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Abstract. Standard prime-number counting functions, such as ¢(z), (z), and (),
have error terms with limiting logarithmic distributions once suitably normalized. The
same is true of weighted versions of those sums, like 7.(z) = ZPSZ% and me(z) =
Zp<z log(l - %)_1, that were studied by Mertens. These limiting distributions are all
identical, but passing to the limit loses information about how these error terms are cor-
related with one another.

In this paper, we examine these correlations, showing, for example, that persistent
inequalities between certain pairs of normalized error terms are equivalent to the Riemann
hypothesis (RH). Assuming both RH and LI, the linear independence of the positive
imaginary parts of the zeros of ((s), we calculate the logarithmic densities of the set of
real numbers on which two different error terms have prescribed signs. For example, we
conditionally show that ¢(z) —z and > __ % — (log z — Cp) have the same sign on a
set of logarithmic density =~ 0.9865. B
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1. Introduction. A central topic in comparative prime number theory is
the relationship between the prime counting function 7(x) and the logarith-
mic integral li(z) = Sg lcflgaﬂ which are asymptotic to each other by the prime
number theorem. While empirical data led many to believe that m(z) < li(x)
for all z > 2, Littlewood [10] proved that 7(z)—li(x) has infinitely many sign
changes. Bays and Hudson [3] gave convincing evidence that the first value
of x for which 7(z) > li(z) (the true “Skewes number” for this prime number
race) is approximately 1.4 x 10316, Assuming the Riemann hypothesis (RH),
Rubinstein and Sarnak [15], extending work of Wintner [18], showed that a
normalized version of the difference m(z) — li(x) has a limiting logarithmic
distribution (see Definition [[.15| below); under the additional hypothesis (LI)
that the positive numbers  for which ¢ (% —i—iv) = 0 are linearly independent
over the rationals, they calculated that the logarithmic density (see Defini-
tion |1.7] below) of the set of x for which 7(z) > li(z) is a constant 7; which
is approximately 2.6 x 1076,

These methods extend to various weighted versions of the prime counting
function, such as 0(z) = Zp<x log p, which is asymptotic to z again by the
prime number theorem. Assuming RH and LI, a suitably normalized version
of f(x) — = has the same limiting logarithmic distribution as the one associ-
ated to m(z) — li(x), and Rubinstein and Sarnak’s work also shows that the
logarithmic density of the set of x for which 6(x) > z is the same constant 7;.
Moreover, Platt and Trudgian [I3] gave evidence that the first value of = for
which §(z) > z (the “Skewes number” for this weighted prime number race)
is also approximately 1.4 x 10316, though presumably not exactly the same
value as for the inequality 7(z) > li(x). (See Remark 4.6/ below for an insight
as to why these limiting distributions are the same.)

The same phenomenon can be observed when examining the Mertens sum
> p<n % ~ loglog x—C5 (for a particular constant Cy) and the Mertens prod-
uct Hpgx(l - }%)_1 ~ e logz (for the Euler-Mascheroni constant Cp). In
both cases, all calculated values of the prime-related quantities were greater
than the corresponding values of their asymptotic main terms; but Robin [14]
showed that both differences between the prime-related quantities and their
main terms have infinitely many sign changes. Work of Biithe [4] suggests

that the first negative value of 37 % — (loglog z — C3) (the “Skewes num-

ber” for this Mertens sum race) is approximately 1.9 x 10?'®. In addition,
assuming RH and LI, Lay [9] and Lamzouri [§] have shown that appropriate
normalizations of these differences have limiting logarithmic distributions
that are identical (up to an additive constant) to the distribution associated
to w(x) — li(z) and O(z) — x, and that the logarithmic density of the set of
rare sign reversals is the same constant 7.

All of these observations raise the question of how these various races
are correlated. Each of the four races has an exceptional set (of logarith-
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mic density 71); for m(x) and 0(x) these sets correspond to regions with
significantly more primes than average, while for the Mertens sum and
product they correspond to regions with significantly fewer primes than av-
erage. Thus, we might expect the first two exceptional sets to be highly
correlated (and the same for the second two), but also for the two pairs
of exceptional sets to be highly anticorrelated (this idea appears, for ex-
ample, at the beginning of [4]). Moreover, each of these races has an “un-
biased” version involving counting prime powers rather than only primes—
the simplest such versions (which were examined by Kaczorowski [7], for
example) involve ¥(z) = > _ A(n) ~ z and the corresponding Mertens
sum Y. . @ ~ logzx — Cp, where A(n) is the von Mangoldt function.
Both of these functions lie above and below their asymptotic main terms
equally often (on the logarithmic scale, assuming RH), and we can ask how
correlated the sets are where the two functions exceed their respective main

terms, for example.

n<x

The purpose of this paper is to answer questions like these concerning the
correlations of these error terms in prime number-related races. For example,
assuming RH and LI, we show:

o the sets {x > 2: w(x) > li(x)} and {x > 2: 6(x) > x} are the same up to
a set of logarithmic density 0;

o the sets {z > 2: 7(z) > li(z)} and {z > 2: Zp<x% > loglogz — Ca}
have bounded (and presumably empty) intersection;

e but the ¥ (z) and an . @ races are highly, yet not perfectly correlated:
the set of > 2 such that ¢(z) —z and ), ., @ — (log x — Cp) have the

same sign has a logarithmic density which is approximately 0.9865.

We now proceed to set up the notation and terminology required to make
these statements rigorous.

1.1. Preliminaries. This section introduces the basic definitions and
notation that will be used and referred to frequently throughout the rest of
this article.

DEFINITION 1.1. We use the following well-known prime-counting func-
tions:

el) = 3 Aln), o) = 3 logp,

n<z p<z
A(n) 1
I = = - = 1.
n<x pk<z p<x

We denote by B = {1, 0, II, 7} the set of these four standard functions.
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Furthermore, we define the following weighted versions of the above stan-
dard functions:

wr(zv)zz/lfzn)’ er(m)zzlogp’

n<x p<z p
HT(x):anogn Z ]C k’ 7T7“ Zf
n<x p<x

We also define the logarithm of the Mertens product

1ogH<1_) :_Zlog(1_> ZZ

p<z p<z p<zx k=1

which behaves in many ways like the four weighted versions. We denote by

B, = {1/}7”7 Op, I, 0, 7['6}
the set of these five reciprocal functions.

Each of the five reciprocal functions in B, has a well-known asymptotic
formula, proved by Mertens with elementary arguments, while each of the
four standard functions in B also has a well-known asymptotic formula that
is equivalent to the prime number theorem. When the main terms of these
asymptotic formulas are subtracted, the resulting error terms have explicit
formulas involving a sum over the zeros of the Riemann zeta function (see
Section; when further divided by the order of magnitude of any one of these
summands, the resulting normalized error terms are known (conditionally) to
have limiting logarithmic distribution functions. We record these normalized
error terms explicitly.

DEFINITION 1.2. The normalized error terms of the four standard func-
tions are
- II(x) —li
Vv /log
1
gy _ @) i)
vz /logx

The normalized error terms of the five reciprocal functions are

¥ () = () — (logx — Co)) V.,

B (z) = (II(x) — (loglogz + Cy)) vz log ,
B (@) = (6,(2) — (logs — CH))V,

E™ (z) = (mp(z) — (loglogz — C2))v/x log z,

E™(z) = (m(x) — (loglogz + Cp)) vz log z.
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Here Cy is Euler’s constant, while C; = Cy + Zp p}‘;gj) and Cy = —Cp +

ppay 2o ﬁ (although the exact values will usually not be important to

us).

Some of these normalized error terms are biased towards positive or neg-
ative values. (Loosely speaking, nature wants to count all prime powers, and
it is our human insistence on throwing away squares and higher powers of
primes that creates biases in functions that count only primes themselves.)
These biases manifest as constant terms in the explicit formulas given in
Section [2] which we now name.

DEFINITION 1.3. For the nine functions in B U B,., we define the bias
terms

Bo = Br=—1, By =PpFn=PBy =Bm =0, PBs =Pr, =PBr =1

These constants are the average values of the corresponding normalized error
terms (in ways that can be made precise).

We can now state our first result, which concerns the ranges of values
taken by differences of these normalized error terms. The following theorem
is proved at the end of Section 2]

THEOREM 1.4. Assume RH.
(a) If f and g are both standard functions, then
Ef(2) - B9(x) = By — By + ol1).
The same is true if f and g are both reciprocal functions.
(b) If f is a reciprocal function and g is a standard function, then
lim inf(B/ (2) — B9(2)) > By — B, —w,
linisup(Ef(x) — E%(x)) < By — By + w,

where
(1.1) w =2+ Cy —log4r ~ 0.0461914.

REMARK 1.5. If we assume LI in addition to RH, then both inequalities
in Theorem (b) are actually equalities, as we show in Theorem M(b)
below.

Next, we examine the question of when one normalized error term always
exceeds a second when z is sufficiently large; in some cases, such a persistent
inequality can be proved unconditionally, but in other cases it is equivalent
to RH. The two parts of the following theorem are proved at the ends of

Sections [3.1] and [B:3]
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THEOREM 1.6.

(a) Unconditionally, there exists an absolute constant xg such that each of
the inequalities
E’z) < E¥(2), E™(z)<E"(z), E"(2)< E’(2),
Er(z) < E™(z) < E™ (z)
holds for all x > xg.
(b) Suppose the two functions f,g € BU B, satisfy By < By. If

(1'2) (fa g) ¢ {(07 ¢)7 (7[', H)’ (1/}7"7 er)’ (HT7 Wr)’ (HT7 WZ)}
(that is, if f and g do not form a pair of functions covered by the inequal-
ities in part (a) of this theorem), then RH is equivalent to the existence
of an absolute constant xq such that Ef(z) < E9(x) for all x > xo.
More generally, RH is equivalent to the difference E9(x) — EY(z) being
bounded either above or below.

1.2. Main results. The appropriate method of measuring sets of real
numbers involving these error terms turns out to be the (limiting) logarith-
mic density.

DEFINITION 1.7. For any set P C [2,00), we define

1 dt
= 1i =
X 3e0 log X )

5(P)
te PN[2,X]

(when the limit exists) to be the logarithmic density of P. Given functions f
and g, we use the shorthand notation

3(f > g) =d({z = 2: f(zx) > g(2)}),
and similarly for chained inequalities involving three or more functions.

NoTATION 1.8. Throughout this paper, 1 < v < --- denotes the se-
quence of positive imaginary parts of ((s), listed with multiplicity if neces-
sary, so that v1 =~ 14.135 for example.

DEFINITION 1.9. Define the real-valued random variable

00 Z. = 2RZ,
Vi = Z 2R+———— or equivalently Vi = Z i

st 2 m=14/1+ 7
where the Z,, are independent random variables, each uniformly distributed
on the unit circle in C. Then, define u; to be the probability distribution
associated to V; (which is symmetric about the origin), and define the con-
stant m; by

m="Pr(V3 >1)= S duy.
1
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Assuming RH, Rubinstein and Sarnak [I5] proved that p; has support equal
to all of R and is absolutely continuous with respect to Lebesgue measure,
and calculated that 1, ~ 2.6 x 1076,

REMARK 1.10. Assuming RH and LI, Rubinstein and Sarnak further
proved that the limiting logarithmic distributions of E™ and EY (in the
sense of Definition below) are the same as the distribution of V; — 1, so
that in particular é(w(z) > li(z)) = §(0(x) > z) = .

Indeed, for each of the nine functions f € BU B,, it is known (assuming
RH and LI) that the limiting logarithmic distribution of E/ is the same as
the distribution of V; + B¢ (which justifies the use of the name “bias term”),
so that all nine individual distributions are identical up to the additive con-
stants 3. We collect these results in Corollary

DEFINITION 1.11. Define the R2-valued random variable

> Z Z
%:Z<2§R1 2R ’” >

m=1 2 +17m’ _% +Z’Ym

with the Z,, as in Definition [I.9] Note that V5 is invariant under reflection in
either diagonal line y = £z (since the distribution of Z,, is invariant under
conjugation and negation). Note similarly that each coordinate has the same
distribution as Vi, although the two coordinates are not independent.

Then, define s to be the probability distribution associated to Vs, and
define the constant 7o by

ne = Pr (the two coordinates of V5 have different signs)

(so that 79 is the mass that pg assigns to the union of the second and fourth
open quadrants).

Assuming RH, we can calculate (see the end of Section @ that ny =~
0.01355. Assuming RH and LI, this distribution is connected to the limiting
logarithmic distribution of vector-valued functions such as (E¥(z), EY"(z)),
as evidenced in Theorems and [L.17|(b) below.

Our first three main considerations are the probabilities (in the sense of
logarithmic density) of two normalized error terms being jointly positive,
jointly negative, or having mixed signs. These probabilities depend upon the
bias terms of the functions in question, as well as whether the two func-
tions are standard or reciprocal functions. These three results are proved in
Section [l

The first result of this type, which uses the quantity n; from Defini-
tion [1.9] covers the cases where the bias terms are unequal.

THEOREM 1.12. Assume RH and LI. Let f,g € BUDB,.
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(a) If By = =1 and By = 0 (for example, when f =m and g = 1)), then
5(0<El <E9 =, 6(Bf <0< B9 =1—n, §(Bf <E9<0)=1.

(b) If By =0 and By =1 (for example, when f =1 and g = m,), then
50<El <E9 =1 6B <0<E)=1—n, 6(B/ <EY<0)=n.

(c) If By = =1 and By = 1 (for example, when f =m and g = m,), then
5(0 < BN < B9) =n, 8(ET <0< E9) =1-2n, §(E/ < E9 <0) =n,.

Note that in all cases covered by Theorem , we have §(Ef > E9) =0
by Theorem (b), and so the given sets of inequalities are exhaustive.

Our second such result concerns two functions with equal bias terms,
where either both functions are standard or both functions are reciprocal.

THEOREM 1.13. Assume RH and LI.

(a) We have §(0 < E™ and 0 < E%) = n; and §(E™ < 0 and E? < 0) =
1— m-
(b) We have §(0 < E¥ and 0 < ET) = §(EY < 0 and E < 0) = %, and
the same if ¥ and Il are both replaced by v, and II,.
(c) If f,g € {97“7777“77['4} then
5(0<Ef and0 < E9)=1—n and 6(E' <0 and B9 < 0) =1n,.

Finally, our third and most novel main result concerns two functions with
equal bias terms, where one function is standard and the other reciprocal.
The statement uses the constant 7y from Definition [I.1

THEOREM 1.14. Assume RH and LI. Suppose that f is a standard func-
tion and g is a reciprocal function with 3y = B4 = 0 (for example, f = 1
and g = ,). Then

2

6(Ef<0<E9):5(E9<O<Ef):E
and
S(Bf < B9 <0)=6(F < B/ <0)=46(0 < E < E9)

L—mp

YR

The regions corresponding to these six sets of inequalities can be visual-
ized in the bottom graph in Figure [T] below.

Our primary tool for evaluating these densities is the limiting logarith-

mic distribution of a real- or vector-valued function, which we now define
formally.

=5(0< FEI < E)) =

DEFINITION 1.15. We say that a vector-valued function ¢: [2,00) — R?
has a limiting logarithmic distribution p on R® if p is a probability measure
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on R4 and

< dx
lim | f(¢(x) — = | (@) dp(7)

X—o00
2 R?

for all bounded continuous functions f: R? — C.

REMARK 1.16. Logarithmic density measures a set of inputs to a func-
tion, while logarithmic distributions correspond to the frequency of the func-
tion’s outputs in various regions. One way they are related is as follows: for
any vector-valued function &(t) possessing a limiting logarithmic distribu-
tion , and any subset T C R%, set S = {z € [2,00): ¢(x) € T}. Then
§(S) = wu(T), provided that the boundary of T satisfies u(9T) = 0. (This
proviso is necessary because the characteristic function of 1" is not continu-
ous.) In practice, (907") = 0 is automatically satisfied if the limiting distri-
bution g is absolutely continuous with respect to Lebesgue measure on R¢,
as long as 0T has Lebesgue measure 0 (which, for example, is guaranteed
if 9T is contained in the union of finitely many hyperplanes).

We are able to determine the precise joint limiting logarithmic distribu-
tion of any pair of normalized error terms under consideration, as our final
main result describes.

THEOREM 1.17. Assume RH and LI. Let f,g € BU B,.

(a) If f and g are both standard functions, then the limiting logarithmic
distribution of (Ef(:r), Eg(x)) is singular in R? with its support equaling
the line y — By = v — . The same is true if f and g are both reciprocal
functions.

(b) If f € B and g € B, (or vice versa) then the joint limiting logarith-
mic distribution of (Ef(z), E9(z)) is absolutely continuous on R?, with
support equal to the narrow diagonal strip

{(z,y) e R*: [(x — By) — (y — By)| < w}.

In this case, the joint distribution of (E/(z), E9(x)) — (By, B,) equals po
as in Definition |1.11]

Two examples of Theorem [I.17|(b) are shown in Figure [1] (other examples
of such graphs appear in Appendix . This theorem is an immediate con-
sequence of Proposition [£.10} which in fact determines the joint logarithmic
distribution of our nine normalized error terms simultaneously.

In Section [2] we exhibit the explicit formulas for our nine normalized er-
ror terms, which allows us to prove Theorem [I.4] Using elementary methods
combined with Landau’s theorem for Mellin transforms, we establish Theo-
rem [L.6]in Section [Bl The Fourier transforms of these normalized error terms
are examined in Section [} which leads to the determination of their joint
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£ ()

/ 12
112-ny /

: - ! E¥(x)
-1 1
m
1L
E¥ (x)
1/2_,72/4\
r]2/2
L— E¥(x)

—05

nl2

\1/2—'72/4

-0.5-

Fig. 1. Two manifestations of p2. The top graph shows the joint distribution of EY(z)
and E™ (z), whose centre is (By, Bx,.) = (0, 1); certain regions in the support of p2+ (0, 1)
are labeled with their densities from Theorem [1.12 _(b ). The bottom graph shows the joint
distribution of E¥(x) and E¥"(x), whose centre is (8y, By,.) = (0,0); certain regions in
the support of o are labeled with their densities from Theorem

limiting logarithmic distribution from which all the theorems in Section [I.2]
are then derived. Finally, Sections [5] and [6] contain the numerical calculation
of the new constant 7y, first writing it in terms of the principal value of
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a two-variable integral, and then numerically calculating an approximation
to that integral with a rigorous error term. Finally, Appendix [A] contains
many graphs like the ones in Figure [I] illustrating all of the possible cases
of Theorem

2. Explicit formulas for normalized error terms. Our first goal is
to list explicit formulas for the error terms of the four standard functions
and the five reciprocal functions. In this section, v denotes an ordinate of a
nontrivial zero of ((s).

PROPOSITION 2.1. Assume RH. In the notation of Definition for
z, X > 2,

(a) E%(z) = - 22 +O<\/§10g2(xX) N log:z:)
0<y<X % +27 X ﬁ ,
(b) E(z)=—1—R 207 +0<\/51°g2(IX)+ ! )
0<y<X 2+ X /o)
221 log?(x X 1
() B (x) = —R = +0<‘/9E Oi(“ >+1 >
0enex 2 + vy ogx
221 Vzlog?(zX) 1
E™(z) = —1— .
(d) E™(x) R 1+m+0< e T oes

0<y<X 2

Proof. (a) This formula is equivalent to [2, (1.6)].
(b) The standard comparison
(2.1) = 0(z'") = 0(x) + 0(vz) + O(x'/?)
k=1
= 6(z) = (z) — (Vo) + O(z'?)

shows that this formula follows from part (a).
(c) Partial summation gives us

o= U g = PO T
H(x)_ll(x)_;_logtd(¢(t) t) = log ¢ 2_+§ tlog?t “
_d@)—w I
~ logzx ( § logt ‘)7

which, upon dividing both sides by \/x/log 2 becomes

logmai EY(t) dtD
2\/%logzt .

NG

E(z) = EY () +O<
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Using the formula from part (a) in the integrand, we see that

log N 1 Y
(2.2)  E"(z)—E¥Y(2) < R ,d4

VI éﬁlog?t[);xéﬂv

N log$§ 1 (ﬂlogQ(tX) N logt) i@t

Va ) Vtloght X Vi
log = ng t) ‘
< dt

NZ élog

1 Vitlog?(tX) logt
()

where we have defined

4—1/2+iy

0emex 2 TUY
If we set Gx(x) = {; gx () dt, then

Gx(z)= )

0<y<X (% + 27)2 2

/24y @

<z,

from which it follows by another partial summation that

§9X(t) g = Gx@) $+2:§ Gx(t) .,
> log”t log?t |4 2tlog3t
<+ te Y2 VT
\flog t log“xz log”z

Therefore, the first term on the right-hand side of (2.2)) is < 1/logz; it
remains only to estimate the second term on the right-hand side by

@ 2
logms 1 (ﬁlog (tX) N logt> g

VEVilegt\ X TV
logz ¢ log? X logz{ 1
1 dt
< ng< - og?t * NG §tlogt
< \/Elogx vz -log? X n log x log log
X Xlogx N

which is an acceptable error term.
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(d) Again, the standard comparison

> w(zl/k (v zl/3
(2.3) H(x):z( ) m(x) + (\F)+o< )

log =

2

e r(a) = H(w) - TV 0(””‘1/?’)

log
shows that this formula follows from part (c). =

Our goal for the rest of this section is to exhibit analogous explicit for-
mulas for the five reciprocal functions

LEMMA 2.2. As a sum over all nontrivial zeros of ((s)

1 1 1
S -4+ —— | =2+Cy—logdr =w
zp:p(l—p) zp:<p 1—p>
in the notation of equation (1.1)).
Proof. This formula is a restatement of [12] (10.30)]

ProrosiTiON 2.3. For all x,T > 2

T T
IyI<T

p=1 1 1 2 log T)?
—Z ° +logx — Cy+ O ogm+(0gx) +(0g )
p—1 Tlogx

Proof. In [8, Lemma 2.4], the author proves that for any o > 1
A(n) CI rl—«o
(2.4) > =—2(a)+

na

p—a
c o~ Z T a+O(F(:c;oz,T))
n<x

where

1 l1-«
F(z;a,T) = 08T T

« 2 (IOgT
L (4 + (log2)? + ) Znaﬂ n_

log x —
We immediately see that
lim F(z;0,T) = F(z;1,T)
a—1t
logx 1 5  (logT)? 1 1
= —4+( - ==
x +T< + (log z)” + log T ¢ +logfc
logz  (logz)? (logT)? logx
< T + T + T log T
We have the formula [12, Corollary 10.14]

¢! Co 1 11" /a 1 1
Z() 7"‘1 10g27‘l’ 1_a+§?<§+1) Zp: + P
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as well as the Laurent expansion around o = 1 that gives

xl—a

1
1—a = m—i—log:z:—i—()x(]l—a])

Adding these two equations and taking the limit yields

! l-a
alij% <—g<(a) + f_a) = % +1—log2m +logx

1I7/3 1 1
+37(3) S (i 5+5)

=logx — Cp

by Lemma and the special value Z% (%) = —Cy — 2log 2 + 2. With these

evaluations, we can now take the limit of both sides of equation (2.4) to find
that

) A(n

() = lim Z (n)

a—1t ne
n<x

zP~1 logz  (logz)? (logT)?
=logx — Cy — O
8T 0 |Z<:T + ( x * T * T'log x
<

as claimed. =

PROPOSITION 2.4. Assume RH. In the notation of Definition for
z, X > 2,

(a) BV (z)=—R Z 233” (logﬂf N vV (log x)? N \/E(logX)2>

Oomex ~ +Z'y Vv X Xlogx
22" log?(zX 1
b) Er@)=1-% Y —L_ +0(\/5°g (@ )+1 >
0cmex 2 TV X 08
25" log? (X 1
© BT =R 3 o ro( YRR ),
0<W§X—§~|—w ogx
22" log?(zX 1
@ B =1-% 3 o YRR )
0<7§X_§+w ogx
25" log? (X 1
() E@)=1-% 3 —— +0<\/‘%°§((m )+1 >
0erex 2TV 08T
Proof. (a) Assuming RH, we can write
Z {L‘p_l Z T %Jri'y
p—1 —%—l—iv'

1<IS(p)IST I<|y|<T



Correlations of error terms for weighted prime counting functions 15

Then the formula for E¥"(z) is a straightforward consequence of Proposi-
tion

(b) This formula is [§, Corollary 2.2| or [9, Proposition 1|, although both
those statements contain a sign mistake (confirmed by the author of []) that
is corrected here.

(c) This formula follows from part (b) and [8, Lemma 2.3], which in our
notation is

me(x) = I (x)

+ ! +0 !
Vrlogx Vr(logz)? )~
(d) This formula follows from part (b) and [9, Lemma 5|, which (when
both sides are multiplied by \/z log x) states in our notation that

E™ (z) = E™(2) + O(lgU).

(e) This formula is [9, Lemma 6]. m

These explicit formulas enable us to establish the ranges of values taken
by differences of the normalized error terms from Definition (1.2

Proof of Theorem[1.]} Part (a) follows immediately from Propositions
and[2:4] in light of the bias terms from Definition Also from those propo-
sitions (setting X = x),

(2.5)
2" 221 log?
@ - Ew) =R Y o 3 o)
0cr<z 2 T Y 0co<z 2 TV z
bl
:’23% > T +o(1) <2)  —— +o(1)
0<y<z 4 ~>0 4

Z;p(ll_p)—l-o(l):w—l—o(l)

by Lemma This inequality implies the special case of part (b) where
f =1, and g = 1, and the general statement follows from this special case
and part (a). =

3. Persistent inequalities between normalized error terms. We
begin this section by establishing some unconditional relationships between
pairs of normalized error terms, after which we write down the Mellin trans-
forms of those functions for use in Landau’s theorem-type arguments. We
prove Theorem [1.6{a) at the end of Section and Theorem [L.6|b) at the
end of Section [3.3
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3.1. Unconditional relationships. We first establish some relation-
ships among the error terms from Definition [I.2] that are independent of
any assumptions on the zeros of ((s); Theorem [1.6[(a) will be an immediate
consequence of these formulas.

LEMMA 3.1. Unconditionally, there exists a positive constant ¢ such that
B%(2) — E%(x) = 1+ O(exp(—cv/log @),
E(z) — E™(2) = 1+ O(exp(—cy/log r)).

Proof. As i(z) =332, 0(2'/%), the standard argument gives

(3.1) V() —0(z) = 6(z"")
k=2
=0 + o)+ Y 6@t

4<k<logzx
= 0(z'/?) + O(z1/?).
By the prime number theorem, there exists cg > 0 such that
W(x) — () = 22 + O (22 exp(—co/log #1/2)) + O(21/3)
=2 4 O(acl/2 exp(—c\/@))
with ¢ = 9. The first claim follows upon dividing both sides by /2,
Similarly, the identity IT(z) = > 2, %W(azl/k) yields

(3.2) (z) — m(z) = i ”(”“Z/k)
k=2
B 71.(1,1/2) 7.‘.(xl/:&) 7.‘.(gvl/k)
=gt X k

4<k<log x

71'(:6‘1/2) 71/3
2 +0 logz )
The second claim follows by invoking the prime number theorem for 7(z/?)
and dividing both sides by z/%/logz. w
LEMMA 3.2. Unconditionally, E¥"(z) — E% (z) = —1 4+ O(1/log ).

Proof. By Deﬁnition , it suffices to prove 3 i ;g’i) +0,(x) = (x) =
z712(1 4+ O(1/log x)), or equivalently

(3.3) Zzlogp zk’gp Z Z CEE — 7214 0(1log ),
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The k£ = 1 term in the third sum precisely cancels the second sum. If we
define A% (z) = 0,(x) — (log z — C1), so that A (z) < 1/logx by Mertens’s
formula [5, line 3|, then the contribution to the left-hand side of k = 2 equals

1 T
3 ‘;gp g :(u) = |~ d(logu— C1 + A" (w))
P>V va vz
T Alr(u) | T A (u)
Sﬁ ut— +S 02 du
Vi Ve Va
_ 1 O(l/logu S 1/102gudu>

— i +0 71

WV Valogy/z )

Finally, the contribution to the left-hand side of (3.3) from & > 3 is, by
Rankin’s trick,

>y e zzlogp( ) sy e

k=3 p>gl/k P k>3 4 k:>3

lo 1
235 gp -3/5
Z T Sy

which concludes the proof of the lemma.
LEMMA 3.3. Unconditionally,
E™(z) — E™(z) =1+ O(1/log z),
E™(z) — E™ (x) < 2~ Y2 log x,
EMr(z) — E™ (z) = =14 O(1/log ).
Furthermore, E™(x) < E™ (z) for x > 1.

Proof. The first assertion is precisely [8, Lemma 2.3] translated into our
notation. Similarly, the second assertion is precisely [9, Lemma 5]; then the
third assertion follows from the other two. The final assertion follows from

E™(z) — E™(x) _ (Wg(x) — (loglog = + CO)) — (WT(x) — (loglogz — 02))

Vzxlogx
=m(x )—Wr( )—(Co+02)

D D) DR e D) e

p<z k=2 k=2 p k= 2p>a:




18 S. Bhattacharya, G. Martin and R. M. Simpson

Proof of Theorem ( a). For the palrb of functions (f, g) {
(¢r, 0r), ( 7‘a7rT> II,, g }7 Lemmas (3 3| show that E9(z ) Ef( ) =
1+0(1), which immediately implies that E (x) < EY9(z) when z is sufficiently
large. m

3.2. Mellin transforms: preliminaries. A familiar tool in analytic
number theory is the Mellin transform {° f(z)z=*~! dz of a function f(z),
where the integral typically converges in some right half-plane. A famous
theorem of Landau (see for example [12, Lemma 15.1]) allows us to connect
oscillations of f(x) to the singularities of its Mellin transform. In prepara-
tion for carrying out this strategy in Section to facilitate the proof of
Theorem (b), we establish some preliminary integral formulas in this sec-
tion. We consistently choose 2 as the lower endpoint of our integrals to avoid
irrelevant technicalities when factors of @ or loglog x are present.

LEMMA 3.4. For any complex number s with Rs > 1,
o0
21=s 2175 ]og 2
1 dx = — .
§x B G R
Proof. The identity follows from the substitution v = log x and integrat-

ing by parts:

9] oo . o(1=5)v 1 oo ,
S z %logxdr = S 1)6( —s)v dv=v 1 _ : S 6( —s)v dv
2 log 2 - log2 _Slog2
2178 2173
—(log2) + m

1—s (1-—ys)?
LEMMA 3.5. For any complex number s with Rs > 1,

[e.9] —s

x
§ log dx = —log(s — 1) + 19(s)

where 1o(s) is an entire function with ro(1) = —Cp — loglog 2.
REMARK 3.6. The proof is valid when Rs > 1; what we mean by “ro(s) is
an entire function” is that the function r((s) implicitly defined by the formula

has an analytic continuation to all of C. The analogous interpretation holds
for similar statements in the rest of this section and the next.

Proof of Lemma . Using the substitution v = (s — 1) log z, we easily
verify that

Slﬁgxdx: S € du
2 (s—1)log2
0 _y 1 —u _ 1
= S %du+§e " du

1 0



Correlations of error terms for weighted prime counting functions 19

(s—1)log2 1

—u_ 1
- S ¢ du + S du
u
0 (s—1)log2
(s—1)log2 e _
=—Cp— S " du — log((s — 1) log2),
0

where the evaluation of the first two integrals to —Cy is [12], equation (7.31)].
This calculation establishes the lemma with

(s—1)log2 o
ro(s) = —Co — S du —loglog?2. =
U
0
LEMMA 3.7. For any complex number s with fs > 1,

T 1

S li(z)z " tde = —=log(s — 1) + r1(s),
s

2

3(31—1) — S%log(s — 1) —rn(s),

where r1(s) and r(s) are analytic for Rs > 0.

oo
S li(x)z 5 togx dx =
2

Proof. Integration by parts gives
o . o0 .
i(2) 1 —F i(2) -1 -1
eyt a2 B2 1T 27 @) —oals = 1) rale)
5 528 5
by Lemma [3.5] which establishes the first identity with
li(2) | ro(s)
ri(s) = prY + Y
The second formula follows by differentiating both sides of the first equation
with respect to s, negating both sides, and setting r7(s) = r{(s). m

log x 528 S

REMARK 3.8. Our proof of Lemma [3.7] is essentially the same as the
one in [12, Theorem 15.2]. However, those authors use the convention that
li(z) = % rather than our convention that li(z) = {* l(glguu; thus we
have chosen to include a complete proof (that yields an additional boundary

term) to avoid confusion.

LEMMA 3.9. For any complexr number s with Rs > 1,

S z %loglogxdr =
2

1
- S(log(s — 1)+ Cy) + ra(s),
log(s —1)+Cp—1

(S _ 1)2 +7"3(5),

o0
S x %logzxloglogxdr = —
2

where r3(s) and r3(s) are entire.
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Proof. Integration by parts gives

o 1-s o 1-s

2
S:L"_Sloglog:ndx:— loglog 2 — S * dx
5 1—s 1—s 5 zlogx
21-¢ —log(s — 1
= loglog 2 + 0g(s )+ 7o(s)
s—1 s—1
21=s 1 —log(s — 1) — — (1
_ loglog 2 + og(s —1) = Co , mo(s) —7o(1)
s—1 s—1 s—1

by Lemma which establishes the first formula with

-1 ro(s) —ro(1)
= —loglog2 4+ ——F——.
ra(s) = =~ loglog2+ ==
The second formula follows by differentiating both sides of the first equation
with respect to s, negating both sides, and setting rs(s) = —r5(s). =

3.3. Mellin transforms of number-theoretic functions. In this sec-
tion, we determine the Mellin transforms of all of the functions from Defi-
nition [1.1] and, more importantly, of all of the normalized error terms from
Definition These Mellin transforms are needed for the proof of Theo-
rem [1.6(b) at the end of this section. One detail of note is that all of the
upcoming Mellin transforms of normalized error terms have removable sin-
gularities at s = 1; this is equivalent in essence to the fact that the main
terms in Definition have been chosen appropriately.

The usual Mellin transform identity (see |12, Theorem 1.3]), applied to
any sequence (a,) of complex numbers with a; = 0, is

(3.4) OSO(Z an)xfsfl dr — % = %n
1

2 ngaz n=

whenever Rs is positive and larger than the abscissa of convergence of the
Dirichlet series on the right-hand side. From this formula, it is easy to derive
that

v a 1 —a
(35) g(zn)x o= L3
2 “'n<lzx n=1
LEMMA 3.10. For any complexr number s with Js > 1,
e}
1 !
[ @)eTde = - S (s),
s ¢
2
oo 1 CI 2173
Y =s=1/2 g — _ 2 >
SE(Z‘):L‘ dr = SC(S)—I—l_S.

2
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Proof. The first formula follows immediately from (3.4) with a, = A(n).
We then calculate

T T () —x
(3.6) S EY(x)z™>" V2 dx = S Tx_s_lﬂ dx
2 2 7 /
_ T —s—1 N -5 _ 1 CI 2175
—§1/)(1‘)$ d$_§m da:——gz(s)%—l_s.-
LEMMA 3.11. For any complexr number s with s > 1,
o ! /
| oo e = )+ T2+ o),
S o 1 C! 1 g/ 21—8
0 s—1/2 —__> -2
;E(:c)x dx SC(3)+SC(23)+1_S+7'9(3)
where ro(s) is analytic for Rs > 3.
Proof. We write
(3.7) S O(z)z > tdx = S Y(x)z 5 tdr — S V(o)™ da + 7(s)
2 2

2
where, by (1),
o0 oo

rg(s) = S (0(z) — ¥(x) +p(Va))z 5 Hde < S 2 VB3r= g
2 2
converges to an analytic function for all ®s > L. The first integral on the
right-hand side of (3.7)) is evaluated in Lemma and the second integral
also follows from Lemma [3.10] since

(3-8) ?w(\/:?)a:‘s‘l dx = OSO Y25 2t dt = 2?1/;(15)75—(28)—1 dt
2 \/5 9

(again we may change the lower endpoint from /2 to 2 since ¢(t) = 0 for
intermediate values). The second formula follows from the first by the same
calculation as in (3.6)). m

LEMMA 3.12. For any complex number s with Rs > 1,
T 1
S I (z)z™* " dx = = log((s),
s

2
o !

e 1¢ 1
gﬂ(x)x llog:vdx:—g Z(s)+s—210gC(s),
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o

| (@) e = =1 S 9) + S log(cls)(s - 1) -
2

where r7(s) is analytic for Rs > 0.
Proof. Since II(z) =3, Al 20 and log ((s) =22 AW =5 for Rs > 1,

T 10 n=1 logn
the first formula follows from (|3.4)). The second formula follows from the first
by differentiating both sides With respect to s and negating both sides. Then
by Lemma combined with the second formula,

+7r(s),

1
s(s—1)

oo

T I —s—1/2 _ H(x) — h(LU) —s—1/2

oo

= S (II(z)z* 'logz — li(z)z~* 'log z) dx

1¢ 1 1 1
=73 2(3) + SﬁlogC<3) - (5(3—1) - glog(s -1)- 7“17(3)>
1 1
-2 E_(s) + 3 108(C(e)s = 1)) = g ()
LEMMA 3.13. For any complex number s with s > 1,
§ m(z)z ™ de = é log ((s) — 2713 log ((2s) + 74(s),
é m(x)z 5 ogx dx = —% C;(s) + S%log((s)
4529 - 5 1op0(29) +74(0),
T . ¢ 1
| g = SS9+ S log(Ce)(s - 1)
1¢ 1 1
+3 2(2 ) — @bgC(?S) TsGo) + 7rx(8),
where r4(s) and rx(s) are analytic for Rs > %.
Proof. We write
(3.10) S m(x)z 5 dr = S I(z)z= 5 tde — S %H(\/E)x_s_l dz + 14(s)
2 2 2
where, by ,
00 1/3
r4(s) = S (m(z) — H(z) + 21 (Va))z 5l de < S :f)ga: ol dy

2 2
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converges to an analytic function for all ®s > L. The first integral on the
right-hand side of is evaluated in Lemma , and the second integral
also follows from Lemma by a calculation similar to . The second
formula follows from the first by differentiating both sides with respect to s
and negating both sides. Finally, the third formula follows from the second
by the same calculation as in (3.9)), upon setting rr(s) = r}(s) — ri(s). =

LEMMA 3.14. For any complexr number s with s > 1,

T ()= 1 ¢

§ Yr(@)ade = 7 F (),
N I 21-s 2175(log 2 — Cj)
§E (z) dr = 1—SC() (1—5)2+ 1—s '

Proof. The first formula follows immediately from (3.5) with a, = A(n).
Then

S Ewr(l,)l,—s—l/Q dr = S ) logx + Co)f'$_8_1/2 dx
2 2
= S?/)r (x)x*dx — Smfslogxda:—}-SC'ox*de
2 2 2

1 21=s 21=5log 2 Co2!~#
- 1—32(5)_ ((1—5)2 1-s >_ 1—s
by Lemma [3.4] =

LEMMA 3.15. For any complex number s with Rs > 1,

o)

s, 1] I 75(8)
BI) e = G0 - e -
T 0, —s—1/2 _ 1 g _ 1 g _g
§E (z)x dx—l_sc(s) 1—5(6(25) <(2)
217 217%(log2 — C
T (fg—s ),
where r5(s) and rq,(s) are analytic for Rs > 3.
Proof. We begin by defining
(3.12) r5(s) = ; l(;gsp - <—§(s) + g;(23))
IR I RO WL DIPIY
k>3 p

k odd
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which converges to an analytic function for s > % Equation (3.5) then
gives

* L 1 log p
(3.13) S Or(z)z™° dox = o Z -
2 p
1 1 r5(s)
= —_— _— — 2 J—
1—3C(8) 1—3§(8) 1—s
By Lemma [3.4] it follows that
S EO (2)z™5" V2 dx = S (0,(x) — (logz — C1) )Wz - =571 da
2 2
= S O, (x)x™ % dx — S x *logxdx + S Ciz™%dx
2 2 2
! / 1-s 1-s
_ 1 C( - 1 C—(Qs) rs(s) [ 2 _ 27"log2
1-s¢ 1-s¢ 1—s \(1—2s)2 1—s
B 0121 s
1-s
1 g( ) 1 g( 25) — rs(s) 20 2175 log 2
S 1-s¢ 1—s ¢ 1—s (1-s)?2 1—s
21 s ( log p >
_ oo+ 5 2B
1—s\ ° zp:p(p— 1)
by Definition [T.2] If we now define
1 CI 1-s logp
= 2 o
()=~ (G @ el 42 YR,

p

then the second 1dent1ty in (B.11) holds; it remains to show that g, (s) is
analytic for s > g, for which it suffices to show that the quantity in paren-
theses vanishes at s = 1. But by the definition of r5(s),

lo
€09 4ot = -3 zlogpzp s:—zlﬁ,

C k=2 p p

10gp

and therefore

CI
@+

as required. m

4 o1-1 Z logp

s—1

_lim<g(2s +75(s >+zp:plogp —
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LEMMA 3.16. For any complex number s with Rs > 1,

e}

§ 17, () dr = Tog((s),
2
S I, (z)z*logzdx = _s—% CC(S) + (5—11)2 log ((s),
2
e = - L G RSN L
2

where r1,.(s) is entire.

Proof. Since

A(n) = A(n s
I.(z) = Z nl(()gn and log((s) = Z lofgr)zn for Rs > 1,
n<lz n=1

25

the first formula follows from equation (3.5). The second formula follows
from the first by differentiating both sides with respect to s and negating
both sides. Then by Lemmas [3.9 and [3.4] combined with the second formula,

o0

| BT (@) P de
2
= S (Hr(l‘) — (loglog = + Co))ﬁlogg: =12 gy
2
N S @)z loga dz — S z”"logxloglog x dx — S Cox *logxz dx
2 5 )

1 1
=1 e+ e s

log(s —1) 4+ Cy— 1 ol-—s 21=510g 2
‘<‘ e *7"3(3))‘00((1—@2‘ 1—Of>
1 ¢

B log((s)(s — 1)) — 1
__8—12(8) (8—1)2 +rHr(8)7

where one can verify that

1—21=5  21=5]og2
rm,.(s) = C’o<(1 )2 + T, ) —r3(s)

has a removable singularity at s =1. u
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LEMMA 3.17. For any complex number s with Rs > 1,

[e.e]

S - (x)x ™% logx dox = (1_18)210gg(s) + 7 1 . C((s)
2
1 1 !
_2(1_)10g§(23)—1_§( s)
Co— 3log2+Cr2' ™ (052! log?2
- (1—s)? 1—s
+ Tﬂ'r(s) + T3(S)a
(3.14)
T T ()= 1/2 I log(¢(s)(s—1))—1
§E() da 1_SC()+ (e
U e 1 ¢

a2 8@ 1= ) Hrm(s);

where r3(s) (from Lemma is entire and rr,(s) is analytic for Rs > %.
Proof. We begin by defining

(3.15) o) = Y - (1og<(s> - ilogws))

p
1 11 1
:ZE_ZW+§¥7kp2ks
p
- Z kaks

k>3 p
k odd
which converges to an analytic function for s > % Equation (3.5) then
gives
oo
1 1
s g 1
gm(:v):v dx = o Ep:ps

S ogC(s) — gy tord(ze) + .

and differentiating with respect to s and negating both sides yields
o0

§ m-(x)r " logx dr = (8_11)210g§( s) — %1 CC/( )

- Q(Sil)z log ¢(2s) + i g(Qs) + (87"6_(81))2 N Zﬁisi.
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By Lemmas [3.9) and [3:4] it follows that
S Eﬂ'r(w)xfsfl/Z dxr = S (Wr(x) — 10g10g$’ + C2)\/E :C*Sfl/Q dz
2 2

o0 o o0
= S 7 (x)x” % logx dox — S 2~ *logxloglogx dx + Co S x % logx dx
2 2 2

- S - L
- (e B L) oo o - SR

) 1og(<<2<:>;>> s e vCy

o e B+ ()

If we now define

(2s)+(1_8)2+1_

re(s)  76(s)

_|_

1
T (8) = 1=s)y? <r6(s) +Cy — 3 log2 + Cp2' %

+(1—5s) (ré(s) — (52 % log 2)) —r3(s),

then the identity - holds; it remains to show that 7, (s) is analytic for
Rs > =, for which it suffices to show that the quantity in parentheses has a
double zero at s = 1. First, plugging in s = 1 yields the value

1
r6(1)+Co—§log2+C2:r6( —flog2+zzk T

k=2 p
whose vanishing follows from (3.15]) written in the form
1
7“6(5)—5103;«23) :Z;—IOgC szpks
P E>2 p

Second, taking the derivative of the expression in parentheses and plugging
in s = 1 yields

rg(1) — C92' Hog 2 — 7§ (1) + C22 1 log2 = 0
as required. m

LEMMA 3.18. Suppose f € BU B, has the property that E™r (z) — B (z)
is unbounded above and E™ (x) — E(z) is unbounded below. Then E™ (x) —
Ef(x) is both unbounded above and unbounded below.
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Proof. By Lemma[3.3] there exists some Zj such that for any real z > Zj,
we have BI"(z) < E™(z) < E™(2) and thus

Efr(2) — BN (2) < E™(2) — B/ (2) < E™(2) — E/(2).

The lemma follows immediately, since E™(x) — Ef(z) is eventually greater
than a function that is unbounded above, and eventually less than a function
that is unbounded below. =

Proof of Theorem ( b). First, assume that RH is true, and choose any
functions f and ¢ in BU B, with 85 < 4. Propositions and show
that E9(x) — B/ (z) = B, — By +0(1) > 1+ o(1), which immediately implies
that E/(x) < E9(z) when z is sufficiently large.

Now, assume that RH is false. We first work out the special case f = 6
and g = ., and afterwards we indicate how the proof extends to all other
cases except those involving g = mp. By Lemmas and [3.14] for any real
number L and any complex number s with s > 1,

(3.16) S (E%(z) — EY"(2) + L)a—*" % dx
2
[ 1¢, 1] 21
= <_S Z(S) + S 2(25) + 1— s + TG(S))
1 C/ 2175 2175(10g2 _ CO) 21/273L
_(1—8C(S)_(1—8)2 1—s >+5—1/2.

We can verify that the right-hand side has a removable singularity at s = 1
and no real singularities for s > % Moreover, the right-hand equals 5(371—1) % (s)

plus a function with no singularities in the half-plane Rs > % except at s = 1;
in particular, since we are assuming that RH is false, the right-hand side has
non-real singularities in the half-plane Rs > %

Since the analytic continuation of the left-hand side of equation has
non-real singularities to the right of all its real singularities, we conclude from
Landau’s theorem [12, Lemma 15.1] that the integrand cannot eventually
be of constant sign. In particular, the difference E?(z) — E¥r(x) is neither
bounded above nor bounded below.

To make this proof work, the key properties we needed the right-hand
side to satisfy are:

e it has a meromorphic continuation to Rs > %,
e it has a removable singularity at s = 1 and no real singularities for s > %;
e it has non-removable singularities at the zeros of ((s).

If we choose any pair of distinct functions f,g € BU B, \ {n/}, other than
the five pairs in (1.2)), we can use the lemmas in this section to verify that all
three of these properties hold for {,°(Ef () — E9(z) + L)z=571/2 dz. (Indeed,
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the assumption B¢ < 4 is not even needed for this part of the proof.) The
same Landau’s theorem argument then finishes the proof of all cases of the
theorem.

One further instructive example is f = ¢, and g = II, in which case the
relevant terms in the Mellin transform of E¥r(z) — E™(x) + L are

- (50 + Soulcee - 1))

5 ¢
1 1
=i s ¢ @ lsll)s—1).

Both terms have singularities at the zeros of ((s); the fact that the singu-
larity of the difference is non-removable follows from the observation that
the first term has poles at each zero while the second term has a logarithmic
singularity at each zero.

For f,g € BU B, other than the five pairs in , the above proof can
be extended to pairs that include 7¢ by the observation that it holds for all
fyg € BUB,\{m¢} (except the aforementioned five pairs) and the application
of Lemma to every f € BU B, except for II,, my, and 7. m

4. Fourier transforms of distributions and densities. In this sec-
tion, we record the Fourier transforms of the nine normalized error terms
from Definition both individually and jointly, as well as the Fourier
transforms (characteristic functions) of the random-variable distributions z;
and po from Definitions [I.9] and We then establish properties of these
distributions that allow us to prove Theorems [T.12HIT.14] and [T.17]

4.1. Fourier transforms. Our first lemma allows us to use Fourier
transforms to identify when a random variable on a high-dimensional space is
really an affine image of a random variable on a lower-dimensional subspace.

LEMMA 4.1. Let D > d > 1 be integers. Let X = (X1,...,Xp) be a ran-

dom variable on RP whose distribution yu has Fourier transform fi(t1, ..., tp)
and let Y = (Y1,...,Yy) be a random variable on R? whose distribution v
has Fourier transform v(ty, ..., tq).

Suppose there exists a partition Ay, ..., Aq of {1,..., D}, and real vectors
é¢=(c1,...,¢cp) and ¥ = (r1,...,rp) with ry, # 0 for all 1 < k < D, such
that the identity

WE

cktk)ﬁ( Z Trth, ..., Z T‘ktk>

1 k€A keAy

ﬂ(tl,. . .,tD) = exp(—i

i

holds for all (ty,...,tp) € RP. Then X has the same distribution as the
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random variable
d
(4.1) > (kY + er)ex,
7=1 kGAj
where {e1,...,ep} is the standard basis for RP.

Proof. By definition, the Fourier transform of the random variable (4.1))
is

d
Eexp(—i Z Z tk(TkY} + Ck)>
Jj=1keA;

D d

= exp(—ichtk>EeXp (—’LZ tkrkY])
k=1 J=1keA;
D

= exp(—ichtk ﬁ( Z T’ktk, N Z Tktk)
k=1 keA; keAq

= [i(t1,...,tp),

and therefore the two random variables have the same distribution. =

Next we give a criterion for the absolute continuity of a probability mea-
sure based on its Fourier transform.

DEFINITION 4.2. The Bessel function of the first kind of order 0 is the
even function from R to R defined by

1 T iT cos = (_1)n x2n
Jo(x):;ge edezz an W
0 n=0 '

(see [T, item 9.1.21] and [16], equation (1.71.1)]). The defining integral shows
that |Jo(z)| < 1, and in fact the stronger bound

2
. < mi —_
(4.2) |Jo(z)] _mln{l, 7r]a:|}
holds for all z € R (see |16, Theorem 7.31.2]).

LEMMA 4.3. Let p1 be a probability measure on R® with Fourier transform
o
a@) =TT Jo(|7m - T1)
m=1

for some sequence (7,) of vectors in C%. The measure p is absolutely con-
tinuous with respect to Lebesque measure on R® if there exist 2d + 1 disjoint
sets S1,...,S2q11 of indices such that for 1 <k <2d+1,

Span({R7,,: m € Sp} U {S7: m € S}) = R%
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In particular, p is absolutely continuous with respect to Lebesgue measure
on R% if either

(a) d =1 and at least three elements of the sequence 7, are nonzero, or
(b) d =2 and {R¥y, ST} is a basis for R? for at least five elements of the
sequence (Ty,).

Proof. Parts (a) and (b) are special cases of the general statement (simply
take the S to be singleton sets containing the relevant elements r,,). We
prove the general statement using the fact (see [II, Lemma A.6(b)|) that
a probability measure p is absolutely continuous with respect to Lebesgue
measure on R? (which we denote by \g) if {ga |(£)] dA(f) converges.

By assumption, for each k the set {Rrp,: m € Sk} U{S7m: m € Sk}
contains a basis By for R%. Let My be the d x d matrix whose rows are
the elements of By, so that My is invertible. On one hand, the elements
of Myt are {b-%:b € By}, and so M| = ZEeBk(g' £)2; on the other
hand, [Mt| > K|t| for some constant K} (namely the reciprocal of the
operator norm of M;l) It follows that there must be at least one b € By
such that (b-%)2 > K2|t|?/d, and thus at least one m € Sy such that
|7 - €| > Kg|t|/vd. Consequently, by the inequality (£.2)),

0 2d+1 2d+1 2\/‘
ﬂ(tN:H‘JO(‘Fm-H)’SH H | Jo (|7 - £ |<Hm1n{ }
m=1 WKk’t‘

k=1 meSy
< min {1, K|t|79/?}

with K = (2)"2a9/24 4 min (K3, ..., Kaqy1} =412, Finally, if B is the
unit ball in R? centered at the origin and B¢ its complement, then

V@) dA@) < {1dA@) + | K[E]772 dA(E) < oo,

R4 B BC

which confirms that p is absolutely continuous with respect to Lebesgue
measure on R?. =

4.2. Properties of the distribution po. In this section, we formally
connect the normalized error terms in Definition to the distributions
and po from Definitions and as well as establish some useful prop-
erties of these distributions, starting with their Fourier transforms.

LEMMA 4.4. The Fourier transform of uy is

() = jj[ h (\/%)
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The Fourier transform of uo is
29 (t t t1 —t
NORA HJ<\’Ym 1+ 2) +i(ty 2)!)
i i+

Proof. If Z is a random variable uniformly distributed on the complex
unit circle and @ € C¥, then the Fourier transform of 2R(Z@), for any real
vector t, is by definition

1
Ee—if~2§R(Z&) _ Ee—i?R(2(f.&) ) S exp(—z%( ( ) 27r10)) do = Jo(Q‘F~ 62|)a
0
where the last equality follows from a standard calculation (see for example
[2, starting from (5.1)]). Given an independent collection of many such ran-
dom variables, the Fourier transform of their sum is simply the product of
their individual Fourier transforms. This establishes the lemma both for pu,
for which each @ is of the form 1/ ( + wm) € C!, and for us, for which
each @ is of the form (1/(3 +ivm),1/(—3 +ivm)) € C2. (In both cases, the
square-summability of the series of Coefﬁcients implies both the almost-sure
convergence of the overall random variable and the convergence of the infinite
product that forms the Fourier transform.) m

COROLLARY 4.5. Assume RH and LI. For every f € BUB,, the normal-
ized error term Ef (2) has a limiting logarithmic distribution equal to pi +Bs.

Proof. The claim follows immediately by applying [2 Theorems 1.4
and 1.9] to the nine explicit formulas given in Propositions and
and confirming that in all cases the result matches the Fourier transform
of u1 computed in Lemma [4.4] =

REMARK 4.6. Each of those nine explicit formulas is a sum of terms
of the form 2x" weighted by a coefficient. For the four standard func-
tions in Proposition [2.1| that coefficient is 1/p = 1/( + w), while for the
five remprocal functlons in Proposition [2.4] that CoefﬁC1ent is1/(p—1) =
1/(—% +iv). The coincidence that |1/( +iy)| = |1/(—3 + iy)| is what
causes these nine limiting logarithmic distributions to be 1dentical up to the
bias factors. Furthermore, the fact that 1/ (% —|—i'y) and 1/ (—% —|—i7) are very
close (when = is large) but not equal is what causes the two coordinates of o
to be highly but not perfectly correlated.

LEMMA 4.7. The distribution pe is absolutely continuous with respect to
Lebesque measure on R2.

Proof. Lemma [.4] can be written as

00 .

S 5 29m, )
:||J P - T h ry = ————— (1,1 —(1,-1);
0(|Tm ‘) where Ty, 1/44_,)/%1( ) )+1/4+,Yrgn( ) )7
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since the real and imaginary parts of each 7, form a basis for R?, the absolute
continuity of ug follows from Lemma [1.3] =

Our last goal of this section is to determine the precise support of o, for
which we need a preliminary lemma.

LEMMA 4.8. Assume RH. For any real number 0 < v < 3, there exists
a set M C N of positive integers, contaim’ng only ﬁm’tely many pairs of
consecutive integers, such that 3, 1 1/(% +72) =

Proof. We prove that the greedy algorithm produces such a subset M =
{my,ma,...}: given ml, ...,mg_1, let my be the smallest integer exceed-
ing my_1 such that Zj 1 1/( —|—7m ) <w. Since 3, n1/(3+72) =Y
by . this greedy algorithm produces a finite or infinite set M such that
Y omeml/ ( + ’ym) =w; the fact that equality holds when M is infinite fol-
lows in a standard way from the fact that each 1/ ( + ’ym) is smaller than
ZJ ol 1/( + fyj), which itself follows from the fact that vy,12 < Ymv2
when m is sufficiently large. The same fact shows that M cannot contain
every integer from some point onwards, since the greedy algorithm would
have actually selected the last integer not in M.

To argue that M contains only finitely many pairs of consecutive integers,
it thus suffices to show that the set of integers m with m — 1 ¢ M and
m,m + 1 € M is bounded above. Indeed, for any such m, we must have

1 1 1 1
2+1 2 <t- Z 1 2 <1 2

: :
1T 1T Tmn jeMA{L,...,m—1} 4 7 1T Y

But the classic counting function for the zeros of ((s) implies that ~,, =
2mm (1 + O(lo ¥ )), and therefore we would have

logm
log®m 1 log?(m + 1) 1
—— (140 1+0
42 m? < * <logm>> * 472 (m + 1)2 * log m

<= (1 0m))

which is false when m is sufficiently large. =

LEMMA 4.9. Assume RH. The support of the distribution uo is equal to
the diagonal strip {(z,y) € R?: |z — y| < w}, where w is as in (1.1).

Proof. By Definition [I.11] the absolute difference between the two com-
ponents of Vs is

1 = Zm
mS (i i)

+ wm —5 +1Um
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by Lemma [2.2| (this is the same computation as in equation (|2 ) Thus, the
support of uo is contained in the given diagonal strip.

To prove the converse, it suffices to show that the open diagonal strip
is contained in the support, since the support is always closed. Any point
(z,y) in the open diagonal strip can be written as (z,y) = (1, 1)u+ (1, —-1)v
where |v| < w/2. By the symmetry of pg it suffices to consider 0 < v < w/2.
By Lemma we may choose M C N, Containing only finitely many pairs
of consecutlve integers, such that ZmeM 1/(3+42) =v.

We are now ready to assign values to the independent random vari-

ables Z,, in Definition that force Va2 = (z,y). Note that

V2:Z<28% Im o 12’”, >

m=1 + Zme ) + VYm

o0
) 29m, 1
_ <—zz EIm 11+ Z (1,—1)).
mZ::l T4z T+

1
Set Z,, = 1 for each m € M, and set Z,, = +1i foreachmEN\M, so that

Va=(1,1) ) :l:12_:/m (1,-1) Zl

meN\M 4 m meM 4 +7m

The second sum equals v by construction. Since M contains only finitely
many pairs of consecutive integers, N\ M is a set of integers of density
at least ;, therefore, the first sum diverges when all terms are positive.
Consequently, by the Riemann rearrangement theorem, there is a choice of

signs that makes that sum equal u, as required. =

4.3. Joint distribution and densities. We can now establish the joint

limiting logarithmic distribution of all nine normalized error terms from Def-
inition [I.2] from which we can deduce Theorems [[.12HI.14] and [I.17]

PROPOSITION 4.10. Assume RH and LI. Define the R?-valued function
E(z) = (E%(2), B (x), B" (x), E™(2),
EY(x), B” (x), E™" (), E™ (z), E™()).

Then the limiting logarithmic distribution of E(x) exists and is the same as
the distribution of the random variable

(0,-1,0,-1,0,1,0,1,1) + ¥1(1,1,1,1,0,0,0,0,0) + ¥2(0,0,0,0,1,1,1,1,1)

where Y1 and Yo are the components of the R2-valued random variable Vs
from Definition |1.11}

Note that the constant vector is exactly the list of bias terms for the nine
functions in order.
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Proof of Proposition[{.10 Given Propositions 2.1] and 2.4] we may ap-
ply [2, Theorems 1.4 and 1.9] to conclude that the limiting logarithmic dis-
tribution of E(z) exists and has Fourier transform

exp(—i(—& — & + & + & + &)
.ﬁjo<2 Q+&ethth Gt t&th )
m=1

% + Z"Ym _% + i'}’m
In light of the formula for fiz from Lemma [£.4] the proposition now fol-
lows from an application of Lemma [I.I] with D = 9 and d = 2, 4 =
{1,2,3,4}, As = {5,6,7,8,9}, (¢1,...,¢9) = (0,-1,0,—1,0,1,0,1,1), and
(7“1,...,7"9) = (1,...,1). |

Proof of Theorem[I.17. All cases of the theorem follow immediately from
Proposition |4.10]

As examples of part (a), if f and g are the standard functions ¢ and 6,
then the limiting logarithmic distribution of (E¥(z), E™(x)) is given by the
first two coordinates of the limiting logarithmic distribution of E(x), which
yields (0,—1) 4+ Yi1(1,1) where Y7 is a random variable whose distribution
is p1. Similarly, if f and g are the reciprocal functions m, and 7y, then the
limiting logarithmic distribution of (E™ (z), E™(z)) is given by the last two
coordinates of the limiting logarithmic distribution of E(z), which yields
(1,1) + Y2(1,1) where Y3 is also a random variable whose distribution is p.
In both cases, the statement of the theorem follows from the properties of 1
noted in Definition

On the other hand, an example of part (b) is f = ¢ and g = ¥, for which
the limiting logarithmic distribution of (E¥(z), E¥r(x)) is given by the first
and fifth coordinates of the limiting logarithmic distribution of E(z); this
yields (0,0) +Y1(1,0) + Y2(0,1) = (Y1,Y3), which by definition has distribu-
tion pg. In this case, the statement of the theorem follows from Lemmas [4.7]

and [0 =

Proof of Theorem [1.12 Assuming RH, note that Theorem tells us
that the hypothesis 8¢ < 3, (which holds for all parts of this theorem) implies
that B/ (x) < E9(x) for all sufficiently large x. In particular, Corollary
implies that

5(0 < Bf < B9) =6(0 < Bf) = Pr(0 < Vi + B¢) = Pr(—8; < V1),
S(Bf < B9 <0)=0(E9 <0)=Pr(Vi + B, < 0) = Pr(Vs < —B,),

in the notation of Definition .9l

(a) Wl}en By = —1and B, = 0, we have Pr(—g;<V1) = n and Pr(Vi<—f,)

5-
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(b) When B = 0 and 8y = 1, we have Pr(—3; < V4) = 5 and Pr(V; < —f,)

(c) When 5 = —1 and 4 = 1, we have Pr(—3; < V1) = Pr(Vi < —f,)

In all cases, we then have §(E/ <0< E9) =1-6(0 < Ef) — §(E9 < 0) by
the absolute continuity of 11. =

Proof of Theorem [1.15 Consider the pairs of functions treated by the
theorem: let

(f?g) € {(Wa 0)7 (97"7 WT): (97“7 ﬂf)v (7r7"a W@)a <¢7 H)7 (w’l“v HT)}:
so that 8y = B, and f and g are either both standard functions or both
reciprocal functions. In these cases, Theorem (a) implies that Ef(z) =
E9(x) + o(1). Consequently, for every € > 0,

S(EY <0< E9) < §(—e < B <0) = 1 ((—¢,0]),

and therefore §(E/ < 0 < EY9) = 0 by the absolute continuity of
(Lemma . By the same argument, §(E9 < 0 < Ef) = 0 as well. Tt
follows that

5(0 < B and 0 < E9) = 6(0 < BEY) = Pr(0 < Vi + Bf) = Pr(—B; < V1),
§(Ef < 0and E9 < 0) = §(Ef <0) =Pr(Vi + Bf < 0) = Pr(Vy < —5;),
in the notation of Definition [I.0l

(a) When (f,g) = (7,6), we have f; = 8, = —1 and therefore Pr(—8; < V1)
= and Pr(Vi; < —f¢) =1 — 1 by definition.

(b) When (f,g) € {(v,II), (¢, II)}, we have By = By = 0 and therefore
Pr(—pr < Vi) =Pr(Vi < —f¢) = % by symmetry.

(¢) Finally, when (f,g) € {(0r,7"), (6r,7), (77, 7m) }, we have By = By =1
and therefore Pr(—f; < Vi) =1—n; and Pr(V1 < —ff) =n1. =

Proof of Theorem [1.1] Since f is a standard function and g is a re-
ciprocal function with gy = 8, = 0, Theorem gives that the limiting
logarithmic distribution of (Ef(z), E9(x)) is p2. Definition tells us that
m = 6B <0< E9)+6(FE9 < 0 < Ef); but the two densities on the
right-hand side are equal by symmetry, and thus each individual density
equals & Similarly,

S(Ef < B9 <0)+ (B9 < Ef <0)+6(0 < Ef < E9) +6(0 < EY < ET)

by the absolute continuity of us; but the four densities on the left-hand side

are all equal by the symmetries of uo, and therefore each individual density

equals 1_4772 . m
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We note for future use that this proof implies that the puo-measure of the
first quadrant is

43)  pe({(z,y) eR*: 2 >0,y > 0})
:5(O<Ef<E9)+6(O<E9<Ef):%.

5. A formula for densities related to 75. It turns out that the calcu-
lation of the quantity 72 from Definition [1.11}is equivalent to determining the
mass that ps assigns to the first quadrant Q1 = {(z,y) € R?: z > 0, y > 0}
(the precise relationship is given in equation above). In this section,
we follow the method of Feuerverger and the second author [0] to write this
mass in terms of a principal value of a two-dimensional integral involving
the Fourier transform fis.

5.1. Well-behaved products of Bessel functions. The concept of a
“well-behaved function” appeared in [6] in connection with principal values
of multivariate integrals. In this paper, we adopt the following slightly more
general definition:

DEeFINITION 5.1. A function f defined on R™ is well-behaved if it has
continuous partial derivatives of all orders and there exist positive constants
b1, B2, B3 such that for every subset {ji,...,jx} C {1,...,n} we have

of

Oxj, ...0xj,

f(@)] < Brexp(=pala]™)
where | - |2 is the Euclidean norm on # in R"™.

(The definition in [6] is identical except that it fixes S5 = 1.) The goal of
this section is to show that the function fis given in Lemma[4.4] and indeed
a large class of functions of the same shape, are well-behaved.

LEMMA 5.2. Let 7, be a sequence of nonzero vectors in C¢ with 3 °°_ |7y, |2
finite, and let f: R* — R be the function

(5.1) F@&) = T[ Jollim - £1)
m=1

Then f is analytic on R? and, in particular, has continuous partial deriva-
tives of all orders.

Proof. In this proof, = (t1,...,tq) and 7 = (P, - - -, "mp). Define
d d

s =" taty and g(’ H exp< 17| 25(2) )

a=1 b=1
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Since Y_2°_, |7,|? converges, say to R?, the infinite product defining g(t) can
be written as

of) =} 3 nls7?)

m=1

s 2n d d n
= exp(ist(W) -y 1 R (31 D b—1 talb)

4n n!

The power series on the right-hand side converges absolutely for all i € RY,
and hence the inner sum can be expanded by the multinomial theorem and
rearranged into the form

00 [e’e)
g(t1, ... ta) = Z Z Gttt
n1=0 ng=0

for some nonnegative constants Gy, _n,. In particular, g(f) is an analytic
function on R,
For any positive integer B, define

m -t
HJovm- RS i i

m=1n=0

2>n

Hexp( (02 = [[3 L Um0,

m=1n=0

by the Maclaurin series for Jyp(z) in Definition 4.2 and the exponential func-
tion. Both fp(#) and gp(t) are certainly analytlc on R?, and thus there exist
real constants Fg.p, .. n, and GBay, ... n, such that

00 00
— ni Nq
= E .. E FBy,.omgty! - 147,

n1=0 ng=0
00 o]
g n n
gB(t) = E R E GB;m,wndtll o 'tdd‘
n1:0 nd:0

Since gB(F ) is a product of exponential functions, it is again clear that the
GBini,...,ny are nonnegative. Moreover, since

d d
|7 | = Z Zrm oFmaptaty and || ?s(f)? = Z Z |7 |t ats,
a=1b=1 a=1 b=1
the inequality |7 aTm.p| < |Fn|? implies that \FB;m, gl < GB;nl,...,nd for all
nonnegative integers ny, ..., ng. Since limp_,oo g5(t) = g(f), the dominated

convergence theorem implies that limp_, f(f) = f(t) as well, which shows
that f(f) is analytic on R? as claimed. m
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LEMMA 5.3. Let 7', be a sequence of nonzero vectors in C% with >°°°_ |7, |2
finite. For any finite set M C N, define

H JO(’Fm ’ ﬂ)
meN\M

Suppose there exist constants oy, a2, R > 0 and as > 1 such that for all
t € RY with \ﬂ > R, there exists a set S(t) C N with #S(t) > a1 [t]*? such
that Z|Fm - t| > ag for all m € S(f). Then there exist positive constants
B1, B2, B3, depending only on a1, as, a3, R, and #M, such that

|f(T, M) < Brexp(—B2|t|?)  for all ¥ € R™.
Proof. Since Z;.jeN\M [7m)? < 3000 | |Fm|? < oo, Lemma implies

that f(£, M) is well defined. Set N = #M. By the inequality (4.2 ., when
|t| > R we have

— 2 _ B o
|f(t, M)| < H — < H a; 1/2 <o a1 ([£1°2)/2+N/2

T[T - ]
meS(@\M meS(O\M

Hence when |£| > max {R, (QN)I/OQ} we have & < 2 |#|°2 and thus

£ M)| < az 717/ = exp(— ),

where 32 = % log az and 3 = az. On the other hand, |f(t, M)| < 1 for all
t € R? and so when || < max {R, (2N/a;)"/*?} we have

|f(£, M)] < exp(—PBa|t|??) exp(B2 max {R% 2N /a1 }).
Together these inequalities show that
|f(F, M)| < By exp(—Balf|™)
for all £ € R, where 81 = 1 + exp(fo max {R*,2N/a1}). =

DEFINITION 5.4. Define the entire function

Jo(ay = 3 2

4n 12 :
n=0 n

Note that Jo(z) = Jo(y/z) for z > 0.

LEMMA 5.5. For every integer n > 1, we have jén) () <p 1 forallx > 0.

Proof. The bound jén) (x) <5 1 holds for 0 < z < 1 simply by conti-
nuity, so we may assume that x > 1. The inequalities |Jj(z)| < z/2 and

\J(gn) (x)] < 1 for n > 2 follow easily by differentiating under the integral
sign in Definition (as pointed out in [0, p. 540]). It is easy to prove by
induction that there exist constants c,, j, such that
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J(n) Z o, km*”%/z{](k)(f)

k=1
— an,lxin+1/2j(l)(\/5) + Zan’kwfnJrk/ZJék’)(\/E).

The lemma follows from the fact that each term is bounded for x > 1 and
n>1 n

LEMMA 5.6. Let £ > 1 and iy,...,i¢ € {1,...,d} be integers. For any

R >0, .
O Jo(I7- )

Oti, -+ Oti,

uniformly for t = (t1,...,t3) € R® and 7 € C* with |¥| < R.
Proof. Our strategy uses the identity Jo(|7 - t|) = j0(|F- f|2) (This
identity reflects the observation that Jy is an even function and therefore
Jo(|7 - £]) is still smooth despite the square root implicit in |- £|.) Write

<R |F|2 max {1, |f|z}

7= (ri,...,74). To guide our intuition, we compute explicitly that for any
6,5 €{L,...,d},
8 ~ - ~ 0 -
—Jo(|F- 1) = Jo(|F- €)= |7 - £
a7 ) = Jy (7 1) 17 2
_ d d
= 6(’?7 l?|2 ( Z it + 257, Z %T}Ctk>,
k=1 k=1
82 _ _ d d 9
i (71 2) = T (7 %) (2R 3 Rt + 2975 > St
k=1 k=1
+ IO (7 - 1) (2RriRr; + 237,37;).
In general, one can prove by induction on ¢ > 1 that
8ZJ0 |T‘ t‘ ~(h R
OB TF) 5~y e )I0 (7 7).

Oty - - Oti, 0/2<h<t

where P, (7, t ) is a polynomial that is homogeneous of degree a in the
variables Rrp and Q7 and also homogeneous of degree b in the variables .
It follows from Lemma [5.5 that

(|7 £ oh o oroh
( ) < Z |7‘ |2h|t ‘Zh I 1 <<€,R Z |T‘ |2‘t |2h Z,
Oti, -+~ 0t;,
0/2<h<t 0/2<h<t
which implies the statement of the lemma. m

LEMMA 5.7. Let 7', be a sequence of nonzero vectors in C% with >°°_ |7, |2
finite, and let f(t) be as in equation (5.1]). Suppose there exist constants
a1, a9 > 0 and a3, 7 > 1 such that for allt € RY with |t| > 7, there exists a
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set S(f) C N with #S(t) > au|t]*2 such that 3|, | > ag for allm € S(£).
Then f(t) is well-behaved.

Proof. By Lemma f (f ) is analytic on RY with continuous partial
derivatives of all orders. It therefore suffices to establish the bound in Def-
inition on partial derivatives of f(£); indeed, we will establish such a
bound even when multiple derivatives with respect to the same variable are
present. We note that the convergence of Y o, |,|? implies the existence
of a real number R > 0 such that |7,| < R for all m € N.

By repeated application of the product rule,

o f(t . .
8tf(8)t = Z H JO(’Fm'tD H DM,mJO(’Fm'tDa
n I M=(ma,...;mn)EN? mEN\M meM

where Djy ., is the composition of the ¢(m) operators a%_
i < n such that m; = m. (We are abusing notation slighgly: me M =
(ma,...,my) means m € {my,...,my}.) By Lemmal[5.3] there exist positive
constants [31, 82, 83 (depending only on ag,ag, a3, R, and #M < n) such
that the first product is at most £ exp(—f2|t]™) in absolute value for all
t € R% Therefore by Lemma , applied #M times with the sum of the

relevant values of £(m) equaling n,
omf(t = 3, . = 0(m
O e Y e T P max 17
I In M=(ma,...,mn)EN" meM
= exp(—f|f|™) max {1, |£]"} > I 172

M=(mu,...,mn)EN* meM

< exp(—62|ﬂﬁ3) max {1, |£]"} Zn: {Z} ( ﬁ (1 + |F|2))L7
L=1

m=1

over all 1 <

where the Stirling number {Z} is the number of partitions of {1,...,n} into L
subsets. Since Y oo, |7,|* < oo, each of these infinite products converges,
and therefore

o f(7) ) o
m L frm} exp(—ﬁ2|t ’ﬂ3) max{l, ‘t| }

L, B2,85,{rm} eXP(—,B2|ﬂf83/2)7
which completes the proof of the lemma. =

PROPOSITION 5.8. The function fia is well-behaved.
Proof. By Lemma fi2(6) = TI°_, Jo(|7m - £]) with

= _(2'ym—|—i 27m—i)
RS TR STV
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where 1,79, ... is the ascending sequence of the positive ordinates of the
zeros of the Riemann zeta function. We use the fact that N(T'), the number
of indices m such that ~,, < T, is < T'logT. In particular, the convergence
> |7m|? follows by partial summation from

492 +1 1
F+azr S
Since 71 > 1, we see that for any ¢ € R2,

VA2 ([t 4 t2)? + (1 — 12)?
1+

V(t +2)? + (t1 — t2)?
i+

V2It] 1

.1

4 + Ym Tm

In particular, if we define S(f) = {m € N: v, < (x|t])"/?} for & # 0,

then 2|7, - ¢| > 5 for all m € S(f). The number of elements in S(f) is

N((z|t)'?) > |t/ 1og || > |£]'/? for |t| > 2. Therefore the proposition

follows from Lemma applied with g = a3 = % and 7=2. m

| ? = 2

|Fm‘ﬂ =

5.2. Integral formula for the densities. We are interested in the mass
that ps from Definition [1.11] assigns to the first quadrant. The following
formula identifies this quantity in terms of the principal value of a two-
dimensional integral (see [0l (2-30)] for a precise definition).

PROPOSITION 5.9. If Q1 C R? is the first quadrant, then

_ 1 1 ﬂQ(U,’U)

Proof. By the Fourier inversion formula and the monotone convergence
theorem,

p2(Q1) = lim 1 S S e~ clzty) SSei(“x"'”y)ﬂg(u,v) du dv dx dy.
00 R2

Hence, by Fubini’s Theorem,

: 1 ~ T uzri—cz)+(vyi—c
p2(Qr) = cl_l>%l+ 4—7#“/12(%1)) S S e +vi=ey) o dy du dv
R2 00
1 ﬂ2(u7v)

= lim — dud
a0 42 [Sé (c —iu)(c —iv) wav
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~ lim i“ﬂg(u,v)(c+iu)(c+iv) dudo

c—0+ 4m? (u? + c2)(v2 + c2)
, 1 fia(u,v)(c? — uv + ic(u + v))
= lim — du dv.
0% 472 )) (U2 + c2)(v2 + 2) wav
Therefore
(Q1) = lim igs fia(u, 0) du dv
PR E S e N s A+ )
ic fia(u, v)(u + v)
lim — dud
+C£é1+ A2 S§ (u? 4 2)(v2 + 2) U av

. 1 fa(u, v)uv
— lim — S§ 2+ (02 + ) du dv.

The second integral vanishes since fig(u,v) = fio(—u, —v). Hence, by the

change of variables o = 7, 8 = 7 in the first integral,

L1 nlac,Bo)
(@) =l o Ve g gy 49

1 (o (U, v)uv
S§( fi2(u, v)

du dv.
u? + c2)(v? + 2) uav

— lim —
c—0+ 41
R

Since
lp2(ac, Be)| <1 = [u2(0,0)],

it follows by the dominated convergence theorem that

1 dadf
p2(Q1) = A2 SS (14 a2)(1+ 5?)

R2
/12 (u7 ’U)U’U

— lim — dud
Jim s )) W+ )2+ ) Y
R2

1 ) 1 a2 (u, v)uv
S§ (@ + )2 + @)

Since fiz is well-behaved by Proposition the evaluation

a(Q1) = % L P.V. SS fiz(u,v) du dv.

472 wuv
RQ

now follows from [0, Lemma 2.6] with n = k = 2. (That lemma was derived
under the more restrictive definition of “well-behaved” where 83 = 1, but the
proof is essentially identical for any 83 > 0.) »
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6. Calculation and error analysis. We carry out the numerical cal-
culation of 75 in this section, with a rigorous error term. Both the numerical
approximation itself and the error analysis used in this section closely follow
the techniques used by Feuerverger and the second author in [6], which itself
was inspired by the methods of Rubinstein and Sarnak [15]. To summarize,
in Section [6.1] we rewrite the relevant principal value as a discrete sum over
a lattice in R2. That sum is then truncated in Section 6.2 to a bounded
portion of the lattice, and then the summand involving fis is approximated
in Section using only the zeros of {(s) up to a fixed height. Each of these
steps introduces errors, and the errors are explicitly bounded in the next
three sections.

6.1. Discretizing the integral. Our first approximation uses

9 fia(ne/2, me/2)
)=¢ ;nezz; (me/2)(ne/2) ’
(61) m,n odd

Err; =P.V. SS fiz(u.v) dudv — S(e).
W W
Note that the double integral appears in Proposition [5.9] for the mass ug
assigned to the first quadrant.

Bounding Erry requires tail bounds for the distribution ps. As an initial
step, we establish such a bound for the one-dimensional distribution p; that
equals each component of po. We use the same method as Rubinstein and
Sarnak [15], who actually treat pu; itself as well as other related distribu-
tions; the fact that we record better numerical constants for p; specifically
is because they were bounding several distributions simultaneously.

LEMMA 6.1. Assume RH. Let X be a random wvariable with distribu-
tion py. For any real number x > 0.14,

Pr(X > 2) < exp(—1.875(x — 0.14)%).
Proof. By Definition

o
2
X = Zrk sin(2rUy) where 1 = ———.
k=1 V1/A+%

Since ry > - > logk by the counting function for nontrivial zeros of ¢ ( ),
the series Zk 1Tk dlverges on the other hand, by Lemma H 2.20 S0t =

Sre 4/(1/4+A3) = >52/(p(1—p)) = 2w assuming RH. It follows from [6,
Lemma 3.1] that for = 2 2ry,

— — 92r)2
Pr(X >z) < exp<3(x?)2ﬁ)>.
w
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Since w < 0.05 and r; < 0.07, it follows that

—3(z — 0.14)?
Pr(X > z) <exp (é2005)>
for x > 0.14, as claimed. =

We will bootstrap this one-dimensional tail bound into a bound for the
two-dimensional distribution pg, using the following notation.

DEFINITION 6.2. For random variables X, Y with joint distribution uo,
define P(u,v) = Pr(X >u, Y >v), and set P1(u) = P(u, —oc) and P»(v) =
P(—00,v). Also define

P*(u,v) = P(2mu, 2mv) — P (2mu) Py (27v),
Q(u,v) = P*(u,v) + P*(—u,v) + P*(u, —v) + P*(—u, —v).

LEMMA 6.3. For all u,v € R,

Q(u, v)
=2Pr(X > 27mu,Y > 27mv) + 2Pr(X > —27u,Y > 27v) — 2Pr(Y > 27v)
=2Pr(X > 27mu,Y > 27v) + 2Pr(X > 27w, Y > —27wv) — 2Pr(X > 27u).

Proof. By definition,

Q(u,v) =Pr(X > 27u,Y > 27v) — Pr(X > 27u) Pr(Y > 27v)
+Pr(X > —27u,Y > 27v) — Pr(X > —27u) Pr(Y > 27v)
+Pr(X > 27u,Y > —27v) — Pr(X > 27u) Pr(Y > —27v)
+Pr(X > —27u,Y > —27v) — Pr(X > —27u) Pr(Y > —27v).
By the symmetry and absolute continuity of 1,
Pr(X > —27u) =1 - Pr(X < —27u) =1 — Pr(X > 27u),
Pr(Y > —27v) =1—-Pr(Y < —27v) =1 — Pr(Y > 27v).
Thus
Q(u,v) = Pr(X > 27u,Y > 27v) + Pr(X > —27u, Y > 27v)
+Pr(X > 27u,Y > —27v) + Pr(X > —27u,Y > —27v) — 1.
Then by Lemmas [£.7) and Definition [I.11],
Pr(X > —27mu,Y > 27v)
=1-Pr(X < —-27u) — Pr(Y < 27v) + Pr(X < —27u,Y < 27v)
=1—Pr(X > 27u) — Pr(Y < 27v) + Pr(X > 27u,Y > —27v),
Pr(X > 27u,Y > —2mv)
=1—-Pr(X <2mu) —Pr(Y < —27v) + Pr(X < 27mu,Y < —270)
=1-Pr(X < 27u) — Pr(Y > 27v) + Pr(X > —27u,Y > 27v),
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Pr(X > —27mu,Y > —27v)
=1-Pr(X < —27mu) — Pr(Y < —27v) + Pr(X < —27u,Y < 270)
=1—Pr(X > 27u) — Pr(Y > 27v) + Pr(X > 27w, Y > 27v).

Thus, Q(u,v) can be simplified even further as

Q(u,v) =2Pr(X > 27u,Y > 27v) + 2Pr(X > —27u,Y > 270)
+1—Pr(X < 27mu) — Pr(Y > 27v)
+1—Pr(X > 27u) — Pr(Y > 27v) — 1
=2Pr(X > 27u,Y > 27v) + 2Pr(X > —27u,Y > 27v)
—2Pr(Y > 27v),

or alternatively as

Q(u,v) =2Pr(X > 27w, Y > 27v) + 2Pr(X > 27w, Y > —27v)
+1—Pr(X > 27mu) — Pr(Y < 27v)
+1—Pr(X > 27u) — Pr(Y > 27v) — 1
=2Pr(X > 27mu,Y > 27v) + 2Pr(X > 27u,Y > —27v)
—2Pr(X > 27u). =

LEMMA 6.4. For all u,v € R,
1Q(u, v)| < 2min {Pr(X > 27u),Pr(Y > 27v)}.

Proof. The trivial inequalities 0 <Pr(X > +27u, Y >27v) <Pr(Y >27v)
imply that
—2Pr(Y > 27v) =040 —2Pr(Y > 27mv)
<2Pr(X > 2mu,Y > 27v) + 2Pr(X > —27u,Y > 27v)
—2Pr(Y > 27v)
<2Pr(Y > 27v) +2Pr(Y > 27v) — 2Pr(Y > 27v)
=2Pr(Y > 2mv);
similarly, the inequalities 0 < Pr(X > 27u, Y > £27v) < Pr(X > 27u)
imply that
—2Pr(X > 27u) =0+ 0—2Pr(X > 27u)
<2Pr(X > 2mu,Y > 27mv) + 2Pr(X > 27u,Y > —27v)
—2Pr(X > 27u)
< 2Pr(X > 27u) +2Pr(X > 27u) — 2Pr(X > 27u)
= 2Pr(X > 27u).

The claim now follows directly from Lemma .
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LEMMA 6.5. We have

|Erry | < 47 Z ’Q(ﬁ,/\)’.
(K,)\)EZZO €€
(k. N)#(0,0)

Proof. This assertion is established by the calculations leading to [6, (3-7)].
Those calculations involved a different two-dimensional distribution, but the
calculations apply to any (sufficiently nice) two-dimensional distribution,
including po. =

LEMMA 6.6. Assume RH. If 0 < e < 13 then

27 2
|Err; | < 9672 exp< 1.875 ( —0. 14> )

£
Proof. By Lemmas [6.5] [6.4] and [6.1],

|Exry | < 4 ‘Q( ) ‘
(H A €Z>
(15, /\)75(0 0)
< 47 Z 2min{Pr<X>27rﬁ>,Pr(Y>27T)\>}
€ €
(HvA)eZZO
(£,A)#(0,0)

92 2
<8 Y min { exp (—1.875 <:’€ - o.14> )

(H,)\)EZ>0
27\ 2
exp<—1.875(7; —0. 14) )}

(5, ))#(0,0)
The inequalities 0 < ¢ <13 imply %’r — 0.14 > 0.14, which means that
(2”’“ 0. 14) is an increasing function of the nonnegative integer variable k.
Consequently,

9 2
|Erry | < 872 Z exp(—1.875 <€7r max {K, A} — 0.14) >

(N,)\)EZZO
(,A)#(0,0)

> > 2T 2
< 1672 —1. =X-0. .
<1677y 0 > exp<1875<6)\ 014>>
£=0 A=max {1,x}

One can check that each term in the inner sum is at most half the previous
term when 0 < ¢ < 13, and therefore

2
|Err; | < 1672 (2 exp< 1.875 (E - 0. 14> )
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00 2
+ Z2exp( 1. 875</<; —0. 14) )
k=1

2
< 9672 exp< 1. 875( —0. 14> >
(3

6.2. Truncating the range of summation. The next step, as in [6],
is to compute the error caused by truncating the infinite sum S(g) from
equation to a finite region. In that work, they truncated their sum to
run over a bounded square aligned with the coordinate axes. For us, however,
the extremely different decay rates of p9 in the two diagonal directions means
that the same method would necessarily include many points in which the
summand is very small, slowing the numerical computations significantly.
Instead, we will truncate S(g) to run over the rectangular region

(6.2)
R(Cy, Cy) = {(1'7.@): |(:r,y) ' (f \[)‘ < Gy, \(x,y) ( f f)| > }

which is rotated with respect to the xy-axes. More precisely, for any C, C,
> 0 we define

1 2,me/2)
S €, Cm’ C)) = 62 MQ(TLE/ ) 3
. ( v) %2; (me/2)(ne/2)
. (ne/2,me/2)eR(Cy,Cy)

Erry = S(e) — S(e, Cy, Cy).

as claimed. =

By partitioning the square lattice into two complementary diagonal lattices,
and exploiting symmetries of fi2(x,y), we can establish more convenient ex-
pressions for S(g) and this new truncation.

DEFINITION 6.7. For any € > 0, define

ac(k,0) = 5(1,1) + ek(1,1) +eb(-1,1) =e(3 + k— £, 3 + k+ ),

be(k,0) = 5(—1,1) +ek(1,1) + el(—-1,1) = (-5 + k — {, 5 + k+ {).
Further, for any ¢, Cy, C,, > 0 define C;, = C./(¢v/2) and C,, = C/(eV/2).

LEMMA 6.8. For any e > 0,

2 fo(az(k,0)) 2 = fia(b(0,0))
s0= 53 e - 52 Py
/=0

2 (k+1/2)2 (+1/2)?

o0

- fiz(a=(k, 1)) k,0))
IR PP

k=1 (=0

M\%

+
€
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Further, for any e,Cy, Cy > 0,

2 fio(0c(k,0)) 2 fia(b<(0,0))
S(e,Cy, Cy) = 22 Z (k+1/2)2 g2 Z (€+1/2)?
0<k<Cy—1 0<e<Cy—13
4 /L2 (15 ki E )
=D DD Gri2P—2
0<k<cgrl 1<U<Cy
Loy oy el
2 _ 1/2)2°
1<k<C, 0<(<Cy—1 #olEr1/z)

Proof. Define the function s(z,y) = £229) 414 the lattice

Ty
£ ={(ne/2,me/2): n,m are odd integers},
so that

Se)= ) sla.y)
(z,y)el
From Lemma we see that s(x,y) = s(y,z) = s(—y, —z) = s(—x,—y),
and thus

Se)= Y slxy)

(z,y)eL
= Y (sl +s(-z,-y)+ > (s(z,y)+ sy, z))

(z,y)EL (z,y)eL

z=y>0 —x=y>0

+ Y (sz,y) + s(—y, —2) + s(y,7) + s(—z, )
(z,y)eL
y>|x|

=2 Z (z,2) + 2 Z s(z,—x)+4 Z s(x
(z,x)el (z,—x)el (z,y)el

It is easy to check that £ is the disjoint union of the two sublattices
A={a.-(k,0): k.l € L}

1 m—
= {%(m—i—n o n) : n,m are odd integers, n = m (mod 4)}

4 27 4
= {(ne/2,me/2): n,m are odd integers, n = m (mod 4)},
B = {b.(k,{): k,L €Z}
- 1
= {[k(min’ m4 n_ 2) : n,m are odd integers, n Z m (mod 4)}
= {(ne/2,me/2): n,m are odd integers, n # m (mod 4)}.
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Consequently, in this notation, we have

—22 ycx+2z x—x+4z

(z, 93)62 (z,—z)EL (z,y)el
x>0 y>0 y>|z|

= s(a-(k,0)) —22

k=
+4 ZZs(as(k,E)) + Zzs(bs(k,e)))
k=0 ¢=1 k=1 £=0
which is equivalent to the first assertion of the lemma. The bounds for the

sums in the second assertion follow immediately from the definitions of a.,

bg, and R(Cx, Cy) u
LEMMA 6.9. For any e,C;,Cy > 0,

| Errg | < 2 Z fiz(a(k, 0)) +9 Z fi2(be (0, 4))

et (k+1/2)2 el (0+1/2)2
> 2 (e ( k 0)) >
,U,Q ag k E /,LQ(bg(k 6))
+d Z Z k+1/2)2 Z Z 2 (01 1/2)2

0<k<Co—3 £>C, 1<k<Cy 6>Cy—3
in the notation of Definition [6.7]

Proof. Since Erry = S(e) — S(e, Cy, Cy), this bound follows immediately
from Lemma [6.8) and the triangle inequality. =

DEeFINITION 6.10. For any J, K € N, define

=y :H m and TK—H\/1/4—|—7]

The following lemma encodes a key observatlon that will be used repeat-
edly.

LEMMA 6.11. For any ¢,C,,Cy >0 and J, K € N,

N2 as k 0 ) = o—J/4_—J/2 ~—J)2 6\/§ 5\/§ 2
< 2=
2 Zl ety | =2 TG e ) e, tag)
Ca—3z
f2(b<(0,€)) K/4_—K/2—K/2 eVv2)\ (V2 2
2 S 1/2 < 20y 2K, o )\ e tog)

>Cy—1



Correlations of error terms for weighted prime counting functions 51

Proof. For any k > 0, we have a.(k,0) = e(k+3,k+3) by Deﬁnition
Lemma [£.4] then gives
<27m6 (2k + 1) > li[
1/44~2, fosit

by inequality (4.2} , which further implies

o0

J 2vme(2k +1)
"\ 14492

‘ﬂg(ag(k O

1/4+2 = —J/2

4 < 77” == 2k +1 .
(6.4)  |jn(a(k,0))] < 1—:[ w ek (k1)
Therefore

fiz(ac (K, 0) )
2
2 | xij2e
k>Cp—1

<22,27 P (ne) 2 N (k4 1/2)72 7
E>Cp—

24+J/2 ]

ev2 —2-J/2

<( cx) s du>
Cx

_ 2:J2_J/2(W8)_J/2<(5\/§>2+J/2 N 9 (5\/§> 1+J/2>

- Cy 2+ J\ Cy

o /9 ev2\? 2 (V2
§2.:J2 J/4(7T) J/2ij/2<<c) +2—|—J<C )>

This establishes the first inequality, and the second follows from a similar
calculation. =

[N

< 25,2772 (qe)=7/?

DEFINITION 6.12. For any J € N, define

(2 + 492(k + 1/2)2)

,/1/4+7]

((€+1/2)2 + 492k2) V"

1/4°

J
J
The derivation of the inequality (6.4) generalizes immediately to show that

ia(az(k, €))| < (me)™"/2A, (k. 0),
fi5(b2(k, €))| < (me)~7/*B(k, 0),

for any integers k, £ > 0.
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LEMMA 6.13. For any ¢ > 0 and Cp > 5ev/2 and J € N

42 Z Mgaakf)

k>Cp—1 1E<k (k+1/2)2

B /QC_J/Q« )<
2 =) 4 e
J J 4C,

A
(k. 0
1YY )

+

)

(i)

k>C, 0<4<k—1 é + 1/2
2 1 1 4C,
"”C"”((”)(1+~+ «(25-1))
o ! " * Cx 403; -1 2 5\/>
+2<1+1> <1+1> + 11 (402 1))
A 1c,—1) T B\ ‘
Proof. Observe for all k > 0 and J € N

J
Ak, 0)=2,(k+1/2)772 ] L < Z27 P k4172772,
j=1 (k€1)2+4’72
+1 J
Consequently,
fo(as(k,0))
Y 2 Gt
k>Cp— 11Uk
o o _ k+1/2)=7/2
< 45 ,9-1/2 /2 (
k>Cp—1 1<t<k

< 45,2772 (qe)=I/?

> (k+ 1/2)—J/2<k

1 b du
r+
. +3
k>Cp—1 41

< 45,2772 (qe)=I/?

k
> (k+1/2)‘°’/2< ! !

1 1
+ + du>
1 1 1
el k+ 1 2k+1§k+2+u k+4—u
< 45,2772 (qe)=I/?

1 1 k—3
1/2)~7/2 1 2k +1/2
> k12 <k+}l+2kz+10g<(k+/) )
k>Co—3
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< 45,2772 (qe)=I/?
1 1
log(4k + 1))

k+1/2)7/2
Z (k+1/2) <k+1/4+2k+1
As k+1/2> C, and u/(u — 1/4) is a decreasing function of u

1 1
log(4 1
<k+1/4+ 7 losl4k + )>
1 C, 1 1 k+1/2
)+ Slogdk +1) — — /=
k+1/2< _1/4(+J>+20g( ) J(k+1/4)>
for C, > /2. Hence
fi2 ask‘ﬁ)) = o—Jj2(\—J/2
4> Z G127 42727712 (e)
k>Clp— 11<Z<k
C 1 k+3
k 12—1—J/2<~<1 )+1 4k:+1—2>.
Zl(+/) G-I\ "7 g loslk 1) = 70T
k>Cm—§
By observing that
1 i 1
192 Zlog(du—1) — ———— J du = —=u"7/?log(4u — 1
Su <2 og(4u — 1) J(u—1/4)> u FU og(du —1) + C,

and that the integrand can be easily verified to be decreasing when u >

C’ > 5 and J € N, we see that

fiz(ac(k f))
122 Gy
E>Clh— 1 1<e<k
E\f 1+J/2 é:p 1 B
<4=;2" J/2 (me) J/2(< ) (C’ I + §log(40x — 1))
T 1
T C U
T J/2 ——_ 1+ —log(du — 1) — ———
Ik o) st ) = gt
1+J/2 1
< J/2 —J/2 ev2 _ 2 5
4= ;279 %(me) < . 1+ 161 + 5 log(4C; — 1)

(
50 ) () >C¢>N2

+ J<SW>J log(4C,, — 1)>

CE
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2 1 1 )
<z o-Tg-trg-i2( (Y2 (14 ~log(4C, — 1
< J s Cac Cx + 4Cx 1 + 9 og( C )

2 1 1 1 ~
—(1 ~ 1+ — —log(4C,; — 1) ).
+J<+4Cx—1><+J>+JOg(C ))

This establishes the first inequality, and the second follows from a similar
calculation. =

LEMMA 6.14. For any e > 0 and Cy > C; >0 and K € N,

4 Z Z fi2(ac(k, £))

(k+1/2)2 —¢2
0<k<Cr—3 ¢>C,

< 4TK2K/4W—K/2Cy—K/2< (}f) (
2 . C,
<1+C2 o+ < e C))

ﬂQ(ba(kv 6))
K2 — ((+1/2)2

)

C,  2+K
2
(1+5%5

C Ca
o (rgow)

Proof. By the inequalities in Definition

fiz(as(k, €)) ko Ax(k0)
RSV e R T Yoy eae]
Observe that for £ > 0,

K
Ak, 0) =Y [J( + 43 (k + 1/2)%) 1/
j=1

K
= Tl KPP (@ + 4 (k + 1/2)2072) 7V < Tt K2,

j=1
Hence, for Cy > C; > 0,
fa(as(k, 0))
4 _r2\Fe\Ms )]
Y x [,

0<k<Cr—1 >0y

<Ap(me) K72 > YRR — (k4 1/2)%) 7

0<k<Cr—3 £>Cy
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Cx
1 2 du
_K/2 _K/2
<anelre) K Y (S | 5T

>Cy 222 1/2
Cg

1 12/ 1 1
<™ S (g | () @)
_ o

- 2
>Cy -5

o) K/2 _K/2 1 L. (€+Co)(l —3)
ST 2 = g o))

1N

By the Maclaurin series expansion of log(1 + ) as an alternating series,

0+C)(0—1 > o
log<( +C ) ?)>§10g<£+0>_1g( N 20% >§ 20,,i 7
(t—Co)t+1) (—C (—C, (—C,

and hence

DI Div

0<k<Co—3 >0,

—K/2 —-K/2 1 CUC
< ATw(re) 3 K (£2 & +£2—(C*x)e '

fi2 aeké)
(k+1/2)%2 —¢2

>Cy 2e2

For ¢ > C’y we observe that

1 2 1 Cy 1 C?
e\p_g)~e\c-c) e e e)

and likewise

1 C.? 1~ Cy 1 Cy
Bl A N5 (- 1 .
ﬂ@hwqw><ﬂc<ca4%@> @C<'+% c)

Therefore

Mgagkf)

4 e 77
(k+1/2)2 — 2

0<k<Cr—3 £>
2 ~
gnW@Kﬂze2MQ+2@+@Q+ <)
Y

>Cy

24K/2 oo
< ATk (me)K/2 <(5g/§> + S w2 K2 du)
y

02 ~ Cy
14+ —-—=— 21
(*@ 2 C<+%—@»
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6\/§ 24+-K/2 9 5[ 1+K/2
oo ()2 ()™
C, 2+ K\ C,

c? ) o
(1 el
( to—a ( C,—Cy ))
2 eV/2
< AT /A~ K/2 /2 ev2)?
< A2 m G, <, ) T2k g,

2
.<1+C2

C? Ca
@l a7a))

This completes the proof of the first inequality, and the second is established
analogously. m

LEMMA 6.15. For any real numbers e>0 and C,>5ev/2 and any J € N,

42 Z p,gaskﬂ)

et (k + 1/2)2

2 4C, 1 eV2
< 45,97 Ag=I20-0/2 ev2 1 1 i
S J ™ . Cx + €f+ +4J c.

2l (2 )
fi2(be(k, £))
(1 1)2)2

2 1 V2
< 45,0202 eV2 —=ve
152 o {(C 1)+

+3<1+}>+;1g( \@+1>}

Proof. For all k>0 and J € N,

As(k,0) = Z5(k+1/2) J/QH R < 2,272k +1/2) 72,
=1 k+%) + 4
Consequently,
f2(a:(k,0))
4 _reN=N 77
Pl RECCU

k>Cp— L £2k41

(k4 1/2)=7/2

<4 2= J/2 —-J/2

s (me) 2. 2 EoGriar (k+1/2)2
E>Cy _l£>k+1

< 45,2772 (ze)=I/?
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1 T du
> <k+1/2>-J/2( ) i+ ) = )
et (k+1)2—(k+1/2) i U —(k+1/2)
< 45,277 (qe)~ /2
1 1T 1 1
: (k + 1/2)—J/2< + — du)
b%;_; k43 Qk—l—lk}_lu—k—% utk+ 3

— - _ 1 log(4k + 3)
< A= ,9-T/2 J/2 J/2
< 45,2775 (we) E (k+1/2) ’ %—F Sy
k>Co—1
< 45,277 (re)~ 7/

S (k+1/2)7 (Z -

k>Cp—3
< 45,2772 (qe)=I/?

1 1 k+1
E+1/2)" 72 (1 4= 4 Zlog(4k +3) — —— 2.
> (k+1/2) + 5+ g los(4k +3) — S —

M\»—A

(1+1/J-1/J)+ log(4k+3)>

L[S

k>Cz -
Observe that

Sufl*J/Q <; log(4u + 1) —

N

U N gu=_Lye
J(u+1/4)>du_ Fu log(4u +1) + C,

and it is easy to verify that the integrand is decreasing for any u > C,
and J € N, so

UDINDY

k> Gy 1 k41

< 45,2772 (ge) /2

(&) (5o (3? ) . 1)

(Co +
+ S ulJ/2<1+1—|— log(4u + 1) > )

: J
Cq
14+J/2
<(5\/§> <1+ 1+ log<40m+1>—~cI T >

< 45,2772 (1)~ I/?
J/2 J/2
L2 L2 L (a2 log (267 44
J J)\ C, J\ C, s\f

fiz(ac (K f))
(k+1/2)2
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< 4EJ2—J/47T—J/QC;J/2<< \[>< + >lo <4\C[ 1) + (401 +1)>
:Jc € V2
<2](1+;) 10g(j\f )>

The first inequality of the lemma follows upon noting that 1/.J (4535 1) <
£v/2/4JC,. The second inequality is established analogously. m

LEMMA 6.16. Forany€>0andCy>C$25£\/§andJ,K€N,
9 evV/2 5\@+ 2
C, C, 2+J
V2 1 1 4C,
+8 14 —lo 1
{(Cm>< 40— 2 (ef >>
c2(et
J J _
ev/2 1 15\f
+8{(cx>(1+z ( ) )
+z 1+l +l1
T\ T JOg
K/4_~K/20~K/2 |9
L ( )( )
o) ()
Cy Cy 2+ K
C? C,
.<1+C 02+c< Cy_0x>).

Proof. Combining Lemmas [6.9] [6.11] and [6.13H6.15] yields

2
Erry| < 25,2~/ An=/20=1/2 eV2) (V2
[Brra] < 22y e e e

K/4,-K/2—K/2 eV2
G, <y>< ")
V2
T oK/A—K/20—K/2
+ 81k C Cy 2+K

02 C,
'<”0 NoRie ( Oy—cx»

|Erry| < Z,27/Ax=207/2
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V2 1 1 4C,
+85,277/4 —J/QC—J/Q(<E> <1+~+1 <‘"” - 1>>
T C, 16, -1 2 B2

2 1 1 1 4C,

1+ =) (14 ——— 1 1
) g )wog(ﬂ ))

e omdjt—gj2—is2f (EV2 1o (4G 1 1 eV2
+ 85,2 7 C, << $>< 0g<5\[ +4J o

3o (500

which implies the statement of the lemma. m

In the interest of making the optimization step tractable, we will only min-
imize the exponential terms EJ27J/47T7J/2037_J/2 and TKQK/47T*K/QCy_K/2
for a given C, or Cy; in light of Definition this means choosing the
maximal J and K such that

1/4+~3 1/4_1/2 ~1/2 —1/4_1/2~1/2
(6.5) ,/ng/w/cz/ and /1/4 +~% <2772,

6.3. Truncating the infinite product. For the final step, the func-
tion fio will be approximated by a finite product of Bessel functions and a
correction factor.

In the calculations of the error term, certain constants must be known
to arbitrary precision. The following lemmas provide the formulas used to
calculate them.

LEMMA 6.17. For any integer n > 2,

1 1 d”
Z——l—m@logg(s) )

_ —
~p

In particular, Z 12 = By and Z i4 By, where we define

By=1-— ﬂ +2¢"(0) + log?(27),
4
Bi=1-— %40 - 7( 20 (0) + 8¢®)(0) log(2r)

—12¢(0)(¢?(0) + 21og?(2m)) — 61log*(2n)).
Proof. By [12, Corollary 10.14], there exists a constant B such that

d 1 11 1
$logﬁ(s) = logw—;—f (s/24+1) —i—Z( p>'
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Consequently, for n > 2,

dr (-D)*(n—-1)! 1 41 I )l —1)!
Wlog(( s) = G-17  2ds T (s/2+1) —|—Z< — )

Furthermore, by [12 Equation C.11, p. 522],

I 1 > 1 1
F(a)__a_co_mz_<a—l—m_m)’

and therefore

d F’ SR
== 2
da F 27 mzzl (a+m)? =¢(2a),
where ((z,a) is the Hurwitz zeta-function. Since d%((z, a) = —z((z+ 1,a),
we see that for n > 2,
dn— 1 I’ .
(@) = (-1)"(n — 1)IC(n,a).

Consequently, by the chain rule,

A" ogc(s) = EW =D (—1>n(n— DIC(n, 5/2 +1)

dsm (s—1)» 2
(=) (n—1)!
N Ep: (s—p)»

The first assertion of the lemma follows by evaluating at s = 0 (noting that
¢(n,1) = ¢(n)) and rearranging.
The specific formulas for 3 2 and > 4 can be obtained by repeated

differentiation of Cé(s) and the known values

¢(0) = —% and ¢'(0) = —% log(2r)  [IZ, (10.11) and (10.14)]. =

LEMMA 6.18. Assuming RH,

2
vy By By By _7
L 2 P2 P 1435121
2)(1/4—1—72)4 2 T2 4 5 0
2
g By — By _
Z = ~ 0.0230864 . . .,
< (1/44+77) 4
1
Y 3 =B+ By~ 3.71006...-107°
2\2 ’
< (1/4+7%)

where By = Cy + 2 — log(4m) and By and By are defined in Lemma [6.17]
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Proof. For any complex number p # 0, 1,

—(p—1/2* 1 N 1/72 1/2 N -1/4  —1/4
AT=pr pl—p) P2 O-p -t
—(p—1/2*  1/2 ~1/4 —1/4
pPL=p?  pl=p)  p*  (1-p)?

1 2 1 1

= + =+ —.
p(L—p)?  p(l—p) p* (1-p)?
The functional equation for ((s) ensures that its nontrivial zeros come in

: 1 1 _ 1
pairs p, 1 — p, and >t 1 = oy and therefore

p(

—(p—1/2)? 1 11 1 By
o a ~a = 7"‘ Y - = B]_"_Bz_i
Zp: p*(1—p)* zp:p(l—p) zp:PQ Q%IP 2
—(p—1/2)? 1 1 1 1 B B
I I e R DI e
- rP(1—p) 25p(l=p) 25p 2 2
1 1 1
———=2) ———+2) = =2B+2B,
z/,: p*(1 = p)? zp: p(1—p) zp: P>

unconditionally by [12], Corollary 10.14] and Lemma [6.17} If we now assume
RH, we see that

2
_r _1 _1/2 _B1 By By
;(1/4+72)4 Z 2T 47’
2

ol _ —1/2 Bl Bs
%(1/4#)2 Z i

1 1 1
e =5 Y 55 = B+ Ba,
;J (1/4+72)? 22/)2(1—p)2

p

as claimed. =

DEFINITION 6.19. For T > 0, define the truncated products

Pru,v) = ][] Jo<”2“2+”2> and Fr(u,v) = [] J()(”Q“w),

1/4 + ~2 1/4+~2

0<y<T v>T

and define
Gr(u,v) = Pr(u,v)(1 — Pru® — Qpv* + (PrQr + Rr)uv?)

where

=3 Y e O S e B X
= (1/4 £ ~2)2 <“T—7 (1/4+~2)2" "T— 35 (1/4 4+ ~2)4
2 (1/4+77) 12 (0/a+77) 32 2 (1/4+7)
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are the tails of the infinite sums from Lemma We then define
Gr(de(k+1/2),0
66) SECnc,T)=2 Y Grlekrl2).0)

k+1/2)2

oz, G
Gr(0,2¢(£+1/2))

—9 Z

0+1/2)2

0<0<Cy—1 (6+1/2)
Gr(4e(k +1/2),2¢el)

LD DD Dl Sy

0<k<Cyp—3 1<e<C,

Gr(4ek,2e(0 +1/2))
4
1<k<Cy 0<U<Cy—1

and the third error term

(6.7) Errs = S(e,Cy, Cy) — S(e,Cy, Cy, T).
For use in our upper bounds, we also define
1
AT(ua U) =

21 — Pru2)(1 — Qrv?)

: ((1 - PTQU2> 20t + PRt (1 - Q2U2> - PTQ’“42€22TU4>.

Recall the quantities a.(k, £), b.(k, ), Cy, and C’y from Definition .

LEMMA 6.20. Let T' > 0, and choose any 0 < C, < 1/+/8Pr and 0 <
Cy < 1/\/2QT-

(a) ForanyOSkSC’x—% andogﬁgéy,
|fi2(az(k, £)) — Gr(4e(k 4+ 1/2), 2¢0)]
<|Fr(4e(k +1/2),2el)| Ap(4e(k + 1/2), 2¥).
(b) Forany()gk:géz and()gﬁgéy—%,
|f12(b: (K, €)) — Gr(4ek, 2e(£ + 1/2))]
< |Pr(4ek,2e(f + 1/2))|Ar(4ek, 2e(£ + 1/2)).
Proof. By the Maclaurin expansion in Definition

SIS () = S b

v>T m=0 m=0n=0

where

boo=1, bio=—-Pr, bo1=-Qr, b1

)

= PrQr + Rr.
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Furthermore, since

1 /1 72u2+v 72u2—|—v
055 daesm) -t

= exp(PTu2) exp(QTUZ)

PrQn
S Ip LS

m=0n=0

we see that
Pan
bl < 55T
m!n!
It follows that whenever Pru? < 1 and Qpv? < 1,

1 o)
Pm
‘ Z memuQmUQn Z Z ‘Q'T 2m, 2n
m!n!

m=0n=2 m=0n=2

< . .
- 1-— PTu2 2(1 — QTUQ)

Similarly, under the same assumptions,

X 2m, 2n P QT 2m 2n
’ > D bmn®™y Z Z min!

m=2n=0 m=2n=0
o pm 2
Z i (1 L Qru >
m! 2
m=
2 2,4
Pt 1- 95" - O5r

=201 = Pru?)  1-Qrv?
‘ i ib 4220 PrQy )
m,n >

m!n!
m=2n=2 m=2n=2

< i 7 om Q7!
B m! 2(1 - QTUQ)

[ SIENe o]

(]
M

)

63
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These inequalities combine to show that
‘FT(u, v) — (1 — Pru® — Qrv® + (PrQr + RT)UQUz)‘ < Ap(u,v)
whenever Pru? < 1 and Qrv? < 1. Finally, since
fio(ac(k, 0)) = Fr(4e(k + 1/2), 2e0) Fr(4e(k 4 1/2), 2¢0),
fi2(b-(k,0)) = Fr(dek,2(0 + 1/2)) Pr(4ek, 2(€ +1/2)),
the lemma follows by setting (u,v) = (4de(k + 1/2),2¢l) and (u,v) = (4ek,
26(0+1/2)). m

LEMMA 6.21. If Pr < 802 and Qr < then

202 Y

Errs| <2 > |Frr(de(k + 1/2)’0)|AT(4a(k +1/2),0)

i (k+1/2)2
2 3 G A0 2)

sStsCy—3
|FT (4e(k +1/2), 255)|
4 Ar(de(k+1/2),2¢0
D D Tariprop Arletkt1/2),2¢0
0<k<Cyp—3 1<U<Cy

3 |Fr(4ek, 26(£ 4 1/2)))|

! Ar(4ek, 2 1/2

Y X Tt Arlek2er1/2)
1<k<Cy 0<e<Cy—3

with Ar(u,v) as in Definition |6.19]
Proof. By Lemma [6.8]
Errs = S(e,Cy, Cy) — S(e,Cy, Cy, T)

_ fi2(ac(k,0)) — Gr(4e(k +1/2),0)
=2 Z (k+1/2)2

f12(62(0, £)) — G (0, 25(€ +1/2))
(€ +1/2)

fa(az(k, ) — Gr(4e(k + 1/2), 2¢0)
. (k+1/2)2 -2

f12(b(k, £)) — G (dek, 2¢(£ + 1/2))
i > - (412 :
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Since Pr < ﬁ and Qr < ﬁ, the rest follows by the triangle inequality
z y
and Lemma [6.20. =

6.4. Result of calculation and error term estimation. Assuming

RH, Proposition [5.9 and equations (6.1)), (6.3), and (6.7) tell us that

1 1
u2(Q1) = 1 R(S(E, Cy, Cy,T) + Erry + Erry +Err3).

We coded the definition of S(e, Cy, Cy, T') and of these three error terms in C
using the PARI library [I7]. Smaller values of ¢, and larger values of C,, Cy,
and T, result in smaller error terms at the expense of longer calculation time.
We ended up choosing

(6.8) e=15, C,=30, Cy=2500, T =7500.
With these parameters we found that

S(e,Cy, Cy, T) = —9.60218,
and therefore

1
|p2(Q1) — 0.493226| < p(]Errll + |Erra| + |Errs)).

Under the same parameters, Lemma [6.6] gives
|Err| < 4.2458 - 1071,

also, the inequalities ([6.5)) result in the choices J = 44 and K = 18, in which
case Lemma [6.16| gives

|Erry| < 8.1525- 1079,

Finally, our calculations show that Prsop ~ 4.2891 - 1072, Q7500 ~ 2.3321 -
10713, and R7500 =~ 3.0537 - 10722, and therefore Lemma gives

|Errs| < 3.5443 - 1072,
These error bounds combine to yield
|p2(Q1) — 0.493226] < 0.00001.

Since pa(Q1) = 1;”2 by (4.3), we deduce that
175 — 0.013548| < 0.00002.

Appendix A. Graphs illustrating the main theorems. We exhibit
graphs showing every possible case of the densities from Theorems [[.12HI.14]
and of the limiting logarithmic distributions from Theorem [I.I7] The graphs
are determined solely by whether each function is standard or reciprocal and
by the bias factors of the two functions.
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E"(x)

12

E¥(x)

12

E"(x)

m

E%x)

Fig. 2. Two pairs of standard functions with equal bias factors within each pair. Each
joint distribution is singular with support equal to the line y = = (perfect correlation).
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£V (x)
1/2
E¥(x)
1/2
E™ (x)
1-m
E™r(x)

m

Fig. 3. Two pairs of reciprocal functions with equal bias factors within each pair. Each
joint distribution is singular with support equal to the line y = = (perfect correlation).
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E"(x)

m

E¥(x)

12—y

12

E™r(x)

12

1/2-n4

E¥(x)

m

Fig. 4. A pair of standard functions and a pair of reciprocal functions, with unequal bias
factors within each pair. Each joint distribution is singular with support equal to a line
y =z = 1 (perfect correlation up to the bias factors).
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E""(x)
1/2
1/2-n
! - ! E¥x)
-1 1
m
-1k
E™(x)
1 L
m
1 | 1 Ewr
. y *x)

12—y

12

69

Fig. 5. Two pairs consisting of one standard function and one reciprocal function, with
unequal bias factors within each pair. Each joint distribution is absolutely continuous and

supported on a thin diagonal strip of (horizontal or vertical) width 2w.
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E¥ (%)

0.5~
1/2-npl4
n2/2 \‘

— E¥(x)
w 0.5

n2i2

\1/2—n2/4

-0.5-

1-2m

1 1 1 1 E’T(X)

m

Fig. 6. Two pairs consisting of one standard function and one reciprocal function. Each
joint distribution is absolutely continuous and supported on a thin diagonal strip of (hor-
izontal or vertical) width 2w. In the top graph, both bias factors equal 0; in the bottom
graph, the bias factors are nonzero with opposite signs.
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