ACTA ARITHMETICA

Online First version

A Bombieri—Vinogradov theorem for sectors
in real quadratic number fields

by
STEPHAN BAIER and ESRAFIL ALI MOLLA

Abstract. We establish a Bombieri-Vinogradov theorem for sectors in real quadratic
number fields.

1. Introduction and main result

1.1. History. The classical Bombieri—Vinogradov theorem is a powerful
result about averages of the error term in the prime number theorem for
arithmetic progressions, asserting that

1 ‘S’dt
p(q) ;logt

x
— + Qx1/2 log® Qz
x

m(y;q,a) —

‘ <A

log
for any A > 0, where 7(y;q,a) counts the number of primes p < y in the
residue class a mod ¢. In particular, if Q@ < z/27¢, then we get a bound
of O(xlog™ z). The exponent 1/2 — ¢ is commonly referred to as “level of
distribution”. This theorem has been extended to number fields K in different
ways. Here, care needs to be taken because there may be infinitely many
prime elements p with bounded norm over Q in the ring of integers Ok
satisfying a congruence relation of the form p = a mod q with q being an
ideal in Ok.

One way to get around this is to replace congruences a = b mod m of in-
tegers by ray class equivalences a ~ b mod m of ideals to a modulus m for K,
as introduced by Hecke. A generalized Bombieri—Vinogradov-type theorem
of this kind was established by Wilson [18] and improved by Huxley [§].
One may also proceed in a different direction if K is Galois over Q: instead

2020 Mathematics Subject Classification: Primary 11R11; Secondary 11R44, 11NO05,
11N13.

Key words and phrases: Bombieri—Vinogradov theorem, prime ideal, sector, arithmetic
progression, Hecke character, large sieve.

Received 3 September 2025; revised 30 April 2026.

Published online 7 September 2026.

DOI: 10.4064/2a250903-19-5 [1] © Instytut Matematyczny PAN, 2026



2 S. Baier and E. A. Molla

of prime ideals in ray classes, one may count rational primes p = a mod ¢
which are unramified in K and whose Artin symbol (p, K/Q) equals a given
conjugacy class C in the Galois group of K over Q. This route was taken by
Murty and Murty [14] and later generalized to the situation of non-Galois
extensions K of a general base field by Murty and Petersen [15]. The congru-
ence condition above can be expressed in the form A (p) = a mod ¢, where
N (p) is the norm of a prime ideal p in Og. The above results in [14] and [I5]
were strengthened by Jiang, Lii and Wang [10] and refined by Thorner [17]
who included a short interval condition. Khale, O’Kuhn, Panidapu, Sun and
Zhang [11] considered versions for Galois extensions of Q with a small sector
condition determined by Hecke characters. However, also in this setting, the
congruence condition was of the form N (p) = a mod g¢.

Hinz [7] developed a version of the Bombieri-Vinogradov theorem in
which he considered a genuine congruence condition of the form p = a mod q
in Ok. So he really counted prime elements p € Ok in residue classes a mod q
such that the norm of p over Q is bounded by z. For this to work, he re-
stricted these prime elements p to a box. More in detail, his restriction was
that (p1,p2, <o Prp ’pT1+1|27 |p7"1+2|23 SRR |pT1+T2|2) lies in a box (07y1] X

X (07 y7"1+7‘2]7 where pP1,...,Dr; ar€ the real and Pri+1yPri+1y - -+ Pri+res Pri+ro
the complex embeddings of p. He assumed that the y;’s are about of size

x1/(11+72) 56 that the volume of the box is about of size .

Coleman and Swallow [3] derived a version of the Bombieri-Vinogradov
theorem for imaginary quadratic fields with a genuine congruence condition
p = amod ¢ and a restriction of p to a small sector. More precisely, they
restricted both the argument of p and its norm over Q to a short interval. In
the present article, we establish a Bombieri-Vinogradov theorem with similar
congruence and sector conditions for real quadratic fields. This case is more
delicate since the unit group is infinite. Moreover, in this context, sectors are
generally harder to handle than boxes, as considered by Hinz: summation
formulae for algebraic integers are considerably more effective over boxes
than over sectors because boxes are product sets whereas sectors are not.
Consequently, in our setting of sectors we pass from algebraic integers to
integral ideals and detect both the congruence and the sector condition using
Hecke characters, which are defined on the group of fractional ideals. The
main difficulty here is that the infinitude of the unit group may cause the
group of Hecke characters with trivial infinite part modulo q to be much
smaller than the group of Dirichlet characters modulo g, reflecting the fact
that many residue classes may collapse into a single ray class under the
action of units. We therefore carefully arrange a suitable larger set of Hecke
characters modulo ¢, possibly with non-trivial infinite part, to detect residue
classes. To formulate a meaningful result, we restrict the prime elements p
to a sector contained in a fundamental domain of R? under multiplication
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by units in Ok. This may be viewed as more natural than the restriction to
a box, as considered by Hinz.

In this article, we will fix the sector and consider a full interval [1,z]
bounding the norm of (p). Extending our result to small sectors and short
intervals would require zero-density estimates for Hecke L-functions. These
are avoided here to keep the arguments as simple as possible, only using
a Siegel-Walfisz-type theorem and a large sieve inequality for a family of
Hecke characters. An extension to small sectors and short intervals may be
considered in future research.

1.2. General notation. To state our main result, we first set up some
notation. For a number field K, we denote by h its class number, by O its
ring of algebraic integers, by Ok the group of units in Ok, by Zgk the set of
non-zero integral ideals in Ok, by Pk the subset of principal ideals, by Iﬂféac
the group of fractional ideals and by Pﬂfgac the subgroup of principal fractional
ideals. For a,b € Zg, we write (a,b) = 1 if a and b have no common prime
ideal divisors. For a € Ok and a € Tk, we write (a,a) = 1 iff ((a),a) = 1. If
a € Tk, then we define the norm of the ideal a by M (a) := [Ok : a]. If a € K,
then we set A'(a) := | Ng.g(a)|. We note that N'(a) = N'((a)) if a € Og. We
define the von Mangoldt function on Zg by

Aa) = log N(p) if a = p¥ for some prime ideal p and k € N,
"o otherwise

and set
A(a) == A((a))
if a € Og. We define the Euler totient function on Zg by
p(a) := §(Ok/a)*
and set
p(a) == ¢((a))
if a € Ok. If C is a condition, we define its indicator function as
1 if C is satisfied,
I = )
0 otherwise.
If M is a set, we define its indicator function as

1 ifzeM,
Ipm(z) :—{

0 otherwise.

From now onward, we restrict K to be a real quadratic number field,
ie. K = Q(vd), where d > 1 is a square-free integer. We denote the two
embeddings of K, the identity and conjugation, by

o1(s+tVd) :=s+tVd and oy(s+tVd) == s — tVd,
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where s,t € Q. We recall that, by the Dirichlet unit theorem for the case
of real quadratic fields K, the unit group Oy is generated by a fundamental
unit € > 1 and —1. Note that oa(e) = +¢~! because

leaa(e)| = |o1(e)az(e)] = N(e) = 1.

We will use the following lemma to suitably restrict generators of principal
ideals.

LEMMA 1. Let a € Px. Then there exists a generator a of a, unique up
to the sign, such that

¢ Hoz(a)| < lo1(a)] < eoz(a)l,
where € is the fundamental unit in Ok. In this case, we have
V2N (a)Y? < Joi(a)| < PN (@) fori=1,2.
Proof. See [1, Lemma 1|. m

We will formulate our Bombieri—Vinogradov theorem for sectors of the
form

(1.1)

S =S(n,m) :={a € Ok :eMoz(a)| < |o1(a)] < €™|og(a)| and a > 0},

where 77 and 72 are fixed such that —1 <7 < 2 < 1. By Lemma [I} every
a € Pk has exactly one generator in S(—1, 1). Throughout the following, let
x > 2. For a € Ok and q € Zg with (a,q) = 1, we set

(1.2) Us(zigea) = 3 Als),

s€S(n1,m2;5x)
s=a mod q

where

(1.3) S(m,me;x) = {s € S(m,m) : N(s) < x}.
Heuristically, we expect that 1g(z;q,a) is close to

MS($;q7a) = ( ) Z A(S),
A seS(—1,1;z)
(S7q):1
where we set
ni=mn—-n.
We denote the error term of this approximation by
(1.4) Es(x;9,a) := s(x;q,a) — Ms(x;q,a).

1.3. Main result. Our main result is the following bound for the average
of Eg(z;q,a) over residue classes.
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THEOREM 1 (Bombieri—Vinogradov theorem for sectors in real quadratic
number fields). Let K be a real quadratic field. Let © > 2,1 < Q < x5,
€ >0 and A > 0. Keep the notations above. Then

(1.5)

max - max |Es(y;q,a)| <z a9k (291 Q8/M 4 1122 + T
amodq y< log x
AETE S (a0)=1

N(@)<Q

1/4—2¢

In particular, if Q < x , we have

x
max maX]Es(y,q, a)| Ke anK —.
amodq y<z 10g T
ael | (a,q)=1
N(9)<Q
REMARK 1. Using Lemma [I| and the Chebotarev density theorem, we

may further approximate the main term Mg(x;q,a) by

Ms(zig,a) = —— > Als) ( > Als) + Ollog? N (a)) )

So(q) sEPk sEPk
N(s)<z N(s)<z
(57q):1

i ()

for any A > 0, provided that N'(q) < z. Therefore, the estimates in Theo-
rem [I| remain valid if the term Eg(y;q,a) is replaced by

Es(y;q,a) == vs(y; q,a) — %(q) o

1.4. Organization of this article. After introducing the necessary
tools, we will use Fourier analysis to pick out the residue class and sector
conditions via Hecke characters. This reduces the problem to bounding aver-
ages of Hecke character sums over prime ideals (in fact, we work with the von
Mangoldt function instead of the indicator function of primes). The moduli
g with a small norm will be treated using a version of the Siegel-Walfisz
theorem. For the remaining contribution, we will use Vaughan’s identity to
reduce the problem to bounding averages of bilinear sums with Hecke charac-
ters over ideals. For the estimation of these averages, we will use a version of
the Polya—Vinogradov inequality as well as a large sieve inequality for Hecke
characters. This will finally allow us to establish our Bombieri—Vinogradov
theorem for sectors in real quadratic fields. Throughout the remainder of
this article, we allow implied constants to depend on ¢, A, n and K.

REMARK 2. The level of distribution of 1/4 — ¢ in our Theorem [1] arises
from a large sieve inequality for a family of Hecke characters (Lemma [f]
below) which is worse than what we expect to hold (see Remark 3 after
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the proof of Lemma @ It would be desirable to improve this bound. Our
conjectural large sieve inequality would lead to a level of distribution 1/2—e¢.

2. Preliminaries

2.1. Hecke characters for real quadratic fields. In this subsection,
we provide an explicit description of Hecke characters for real quadratic
fields, based on our more detailed description in [I, Section 2|, which in turn
was based on material in [5], [6], [I3 Section 3.3], and [16]. Hecke characters
are characters of the group of fractional ideals of K which are coprime to
some modulus. We will use them to detect elements of Ok in intersections
of sectors and arithmetic progressions. To describe them properly, we set up
some notation below.

Let q € Zg. If a,b € K, we say that a and b are multiplicatively congruent
modulo q, denoted by a =* b mod q, if for every prime ideal p dividing q, the
p-adic valuation satisfies vp((a — b)) > vp(q). We say that a fractional ideal
a C K is coprime to q if vp(a) = 0 for all prime ideal divisors p of q. Let
X be a Dirichlet character modulo g (the pull-back of a group character for
(Ok/q)* to Ok). Its multiplicative extension to K is defined as

x(a) :==x(a) ifa€ Ok and o =" a mod q

when a € K is such that («) is coprime to q. If («) is not coprime to q, then
we set x(a) := 0. It is easy to see that x(«) is well-defined. We refer to x
as a Dirichlet character modulo q as well. On the group Pﬂféac of principal
fractional ideals of K, Hecke characters modulo q take the form

(2.1) XHecke((@0)) = X ()X oo (@),

where x is a Dirichlet character modulo q and X is referred to as the infinite
part of Xfecke- Every Hecke character xpecke ON Pﬁféac extends to A distinct
Hecke characters on the full group of fractional ideals Iﬂféac. By convention,
given a Hecke character Ypecke 0N Pﬂfgac, we will fix one of these extended
characters and denote it by xgecke as well. We say that the Hecke character
XHecke belongs to the Dirichlet character . (More precisely, Yfecke should be
viewed as a Hecke character to a modulus with finite part q and infinite part
Moo. For simplicity, we suppress mq, throughout this article.) For xpecke(())
to be well-defined, it is necessary that

(2.2) X(u)Xoo(u) =1  for all units u € Ok.

Specifically, for a real quadratic number field K, the infinite part takes the
form (see [II, equation (2.3)])
o (Oé) v
o9

u2

(2.3) Xoo(@) = sgn(a(a))™ sgn(oa(@))™,

~—
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where v € R and wuy,us € {0,1}. The requirement in imposes certain
restrictions on these parameters v, u1, us which we work out below.

The unit group Oy is generated by the fundamental unit € > 1 and —1.
Therefore it suffices to ensure that xxoo(€) =1 and xXxoo(—1) = 1. Suppose
that

(2.4) x(€) sgn(oa(€))"? = exp(—2mip).
Then p takes the form
g _ arg(x(e))

2. =2 _ 25V
(2.5) =35 5
where

0 if w = 1
(26) g = 1 Sgn(02(6))u B )

1 if sgn(og(e))“2 = —1.

Since o1 (€) = € > 0, we have sgn(o(e))"* = 1. Thus, to ensure xxoo(€) = 1,
it suffices that

o1(€)
2(€)

—ug

sgn(o2(€)) " Xoo(€) = = exp(2mip),

which is the case iff

€2 = exp(2ivlog €) = exp(2ip).

This in turn is equivalent to the condition

U:M for some n € Z.
loge

Moreover, to ensure that xXxoo(—1) = 1, it suffices that uq, us € {0, 1} satisfy

up =wug if x(—1) =1,
27) {ul #uy if x(—1) = —1.

Combining the above, the infinite part . takes the form

im(n+p)/loge

o1(a) sgn(oy (a))™ sgn(oa(w))"?

28 xwlo)= |2

with p as defined in and uy,up € {0,1} satisfying condition (2.7).

A particular Hecke character is the principal Hecke character xHecke,0
modulo q which equals the principal Dirichlet character yg modulo ¢. So in
this case, the infinite part of XHecke,0 is trivial.

2.2. Sums with Hecke characters. We shall use the following bound
for sums of Hecke characters due to Landau which generalizes the classical
Polya—Vinogradov estimate to number fields.
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ProposITION 1 (Landau’s generalization of the Pélya—Vinogradov in-
equality). Let X > 1 and K be a number field of degree n over Q. Let XHecke
be a non-trivial Hecke character modulo an ideal q € Px. Then

S Xttecke(a) € N (q) /D XD/ 1ogm o7 (q).

UEI]K
N(a)<X

Proof. See [12]. =

The case relevant for us will be when n = 2. We shall also use the
following generalization of the Siegel-Walfisz theorem for number fields.

PROPOSITION 2 (Siegel-Walfisz theorem for number fields). Let X > 2,
A > 0 and let K be a number field. Then there exists a positive constant
C = C(A,K) such that for any primitive Hecke character Xiecke modulo an
ideal q € Px with N'(q) < log? X, we have

X
2.9 ecke (1) A(a) < .
( ) a;:K XH k() () exp(C\/m)
N(a)<X

Proof. See [9, Chapter 5|. =

2.3. Vaughan’s identity. To treat sums of the form in (2.9) if N'(q) >
logA x, we use Vaughan’s identity for Zg to decompose the von Mangoldt
function.

LEMMA 2 (Vaughan’s identity for number fields). Letn € Zg and U, V>1
be such that U < N (n). Then

A(n) = a1 (n) + az(n) + as(n),

where

am) = — 3 p(m)AQ),

ax(n) == > p()log N (v),

)= — 3 Am) Y ),

with the sums above running over ideals in Tk.

Proof. The proof is analogous to that of the classical Vaughan identity.
For the details, see [2] p. 194]. »
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Let G : Zg — C be a function such that G(a) = 0 if M(a) < U. Then it
follows from Lemma [2] that

(2.10) > A =81+ 82+ Ss,
N(m)<X

where

ZGal

N(m)<X
We may bound the sums S} and Sy by (compare with [2, p. 95])

(2.11) S1 < (logUV) Y~ ) > G(ft)‘,

NOSUV N(©)<X/N()

(2.12) Ss < (log X) max G(Iv)
2 N([)Z<VwX/N( ‘ ;<w ‘

where we remove the term log A (t) implicit in the sum Sy using partial
summation. The sum S35 can be expressed in the form

(2.13) Sg=— > > A(m)H (v)G(mr),
U<N(m)<X/V V<N (r)<X/N(m)

where we set

(2.14) H(x):= Y u()

and note that H(t) =0 for 1 <N (x) <V

2.4. Duality principle. The following lemma will be used to derive a
large sieve inequality for Hecke characters.

LEMMA 3 (Duality principle). Let @ : Z2 — C be a complez-valued func-
tion. Suppose that for any sequence (Bn)n<n of complex numbers,

2
ST Badmn)| < AQMLN) Y (82
m<M n<N n<N
Then for any sequence of complex numbers cu,, we have

Z Z 0477%415(771,71)‘2 < A(M,N) Z lom %,

n<N m<M m<M

where A(M, N) is the same quantity in both inequalities.
Proof. See [9, Section 7.1|. =
2.5. Cosmetic surgery. The following lemma, termed ‘“cosmetic

surgery” by some authors, will be used to remove certain summation condi-
tions in the form of inequalities between variables.
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LEMMA 4 (Cosmetic surgery). For any T > 1 and o, 8 > 0 distinct, we

have .
s1ntﬁ 1
1Q<B: S 6 t dt O<I’|B—a’>’
-7

where the implied constant is absolute.
Proof. See [4, Lemma 2.2|. m

3. Reduction to sums with Hecke characters

3.1. Picking out residue classes. Using the orthogonality relations
for Dirichlet characters, we begin by writing 1s(y;q, a) in the form

(3.1) Ys(y;q,a) = (p(lq)xmzwqus(y,x),
where
(3:2) Us(yx) = > x(s)A(s).

s€S(n,m2;y)

Next, we set
(3.3)

Bsia,a) = vs@iaa)——— S As)=— 3 X@vs ),

#(a) s€S(n1,m2;y) X mod q
(s,9)=1 XFX0

where X is the principal Dirichlet character modulo q. Our strategy for the
proof of Theorem [1| will be to work out average bounds for Es(y, q,a) and
finally approximate Eg(y q,a) by Es(y;q,a), defined in . To this end,

we set

(3.4) Es(y;q) == Jﬁi‘x |Es(y:q,a)],
(a,9)=
(3.5) E5(z;q) := I;lg;cEs(y,q)

Our immediate aim is to bound the sum

> Eix;a).
q€lx
2<N @=<Q
Here, the summation condition NV'(q) > 2 comes from the fact that E§(z; (1))
= 0 since there is no non-principal Dirichlet character modulo (1).

By the triangle inequality, we have

(3.6) |Es<y;q,a>\<w(1® S sl

x mod q
X#X0
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Since the right-hand side is independent of the residue class a modulo q, it
follows that

. 1
(3.7) Ey(z;9) < —— > max|[¢hs(y,x)|-
pla) &= v<z
x mod q
XF#X0

3.2. Reduction to primitive characters. Let x mod q be a non-
principal Dirichlet character and x1 mod ¢; with g1 | q be the primitive char-
acter inducing y. We observe that q; # (1) since y is non-principal. It is easy
to see that

¥s(y,x) = sy, x1) + O(log® N (q)y).
Consequently, from , we get

> Ef(w:q)

2<N(9)<Q
. |
< ) > mggws(y,xnr( > i )>+Qlog2Qx,
2N (@)<@ x1 modar U= LN GY<@/N (@) P I

where the asterisk indicates that the relevant summation is restricted to
primitive characters. We note that ¢(jq1) > ¢©(i)¢(q), which implies

vy Lo Loy Ll

1
renmzamian P00 T PO | i aa PO) P

Assuming @) < x, we deduce that

(3.8)
* 1 *
> Ef(w;q) < (logz) Y 2@ > max 1 (y, X)| +Qlog? z.
2<N(9)<Q 2<N(9)<Q v ymodq /=

3.3. Writing Dirichlet characters in terms of Hecke characters.
For a primitive Dirichlet character x modulo q, let Xfecke be a Hecke char-

acter belonging to x. Recalling (2.1) and (3.2)), we may express ¥s(y, x) in
the form

(3.9) Us(yx) = Y A(s)XHedke((5))Xoo(5):
s€S5(mm2;y)
Recalling (2.8]) and s > 0 if s € S(n1,72;q), we have

—im(m(x)+p(x))/loge

)

o1(s)
o2(8)

where u2(x) € {0,1}, m(x) € Z and p(x) and ¢ are as given in (2.5) and
(2.6). We are free to take m(x) = 0 and ua(x) = 0, and hence g = 0. With

(3.10) Xoo(s) = sgn(ag(s))*m(")
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this choice, (3.10]) takes the form

iarg(x(e))/(2loge)

)

Xoo(5) =

and hence (3.9)) becomes

o1(s) iarg(x(e))/(2loge)

(B11)  wsly) = D Als)xHecke((s)) aa(s)

s€S(n1,m2;y)

3.4. Picking out sectors. Using the definitions of S(n1,72) and

S(n1,m2;y) in (1.1) and (1.3]), and recalling that —1 < n; < n2 < 1, the
summation condition s € S(n1,7n2;y) in (3.11)) is equivalent to

en < 71(s) <e”? and seS(—1,1;y).
o2(s)
Hence, we may write (3.11]) in the form
(3.12) U x) = D> A(s)Xuecke(()) i (5),
s€S(—1,1;y)
where
iarg(x(e))/(2loge)
fx(s) = 71(s) I(em en2) ) :
oa(s) o2(s)

We will approximate f(s) by a linear combination of terms of the form £"(s)
with n € Z, where

o1 (Ot) im/log €

O'Q(a)

We note that {(a) = {(au) for any unit v in Of, and thus
EHecke((@)) := &(@)

is well-defined and is a Hecke character modulo (1) on the principal fractional
ideals (). This will allow us to approximate 1g(y, x) by a linear combination
of sums with Hecke characters of the form

for o € K.

(3.13) (o) =

(314) Z A(S)(XHeCkegﬁecke)((s))‘
s€S(—1,1;y)
Moreover, by Lemma , the sum in (3.14) equals
(315) Z A(5)(XHecke£ﬁecke)(5)'
sEPk

N(s)<y
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We set
(3.16) =Ty = arg(;(e)) € (~1/2,1/2],
log |o1(s)/a2(s)|
1 = = .
(3.17) W =W(s) Jlog ¢
We note that
en < 017(3) <P «— E<W<@
o2(8)| 2 - 2
and hence
(3.18) fx(s) = e(TW)I(m/Qm/2](W) =: F\ (W).

We now write F'(W) = F, (W) for brevity and view F(W) as a function in an
indeterminate W. We note that F(W) =0if W € (—=1/2,1/2]\ (n1/2,12/2].
On the interval (—1/2,1/2], we may develop F(W) into a Fourier series

Z ane(nW),
nez
where
1/2 n2/2
an = an(x) = S e(72) Ly, 2,0 2)(2)e(—n2) dz = S e((r—n)z)dz.
-1/2 m/2
The equation
(3.19) FW) =) ane(nW)
nez

is valid for all W € (1/2,1/2] except for W = n1/2,12/2, the discontinuities
of the function F(W). For n # 7, we calculate that
_ (T =n)(n2/2)) = e((T = n)(m/2))

" 27i(T — n) ’
If n = 7, then since 7 € (—1/2,1/2], we have n = 0 and a,, = a9 = 1. We
note that

(3.20) an <

——  foralln € Z,
1+ |n|

where the implied constant is absolute. The following lemma provides a
truncated version of the above Fourier series expansion.

LEMMA 5. For any Z > 2 and W € (1/2,1/2], we have
(3.21) FW) =Y ane(nW)+ O(Tz(W)),
In|<Z

where

1 1
Ty (W) := min{logZ, + }
W) ZIW =2l " ZIW /2
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Above, the implied constant is absolute, and || X|| denotes the distance of
X € R to the nearest integer.

Proof. This can be proved in a similar way to [I, Lemma 2| by standard
partial summation arguments. m

We note that
e(nW(s)) = £"(s) = &Hecke((5))
and hence Lemma |5[ and imply that
Fe(5) = 7 an(0)8feae((5) + O(T2(W ().
[n|<Z

Combining this with (3.12]) and recalling the equality between the sums in
(3.14) and (3.15)), we deduce that

(322) ¢S(Q,X) - Z an(X) Z A(s)(XHeckegﬁecke)(s)+O(E)a

|n‘§Z sEPK
N(s)<y

where

D= > Tz(W(s)).

s€S(—1,1;z)

3.5. Estimation of Y. To estimate X, we need to obtain information
about the spacing of W (s), as s runs over the sector S(—1,1; z). Our method
will be an extension of that in [I, Section 4.2.4], where s was restricted to
prime elements. We divide S(—1,1;x), defined as in (1.3)), into O(logx)
dyadic parts
(3.23) S(H):={se S(-1,1): H< N(s) <2H},
where H > 1. We further split S(H) into three disjoint sets,

So(H):=S(H)NZ,
(3.24) St(H) ={se€S(H)\Z:o1(s)/o2(s) > 0},
S_(H):={se€S(H)\Z:o1(s)/oa2(s) < 0}.
Now our goal is to estimate the sums

So(H):= Y Tz(W(s)),

s€So(H)

Ti(H) = )y Tz(W(s)),

sESH(H)

S_(H)= Y TzW(s)).

s€S_(H)
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If s € So(H), then s € Z and so N (s) = s2. Hence, using Tz (W (s)) < log Z,
we have

(3.25) Yo(H) < H'?log Z.

In the following, we estimate the sum X (H). The sum X_(H) can be
treated in an analogous way. Below we will consider only the case when
K = Q(vd) with d > 1 square-free and d = 2,3 mod 4, in which Og =
{u+vVd : u,v € Z}. The case when d = 1 mod 4 can be handled in a
similar way.

For s € S4(H), let A(s) be the number of s’ € Sy (H) such that W(s) =
W (s') and set
(3.26) m = SEI‘ISlf(}%{)A(S)‘
We partition S;(H) into m subsetsets M such that W (sy) # W (s2) for all
s1, 89 € M with s1 # sg. Then, for each M, we have

|log 1|
.27 Tz( log Z
(3.27) Y T2(W(s) < M
sEM
where
L= i — .
o= min [W(s1) — Wi(sy)|
S$17£82

In the following, we establish a lower bound for /.
Let 51,52 € M. Recalling the definition of W (s) in (3.17), we see that

1 01(81)o2(s2
2loge +log 092 231; ESQ;
Since W (s1) # W (s2), it follows that
(3.29) o1(s1)oa(s2) — oa(s1)o1(s2) # 0.

We note that the bound

(3.28) W(Sl) — W(SQ) =

llog x| > c|lz — 1|
holds for a suitable constant ¢ = c(€) > 0 in the interval [e=2, €], and hence,

¢ |oi(s1)oa(s2) — o2(s1)oi(s2)]
210g6 ’0'2(81)0'1(82)‘

Fori=1,2,let s; = a; + b;v/d with a;,b; € 7Z. We calculate that
lo1(s1)oa(s2) — oa(s1)o1(s2)| = |2(brag — bray)Vd|.
This together with (3.29) implies
|01 (51)02(52) — 02(51)01(52)] > 2V/d.

(W(s1) = W(s2)| =
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Using Lemma [T} we deduce that
> C\/a > C\/a > C\/a
= Joa(s1)o1(s2)|loge — N(s1s9)l/2eloge — 2Heloge
for any s1, 89 € M with s; # s2, and hence,
L
2Heloge
Recalling (3.27)), it follows that

[W(s1) = W(sa)|

Hlog H
S TR (W(s)) < log Z + ;g ,
seM
and hence,
HlogH
(3.30) S (H)<m <log Z+ OZg ) ,

with m as defined in (3.26)). It remains to bound the said quantity m.

Fix s = u+vvd € Sy (H) with u,v € Z. We need to bound the number
A(sg) of elements s; € S;(H) such that W(s;) = W(s2). Using (3.28)), we
have

W(Sl) ZW(SQ) <~ 01 <zl) 202(2) < %GQ

2

So if 51,50 € Sy (H) satisfy W(s1) = W(sz2), then s1/s2 = p1/pe for some
w1, 2 € Z such that pe > 0 and (u1,pu2) = 1. We further observe that
necessarily ps | (u,v). Moreover, since

1/4 < /\/(51) <4,
59
we have

p2/2 < py < 2pu0.
Consequently,
A(52)<< Z [y K (u,v)1+5<<H1/2+6,
p2|(u,v)
which implies

(3.31) m < HY*e,
Combining (3.30) and (3.31)), we get

2y (H) < HY?* <log 7 +

Hlog H
7 .

In a similar way, we obtain a bound of the same quality for X_(H). Hence,
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taking (3.25)) into account, we obtain the estimate

]
So(H) + Yo (H) + $_(H) < HY** <1ogz n HOgH))

Z

from which we deduce that
|
Y < gt/ (logZ + 2 (;gx)

Throughout the sequel, we take Z := x, which will be fine for our purposes.
Thus we arrive at the bound

(3.32) 2 < gt/

3.6. Application of the Siegel-Walfisz theorem. Combining (3.8)),

- and , and recalling our choice Z = x, we obtain

(3.33)
Y. Ef(w;q) < (logz) Y (p(q DI +!n\
2SN (9)<@Q 2SN (9)<@Q xmod q |n|<z
xmax| 3 A6) (itetefieae) ()] + Qa1
s€EPk
N(s)<y

Set Qo := log? x, where B > 0 is arbitrarily given. If 2 < N(q) < Qo, then
we write

3 34 Z A XHeCkegﬁeCke)(s) = % Z Z A(5)(XHecke§ﬁecke¢)(5)a

sEPK PYeX se€lk
N(s)<y N(s)<y
where X is the group of class group characters, and use Proposition 2] to
bound the character sum on the right-hand side. In this way, the contribution
of the moduli q with 2 < M (q) < Qg to the right-hand side of is easily
bounded by

(3.35)

(logm) Z (CI) Z Z 1+|n| I;lg;( Z A(s)(XHeckegﬁecke)(ﬁ)‘
2SN (9)<Qo x mod q[n|<Z s€Px
N(s)<y
<AB T a1
1g x

Recall the assumption Q < z*° from Theorem . We split the remaining
contribution into O(log? z) dyadic subsums D (P, N) accounting for moduli q
satisfying P < N(q) < 2P with Qo < P < @ and integers n satisfying
N <|n|] < 2N with 0 < N < z. If @ < z, then using and taking the
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well-known bound
1 log log N'(q)
©(q) N(q)

into account, we see that these subsums are bounded by

log? = -
]—'(PN s€Tx
N(s)<y
where
(3.37)

F(P,N) := {Xtecke{leake? : ¥ € X, and x is a primitive Dirichlet character
modulo g with P < MV (q) < 2P, and N < |n| < 2N}.

Here it is understood that every Hecke character ypecke belongs to precisely
one primitive Dirichlet character x. We note that

(3.38) tF(P,N) < P?(N +1).
Throughout we abbreviate the term N + 1 as
N:=N+1.

4. Reduction to bilinear sums

4.1. Application of Vaughan’s identity. To transform the inner-most
sum over § on the right-hand Side of (3.36), we apply (2.10) with G(s) =
X(8)Inr(s)> and the bounds - to obtain

(4.1) S A(s)i(s) = Z AE)x(s) + O(U)
N(s)<y U<N(s)<y
= 51(X) + S2(X) + S3(x) + O(U),
where U,V > 1 are free parameters, to be fixed later, and

$1(0) < (logUV) 3| 3 )

NOSUV U/N(H<N (1)<y/N(H)

Sa(%) < (logy) Y gn?;;()‘ > fc([t)(
No<v =Y UJN (1) <N (v) <w

and
S(X)=— Y, > A(m)H (t)x (m),
U<N(m)<y/V max{U/N(m),V}<N(v)<y/N(m)
where H(t) is defined as in 1) Recalling (3.38]), this implies

(4.2) Z max‘ Z Als < T]+T]]+P2NU
XEF(P,N) N(s)<y
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where

(43)  Tri=(ogz) Y > max ] 3 )Z(t)‘
weFEN N o=y USTNO G O @) <

and

(44) Ty =

IR IEDY ) Am) H (2)%(me)|

ReFPN) V=7 U (m) <)V max{U/N (m),V < () <y/N'(m)
provided that UV < z. Following the usual terminology, we refer to T7 as a
type I sum and to Ty as a type II sum.

4.2. Estimation of type I sums. By Proposition [[] with n = 2, the
inner-most sum over t on the right-hand side of (4.3)) is bounded by

S ) < w AN (@) P log? M a).

U/N () <N (xr)<w
Plugging this bound into (4.3) and using (3.38]), we deduce that
(4.5) Tr < (logz)P’N > BN (1)7H/3P310g? 2P
NO<UV

< 2 BPTBNWV)?3log® &
provided that P < z.

4.3. Tailoring of type II sums. To estimate 17, we decompose the
m-sum into dyadic subsums. For any M € [1,2/V], we define

. {A(m) if max(U. M) <N(m) <2M, {H(t) if N(x) >V,

0 otherwise, 0 otherwise.
Then
(4.6) Tp< Y, Tu(2),
J€No
U<2i<z/V
where
(4.7) Ty(M):= Y max) 3 3 bmek(me)|.
REF(P,N) N(m)<2M N (t)<z/M

N(m)<y/V U<N (mr)<y

5. Large sieve inequality for Hecke characters in F(P,N). To
estimate the type II sum in (4.7)), we first establish the following large sieve
inequality for the family of characters F (P, N).
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LEMMA 6. Let F(P,N) be defined as in (3.37), K > 1 and a¢ € C for
any ideal € € Pg. Then

(5.1) 3 ‘ S ax(t ‘ < (K+PNPEYF) Y af
XeEF(PN) N(O®LK NE<K

Proof. Applying the duality principle (Lemma [3)), it suffices to show that
for any complex sequence (by), we have

2 ~
(52) §:= Z‘ 3 b;(f((é)‘ < (K+PNPEF) Y |bal”
N®<K xeF(P.N) xXEF(PN)
Set

Then

S< > wNV(®) - ’ D b

eIk XEF(P.N)

Opening the square and interchanging the order of summations, we deduce

(53 S< S buby S wN(E)TT®)

X1.X2€F(P.N) teTx

< X (PP w(/v(e»mz(w]
)217)2267:(7)’/\/’) EEZK

< > bul > ‘ > wV(E)X1X: ?)‘
X1EF(P.N) X2€F(P,N) telk

<X ) w3 \Z E)0Ta(e)]

X1EF(PN) 26F(PN) EeTx
Clearly,
(G4) | D eWETTO < D eWE) <K if % =T
telk telx

If X1 # X2, then applying the inverse Mellin transform, we may transform
the above sum over ¢ into

= 1 - X1X2(€)
(5.5) WwN(6) X1 X (8) = — &(s) 2 ds
1 _
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where o is any real number greater than 1 and

1 s

&(s) = ng(y)ys‘l dy =35 K5F<2)

is the Mellin transform of w. Since both functions &(s) and L(s, X1X5) are
analytic in the half-plane R(s) > 0, the line of integration can be shifted to
R(s) = e > 0. By the rapid decay of the Gamma function on vertical lines,
we have

(5.6) G(e +it) < KE(1+ [t)™

for any j > 0. The convexity bound for Hecke L-functions (see [9, Exercise 3
on p. 100]) implies that

(5.7) L(e +it, X1X2) < f(X1X2) /2T (1 + [t])' e,

where f(Y1X2) is the norm of the conductor of Y1X5 (for information on the
conductor, see [I3], Section 3.3]). Recalling (3.37)), we have

(5.8) f(X1Xs) < P?
if X1, X2 € F(P,N). Using (5.5)—(5.8) with j > 2 + &, we have the bound
(5.9) > w®UXE) < P(PK) if X1 # Y.

el

Combining (3.38)), (5.3)), (5.4]) and (5.9)), we obtain the desired estimate (|5.2)).

This completes the proof of Lemma [6] =

REMARK 3. Since §F(P, N) < PQJV, we conjecture that (5.1) holds with
the term P3N (PK)? replaced by P2N(PNK)®.

6. Estimation of type II sums. Using Lemmal6labove, we now bound

the type II sum T7;(M).

LEMMA 7. We have

(6.1) Ti(M) < (M + P3N (Pz)9)Y?*(aM~" + PPN(Pz)%)'/?

><( Z Ibm|2)1/2( Z |Cr|2)1/2

N(m)<2M N(v)<z/M

log? .

Proof. For any K, L > 1 and sequences b, and ¢, of complex numbers
with indices m and t running over Zk, we have, using the Cauchy—Schwarz
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inequality and Lemma [6]

(6.2) Z ‘ Z Z bmCe X mt}

XEF(PN) N(m)<K N(x)

(> |5 bmxm\f”( > | ¥ wof)”

XEF(PN) N REF(PN) 1<N(v)<L
< (K + P3N(PK) )1/2(L + PPN(PL)%)'/?

><< Z !meQ)l/z( Z !ct|2)1/2.

N(m)<K N ()<L

The term T (M) defined in takes the same form as the sum in the
first line above with K = 2M and L = x/M, except that there are two
extra summation conditions N'(m) < y/V and U < N(mr) < y and an
extra maximum over y < z. These extra conditions and the maximum can
be removed in a standard way using Lemma [4] (cosmetic surgery), reducing
the estimation of T7;(M) to (for details, see |2, proof of Satz 5.5.2], for
example). This comes at the cost of an extra factor of log? z, compared to
the bound in . Hence, we arrive at the desired estimate . "

Noting the well-known bounds

Yo el < D Am) <« Klog?2K,

N(m)<K N(m)<K
Z lef? < Z 7(v)? < L-log® 2L
N()<L N()<L

where 7(t) denotes the number of ideal divisors of v, we deduce that
(6.3)  Tu(M)

< (M1/2 + P3/2N1/2(P$>E/2) ([L’l/zM_l/Q + P3/2N1/2<Px)5/2)

x (M log z)'? (M~ log® 2)"/?log? &
< (z+ e PYRNY2N Y2 (py)e/2 o g2 PR N2 L2 (pr)e/?
+ x1/2P3N(Px)E) log? z.

From (4.6) and (6.3), we infer the bound
(6.4) Ty< (z+zP*2NY2UY24V=12)(P2)e/2 44 2 P3N (Pz)?) log” x

provided that P < z.



A Bombieri—Vinogradov theorem for sectors 23

7. Proof of Theorem Combining (3.36)), (4.2), (4.5) and (6.4]), we

obtain
(7.1)  D(P,N) < (zP'N~' 4 2P AN-VHU2 4 v=12)(Pr)e/?
+ 22 PY(Pa) + 2 BPY3(UV)Y3 + PU) log® x
if P < z. Now we assume, more restrictively, that P < z%/°
U=V = g1 p=5/11
noting that U,V > 1 under this assumption. Under this choice, implies
D(P,N) < (zP~ + (2% P/ 4 212 p2)(Pr)*) log® .

Recalling the considerations in Section and fixing B := A + 11, we con-
clude that

and pick

Z E*(z:q) < (@9/1LQ8/1 1 21/2002) 5% |
2<NM(9)<@Q

if Q@ < z*5. Recalling the notations in Section shows that this is the
same as the bound
(7.2) max , max |Es(y; q,a)] < (2”1 Q¥" + 21/2Q?)a" +
amod q y<z

N(@)=Q (a,q)=1
upon redefining €. Thus, for the proof of Theorem [1} it suffices to approx-
imate Es(y;q,a) sufficiently closely by Eg(y;q,a). To this end, we need to
appoximate the main term

Ms(y;cha):% S As)
¢l s€S5(—1,1;y)
(S’q)zl

logA T

T

logA x

Msraa) = Y A
#(a) s€8(m,m23y)
(s,0)=1
which can be done in a similar way to that in Section by picking out the
sector condition s € S(n1,72;x) using Hecke characters of the form &fj, .-
This results in an appoximation of the form

~ x
Ms(y;q,a) = Ms(y;a,a) + O —————5— |,
s(y;9,a) s(y;9,a) <g0(q)logA+1:U)

and hence
~ x
s(y;9,a) = Es(y;q,a) @) log? Tz
which clearly suffices to deduce ([1.5]) from (|7.2)). This completes the proof of
Theorem [1]



24 S. Baier and E. A. Molla

REMARK 4. The sole reason that we are not able to handle small sectors
with n = 2% for § in a suitable interval 0 < § < dy along the above lines
is the following. Our treatment of small moduli with AV(q) < Qo = log z
making direct use of the Siegel-Walfisz theorem does not give a bound better
than O(zexp(—C+/logz)) for their total contribution, no matter what the
size of 7 is. However, we need an O(nzlog™" z) bound if 7 is allowed to
depend on x. To resolve this issue, we may resort to the explicit formula and
zero-density estimates for Hecke L-functions, which requires more machinery.
Of course, large sieve inequalities for Hecke characters (more generally, mean
value estimates for Dirichlet polynomials twisted with Hecke characters) are
needed here as well.
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