η1 < η2 ≤ 1, the
summation condition s ∈ S(η1, η2; y) in (3.11) is equivalent to

ϵη1 ≤
∣∣∣∣σ1(s)σ2(s)

∣∣∣∣ ≤ ϵη2 and s ∈ S(−1, 1; y).

Hence, we may write (3.11) in the form

(3.12) ψS(y, χ) =
∑

s∈S(−1,1;y)

Λ(s)χHecke((s))fχ(s),

where

fχ(s) :=

∣∣∣∣σ1(s)σ2(s)

∣∣∣∣i arg(χ(ϵ))/(2 log ϵ)I(ϵη1 ,ϵη2 ](∣∣∣∣σ1(s)σ2(s)

∣∣∣∣).
We will approximate f(s) by a linear combination of terms of the form ξn(s)
with n ∈ Z, where

(3.13) ξ(α) :=

∣∣∣∣σ1(α)σ2(α)

∣∣∣∣iπ/log ϵ for α ∈ K.

We note that ξ(α) = ξ(αu) for any unit u in O∗
K, and thus

ξHecke((α)) := ξ(α)

is well-defined and is a Hecke character modulo (1) on the principal fractional
ideals (α). This will allow us to approximate ψS(y, χ) by a linear combination
of sums with Hecke characters of the form

(3.14)
∑

s∈S(−1,1;y)

Λ(s)(χHeckeξ
n
Hecke)((s)).

Moreover, by Lemma 1, the sum in (3.14) equals

(3.15)
∑
s∈PK

N (s)≤y

Λ(s)(χHeckeξ
n
Hecke)(s).
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We set

τ = τχ :=
arg(χ(ϵ))

2π
∈ (−1/2, 1/2],(3.16)

W =W (s) :=
log |σ1(s)/σ2(s)|

2 log ϵ
.(3.17)

We note that
ϵη1 <

∣∣∣∣σ1(s)σ2(s)

∣∣∣∣ ≤ ϵη2 ⇐⇒ η1
2
< W ≤ η2

2

and hence
(3.18) fχ(s) = e(τW )I(η1/2,η2/2](W ) =: Fχ(W ).

We now write F (W ) = Fχ(W ) for brevity and view F (W ) as a function in an
indeterminate W . We note that F (W ) = 0 if W ∈ (−1/2, 1/2] \ (η1/2, η2/2].
On the interval (−1/2, 1/2], we may develop F (W ) into a Fourier series∑

n∈Z
ane(nW ),

where

an = an(χ) =

1/2�

−1/2

e(τz)I(η1/2,η2/2](z)e(−nz) dz =
η2/2�

η1/2

e((τ − n)z) dz.

The equation

(3.19) F (W ) =
∑
n∈Z

ane(nW )

is valid for all W ∈ (1/2, 1/2] except for W = η1/2, η2/2, the discontinuities
of the function F (W ). For n ̸= τ , we calculate that

an =
e((τ − n)(η2/2))− e((τ − n)(η1/2))

2πi(τ − n)
.

If n = τ , then since τ ∈ (−1/2, 1/2], we have n = 0 and an = a0 = 1. We
note that

(3.20) an ≪ 1

1 + |n|
for all n ∈ Z,

where the implied constant is absolute. The following lemma provides a
truncated version of the above Fourier series expansion.

Lemma 5. For any Z ≥ 2 and W ∈ (1/2, 1/2], we have

(3.21) F (W ) =
∑
|n|≤Z

ane(nW ) +O(TZ(W )),

where

TZ(W ) := min

{
logZ,

1

Z∥W − η1/2∥
+

1

Z∥W − η2/2∥

}
.
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Above, the implied constant is absolute, and ∥X∥ denotes the distance of
X ∈ R to the nearest integer.

Proof. This can be proved in a similar way to [1, Lemma 2] by standard
partial summation arguments.

We note that
e(nW (s)) = ξn(s) = ξnHecke((s))

and hence Lemma 5 and (3.18) imply that

fχ(s) =
∑
|n|≤Z

an(χ)ξ
n
Hecke((s)) +O(TZ(W (s))).

Combining this with (3.12) and recalling the equality between the sums in
(3.14) and (3.15), we deduce that

(3.22) ψS(y, χ) =
∑
|n|≤Z

an(χ)
∑
s∈PK

N (s)≤y

Λ(s)(χHeckeξ
n
Hecke)(s) +O(Σ),

where
Σ :=

∑
s∈S(−1,1;x)

TZ(W (s)).

3.5. Estimation of Σ. To estimate Σ, we need to obtain information
about the spacing of W (s), as s runs over the sector S(−1, 1;x). Our method
will be an extension of that in [1, Section 4.2.4], where s was restricted to
prime elements. We divide S(−1, 1;x), defined as in (1.3), into O(log x)
dyadic parts

(3.23) S(H) := {s ∈ S(−1, 1) : H < N (s) ≤ 2H},

where H ≥ 1. We further split S(H) into three disjoint sets,

(3.24)
S0(H) := S(H) ∩ Z,
S+(H) := {s ∈ S(H) \ Z : σ1(s)/σ2(s) > 0},
S−(H) := {s ∈ S(H) \ Z : σ1(s)/σ2(s) < 0}.

Now our goal is to estimate the sums

Σ0(H) :=
∑

s∈S0(H)

TZ(W (s)),

Σ+(H) :=
∑

s∈S+(H)

TZ(W (s)),

Σ−(H) :=
∑

s∈S−(H)

TZ(W (s)).
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If s ∈ S0(H), then s ∈ Z and so N (s) = s2. Hence, using TZ(W (s)) ≤ logZ,
we have

(3.25) Σ0(H) ≪ H1/2 logZ.

In the following, we estimate the sum Σ+(H). The sum Σ−(H) can be
treated in an analogous way. Below we will consider only the case when
K = Q(

√
d) with d > 1 square-free and d ≡ 2, 3 mod 4, in which OK =

{u + v
√
d : u, v ∈ Z}. The case when d ≡ 1 mod 4 can be handled in a

similar way.
For s ∈ S+(H), let A(s) be the number of s′ ∈ S+(H) such that W (s) =

W (s′) and set

(3.26) m := max
s∈S+(H)

A(s).

We partition S+(H) into m subsetsets M such that W (s1) ̸= W (s2) for all
s1, s2 ∈ M with s1 ̸= s2. Then, for each M, we have

(3.27)
∑
s∈M

TZ(W (s)) ≪ logZ +
|log l+|
Zl+

,

where
l+ := min

s1,s2∈M
s1 ̸=s2

|W (s1)−W (s2)|.

In the following, we establish a lower bound for l+.
Let s1, s2 ∈ M. Recalling the definition of W (s) in (3.17), we see that

(3.28) W (s1)−W (s2) =
1

2 log ϵ
· log σ1(s1)σ2(s2)

σ2(s1)σ1(s2)
.

Since W (s1) ̸=W (s2), it follows that

(3.29) σ1(s1)σ2(s2)− σ2(s1)σ1(s2) ̸= 0.

We note that the bound
|log x| ≥ c|x− 1|

holds for a suitable constant c = c(ϵ) > 0 in the interval [ϵ−2, ϵ2], and hence,

|W (s1)−W (s2)| ≥
c

2 log ϵ
· |σ1(s1)σ2(s2)− σ2(s1)σ1(s2)|

|σ2(s1)σ1(s2)|
.

For i = 1, 2, let si = ai + bi
√
d with ai, bi ∈ Z. We calculate that

|σ1(s1)σ2(s2)− σ2(s1)σ1(s2)| = |2(b1a2 − b2a1)
√
d|.

This together with (3.29) implies

|σ1(s1)σ2(s2)− σ2(s1)σ1(s2)| ≥ 2
√
d.
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Using Lemma 1, we deduce that

|W (s1)−W (s2)| ≥
c
√
d

|σ2(s1)σ1(s2)| log ϵ
≥ c

√
d

N (s1s2)1/2ϵ log ϵ
≥ c

√
d

2Hϵ log ϵ

for any s1, s2 ∈ M with s1 ̸= s2, and hence,

l+ ≥ c
√
d

2Hϵ log ϵ
.

Recalling (3.27), it follows that∑
s∈M

TZ(W (s)) ≪ logZ +
H logH

Z
,

and hence,

(3.30) Σ+(H) ≪ m

(
logZ +

H logH

Z

)
,

with m as defined in (3.26). It remains to bound the said quantity m.
Fix s2 = u+ v

√
d ∈ S+(H) with u, v ∈ Z. We need to bound the number

A(s2) of elements s1 ∈ S+(H) such that W (s1) = W (s2). Using (3.28), we
have

W (s1) =W (s2) ⇐⇒ σ1

(
s1
s2

)
= σ2

(
s1
s2

)
⇐⇒ s1

s2
∈ Q.

So if s1, s2 ∈ S+(H) satisfy W (s1) = W (s2), then s1/s2 = µ1/µ2 for some
µ1, µ2 ∈ Z such that µ2 > 0 and (µ1, µ2) = 1. We further observe that
necessarily µ2 | (u, v). Moreover, since

1/4 ≤ N
(
s1
s2

)
≤ 4,

we have
µ2/2 ≤ µ1 ≤ 2µ2.

Consequently,

A(s2) ≪
∑

µ2|(u,v)

µ2 ≪ (u, v)1+ε ≪ H1/2+ε,

which implies

(3.31) m≪ H1/2+ε.

Combining (3.30) and (3.31), we get

Σ+(H) ≪ H1/2+ε

(
logZ +

H logH

Z

)
.

In a similar way, we obtain a bound of the same quality for Σ−(H). Hence,
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taking (3.25) into account, we obtain the estimate

Σ0(H) +Σ+(H) +Σ−(H) ≪ H1/2+ε

(
logZ +

H logH

Z

)
,

from which we deduce that

Σ ≪ x1/2+ε
(
logZ +

x log x

Z

)
.

Throughout the sequel, we take Z := x, which will be fine for our purposes.
Thus we arrive at the bound

(3.32) Σ ≪ x1/2+2ε.

3.6. Application of the Siegel–Walfisz theorem. Combining (3.8),
(3.20), (3.22) and (3.32), and recalling our choice Z = x, we obtain
(3.33)∑

2≤N (q)≤Q

E∗(x; q) ≪ (log x)
∑

2≤N (q)≤Q

1

φ(q)

∑∗

χ mod q

∑
|n|≤x

1

1 + |n|

×max
y≤x

∣∣∣ ∑
s∈PK

N (s)≤y

Λ(s)(χHeckeξ
n
Hecke)(s)

∣∣∣+Qx1/2+2ε.

Set Q0 := logB x, where B > 0 is arbitrarily given. If 2 ≤ N (q) ≤ Q0, then
we write

(3.34)
∑
s∈PK

N (s)≤y

Λ(s)(χHeckeξ
n
Hecke)(s) =

1

h
·
∑
ψ∈X

∑
s∈IK

N (s)≤y

Λ(s)(χHeckeξ
n
Heckeψ)(s),

where X is the group of class group characters, and use Proposition 2 to
bound the character sum on the right-hand side. In this way, the contribution
of the moduli q with 2 ≤ N (q) ≤ Q0 to the right-hand side of (3.33) is easily
bounded by

(3.35)

(log x)
∑

2≤N (q)≤Q0

1

φ(q)

∑∗

χ mod q

∑
|n|≤Z

1

1+|n|
·max
y≤x

∣∣∣ ∑
s∈PK

N (s)≤y

Λ(s)(χHeckeξ
n
Hecke)(s)

∣∣∣
≪A,B

x

logA x
.

Recall the assumption Q ≤ x4/5 from Theorem 1. We split the remaining
contribution into O(log2 x) dyadic subsums D(P,N) accounting for moduli q
satisfying P < N (q) ≤ 2P with Q0 ≤ P ≤ Q and integers n satisfying
N ≤ |n| ≤ 2N with 0 ≤ N ≤ x. If Q ≤ x, then using (3.34) and taking the
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well-known bound
1

φ(q)
≪ log logN (q)

N (q)

into account, we see that these subsums are bounded by

(3.36) D(P,N) ≪ log2 x

P (1 +N)

∑
χ̃∈F(P,N)

max
y≤x

∣∣∣ ∑
s∈IK

N (s)≤y

Λ(s)χ̃(s)
∣∣∣,

where

(3.37)
F(P,N) := {χHeckeξ

n
Heckeψ : ψ ∈ X , and χ is a primitive Dirichlet character

modulo q with P < N (q) ≤ 2P, and N ≤ |n| ≤ 2N}.
Here it is understood that every Hecke character χHecke belongs to precisely
one primitive Dirichlet character χ. We note that

(3.38) ♯F(P,N) ≪ P 2(N + 1).

Throughout we abbreviate the term N + 1 as

Ñ := N + 1.

4. Reduction to bilinear sums

4.1. Application of Vaughan’s identity. To transform the inner-most
sum over s on the right-hand side of (3.36), we apply (2.10) with G(s) =
χ̃(s)IN (s)>U and the bounds (2.11)–(2.13) to obtain

(4.1)
∑

N (s)≤y

Λ(s)χ̃(s) =
∑

U<N (s)≤y

Λ(s)χ̃(s) +O(U)

= S1(χ̃) + S2(χ̃) + S3(χ̃) +O(U),

where U, V ≥ 1 are free parameters, to be fixed later, and

S1(χ̃) ≪ (logUV )
∑

N (t)≤UV

∣∣∣ ∑
U/N (t)<N (r)≤y/N (t)

χ̃(tr)
∣∣∣,

S2(χ̃) ≪ (log y)
∑

N (l)≤V

max
w≤y/N (l)

∣∣∣ ∑
U/N (l)<N (r)≤w

χ̃(lr)
∣∣∣

and

S3(χ̃) = −
∑

U<N (m)≤y/V

∑
max{U/N (m),V }<N (r)≤y/N (m)

Λ(m)H(r)χ̃(mr),

where H(r) is defined as in (2.14). Recalling (3.38), this implies

(4.2)
∑

χ̃∈F(P,N)

max
y≤x

∣∣∣ ∑
N (s)≤y

Λ(s)χ̃(s)
∣∣∣ ≪ TI + TII + P 2ÑU,
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where

(4.3) TI := (log x)
∑

χ̃∈F(P,N)

∑
N (t)≤UV

max
w≤x/N (t)

∣∣∣ ∑
U/N (t)<N (r)≤w

χ̃(r)
∣∣∣

and

(4.4) TII :=∑
χ̃∈F(P,N)

max
y≤x

∣∣∣ ∑
U<N (m)≤y/V

∑
max{U/N (m),V }<N (r)≤y/N (m)

Λ(m)H(r)χ̃(mr)
∣∣∣

provided that UV ≤ x. Following the usual terminology, we refer to TI as a
type I sum and to TII as a type II sum.

4.2. Estimation of type I sums. By Proposition 1 with n = 2, the
inner-most sum over r on the right-hand side of (4.3) is bounded by∑

U/N (t)<N (r)≤w

χ̃(r) ≪ w1/3N (q)1/3 log2N (q).

Plugging this bound into (4.3) and using (3.38), we deduce that

(4.5) TI ≪ (log x)P 2Ñ
∑

N (l)≤UV

x1/3N (l)−1/3P 1/3 log2 2P

≪ x1/3P 7/3Ñ(UV )2/3 log3 x

provided that P ≤ x.

4.3. Tailoring of type II sums. To estimate TII , we decompose the
m-sum into dyadic subsums. For any M ∈ [1, x/V ], we define

bm :=

{
Λ(m) if max(U,M) < N (m) ≤ 2M,

0 otherwise,
cr :=

{
H(r) if N (r) > V,

0 otherwise.

Then

(4.6) TII ≪
∑
j∈N0

U≤2j≤x/V

TII(2
j),

where

(4.7) TII(M) :=
∑

χ̃∈F(P,N)

max
y≤x

∣∣∣ ∑
N (m)≤2M
N (m)≤y/V

∑
N (r)≤x/M
U<N (mr)≤y

bmcrχ̃(mr)
∣∣∣.

5. Large sieve inequality for Hecke characters in F(P,N). To
estimate the type II sum in (4.7), we first establish the following large sieve
inequality for the family of characters F(P,N).
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Lemma 6. Let F(P,N) be defined as in (3.37), K ≥ 1 and ak ∈ C for
any ideal k ∈ PK. Then

(5.1)
∑

χ̃∈F(P,N )

∣∣∣ ∑
N (k)≤K

akχ̃(k)
∣∣∣2 ≪ (K + P 3Ñ(PK)ε)

∑
N (k)≤K

|ak|2.

Proof. Applying the duality principle (Lemma 3), it suffices to show that
for any complex sequence (bχ̃), we have

(5.2) S :=
∑

N (k)≤K

∣∣∣ ∑
χ̃∈F(P,N )

bχ̃χ̃(k)
∣∣∣2 ≪ (K + P 3Ñ(PK)ε)

∑
χ̃∈F(P,N )

|bχ̃|2.

Set

ω(x) := exp

(
− x2

K2

)
.

Then

S ≪
∑
k∈IK

ω(N (k)) ·
∣∣∣ ∑
χ̃∈F(P,N )

bχ̃χ̃(k)
∣∣∣2.

Opening the square and interchanging the order of summations, we deduce

(5.3) S ≪
∑

χ̃1,χ̃2∈F(P,N )

bχ̃1bχ̃2

∑
k∈IK

ω(N (k))χ̃1χ̃2(k)

≪
∑

χ̃1,χ̃2∈F(P,N )

(|bχ̃1 |2 + |bχ̃2 |2)
∣∣∣ ∑
k∈IK

ω(N (k))χ̃1χ̃2(k)
∣∣∣

≪
∑

χ̃1∈F(P,N )

|bχ̃1 |2
∑

χ̃2∈F(P,N )

∣∣∣ ∑
k∈IK

ω(N (k))χ̃1χ̃2(k)
∣∣∣

≪
( ∑
χ̃1∈F(P,N )

|bχ̃1 |2
)

max
χ̃1∈F(P,N )

∑
χ̃2∈F(P,N )

∣∣∣ ∑
k∈IK

ω(N (k))χ̃1χ̃2(k)
∣∣∣.

Clearly,

(5.4)
∣∣∣ ∑
k∈IK

ω(N (k))χ̃1χ̃2(k)
∣∣∣ ≤ ∑

k∈IK

ω(N (k)) ≪ K if χ̃1 = χ̃2.

If χ̃1 ̸= χ̃2, then applying the inverse Mellin transform, we may transform
the above sum over k into

(5.5)
∑
k∈IK

ω(N (k))χ̃1χ̃2(k) =
1

2πi

�

ℜ(s)=σ

ω̃(s)
∑
k∈IK

χ̃1χ̃2(k)

N (k)s
ds

=
1

2πi

�

ℜ(s)=σ

ω̃(s)L(s, χ̃1χ̃2) ds,
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where σ is any real number greater than 1 and

ω̃(s) :=

∞�

0

ω(y)ys−1 dy =
1

2
·KsΓ

(
s

2

)
is the Mellin transform of ω. Since both functions ω̃(s) and L(s, χ̃1χ̃2) are
analytic in the half-plane ℜ(s) > 0, the line of integration can be shifted to
ℜ(s) = ε > 0. By the rapid decay of the Gamma function on vertical lines,
we have

(5.6) ω̃(ε+ it) ≪ Kε(1 + |t|)−j

for any j > 0. The convexity bound for Hecke L-functions (see [9, Exercise 3
on p. 100]) implies that

(5.7) L(ε+ it, χ̃1χ̃2) ≪ f(χ̃1χ̃2)
1/2+ε(1 + |t|)1+ε,

where f(χ̃1χ̃2) is the norm of the conductor of χ̃1χ̃2 (for information on the
conductor, see [13, Section 3.3]). Recalling (3.37), we have

(5.8) f(χ̃1χ̃2) ≪ P 2

if χ̃1, χ̃2 ∈ F(P,N ). Using (5.5)–(5.8) with j > 2 + ε, we have the bound

(5.9)
∑
k∈IK

ω(k)χ̃1χ̃2(k) ≪ P (PK)ε if χ̃1 ̸= χ̃2.

Combining (3.38), (5.3), (5.4) and (5.9), we obtain the desired estimate (5.2).
This completes the proof of Lemma 6.

Remark 3. Since ♯F(P,N) ≪ P 2Ñ , we conjecture that (5.1) holds with
the term P 3Ñ(PK)ε replaced by P 2Ñ(PÑK)ε.

6. Estimation of type II sums. Using Lemma 6 above, we now bound
the type II sum TII(M).

Lemma 7. We have

(6.1) TII(M) ≪ (M + P 3Ñ(Px)ε)1/2(xM−1 + P 3Ñ(Px)ε)1/2

×
( ∑

N (m)≤2M

|bm|2
)1/2( ∑

N (r)≤x/M

|cr|2
)1/2

log2 x.

Proof. For any K,L ≥ 1 and sequences bm and cr of complex numbers
with indices m and r running over IK, we have, using the Cauchy–Schwarz
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inequality and Lemma 6,

(6.2)
∑

χ̃∈F(P,N )

∣∣∣ ∑
N (m)≤K

∑
N (r)≤L

bmcrχ̃(mr)
∣∣∣

≤
( ∑
χ̃∈F(P,N )

∣∣∣ ∑
N (m)≤K

bmχ̃(m)
∣∣∣2)1/2( ∑

χ̃∈F(P,N )

∣∣∣ ∑
1≤N (r)≤L

crχ̃(r)
∣∣∣2)1/2

≪ (K + P 3Ñ(PK)ε)1/2(L+ P 3Ñ(PL)ε)1/2

×
( ∑

N (m)≤K

|bm|2
)1/2( ∑

N (r)≤L

|cr|2
)1/2

.

The term TII(M) defined in (4.7) takes the same form as the sum in the
first line above with K = 2M and L = x/M , except that there are two
extra summation conditions N (m) ≤ y/V and U < N (mr) ≤ y and an
extra maximum over y ≤ x. These extra conditions and the maximum can
be removed in a standard way using Lemma 4 (cosmetic surgery), reducing
the estimation of TII(M) to (6.2) (for details, see [2, proof of Satz 5.5.2], for
example). This comes at the cost of an extra factor of log2 x, compared to
the bound in (6.2). Hence, we arrive at the desired estimate (6.1).

Noting the well-known bounds∑
N (m)≤K

|bm|2 ≤
∑

N (m)≤K

Λ(m)2 ≪ K log 2K,

∑
N (r)≤L

|cr|2 ≤
∑

N (r)≤L

τ(r)2 ≪ L · log3 2L,

where τ(r) denotes the number of ideal divisors of r, we deduce that

(6.3) TII(M)

≪
(
M1/2 + P 3/2Ñ1/2(Px)ε/2

)(
x1/2M−1/2 + P 3/2Ñ1/2(Px)ε/2

)
× (M log x)1/2(xM−1 log3 x)1/2 log2 x

≪
(
x+ xP 3/2Ñ1/2M−1/2(Px)ε/2 + x1/2P 3/2Ñ1/2M1/2(Px)ε/2

+ x1/2P 3Ñ(Px)ε
)
log4 x.

From (4.6) and (6.3), we infer the bound

(6.4) TII ≪ (x+xP 3/2Ñ1/2(U−1/2+V −1/2)(Px)ε/2+x1/2P 3Ñ(Px)ε) log7 x

provided that P ≤ x.
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7. Proof of Theorem 1. Combining (3.36), (4.2), (4.5) and (6.4), we
obtain

(7.1) D(P,N) ≪
(
xP−1Ñ−1 + xP 1/2Ñ−1/2(U−1/2 + V −1/2)(Px)ε/2

+ x1/2P 2(Px)ε + x1/3P 4/3(UV )2/3 + PU
)
log9 x

if P ≤ x. Now we assume, more restrictively, that P ≤ x4/5 and pick

U := V := x4/11P−5/11,

noting that U, V ≥ 1 under this assumption. Under this choice, (7.1) implies

D(P,N) ≪ (xP−1 + (x9/11P 8/11 + x1/2P 2)(Px)ε) log9 x.

Recalling the considerations in Section 3.6 and fixing B := A+ 11, we con-
clude that ∑

2≤N (q)≤Q

E∗(x; q) ≪ (x9/11Q8/11 + x1/2Q2)x2ε +
x

logA x

if Q ≤ x4/5. Recalling the notations in Section 3.1 shows that this is the
same as the bound

(7.2)
∑

N (q)≤Q

max
a mod q
(a,q)=1

,max
y≤x

|ẼS(y; q, a)| ≪ (x9/11Q8/11 + x1/2Q2)xε +
x

logA x

upon redefining ε. Thus, for the proof of Theorem 1, it suffices to approx-
imate ẼS(y; q, a) sufficiently closely by ES(y; q, a). To this end, we need to
appoximate the main term

MS(y; q, a) =
η

φ(q)

∑
s∈S(−1,1;y)

(s,q)=1

Λ(s)

by

M̃S(y; q, a) :=
1

φ(q)

∑
s∈S(η1,η2;y)

(s,q)=1

Λ(s),

which can be done in a similar way to that in Section 3.4 by picking out the
sector condition s ∈ S(η1, η2;x) using Hecke characters of the form ξnHecke.
This results in an appoximation of the form

MS(y; q, a) = M̃S(y; q, a) +O

(
x

φ(q) logA+1 x

)
,

and hence

ES(y; q, a) = ẼS(y; q, a) +O

(
x

φ(q) logA+1 x

)
,

which clearly suffices to deduce (1.5) from (7.2). This completes the proof of
Theorem 1.
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Remark 4. The sole reason that we are not able to handle small sectors
with η = x−δ for δ in a suitable interval 0 < δ ≤ δ0 along the above lines
is the following. Our treatment of small moduli with N (q) ≤ Q0 = logA x
making direct use of the Siegel–Walfisz theorem does not give a bound better
than O(x exp(−C

√
log x)) for their total contribution, no matter what the

size of η is. However, we need an O(ηx log−A x) bound if η is allowed to
depend on x. To resolve this issue, we may resort to the explicit formula and
zero-density estimates for Hecke L-functions, which requires more machinery.
Of course, large sieve inequalities for Hecke characters (more generally, mean
value estimates for Dirichlet polynomials twisted with Hecke characters) are
needed here as well.
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