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for weighted prime counting functions
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Abstract. Standard prime-number counting functions, such as ψ(x), θ(x), and π(x),
have error terms with limiting logarithmic distributions once suitably normalized. The
same is true of weighted versions of those sums, like πr(x) =

∑
p≤x

1
p

and πℓ(x) =∑
p≤x log

(
1 − 1

p

)−1, that were studied by Mertens. These limiting distributions are all
identical, but passing to the limit loses information about how these error terms are cor-
related with one another.

In this paper, we examine these correlations, showing, for example, that persistent
inequalities between certain pairs of normalized error terms are equivalent to the Riemann
hypothesis (RH). Assuming both RH and LI, the linear independence of the positive
imaginary parts of the zeros of ζ(s), we calculate the logarithmic densities of the set of
real numbers on which two different error terms have prescribed signs. For example, we
conditionally show that ψ(x)− x and

∑
n≤x

Λ(n)
n

− (log x− C0) have the same sign on a
set of logarithmic density ≈ 0.9865.
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1. Introduction. A central topic in comparative prime number theory is
the relationship between the prime counting function π(x) and the logarith-
mic integral li(x) =

	x
0

dx
log x , which are asymptotic to each other by the prime

number theorem. While empirical data led many to believe that π(x) < li(x)
for all x ≥ 2, Littlewood [10] proved that π(x)−li(x) has infinitely many sign
changes. Bays and Hudson [3] gave convincing evidence that the first value
of x for which π(x) > li(x) (the true “Skewes number” for this prime number
race) is approximately 1.4×10316. Assuming the Riemann hypothesis (RH),
Rubinstein and Sarnak [15], extending work of Wintner [18], showed that a
normalized version of the difference π(x) − li(x) has a limiting logarithmic
distribution (see Definition 1.15 below); under the additional hypothesis (LI)
that the positive numbers γ for which ζ

(
1
2+iγ

)
= 0 are linearly independent

over the rationals, they calculated that the logarithmic density (see Defini-
tion 1.7 below) of the set of x for which π(x) > li(x) is a constant η1 which
is approximately 2.6× 10−6.

These methods extend to various weighted versions of the prime counting
function, such as θ(x) =

∑
p≤x log p, which is asymptotic to x again by the

prime number theorem. Assuming RH and LI, a suitably normalized version
of θ(x)− x has the same limiting logarithmic distribution as the one associ-
ated to π(x)− li(x), and Rubinstein and Sarnak’s work also shows that the
logarithmic density of the set of x for which θ(x) > x is the same constant η1.
Moreover, Platt and Trudgian [13] gave evidence that the first value of x for
which θ(x) > x (the “Skewes number” for this weighted prime number race)
is also approximately 1.4 × 10316, though presumably not exactly the same
value as for the inequality π(x) > li(x). (See Remark 4.6 below for an insight
as to why these limiting distributions are the same.)

The same phenomenon can be observed when examining the Mertens sum∑
p≤x

1
p ∼ log log x−C2 (for a particular constant C2) and the Mertens prod-

uct
∏
p≤x

(
1 − 1

p

)−1 ∼ eC0 log x (for the Euler–Mascheroni constant C0). In
both cases, all calculated values of the prime-related quantities were greater
than the corresponding values of their asymptotic main terms; but Robin [14]
showed that both differences between the prime-related quantities and their
main terms have infinitely many sign changes. Work of Büthe [4] suggests
that the first negative value of

∑
p≤x

1
p − (log log x−C2) (the “Skewes num-

ber” for this Mertens sum race) is approximately 1.9 × 10215. In addition,
assuming RH and LI, Lay [9] and Lamzouri [8] have shown that appropriate
normalizations of these differences have limiting logarithmic distributions
that are identical (up to an additive constant) to the distribution associated
to π(x) − li(x) and θ(x) − x, and that the logarithmic density of the set of
rare sign reversals is the same constant η1.

All of these observations raise the question of how these various races
are correlated. Each of the four races has an exceptional set (of logarith-
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mic density η1); for π(x) and θ(x) these sets correspond to regions with
significantly more primes than average, while for the Mertens sum and
product they correspond to regions with significantly fewer primes than av-
erage. Thus, we might expect the first two exceptional sets to be highly
correlated (and the same for the second two), but also for the two pairs
of exceptional sets to be highly anticorrelated (this idea appears, for ex-
ample, at the beginning of [4]). Moreover, each of these races has an “un-
biased” version involving counting prime powers rather than only primes—
the simplest such versions (which were examined by Kaczorowski [7], for
example) involve ψ(x) =

∑
n≤x Λ(n) ∼ x and the corresponding Mertens

sum
∑

n≤x
Λ(n)
n ∼ log x − C0, where Λ(n) is the von Mangoldt function.

Both of these functions lie above and below their asymptotic main terms
equally often (on the logarithmic scale, assuming RH), and we can ask how
correlated the sets are where the two functions exceed their respective main
terms, for example.

The purpose of this paper is to answer questions like these concerning the
correlations of these error terms in prime number-related races. For example,
assuming RH and LI, we show:

• the sets {x ≥ 2: π(x) > li(x)} and {x ≥ 2: θ(x) > x} are the same up to
a set of logarithmic density 0;

• the sets {x ≥ 2: π(x) > li(x)} and
{
x ≥ 2:

∑
p≤x

1
p > log log x − C2

}
have bounded (and presumably empty) intersection;

• but the ψ(x) and
∑

n≤x
Λ(n)
n races are highly, yet not perfectly correlated:

the set of x ≥ 2 such that ψ(x)−x and
∑

n≤x
Λ(n)
n − (log x−C0) have the

same sign has a logarithmic density which is approximately 0.9865.

We now proceed to set up the notation and terminology required to make
these statements rigorous.

1.1. Preliminaries. This section introduces the basic definitions and
notation that will be used and referred to frequently throughout the rest of
this article.

Definition 1.1. We use the following well-known prime-counting func-
tions:

ψ(x) =
∑
n≤x

Λ(n), θ(x) =
∑
p≤x

log p,

Π(x) =
∑
n≤x

Λ(n)

log n
=

∑
pk≤x

1

k
, π(x) =

∑
p≤x

1.

We denote by B = {ψ, θ,Π, π} the set of these four standard functions.
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Furthermore, we define the following weighted versions of the above stan-
dard functions:

ψr(x) =
∑
n≤x

Λ(n)

n
, θr(x) =

∑
p≤x

log p

p
,

Πr(x) =
∑
n≤x

Λ(n)

n log n
=

∑
pk≤x

1

kpk
, πr(x) =

∑
p≤x

1

p
.

We also define the logarithm of the Mertens product

πℓ(x) = log
∏
p≤x

(
1− 1

p

)−1

= −
∑
p≤x

log

(
1− 1

p

)
=

∑
p≤x

∞∑
k=1

1

kpk
,

which behaves in many ways like the four weighted versions. We denote by

Br = {ψr, θr, Πr, πr, πℓ}

the set of these five reciprocal functions.

Each of the five reciprocal functions in Br has a well-known asymptotic
formula, proved by Mertens with elementary arguments, while each of the
four standard functions in B also has a well-known asymptotic formula that
is equivalent to the prime number theorem. When the main terms of these
asymptotic formulas are subtracted, the resulting error terms have explicit
formulas involving a sum over the zeros of the Riemann zeta function (see
Section 2); when further divided by the order of magnitude of any one of these
summands, the resulting normalized error terms are known (conditionally) to
have limiting logarithmic distribution functions. We record these normalized
error terms explicitly.

Definition 1.2. The normalized error terms of the four standard func-
tions are

Eψ(x) =
ψ(x)− x√

x
, EΠ(x) =

Π(x)− li(x)√
x/log x

,

Eθ(x) =
θ(x)− x√

x
, Eπ(x) =

π(x)− li(x)√
x/log x

.

The normalized error terms of the five reciprocal functions are

Eψr(x) =
(
ψr(x)− (log x− C0)

)√
x,

EΠr(x) =
(
Πr(x)− (log log x+ C0)

)√
x log x,

Eθr(x) =
(
θr(x)− (log x− C1)

)√
x,

Eπr(x) =
(
πr(x)− (log log x− C2)

)√
x log x,

Eπℓ(x) =
(
πℓ(x)− (log log x+ C0)

)√
x log x.
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Here C0 is Euler’s constant, while C1 = C0 +
∑

p
log p
p(p−1) and C2 = −C0 +∑∞

k=2

∑
p

1
kpk

(although the exact values will usually not be important to
us).

Some of these normalized error terms are biased towards positive or neg-
ative values. (Loosely speaking, nature wants to count all prime powers, and
it is our human insistence on throwing away squares and higher powers of
primes that creates biases in functions that count only primes themselves.)
These biases manifest as constant terms in the explicit formulas given in
Section 2, which we now name.

Definition 1.3. For the nine functions in B ∪ Br, we define the bias
terms

βθ = βπ = −1, βψ = βΠ = βψr = βΠr = 0, βθr = βπr = βπℓ = 1.

These constants are the average values of the corresponding normalized error
terms (in ways that can be made precise).

We can now state our first result, which concerns the ranges of values
taken by differences of these normalized error terms. The following theorem
is proved at the end of Section 2.

Theorem 1.4. Assume RH.

(a) If f and g are both standard functions, then

Ef (x)− Eg(x) = βf − βg + o(1).

The same is true if f and g are both reciprocal functions.
(b) If f is a reciprocal function and g is a standard function, then

lim inf
x→∞

(Ef (x)− Eg(x)) ≥ βf − βg − w,

lim sup
x→∞

(Ef (x)− Eg(x)) ≤ βf − βg + w,

where

(1.1) w = 2 + C0 − log 4π ≈ 0.0461914.

Remark 1.5. If we assume LI in addition to RH, then both inequalities
in Theorem 1.4(b) are actually equalities, as we show in Theorem 1.17(b)
below.

Next, we examine the question of when one normalized error term always
exceeds a second when x is sufficiently large; in some cases, such a persistent
inequality can be proved unconditionally, but in other cases it is equivalent
to RH. The two parts of the following theorem are proved at the ends of
Sections 3.1 and 3.3.



6 S. Bhattacharya, G. Martin and R. M. Simpson

Theorem 1.6.

(a) Unconditionally, there exists an absolute constant x0 such that each of
the inequalities

Eθ(x) < Eψ(x), Eπ(x) < EΠ(x), Eψr(x) < Eθr(x),

EΠr(x) < Eπℓ(x) < Eπr(x)

holds for all x > x0.
(b) Suppose the two functions f, g ∈ B ∪ Br satisfy βf < βg. If

(1.2) (f, g) /∈
{
(θ, ψ), (π,Π), (ψr, θr), (Πr, πr), (Πr, πℓ)

}
(that is, if f and g do not form a pair of functions covered by the inequal-
ities in part (a) of this theorem), then RH is equivalent to the existence
of an absolute constant x0 such that Ef (x) < Eg(x) for all x > x0.
More generally, RH is equivalent to the difference Eg(x)− Ef (x) being
bounded either above or below.

1.2. Main results. The appropriate method of measuring sets of real
numbers involving these error terms turns out to be the (limiting) logarith-
mic density.

Definition 1.7. For any set P ⊂ [2,∞), we define

δ(P ) = lim
X→∞

1

logX

�

t∈P∩[2,X]

dt

t

(when the limit exists) to be the logarithmic density of P . Given functions f
and g, we use the shorthand notation

δ(f > g) = δ
(
{x ≥ 2: f(x) > g(x)}

)
,

and similarly for chained inequalities involving three or more functions.

Notation 1.8. Throughout this paper, γ1 ≤ γ2 ≤ · · · denotes the se-
quence of positive imaginary parts of ζ(s), listed with multiplicity if neces-
sary, so that γ1 ≈ 14.135 for example.

Definition 1.9. Define the real-valued random variable

V1 =

∞∑
m=1

2ℜ Zm
1
2 + iγm

or equivalently V1 =
∞∑
m=1

2ℜZm√
1
4 + γ2m

,

where the Zm are independent random variables, each uniformly distributed
on the unit circle in C. Then, define µ1 to be the probability distribution
associated to V1 (which is symmetric about the origin), and define the con-
stant η1 by

η1 = Pr(V1 > 1) =

∞�

1

dµ1.
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Assuming RH, Rubinstein and Sarnak [15] proved that µ1 has support equal
to all of R and is absolutely continuous with respect to Lebesgue measure,
and calculated that η1 ≈ 2.6× 10−6.

Remark 1.10. Assuming RH and LI, Rubinstein and Sarnak further
proved that the limiting logarithmic distributions of Eπ and Eθ (in the
sense of Definition 1.15 below) are the same as the distribution of V1 − 1, so
that in particular δ(π(x) > li(x)) = δ(θ(x) > x) = η1.

Indeed, for each of the nine functions f ∈ B ∪ Br, it is known (assuming
RH and LI) that the limiting logarithmic distribution of Ef is the same as
the distribution of V1 + βf (which justifies the use of the name “bias term”),
so that all nine individual distributions are identical up to the additive con-
stants βf . We collect these results in Corollary 4.5.

Definition 1.11. Define the R2-valued random variable

V2 =

∞∑
m=1

(
2ℜ Zm

1
2 + iγm

, 2ℜ Zm

−1
2 + iγm

)
,

with the Zm as in Definition 1.9. Note that V2 is invariant under reflection in
either diagonal line y = ±x (since the distribution of Zm is invariant under
conjugation and negation). Note similarly that each coordinate has the same
distribution as V1, although the two coordinates are not independent.

Then, define µ2 to be the probability distribution associated to V2, and
define the constant η2 by

η2 = Pr
(
the two coordinates of V2 have different signs

)
(so that η2 is the mass that µ2 assigns to the union of the second and fourth
open quadrants).

Assuming RH, we can calculate (see the end of Section 6) that η2 ≈
0.01355. Assuming RH and LI, this distribution is connected to the limiting
logarithmic distribution of vector-valued functions such as

(
Eψ(x), Eψr(x)

)
,

as evidenced in Theorems 1.14 and 1.17(b) below.
Our first three main considerations are the probabilities (in the sense of

logarithmic density) of two normalized error terms being jointly positive,
jointly negative, or having mixed signs. These probabilities depend upon the
bias terms of the functions in question, as well as whether the two func-
tions are standard or reciprocal functions. These three results are proved in
Section 4.

The first result of this type, which uses the quantity η1 from Defini-
tion 1.9, covers the cases where the bias terms are unequal.

Theorem 1.12. Assume RH and LI. Let f, g ∈ B ∪ Br.
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(a) If βf = −1 and βg = 0 (for example, when f = π and g = ψ), then

δ(0 < Ef < Eg) = η1, δ(E
f < 0 < Eg) = 1

2 − η1, δ(E
f < Eg < 0) = 1

2 .

(b) If βf = 0 and βg = 1 (for example, when f = ψ and g = πr), then

δ(0 < Ef < Eg) = 1
2 , δ(E

f < 0 < Eg) = 1
2 − η1, δ(E

f < Eg < 0) = η1.

(c) If βf = −1 and βg = 1 (for example, when f = π and g = πr), then

δ(0 < Ef < Eg) = η1, δ(E
f < 0 < Eg) = 1−2η1, δ(E

f < Eg < 0) = η1.

Note that in all cases covered by Theorem 1.12, we have δ(Ef ≥ Eg) = 0
by Theorem 1.6(b), and so the given sets of inequalities are exhaustive.

Our second such result concerns two functions with equal bias terms,
where either both functions are standard or both functions are reciprocal.

Theorem 1.13. Assume RH and LI.

(a) We have δ(0 < Eπ and 0 < Eθ) = η1 and δ(Eπ < 0 and Eθ < 0) =
1− η1.

(b) We have δ(0 < Eψ and 0 < EΠ) = δ(Eψ < 0 and EΠ < 0) = 1
2 , and

the same if ψ and Π are both replaced by ψr and Πr.
(c) If f, g ∈ {θr, πr, πℓ} then

δ(0 < Ef and 0 < Eg) = 1− η1 and δ(Ef < 0 and Eg < 0) = η1.

Finally, our third and most novel main result concerns two functions with
equal bias terms, where one function is standard and the other reciprocal.
The statement uses the constant η2 from Definition 1.11.

Theorem 1.14. Assume RH and LI. Suppose that f is a standard func-
tion and g is a reciprocal function with βf = βg = 0 (for example, f = ψ
and g = ψr). Then

δ(Ef < 0 < Eg) = δ(Eg < 0 < Ef ) =
η2
2

and

δ(Ef < Eg < 0) = δ(Eg < Ef < 0) = δ(0 < Ef < Eg)

= δ(0 < Eg < Ef ) =
1− η2

4
.

The regions corresponding to these six sets of inequalities can be visual-
ized in the bottom graph in Figure 1 below.

Our primary tool for evaluating these densities is the limiting logarith-
mic distribution of a real- or vector-valued function, which we now define
formally.

Definition 1.15. We say that a vector-valued function ϕ⃗ : [2,∞) → Rd
has a limiting logarithmic distribution µ on Rd if µ is a probability measure
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on Rd and

lim
X→∞

X�

2

f
(
ϕ⃗(x)

) dx
x

=
�

Rℓ
f(x⃗) dµ(x⃗)

for all bounded continuous functions f : Rd → C.

Remark 1.16. Logarithmic density measures a set of inputs to a func-
tion, while logarithmic distributions correspond to the frequency of the func-
tion’s outputs in various regions. One way they are related is as follows: for
any vector-valued function ϕ⃗(t) possessing a limiting logarithmic distribu-
tion µ, and any subset T ⊂ Rd, set S = {x ∈ [2,∞) : ϕ⃗(x) ∈ T}. Then
δ(S) = µ(T ), provided that the boundary of T satisfies µ(∂T ) = 0. (This
proviso is necessary because the characteristic function of T is not continu-
ous.) In practice, µ(∂T ) = 0 is automatically satisfied if the limiting distri-
bution µ is absolutely continuous with respect to Lebesgue measure on Rd,
as long as ∂T has Lebesgue measure 0 (which, for example, is guaranteed
if ∂T is contained in the union of finitely many hyperplanes).

We are able to determine the precise joint limiting logarithmic distribu-
tion of any pair of normalized error terms under consideration, as our final
main result describes.

Theorem 1.17. Assume RH and LI. Let f, g ∈ B ∪ Br.
(a) If f and g are both standard functions, then the limiting logarithmic

distribution of
(
Ef (x), Eg(x)

)
is singular in R2 with its support equaling

the line y− βg = x− βf . The same is true if f and g are both reciprocal
functions.

(b) If f ∈ B and g ∈ Br (or vice versa) then the joint limiting logarith-
mic distribution of

(
Ef (x), Eg(x)

)
is absolutely continuous on R2, with

support equal to the narrow diagonal strip{
(x, y) ∈ R2 : |(x− βf )− (y − βg)| ≤ w

}
.

In this case, the joint distribution of (Ef (x), Eg(x))− (βf , βg) equals µ2
as in Definition 1.11.

Two examples of Theorem 1.17(b) are shown in Figure 1 (other examples
of such graphs appear in Appendix A). This theorem is an immediate con-
sequence of Proposition 4.10, which in fact determines the joint logarithmic
distribution of our nine normalized error terms simultaneously.

In Section 2 we exhibit the explicit formulas for our nine normalized er-
ror terms, which allows us to prove Theorem 1.4. Using elementary methods
combined with Landau’s theorem for Mellin transforms, we establish Theo-
rem 1.6 in Section 3. The Fourier transforms of these normalized error terms
are examined in Section 4, which leads to the determination of their joint
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Fig. 1. Two manifestations of µ2. The top graph shows the joint distribution of Eψ(x)
and Eπr (x), whose centre is (βψ, βπr ) = (0, 1); certain regions in the support of µ2+(0, 1)
are labeled with their densities from Theorem 1.12(b). The bottom graph shows the joint
distribution of Eψ(x) and Eψr (x), whose centre is (βψ, βψr ) = (0, 0); certain regions in
the support of µ2 are labeled with their densities from Theorem 1.14.

limiting logarithmic distribution from which all the theorems in Section 1.2
are then derived. Finally, Sections 5 and 6 contain the numerical calculation
of the new constant η2, first writing it in terms of the principal value of
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a two-variable integral, and then numerically calculating an approximation
to that integral with a rigorous error term. Finally, Appendix A contains
many graphs like the ones in Figure 1, illustrating all of the possible cases
of Theorem 1.17.

2. Explicit formulas for normalized error terms. Our first goal is
to list explicit formulas for the error terms of the four standard functions
and the five reciprocal functions. In this section, γ denotes an ordinate of a
nontrivial zero of ζ(s).

Proposition 2.1. Assume RH. In the notation of Definition 1.2, for
x,X ≥ 2,

(a) Eψ(x) = −ℜ
∑

0<γ≤X

2xiγ

1
2 + iγ

+O

(√
x log2(xX)

X
+

log x√
x

)
,

(b) Eθ(x) = −1−ℜ
∑

0<γ≤X

2xiγ

1
2 + iγ

+O

(√
x log2(xX)

X
+

1

x1/6

)
,

(c) EΠ(x) = −ℜ
∑

0<γ≤X

2xiγ

1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
,

(d) Eπ(x) = −1−ℜ
∑

0<γ≤X

2xiγ

1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
.

Proof. (a) This formula is equivalent to [2, (1.6)].
(b) The standard comparison

(2.1) ψ(x) =

∞∑
k=1

θ(x1/k) = θ(x) + θ(
√
x) +O(x1/3)

=⇒ θ(x) = ψ(x)− ψ(
√
x) +O(x1/3)

shows that this formula follows from part (a).
(c) Partial summation gives us

Π(x)− li(x) =

x�

2−

1

log t
d(ψ(t)− t) =

ψ(t)− t

log t

∣∣∣∣x
2−

+

x�

2

ψ(t)− t

t log2 t
dt

=
ψ(x)− x

log x
+O

(
1 +

∣∣∣∣ x�
2

ψ(t)− t

t log2 t
dt

∣∣∣∣),
which, upon dividing both sides by

√
x/log x becomes

EΠ(x) = Eψ(x) +O

(
log x√
x

∣∣∣∣ x�
2

Eψ(t)√
t log2 t

dt

∣∣∣∣).
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Using the formula from part (a) in the integrand, we see that

EΠ(x)− Eψ(x) ≪ log x√
x

∣∣∣∣2ℜ x�

2

1√
t log2 t

∑
0<γ≤X

tiγ

1
2 + iγ

dt

∣∣∣∣(2.2)

+
log x√
x

x�

2

1√
t log2 t

(√
t log2(tX)

X
+

log t√
t

)
dt

≪ log x√
x

∣∣∣∣ x�
2

gX(t)

log2 t
dt

∣∣∣∣
+

log x√
x

x�

2

1√
t log2 t

(√
t log2(tX)

X
+

log t√
t

)
dt

where we have defined

gX(t) =
∑

0<γ≤X

t−1/2+iγ

1
2 + iγ

.

If we set GX(x) =
	x
2 gX(t) dt, then

GX(x) =
∑

0<γ≤X

t1/2+iγ

(12 + iγ)2

∣∣∣∣x
2

≪
√
x,

from which it follows by another partial summation that
x�

2

gX(t)

log2 t
dt =

GX(t)

log2 t

∣∣∣∣x
2

+ 2

x�

2

GX(t)

t log3 t
dt

≪
√
x

log2 x
+

x�

2

1√
t log3 t

dt≪
√
x

log2 x
+

√
x

log3 x
.

Therefore, the first term on the right-hand side of (2.2) is ≪ 1/log x; it
remains only to estimate the second term on the right-hand side by

log x√
x

x�

2

1√
t log2 t

(√
t log2(tX)

X
+

log t√
t

)
dt

≪ log x

X
√
x

x�

2

(
1 +

log2X

log2 t

)
dt+

log x√
x

x�

2

1

t log t
dt

≪
√
x log x

X
+

√
x · log2X
X log x

+
log x log log x√

x

which is an acceptable error term.
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(d) Again, the standard comparison

(2.3) Π(x) =
∞∑
k=1

π(x1/k)

k
= π(x) +

π(
√
x)

2
+O

(
x1/3

log x

)
=⇒ π(x) = Π(x)− Π(

√
x)

2
+O

(
x1/3

log x

)
shows that this formula follows from part (c).

Our goal for the rest of this section is to exhibit analogous explicit for-
mulas for the five reciprocal functions.

Lemma 2.2. As a sum over all nontrivial zeros of ζ(s),∑
ρ

1

ρ(1− ρ)
=

∑
ρ

(
1

ρ
+

1

1− ρ

)
= 2 + C0 − log 4π = w

in the notation of equation (1.1).

Proof. This formula is a restatement of [12, (10.30)].

Proposition 2.3. For all x, T ≥ 2,

ψr(x) = −
∑
|γ|≤T

xρ−1

ρ− 1
+ log x− C0 +O

(
log x

x
+

(log x)2

T
+

(log T )2

T log x

)
.

Proof. In [8, Lemma 2.4], the author proves that for any α > 1,

(2.4)
∑
n≤x

Λ(n)

nα
= −ζ

′

ζ
(α) +

x1−α

1− α
−

∑
|ℑρ|≤T

xρ−α

ρ− α
+O

(
F (x;α, T )

)
where

F (x;α, T ) =
log x

xα
+
x1−α

T

(
4α + (log x)2 +

(log T )2

log x

)
+

1

T

∞∑
n=1

Λ(n)

nα+1/log x
.

We immediately see that

lim
α→1+

F (x;α, T ) = F (x; 1, T )

=
log x

x
+

1

T

(
4 + (log x)2 +

(log T )2

log x

)
− 1

T

ζ ′

ζ

(
1 +

1

log x

)
≪ log x

x
+

(log x)2

T
+

(log T )2

T log x
+

log x

T
.

We have the formula [12, Corollary 10.14]

−ζ
′

ζ
(α) =

C0

2
+ 1− log 2π − 1

1− α
+

1

2

Γ ′

Γ

(α
2
+ 1

)
−
∑
ρ

(
1

α− ρ
+

1

ρ

)
,
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as well as the Laurent expansion around α = 1 that gives

x1−α

1− α
=

1

1− α
+ log x+Ox

(
|1− α|

)
.

Adding these two equations and taking the limit yields

lim
α→1+

(
−ζ

′

ζ
(α) +

x1−α

1− α

)
=
C0

2
+ 1− log 2π + log x

+
1

2

Γ ′

Γ

(
3

2

)
−
∑
ρ

(
1

1− ρ
+

1

ρ

)
= log x− C0

by Lemma 2.2 and the special value Γ ′

Γ

(
3
2

)
= −C0 − 2 log 2 + 2. With these

evaluations, we can now take the limit of both sides of equation (2.4) to find
that

ψr(x) = lim
α→1+

∑
n≤x

Λ(n)

nα

= log x− C0 −
∑
|γ|≤T

xρ−1

ρ− 1
+O

(
log x

x
+

(log x)2

T
+

(log T )2

T log x

)
as claimed.

Proposition 2.4. Assume RH. In the notation of Definition 1.2, for
x,X ≥ 2,

(a) Eψr(x) = −ℜ
∑

0<γ≤X

2xiγ

−1
2 + iγ

+O

(
log x√
x

+

√
x(log x)2

X
+

√
x(logX)2

X log x

)
,

(b) Eπℓ(x) = 1−ℜ
∑

0<γ≤X

2xiγ

−1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
,

(c) EΠr(x) = −ℜ
∑

0<γ≤X

2xiγ

−1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
,

(d) Eπr(x) = 1−ℜ
∑

0<γ≤X

2xiγ

−1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
,

(e) Eθr(x) = 1−ℜ
∑

0<γ≤X

2xiγ

−1
2 + iγ

+O

(√
x log2(xX)

X
+

1

log x

)
.

Proof. (a) Assuming RH, we can write∑
1<|ℑ(ρ)|≤T

xρ−1

ρ− 1
=

∑
1<|γ|≤T

x−
1
2
+iγ

−1
2 + iγ

.
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Then the formula for Eψr(x) is a straightforward consequence of Proposi-
tion 2.3.

(b) This formula is [8, Corollary 2.2] or [9, Proposition 1], although both
those statements contain a sign mistake (confirmed by the author of [8]) that
is corrected here.

(c) This formula follows from part (b) and [8, Lemma 2.3], which in our
notation is

πℓ(x) = Πr(x) +
1√

x log x
+O

(
1√

x(log x)2

)
.

(d) This formula follows from part (b) and [9, Lemma 5], which (when
both sides are multiplied by

√
x log x) states in our notation that

Eπr(x) = Eπℓ(x) +O

(
log x√
x

)
.

(e) This formula is [9, Lemma 6].

These explicit formulas enable us to establish the ranges of values taken
by differences of the normalized error terms from Definition 1.2.

Proof of Theorem 1.4. Part (a) follows immediately from Propositions 2.1
and 2.4, in light of the bias terms from Definition 1.3. Also from those propo-
sitions (setting X = x),

∣∣Eψ(x)− Eψr(x)
∣∣ = ∣∣∣∣ℜ ∑

0<γ≤x

2xiγ

1
2 + iγ

−ℜ
∑

0<γ≤x

2xiγ

−1
2 + iγ

∣∣∣∣+O

(
log2 x

x

)(2.5)

=

∣∣∣∣2ℜ ∑
0<γ≤x

xiγ

1
4 + γ2

∣∣∣∣+ o(1) < 2
∑
γ>0

1
1
4 + γ2

+ o(1)

=
∑
ρ

1

ρ(1− ρ)
+ o(1) = w + o(1)

by Lemma 2.2. This inequality implies the special case of part (b) where
f = ψr and g = ψ, and the general statement follows from this special case
and part (a).

3. Persistent inequalities between normalized error terms. We
begin this section by establishing some unconditional relationships between
pairs of normalized error terms, after which we write down the Mellin trans-
forms of those functions for use in Landau’s theorem-type arguments. We
prove Theorem 1.6(a) at the end of Section 3.1 and Theorem 1.6(b) at the
end of Section 3.3.
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3.1. Unconditional relationships. We first establish some relation-
ships among the error terms from Definition 1.2 that are independent of
any assumptions on the zeros of ζ(s); Theorem 1.6(a) will be an immediate
consequence of these formulas.

Lemma 3.1. Unconditionally, there exists a positive constant c such that

Eψ(x)− Eθ(x) = 1 +O
(
exp(−c

√
log x)

)
,

EΠ(x)− Eπ(x) = 1 +O
(
exp(−c

√
log x)

)
.

Proof. As ψ(x) =
∑∞

k=1 θ(x
1/k), the standard argument gives

ψ(x)− θ(x) =

∞∑
k=2

θ(x1/k)(3.1)

= θ(x1/2) + θ(x1/3) +
∑

4≤k≪log x

θ(x1/k)

= θ(x1/2) +O(x1/3).

By the prime number theorem, there exists c0 > 0 such that

ψ(x)− θ(x) = x1/2 +O
(
x1/2 exp(−c0

√
log x1/2)

)
+O(x1/3)

= x1/2 +O
(
x1/2 exp(−c

√
log x)

)
with c = c0

2 . The first claim follows upon dividing both sides by x1/2.
Similarly, the identity Π(x) =

∑∞
k=1

1
kπ(x

1/k) yields

Π(x)− π(x) =

∞∑
k=2

π(x1/k)

k
(3.2)

=
π(x1/2)

2
+
π(x1/3)

3
+

∑
4≤k≪log x

π(x1/k)

k

=
π(x1/2)

2
+O

(
x1/3

log x

)
.

The second claim follows by invoking the prime number theorem for π(x1/2)
and dividing both sides by x1/2/log x.

Lemma 3.2. Unconditionally, Eψr(x)− Eθr(x) = −1 +O(1/log x).

Proof. By Definition 1.1, it suffices to prove
∑

p
log p
p(p−1) + θr(x)−ψr(x) =

x−1/2(1 +O(1/log x)), or equivalently

(3.3)
∑
p

∞∑
k=2

log p

pk
+
∑
p≤x

log p

p
−

∞∑
k=1

∑
p≤x1/k

log p

pk
= x−1/2(1 +O(1/log x)).
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The k = 1 term in the third sum precisely cancels the second sum. If we
define ∆θr(x) = θr(x)− (log x−C1), so that ∆θr(x) ≪ 1/log x by Mertens’s
formula [5, line 3], then the contribution to the left-hand side of k = 2 equals∑

p>
√
x

log p

p2
=

∞�
√
x

1

u
dθr(u) =

∞�
√
x

1

u
d
(
log u− C1 +∆θr(u)

)
=

∞�
√
x

1

u2
du+

∆θr(u)

u

∣∣∣∣∞√
x

+

∞�
√
x

∆θr(u)

u2
du

= −1

u

∣∣∣∣∞√
x

+O

(
1/log u

u

∣∣∣∣∞√
x

+

∞�
√
x

1/log u

u2
du

)

=
1√
x
+O

(
1√

x log
√
x

)
.

Finally, the contribution to the left-hand side of (3.3) from k ≥ 3 is, by
Rankin’s trick,

∞∑
k=3

∑
p>x1/k

log p

pk
≤

∑
p

∑
k≥3

log p

pk

(
pk

x

)3/5

= x−3/5
∑
p

∑
k≥3

log p

p2k/5

= x−3/5
∑
p

log p

p6/5 − p4/5
≪ x−3/5 ≪ 1√

x log x
,

which concludes the proof of the lemma.

Lemma 3.3. Unconditionally,

Eπℓ(x)− EΠr(x) = 1 +O(1/log x),

Eπℓ(x)− Eπr(x) ≪ x−1/2 log x,

EΠr(x)− Eπr(x) = −1 +O(1/log x).

Furthermore, Eπℓ(x) < Eπr(x) for x > 1.

Proof. The first assertion is precisely [8, Lemma 2.3] translated into our
notation. Similarly, the second assertion is precisely [9, Lemma 5]; then the
third assertion follows from the other two. The final assertion follows from
Eπℓ(x)− Eπr(x)√

x log x
=

(
πℓ(x)− (log log x+ C0)

)
−
(
πr(x)− (log log x− C2)

)
= πℓ(x)− πr(x)− (C0 + C2)

=
∑
p≤x

∞∑
k=2

1

kpk
−

∞∑
k=2

∑
p

1

kpk
= −

∞∑
k=2

∑
p>x

1

kpk
< 0.
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Proof of Theorem 1.6(a). For the pairs of functions (f, g)∈
{
(θ, ψ), (π,Π),

(ψr, θr), (Πr, πr), (Πr, πℓ)
}
, Lemmas 3.1–3.3 show that Eg(x) − Ef (x) =

1+o(1), which immediately implies that Ef (x) < Eg(x) when x is sufficiently
large.

3.2. Mellin transforms: preliminaries. A familiar tool in analytic
number theory is the Mellin transform

	∞
2 f(x)x−s−1 dx of a function f(x),

where the integral typically converges in some right half-plane. A famous
theorem of Landau (see for example [12, Lemma 15.1]) allows us to connect
oscillations of f(x) to the singularities of its Mellin transform. In prepara-
tion for carrying out this strategy in Section 3.3 to facilitate the proof of
Theorem 1.6(b), we establish some preliminary integral formulas in this sec-
tion. We consistently choose 2 as the lower endpoint of our integrals to avoid
irrelevant technicalities when factors of 1

log x or log log x are present.

Lemma 3.4. For any complex number s with ℜs > 1,
∞�

2

x−s log x dx =
21−s

(1− s)2
− 21−s log 2

1− s
.

Proof. The identity follows from the substitution v = log x and integrat-
ing by parts:

∞�

2

x−s log x dx =

∞�

log 2

ve(1−s)v dv = v
e(1−s)v

1− s

∣∣∣∣∞
log 2

− 1

1− s

∞�

log 2

e(1−s)v dv

= −(log 2)
21−s

1− s
+

21−s

(1− s)2
.

Lemma 3.5. For any complex number s with ℜs > 1,
∞�

2

x−s

log x
dx = − log(s− 1) + r0(s)

where r0(s) is an entire function with r0(1) = −C0 − log log 2.

Remark 3.6. The proof is valid when ℜs > 1; what we mean by “r0(s) is
an entire function” is that the function r0(s) implicitly defined by the formula
has an analytic continuation to all of C. The analogous interpretation holds
for similar statements in the rest of this section and the next.

Proof of Lemma 3.5. Using the substitution u = (s − 1) log x, we easily
verify that

∞�

2

x−s

log x
dx =

∞�

(s−1) log 2

e−u

u
du

=

∞�

1

e−u

u
du+

1�

0

e−u − 1

u
du
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−
(s−1) log 2�

0

e−u − 1

u
du+

1�

(s−1) log 2

du

u

= −C0 −
(s−1) log 2�

0

e−u − 1

u
du− log((s− 1) log 2),

where the evaluation of the first two integrals to −C0 is [12, equation (7.31)].
This calculation establishes the lemma with

r0(s) = −C0 −
(s−1) log 2�

0

e−u − 1

u
du− log log 2.

Lemma 3.7. For any complex number s with ℜs > 1,
∞�

2

li(x)x−s−1 dx = −1

s
log(s− 1) + r1(s),

∞�

2

li(x)x−s−1 log x dx =
1

s(s− 1)
− 1

s2
log(s− 1)− rΠ(s),

where r1(s) and rΠ(s) are analytic for ℜs > 0.

Proof. Integration by parts gives
∞�

2

li(x)x−s−1 dx =
li(2)

s2s
+

1

s

∞�

2

x−s

log x
dx =

li(2)

s2s
+

− log(s− 1) + r0(s)

s

by Lemma 3.5, which establishes the first identity with

r1(s) =
li(2)

s2s
+
r0(s)

s
.

The second formula follows by differentiating both sides of the first equation
with respect to s, negating both sides, and setting rΠ(s) = r′1(s).

Remark 3.8. Our proof of Lemma 3.7 is essentially the same as the
one in [12, Theorem 15.2]. However, those authors use the convention that
li(x) =

	∞
2

du
log u rather than our convention that li(x) =

	∞
0

du
log u ; thus we

have chosen to include a complete proof (that yields an additional boundary
term) to avoid confusion.

Lemma 3.9. For any complex number s with ℜs > 1,
∞�

2

x−s log log x dx =
1

1− s
(log(s− 1) + C0) + r2(s),

∞�

2

x−s log x log log x dx = − log(s− 1) + C0 − 1

(s− 1)2
+ r3(s),

where r2(s) and r3(s) are entire.
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Proof. Integration by parts gives
∞�

2

x−s log log x dx = − 21−s

1− s
log log 2− 1

1− s

∞�

2

x1−s

x log x
dx

=
21−s

s− 1
log log 2 +

− log(s− 1) + r0(s)

s− 1

=
21−s − 1

s− 1
log log 2 +

− log(s− 1)− C0

s− 1
+
r0(s)− r0(1)

s− 1

by Lemma 3.5, which establishes the first formula with

r2(s) =
21−s − 1

s− 1
log log 2 +

r0(s)− r0(1)

s− 1
.

The second formula follows by differentiating both sides of the first equation
with respect to s, negating both sides, and setting r3(s) = −r′2(s).

3.3. Mellin transforms of number-theoretic functions. In this sec-
tion, we determine the Mellin transforms of all of the functions from Defi-
nition 1.1 and, more importantly, of all of the normalized error terms from
Definition 1.2. These Mellin transforms are needed for the proof of Theo-
rem 1.6(b) at the end of this section. One detail of note is that all of the
upcoming Mellin transforms of normalized error terms have removable sin-
gularities at s = 1; this is equivalent in essence to the fact that the main
terms in Definition 1.2 have been chosen appropriately.

The usual Mellin transform identity (see [12, Theorem 1.3]), applied to
any sequence (an) of complex numbers with a1 = 0, is

(3.4)
∞�

2

(∑
n≤x

an

)
x−s−1 dx =

1

s

∞∑
n=1

an
ns

whenever ℜs is positive and larger than the abscissa of convergence of the
Dirichlet series on the right-hand side. From this formula, it is easy to derive
that

(3.5)
∞�

2

(∑
n≤x

an
n

)
x−s dx =

1

s− 1

∞∑
n=1

an
ns
.

Lemma 3.10. For any complex number s with ℜs > 1,
∞�

2

ψ(x)x−s−1 dx = −1

s

ζ ′

ζ
(s),

∞�

2

Eψ(x)x−s−1/2 dx = −1

s

ζ ′

ζ
(s) +

21−s

1− s
.
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Proof. The first formula follows immediately from (3.4) with an = Λ(n).
We then calculate

(3.6)
∞�

2

Eψ(x)x−s−1/2 dx =

∞�

2

ψ(x)− x

x1/2
x−s−1/2 dx

=

∞�

2

ψ(x)x−s−1 dx−
∞�

2

x−s dx = −1

s

ζ ′

ζ
(s) +

21−s

1− s
.

Lemma 3.11. For any complex number s with ℜs > 1,
∞�

2

θ(x)x−s−1 dx = −1

s

ζ ′

ζ
(s) +

1

s

ζ ′

ζ
(2s) + rθ(s),

∞�

2

Eθ(x)x−s−1/2 dx = −1

s

ζ ′

ζ
(s) +

1

s

ζ ′

ζ
(2s) +

21−s

1− s
+ rθ(s)

where rθ(s) is analytic for ℜs > 1
3 .

Proof. We write

(3.7)
∞�

2

θ(x)x−s−1 dx =

∞�

2

ψ(x)x−s−1 dx−
∞�

2

ψ(
√
x)x−s−1 dx+ rθ(s)

where, by (2.1),

rθ(s) =

∞�

2

(
θ(x)− ψ(x) + ψ(

√
x)
)
x−s−1 dx≪

∞�

2

x1/3x−σ−1 dx

converges to an analytic function for all ℜs > 1
3 . The first integral on the

right-hand side of (3.7) is evaluated in Lemma 3.10, and the second integral
also follows from Lemma 3.10 since

(3.8)
∞�

2

ψ(
√
x)x−s−1 dx =

∞�
√
2

ψ(t)(t2)−s−1 · 2t dt = 2

∞�

2

ψ(t)t−(2s)−1 dt

(again we may change the lower endpoint from
√
2 to 2 since ψ(t) = 0 for

intermediate values). The second formula follows from the first by the same
calculation as in (3.6).

Lemma 3.12. For any complex number s with ℜs > 1,
∞�

2

Π(x)x−s−1 dx =
1

s
log ζ(s),

∞�

2

Π(x)x−s−1 log x dx = −1

s

ζ ′

ζ
(s) +

1

s2
log ζ(s),
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∞�

2

EΠ(x)x−s−1/2 dx = −1

s

ζ ′

ζ
(s) +

1

s2
log

(
ζ(s)(s− 1)

)
− 1

s(s− 1)
+ rΠ(s),

where rΠ(s) is analytic for ℜs > 0.

Proof. Since Π(x) =
∑

n≤x
Λ(n)
logn and log ζ(s) =

∑∞
n=1

Λ(n)
lognn

−s for ℜs > 1,
the first formula follows from (3.4). The second formula follows from the first
by differentiating both sides with respect to s and negating both sides. Then
by Lemma 3.7 combined with the second formula,

∞�

2

EΠ(x)x−s−1/2 dx =

∞�

2

Π(x)− li(x)

x1/2/log x
x−s−1/2 dx(3.9)

=

∞�

2

(
Π(x)x−s−1 log x− li(x)x−s−1 log x

)
dx

= −1

s

ζ ′

ζ
(s) +

1

s2
log ζ(s)−

(
1

s(s− 1)
− 1

s2
log(s− 1)− rΠ(s)

)
= −1

s

ζ ′

ζ
(s) +

1

s2
log

(
ζ(s)(s− 1)

)
− 1

s(s− 1)
+ rΠ(s).

Lemma 3.13. For any complex number s with ℜs > 1,
∞�

2

π(x)x−s−1 dx =
1

s
log ζ(s)− 1

2s
log ζ(2s) + r4(s),

∞�

2

π(x)x−s−1 log x dx = −1

s

ζ ′

ζ
(s) +

1

s2
log ζ(s)

+
1

s

ζ ′

ζ
(2s)− 1

2s2
log ζ(2s) + r′4(s),

∞�

2

Eπ(x)x−s−1/2 dx = −1

s

ζ ′

ζ
(s) +

1

s2
log

(
ζ(s)(s− 1)

)
+

1

s

ζ ′

ζ
(2s)− 1

2s2
log ζ(2s)− 1

s(s− 1)
+ rπ(s),

where r4(s) and rπ(s) are analytic for ℜs > 1
3 .

Proof. We write

(3.10)
∞�

2

π(x)x−s−1 dx =

∞�

2

Π(x)x−s−1 dx−
∞�

2

1
2Π(

√
x)x−s−1 dx+ r4(s)

where, by (2.3),

r4(s) =

∞�

2

(
π(x)−Π(x) + 1

2Π(
√
x)
)
x−s−1 dx≪

∞�

2

x1/3

log x
x−σ−1 dx
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converges to an analytic function for all ℜs > 1
3 . The first integral on the

right-hand side of (3.10) is evaluated in Lemma 3.12, and the second integral
also follows from Lemma 3.10 by a calculation similar to (3.8). The second
formula follows from the first by differentiating both sides with respect to s
and negating both sides. Finally, the third formula follows from the second
by the same calculation as in (3.9), upon setting rπ(s) = r′4(s)− rΠ(s).

Lemma 3.14. For any complex number s with ℜs > 1,
∞�

2

ψr(x)x
−s dx =

1

1− s

ζ ′

ζ
(s),

∞�

2

Eψr(x)x−s−1/2 dx =
1

1− s

ζ ′

ζ
(s)− 21−s

(1− s)2
+

21−s(log 2− C0)

1− s
.

Proof. The first formula follows immediately from (3.5) with an = Λ(n).
Then

∞�

2

Eψr(x)x−s−1/2 dx =

∞�

2

(ψr(x)− log x+ C0)
√
x · x−s−1/2 dx

=

∞�

2

ψr(x)x
−s dx−

∞�

2

x−s log x dx+

∞�

2

C0x
−s dx

=
1

1− s

ζ ′

ζ
(s)−

(
21−s

(1− s)2
− 21−s log 2

1− s

)
− C02

1−s

1− s

by Lemma 3.4.

Lemma 3.15. For any complex number s with ℜs > 1,
∞�

2

θr(x)x
−s dx =

1

1− s

ζ ′

ζ
(s)− 1

1− s

ζ ′

ζ
(2s)− r5(s)

1− s
,(3.11)

∞�

2

Eθr(x)x−s−1/2 dx =
1

1− s

ζ ′

ζ
(s)− 1

1− s

(
ζ ′

ζ
(2s)− ζ ′

ζ
(2)

)
− 21−s

(1− s)2
+

21−s(log 2− C0)

1− s
+ rθr(s),

where r5(s) and rθr(s) are analytic for ℜs > 1
3 .

Proof. We begin by defining

r5(s) =
∑
p

log p

ps
−
(
−ζ

′

ζ
(s) +

ζ ′

ζ
(2s)

)
(3.12)

=
∑
p

log p

ps
−
∑
pk

log p

pks
+

∑
pk

log p

p2ks
= −

∑
k≥3
k odd

∑
p

log p

pks
,
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which converges to an analytic function for ℜs > 1
3 . Equation (3.5) then

gives
∞�

2

θr(x)x
−s dx =

1

s− 1

∑
p

log p

ps
(3.13)

=
1

1− s

ζ ′

ζ
(s)− 1

1− s

ζ ′

ζ
(2s)− r5(s)

1− s
.

By Lemma 3.4 it follows that
∞�

2

Eθr(x)x−s−1/2 dx =

∞�

2

(
θr(x)− (log x− C1)

)√
x · x−s−1/2 dx

=

∞�

2

θr(x)x
−s dx−

∞�

2

x−s log x dx+

∞�

2

C1x
−s dx

=
1

1− s

ζ ′

ζ
(s)− 1

1− s

ζ ′

ζ
(2s)− r5(s)

1− s
−
(

21−s

(1− s)2
− 21−s log 2

1− s

)
− C12

1−s

1− s

=
1

1− s

ζ ′

ζ
(s)− 1

1− s

ζ ′

ζ
(2s)− r5(s)

1− s
− 21−s

(1− s)2
+

21−s log 2

1− s

− 21−s

1− s

(
C0 +

∑
p

log p

p(p− 1)

)
by Definition 1.2. If we now define

rθr(s) = − 1

1− s

(
ζ ′

ζ
(2) + r5(s) + 21−s

∑
p

log p

p(p− 1)

)
,

then the second identity in (3.11) holds; it remains to show that rθr(s) is
analytic for ℜs > 1

3 , for which it suffices to show that the quantity in paren-
theses vanishes at s = 1. But by the definition (3.12) of r5(s),

ζ ′

ζ
(2s) + r5(s) = −

∞∑
k=2

∑
p

log p

pks
= −

∑
p

log p
∞∑
k=2

p−ks = −
∑
p

log p

ps(ps − 1)
,

and therefore

ζ ′

ζ
(2) + r5(1) + 21−1

∑
p

log p

p(p− 1)
= lim

s→1

(
ζ ′

ζ
(2s) + r5(s)

)
+
∑
p

log p

p(p− 1)
= 0

as required.
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Lemma 3.16. For any complex number s with ℜs > 1,
∞�

2

Πr(x)x
−s dx =

1

s− 1
log ζ(s),

∞�

2

Πr(x)x
−s log x dx = − 1

s− 1

ζ ′

ζ
(s) +

1

(s− 1)2
log ζ(s),

∞�

2

EΠr(x)x−s−1/2 dx = − 1

s− 1

ζ ′

ζ
(s) +

log
(
ζ(s)(s− 1)

)
− 1

(s− 1)2
+ rΠr(s)

where rΠr(s) is entire.

Proof. Since

Πr(x) =
∑
n≤x

Λ(n)

n log n
and log ζ(s) =

∞∑
n=1

Λ(n)

log n
n−s for ℜs > 1,

the first formula follows from equation (3.5). The second formula follows
from the first by differentiating both sides with respect to s and negating
both sides. Then by Lemmas 3.9 and 3.4 combined with the second formula,

∞�

2

EΠr(x)x−s−1/2 dx

=

∞�

2

(
Πr(x)− (log log x+ C0)

)√
x log x · x−s−1/2 dx

=

∞�

2

Πr(x)x
−s log x dx−

∞�

2

x−s log x log log x dx−
∞�

2

C0x
−s log x dx

= − 1

s− 1

ζ ′

ζ
(s) +

1

(s− 1)2
log ζ(s)

−
(
− log(s− 1) + C0 − 1

(s− 1)2
+ r3(s)

)
− C0

(
21−s

(1− s)2
− 21−s log 2

1− s

)
= − 1

s− 1

ζ ′

ζ
(s) +

log
(
ζ(s)(s− 1)

)
− 1

(s− 1)2
+ rΠr(s),

where one can verify that

rΠr(s) = C0

(
1− 21−s

(1− s)2
+

21−s log 2

1− s

)
− r3(s)

has a removable singularity at s = 1.
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Lemma 3.17. For any complex number s with ℜs > 1,
∞�

2

πr(x)x
−s log x dx =

1

(1− s)2
log ζ(s) +

1

1− s

ζ ′

ζ
(s)

− 1

2(1− s)2
log ζ(2s)− 1

1− s

ζ ′

ζ
(2s)

−
C0 − 1

2 log 2 + C22
1−s

(1− s)2
+
C22

1−s log 2

1− s

+ rπr(s) + r3(s),

∞�

2

Eπr(x)x−s−1/2 dx =
1

1− s

ζ ′

ζ
(s) +

log(ζ(s)(s− 1))− 1

(1− s)2

(3.14)

− 1

2(1− s)2
log

ζ(2s)

ζ(2)
− 1

1− s

ζ ′

ζ
(2s) + rπr(s),

where r3(s) (from Lemma 3.9) is entire and rπr(s) is analytic for ℜs > 1
3 .

Proof. We begin by defining

r6(s) =
∑
p

1

ps
−
(
log ζ(s)− 1

2
log ζ(2s)

)
(3.15)

=
∑
p

1

ps
−
∑
pk

1

kpks
+

1

2

∑
pk

1

kp2ks

= −
∑
k≥3
k odd

∑
p

1

kpks
,

which converges to an analytic function for ℜs > 1
3 . Equation (3.5) then

gives
∞�

2

πr(x)x
−s dx =

1

s− 1

∑
p

1

ps

=
1

s− 1
log ζ(s)− 1

2(s− 1)
log ζ(2s) +

r6(s)

s− 1
,

and differentiating with respect to s and negating both sides yields
∞�

2

πr(x)x
−s log x dx =

1

(s− 1)2
log ζ(s)− 1

s− 1

ζ ′

ζ
(s)

− 1

2(s− 1)2
log ζ(2s) +

1

s− 1

ζ ′

ζ
(2s) +

r6(s)

(s− 1)2
− r′6(s)

s− 1
.
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By Lemmas 3.9 and 3.4, it follows that
∞�

2

Eπr(x)x−s−1/2 dx =

∞�

2

(
πr(x)− log log x+ C2

)√
x · x−s−1/2 dx

=

∞�

2

πr(x)x
−s log x dx−

∞�

2

x−s log x log log x dx+ C2

∞�

2

x−s log x dx

=
log ζ(s)

(1− s)2
+

1

1− s

ζ ′

ζ
(s)− log ζ(2s)

2(1− s)2
− 1

1− s

ζ ′

ζ
(2s) +

r6(s)

(1− s)2
+
r′6(s)

1− s

−
(
− log(s− 1) + C0 − 1

(1− s)2
+ r3(s)

)
+ C2

(
21−s

(1− s)2
− 21−s log 2

1− s

)
=

log
(
ζ(s)(s− 1)

)
− 1

(1− s)2
+

1

1− s

ζ ′

ζ
(s)− 1

2(1− s)2
log

ζ(2s)

ζ(2)
− 1

1− s

ζ ′

ζ
(2s)

+
r6(s)

(1− s)2
+
r′6(s)

1− s
+
C0 − 1

2 log 2

(1− s)2
− r3(s) + C2

(
21−s

(1− s)2
− 21−s log 2

1− s

)
.

If we now define

rπr(s) =
1

(1− s)2

(
r6(s) + C0 −

1

2
log 2 + C22

1−s

+ (1− s)
(
r′6(s)− C22

1−s log 2
))

− r3(s),

then the identity (3.14) holds; it remains to show that rπr(s) is analytic for
ℜs > 1

3 , for which it suffices to show that the quantity in parentheses has a
double zero at s = 1. First, plugging in s = 1 yields the value

r6(1) + C0 −
1

2
log 2 + C2 = r6(1)−

1

2
log 2 +

∞∑
k=2

∑
p

1

kpk
,

whose vanishing follows from (3.15) written in the form

r6(s)−
1

2
log ζ(2s) =

∑
p

1

ps
− log ζ(s) = −

∑
k≥2

∑
p

1

kpks
.

Second, taking the derivative of the expression in parentheses and plugging
in s = 1 yields

r′6(1)− C22
1−1 log 2− r′6(1) + C22

1−1 log 2 = 0

as required.

Lemma 3.18. Suppose f ∈ B ∪Br has the property that EΠr(x)−Ef (x)
is unbounded above and Eπr(x)−Ef (x) is unbounded below. Then Eπℓ(x)−
Ef (x) is both unbounded above and unbounded below.
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Proof. By Lemma 3.3, there exists some Z0 such that for any real z ≥ Z0,
we have EΠr(z) < Eπℓ(z) < Eπr(z) and thus

EΠr(z)− Ef (z) < Eπℓ(z)− Ef (z) < Eπr(z)− Ef (z).

The lemma follows immediately, since Eπℓ(x)− Ef (x) is eventually greater
than a function that is unbounded above, and eventually less than a function
that is unbounded below.

Proof of Theorem 1.6(b). First, assume that RH is true, and choose any
functions f and g in B ∪ Br with βf < βg. Propositions 2.1 and 2.4 show
that Eg(x)−Ef (x) = βg − βf + o(1) ≥ 1+ o(1), which immediately implies
that Ef (x) < Eg(x) when x is sufficiently large.

Now, assume that RH is false. We first work out the special case f = θ
and g = ψr, and afterwards we indicate how the proof extends to all other
cases except those involving g = πℓ. By Lemmas 3.11 and 3.14, for any real
number L and any complex number s with ℜs > 1,

∞�

2

(Eθ(x)− Eψr(x) + L)x−s−1/2 dx(3.16)

=

(
−1

s

ζ ′

ζ
(s) +

1

s

ζ ′

ζ
(2s) +

21−s

1− s
+ rθ(s)

)
−
(

1

1− s

ζ ′

ζ
(s)− 21−s

(1− s)2
+

21−s(log 2− C0)

1− s

)
+

21/2−sL

s− 1/2
.

We can verify that the right-hand side has a removable singularity at s = 1

and no real singularities for s> 1
2 . Moreover, the right-hand equals 1

s(s−1)
ζ′

ζ (s)

plus a function with no singularities in the half-plane ℜs > 1
2 except at s = 1;

in particular, since we are assuming that RH is false, the right-hand side has
non-real singularities in the half-plane ℜs > 1

2 .
Since the analytic continuation of the left-hand side of equation (3.16) has

non-real singularities to the right of all its real singularities, we conclude from
Landau’s theorem [12, Lemma 15.1] that the integrand cannot eventually
be of constant sign. In particular, the difference Eθ(x) − Eψr(x) is neither
bounded above nor bounded below.

To make this proof work, the key properties we needed the right-hand
side to satisfy are:

• it has a meromorphic continuation to ℜs > 1
3 ,

• it has a removable singularity at s = 1 and no real singularities for s > 1
2 ;

• it has non-removable singularities at the zeros of ζ(s).

If we choose any pair of distinct functions f, g ∈ B ∪ Br \ {πℓ}, other than
the five pairs in (1.2), we can use the lemmas in this section to verify that all
three of these properties hold for

	∞
2 (Ef (x)−Eg(x)+L)x−s−1/2 dx. (Indeed,
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the assumption βf < βg is not even needed for this part of the proof.) The
same Landau’s theorem argument then finishes the proof of all cases of the
theorem.

One further instructive example is f = ψr and g = Π, in which case the
relevant terms in the Mellin transform of Eψr(x)− EΠ(x) + L are

1

1− s

ζ ′

ζ
(s)−

(
−1

s

ζ ′

ζ
(s) +

1

s2
log

(
ζ(s)(s− 1)

))
=

1

s(1− s)

ζ ′

ζ
(s)− 1

s2
log

(
ζ(s)(s− 1)

)
.

Both terms have singularities at the zeros of ζ(s); the fact that the singu-
larity of the difference is non-removable follows from the observation that
the first term has poles at each zero while the second term has a logarithmic
singularity at each zero.

For f, g ∈ B ∪ Br other than the five pairs in (1.2), the above proof can
be extended to pairs that include πℓ by the observation that it holds for all
f, g ∈ B∪Br\{πℓ} (except the aforementioned five pairs) and the application
of Lemma 3.18 to every f ∈ B ∪ Br except for Πr, πℓ, and πr.

4. Fourier transforms of distributions and densities. In this sec-
tion, we record the Fourier transforms of the nine normalized error terms
from Definition 1.2, both individually and jointly, as well as the Fourier
transforms (characteristic functions) of the random-variable distributions µ1
and µ2 from Definitions 1.9 and 1.11. We then establish properties of these
distributions that allow us to prove Theorems 1.12–1.14 and 1.17.

4.1. Fourier transforms. Our first lemma allows us to use Fourier
transforms to identify when a random variable on a high-dimensional space is
really an affine image of a random variable on a lower-dimensional subspace.

Lemma 4.1. Let D ≥ d ≥ 1 be integers. Let X = (X1, . . . , XD) be a ran-
dom variable on RD whose distribution µ has Fourier transform µ̂(t1, . . . , tD)
and let Y = (Y1, . . . , Yd) be a random variable on Rd whose distribution ν
has Fourier transform ν̂(t1, . . . , td).

Suppose there exists a partition A1, . . . , Ad of {1, . . . , D}, and real vectors
c⃗ = (c1, . . . , cD) and r⃗ = (r1, . . . , rD) with rk ̸= 0 for all 1 ≤ k ≤ D, such
that the identity

µ̂(t1, . . . , tD) = exp
(
−i

D∑
k=1

cktk

)
ν̂
(∑
k∈A1

rktk, . . . ,
∑
k∈Ad

rktk

)
holds for all (t1, . . . , tD) ∈ RD. Then X has the same distribution as the
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random variable

(4.1)
d∑
j=1

∑
k∈Aj

(rkYj + ck)ek,

where {e1, . . . , eD} is the standard basis for RD.

Proof. By definition, the Fourier transform of the random variable (4.1)
is

E exp
(
−i

d∑
j=1

∑
k∈Aj

tk(rkYj + ck)
)

= exp
(
−i

D∑
k=1

cktk

)
E exp

(
−i

d∑
j=1

∑
k∈Aj

tkrkYj

)

= exp
(
−i

D∑
k=1

cktk

)
ν̂
(∑
k∈A1

rktk, . . . ,
∑
k∈Ad

rktk

)
= µ̂(t1, . . . , tD),

and therefore the two random variables have the same distribution.

Next we give a criterion for the absolute continuity of a probability mea-
sure based on its Fourier transform.

Definition 4.2. The Bessel function of the first kind of order 0 is the
even function from R to R defined by

J0(x) =
1

π

π�

0

eix cos θ dθ =

∞∑
n=0

(−1)n

4n
x2n

n!2

(see [1, item 9.1.21] and [16, equation (1.71.1)]). The defining integral shows
that |J0(x)| ≤ 1, and in fact the stronger bound

(4.2) |J0(x)| ≤ min

{
1,

√
2

π|x|

}
holds for all x ∈ R (see [16, Theorem 7.31.2]).

Lemma 4.3. Let µ be a probability measure on Rd with Fourier transform

µ̂(⃗t ) =

∞∏
m=1

J0(|r⃗m · t⃗ |)

for some sequence (r⃗m) of vectors in Cd. The measure µ is absolutely con-
tinuous with respect to Lebesgue measure on Rd if there exist 2d+ 1 disjoint
sets S1, . . . , S2d+1 of indices such that for 1 ≤ k ≤ 2d+ 1,

Span({ℜr⃗m : m ∈ Sk} ∪ {ℑr⃗m : m ∈ Sk}) = Rd.
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In particular, µ is absolutely continuous with respect to Lebesgue measure
on Rd if either

(a) d = 1 and at least three elements of the sequence r⃗m are nonzero, or
(b) d = 2 and {ℜr⃗m,ℑr⃗m} is a basis for R2 for at least five elements of the

sequence (r⃗m).

Proof. Parts (a) and (b) are special cases of the general statement (simply
take the Sk to be singleton sets containing the relevant elements rm). We
prove the general statement using the fact (see [11, Lemma A.6(b)]) that
a probability measure µ is absolutely continuous with respect to Lebesgue
measure on Rd (which we denote by λd) if

	
Rd |µ̂(⃗t )| dλ(⃗t ) converges.

By assumption, for each k the set {ℜr⃗m : m ∈ Sk} ∪ {ℑr⃗m : m ∈ Sk}
contains a basis Bk for Rd. Let Mk be the d × d matrix whose rows are
the elements of Bk, so that Mk is invertible. On one hand, the elements
of Mk t⃗ are {⃗b · t⃗ : b⃗ ∈ Bk}, and so |Mk t⃗ |2 =

∑
b⃗∈Bk

(⃗b · t⃗ )2; on the other
hand, |Mk t⃗ | ≥ Kk |⃗t | for some constant Kk (namely the reciprocal of the
operator norm of M−1

k ). It follows that there must be at least one b⃗ ∈ Bk
such that (⃗b · t⃗ )2 ≥ K2

k |⃗t |2/d, and thus at least one m ∈ Sk such that
|r⃗m · t⃗ | ≥ Kk |⃗t |/

√
d. Consequently, by the inequality (4.2),

|µ̂(⃗t )| =
∞∏
m=1

|J0(|r⃗m · t⃗ |)| ≤
2d+1∏
k=1

∏
m∈Sk

|J0(|r⃗m · t⃗ |)| ≤
2d+1∏
k=1

min

{
1,

√
2
√
d

πKk |⃗t |

}
≤ min {1,K |⃗t |−d−1/2}

with K =
(
2
π

)d+1/2
dd/2+1/4min {K1, . . . ,K2d+1}−d−1/2. Finally, if B is the

unit ball in Rd centered at the origin and BC its complement, then
�

Rd
|µ̂(⃗t )| dλ(⃗t ) ≤

�

B
1 dλ(⃗t ) +

�

BC
K |⃗t |−d−1/2 dλ(⃗t ) <∞,

which confirms that µ is absolutely continuous with respect to Lebesgue
measure on Rd.

4.2. Properties of the distribution µ2. In this section, we formally
connect the normalized error terms in Definition 1.2 to the distributions µ1
and µ2 from Definitions 1.9 and 1.11, as well as establish some useful prop-
erties of these distributions, starting with their Fourier transforms.

Lemma 4.4. The Fourier transform of µ1 is

µ̂1(t) =

∞∏
m=1

J0

(
2t√

1
4 + γ2m

)
.
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The Fourier transform of µ2 is

µ̂2(t1, t2) =

∞∏
m=1

J0

(
|2γm(t1 + t2) + i(t1 − t2)|

1
4 + γ2m

)
.

Proof. If Z is a random variable uniformly distributed on the complex
unit circle and α⃗ ∈ Ck, then the Fourier transform of 2ℜ(Zα⃗), for any real
vector t⃗ , is by definition

Ee−i⃗t ·2ℜ(Zα⃗) = Ee−iℜ(2(⃗t ·α⃗)Z) =

1�

0

exp
(
−iℜ

(
2(⃗t · α⃗)e2πiθ

))
dθ = J0(2|⃗t · α⃗|),

where the last equality follows from a standard calculation (see for example
[2, starting from (5.1)]). Given an independent collection of many such ran-
dom variables, the Fourier transform of their sum is simply the product of
their individual Fourier transforms. This establishes the lemma both for µ1,
for which each α⃗ is of the form 1/

(
1
2 + iγm

)
∈ C1, and for µ2, for which

each α⃗ is of the form
(
1/
(
1
2 + iγm

)
, 1/

(
−1

2 + iγm
))

∈ C2. (In both cases, the
square-summability of the series of coefficients implies both the almost-sure
convergence of the overall random variable and the convergence of the infinite
product that forms the Fourier transform.)

Corollary 4.5. Assume RH and LI. For every f ∈ B∪Br, the normal-
ized error term Ef (x) has a limiting logarithmic distribution equal to µ1+βf .

Proof. The claim follows immediately by applying [2, Theorems 1.4
and 1.9] to the nine explicit formulas given in Propositions 2.1 and 2.4,
and confirming that in all cases the result matches the Fourier transform
of µ1 computed in Lemma 4.4.

Remark 4.6. Each of those nine explicit formulas is a sum of terms
of the form 2xiγ weighted by a coefficient. For the four standard func-
tions in Proposition 2.1 that coefficient is 1/ρ = 1/

(
1
2 + iγ

)
, while for the

five reciprocal functions in Proposition 2.4 that coefficient is 1/(ρ − 1) =
1/

(
−1

2 + iγ
)
. The coincidence that

∣∣1/(12 + iγ
)∣∣ = ∣∣1/(−1

2 + iγ
)∣∣ is what

causes these nine limiting logarithmic distributions to be identical up to the
bias factors. Furthermore, the fact that 1/

(
1
2 + iγ

)
and 1/

(
−1

2 + iγ
)

are very
close (when γ is large) but not equal is what causes the two coordinates of µ2
to be highly but not perfectly correlated.

Lemma 4.7. The distribution µ2 is absolutely continuous with respect to
Lebesgue measure on R2.

Proof. Lemma 4.4 can be written as

µ̂2(⃗t ) =
∞∏
m=1

J0
(
|r⃗m · t⃗ |

)
where r⃗m =

2γm
1/4 + γ2m

(1, 1) +
i

1/4 + γ2m
(1,−1);
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since the real and imaginary parts of each r⃗m form a basis for R2, the absolute
continuity of µ2 follows from Lemma 4.3.

Our last goal of this section is to determine the precise support of µ2, for
which we need a preliminary lemma.

Lemma 4.8. Assume RH. For any real number 0 ≤ v < w
2 , there exists

a set M ⊂ N of positive integers, containing only finitely many pairs of
consecutive integers, such that

∑
m∈M 1/

(
1
4 + γ2m

)
= v.

Proof. We prove that the greedy algorithm produces such a subset M =
{m1,m2, . . . }: given m1, . . . ,mk−1, let mk be the smallest integer exceed-
ing mk−1 such that

∑k
j=1 1/

(
1
4 + γ2mj

)
≤ v. Since

∑
m∈N 1/

(
1
4 + γ2m

)
= w

2

by (2.5), this greedy algorithm produces a finite or infinite set M such that∑
m∈M1/

(
1
4 + γ2m

)
=v; the fact that equality holds when M is infinite fol-

lows in a standard way from the fact that each 1/
(
1
4 + γ2m

)
is smaller than∑∞

j=m+1 1/
(
1
4 + γ2j

)
, which itself follows from the fact that γm+2 < γm

√
2

when m is sufficiently large. The same fact shows that M cannot contain
every integer from some point onwards, since the greedy algorithm would
have actually selected the last integer not in M .

To argue thatM contains only finitely many pairs of consecutive integers,
it thus suffices to show that the set of integers m with m − 1 /∈ M and
m,m+ 1 ∈M is bounded above. Indeed, for any such m, we must have

1
1
4 + γ2m

+
1

1
4 + γ2m+1

≤ t−
∑

j∈M∩{1,...,m−1}

1
1
4 + γ2j

<
1

1
4 + γ2m−1

.

But the classic counting function for the zeros of ζ(s) implies that γm =
2πm
logm

(
1 +O

(
1

logm

))
, and therefore we would have

log2m

4π2m2

(
1 +O

(
1

logm

))
+

log2(m+ 1)

4π2(m+ 1)2

(
1 +O

(
1

logm

))
<

log2(m− 1)

4π2(m− 1)2

(
1 +O

(
1

logm

))
,

which is false when m is sufficiently large.

Lemma 4.9. Assume RH. The support of the distribution µ2 is equal to
the diagonal strip {(x, y) ∈ R2 : |x− y| ≤ w}, where w is as in (1.1).

Proof. By Definition 1.11, the absolute difference between the two com-
ponents of V2 is∣∣∣∣2ℜ ∞∑

m=1

Zm

(
1

1
2 + iγm

− 1

−1
2 + iγm

)∣∣∣∣ = ∣∣∣∣2ℜ ∞∑
m=1

Zm
1
4 + γ2m

∣∣∣∣
≤ 2

∞∑
m=1

1
1
4 + γ2m

=
∑
ρ

1

ρ(1− ρ)
= w
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by Lemma 2.2 (this is the same computation as in equation (2.5)). Thus, the
support of µ2 is contained in the given diagonal strip.

To prove the converse, it suffices to show that the open diagonal strip
is contained in the support, since the support is always closed. Any point
(x, y) in the open diagonal strip can be written as (x, y) = (1, 1)u+(1,−1)v
where |v| < w/2. By the symmetry of µ2 it suffices to consider 0 ≤ v < w/2.
By Lemma 4.8 we may choose M ⊂ N, containing only finitely many pairs
of consecutive integers, such that

∑
m∈M 1/

(
1
4 + γ2m

)
= v.

We are now ready to assign values to the independent random vari-
ables Zm in Definition 1.11 that force V2 = (x, y). Note that

V2 =
∞∑
m=1

(
2ℜ Zm

1
2 + iγm

, 2ℜ Zm

−1
2 + iγm

)

= ℜ
∞∑
m=1

(
−iZm

2γm
1
4 + γ2m

(1, 1) + Zm
1

1
4 + γ2m

(1,−1)

)
.

Set Zm = 1 for each m ∈M , and set Zm = ±i for each m ∈ N \M , so that

V2 = (1, 1)
∑

m∈N\M

± 2γm
1
4 + γ2m

+ (1,−1)
∑
m∈M

1
1
4 + γ2m

.

The second sum equals v by construction. Since M contains only finitely
many pairs of consecutive integers, N \ M is a set of integers of density
at least 1

2 ; therefore, the first sum diverges when all terms are positive.
Consequently, by the Riemann rearrangement theorem, there is a choice of
signs that makes that sum equal u, as required.

4.3. Joint distribution and densities. We can now establish the joint
limiting logarithmic distribution of all nine normalized error terms from Def-
inition 1.2, from which we can deduce Theorems 1.12–1.14 and 1.17.

Proposition 4.10. Assume RH and LI. Define the R9-valued function

E(x) =
(
Eψ(x), Eθ(x), EΠ(x), Eπ(x),

Eψr(x), Eθr(x), EΠr(x), Eπr(x), Eπℓ(x)
)
.

Then the limiting logarithmic distribution of E(x) exists and is the same as
the distribution of the random variable

(0,−1, 0,−1, 0, 1, 0, 1, 1) + Y1(1, 1, 1, 1, 0, 0, 0, 0, 0) + Y2(0, 0, 0, 0, 1, 1, 1, 1, 1)

where Y1 and Y2 are the components of the R2-valued random variable V2
from Definition 1.11.

Note that the constant vector is exactly the list of bias terms for the nine
functions in order.
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Proof of Proposition 4.10. Given Propositions 2.1 and 2.4, we may ap-
ply [2, Theorems 1.4 and 1.9] to conclude that the limiting logarithmic dis-
tribution of E(x) exists and has Fourier transform

exp
(
−i(−ξ2 − ξ4 + ξ6 + ξ8 + ξ9)

)
·

∞∏
m=1

J0

(
2

∣∣∣∣ξ1 + ξ2 + ξ3 + ξ4
1
2 + iγm

+
ξ5 + ξ6 + ξ7 + ξ8 + ξ9

−1
2 + iγm

∣∣∣∣).
In light of the formula for µ̂2 from Lemma 4.4, the proposition now fol-
lows from an application of Lemma 4.1 with D = 9 and d = 2, A1 =
{1, 2, 3, 4}, A2 = {5, 6, 7, 8, 9}, (c1, . . . , c9) = (0,−1, 0,−1, 0, 1, 0, 1, 1), and
(r1, . . . , r9) = (1, . . . , 1).

Proof of Theorem 1.17. All cases of the theorem follow immediately from
Proposition 4.10.

As examples of part (a), if f and g are the standard functions ψ and θ,
then the limiting logarithmic distribution of

(
Eψ(x), Eπ(x)

)
is given by the

first two coordinates of the limiting logarithmic distribution of E(x), which
yields (0,−1) + Y1(1, 1) where Y1 is a random variable whose distribution
is µ1. Similarly, if f and g are the reciprocal functions πr and πℓ, then the
limiting logarithmic distribution of

(
Eπr(x), Eπℓ(x)

)
is given by the last two

coordinates of the limiting logarithmic distribution of E(x), which yields
(1, 1) + Y2(1, 1) where Y2 is also a random variable whose distribution is µ1.
In both cases, the statement of the theorem follows from the properties of µ1
noted in Definition 1.9.

On the other hand, an example of part (b) is f = ψ and g = ψr, for which
the limiting logarithmic distribution of

(
Eψ(x), Eψr(x)

)
is given by the first

and fifth coordinates of the limiting logarithmic distribution of E(x); this
yields (0, 0)+Y1(1, 0)+Y2(0, 1) = (Y1, Y2), which by definition has distribu-
tion µ2. In this case, the statement of the theorem follows from Lemmas 4.7
and 4.9.

Proof of Theorem 1.12. Assuming RH, note that Theorem 1.6 tells us
that the hypothesis βf < βg (which holds for all parts of this theorem) implies
that Ef (x) < Eg(x) for all sufficiently large x. In particular, Corollary 4.5
implies that

δ(0 < Ef < Eg) = δ(0 < Ef ) = Pr(0 < V1 + βf ) = Pr(−βf < V1),

δ(Ef < Eg < 0) = δ(Eg < 0) = Pr(V1 + βg < 0) = Pr(V1 < −βg),

in the notation of Definition 1.9.

(a) When βf = −1 and βg = 0, we have Pr(−βf<V1) = η1 and Pr(V1<−βg)
= 1

2 .
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(b) When βf = 0 and βg = 1, we have Pr(−βf < V1) =
1
2 and Pr(V1 < −βg)

= η1.
(c) When βf = −1 and βg = 1, we have Pr(−βf < V1) = Pr(V1 < −βg)

= η1.

In all cases, we then have δ(Ef < 0 < Eg) = 1− δ(0 < Ef )− δ(Eg < 0) by
the absolute continuity of µ1.

Proof of Theorem 1.13. Consider the pairs of functions treated by the
theorem: let

(f, g) ∈
{
(π, θ), (θr, πr), (θr, πℓ), (πr, πℓ), (ψ,Π), (ψr, Πr)

}
,

so that βf = βg, and f and g are either both standard functions or both
reciprocal functions. In these cases, Theorem 1.4(a) implies that Ef (x) =
Eg(x) + o(1). Consequently, for every ε > 0,

δ(Ef ≤ 0 ≤ Eg) < δ(−ε < Ef ≤ 0) = µ1
(
(−ε, 0]

)
,

and therefore δ(Ef ≤ 0 ≤ Eg) = 0 by the absolute continuity of µ1
(Lemma 4.7). By the same argument, δ(Eg ≤ 0 ≤ Ef ) = 0 as well. It
follows that

δ(0 < Ef and 0 < Eg) = δ(0 < Ef ) = Pr(0 < V1 + βf ) = Pr(−βf < V1),

δ(Ef < 0 and Eg < 0) = δ(Ef < 0) = Pr(V1 + βf < 0) = Pr(V1 < −βf ),
in the notation of Definition 1.9.

(a) When (f, g) = (π, θ), we have βf = βg = −1 and therefore Pr(−βf < V1)
= η1 and Pr(V1 < −βf ) = 1− η1 by definition.

(b) When (f, g) ∈
{
(ψ,Π), (ψr, Πr)

}
, we have βf = βg = 0 and therefore

Pr(−βf < V1) = Pr(V1 < −βf ) = 1
2 by symmetry.

(c) Finally, when (f, g) ∈
{
(θr, πr), (θr, πℓ), (πr, πℓ)

}
, we have βf = βg = 1

and therefore Pr(−βf < V1) = 1− η1 and Pr(V1 < −βf ) = η1.

Proof of Theorem 1.14. Since f is a standard function and g is a re-
ciprocal function with βf = βg = 0, Theorem 1.17 gives that the limiting
logarithmic distribution of (Ef (x), Eg(x)) is µ2. Definition 1.11 tells us that
η2 = δ(Ef < 0 < Eg) + δ(Eg < 0 < Ef ); but the two densities on the
right-hand side are equal by symmetry, and thus each individual density
equals η2

2 . Similarly,

δ(Ef < Eg < 0) + δ(Eg < Ef < 0) + δ(0 < Ef < Eg) + δ(0 < Eg < Ef )

= 1− η2

by the absolute continuity of µ2; but the four densities on the left-hand side
are all equal by the symmetries of µ2, and therefore each individual density
equals 1−η2

4 .
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We note for future use that this proof implies that the µ2-measure of the
first quadrant is

(4.3) µ2
(
{(x, y) ∈ R2 : x > 0, y > 0}

)
= δ(0 < Ef < Eg) + δ(0 < Eg < Ef ) =

1− η2
2

.

5. A formula for densities related to η2. It turns out that the calcu-
lation of the quantity η2 from Definition 1.11 is equivalent to determining the
mass that µ2 assigns to the first quadrant Q1 = {(x, y) ∈ R2 : x > 0, y > 0}
(the precise relationship is given in equation (4.3) above). In this section,
we follow the method of Feuerverger and the second author [6] to write this
mass in terms of a principal value of a two-dimensional integral involving
the Fourier transform µ̂2.

5.1. Well-behaved products of Bessel functions. The concept of a
“well-behaved function” appeared in [6] in connection with principal values
of multivariate integrals. In this paper, we adopt the following slightly more
general definition:

Definition 5.1. A function f defined on Rn is well-behaved if it has
continuous partial derivatives of all orders and there exist positive constants
β1, β2, β3 such that for every subset {j1, . . . , jk} ⊆ {1, . . . , n} we have∣∣∣∣ ∂f

∂xj1 . . . ∂xjk
f(x⃗)

∣∣∣∣ ≤ β1 exp(−β2|x⃗|β3)

where | · |2 is the Euclidean norm on x⃗ in Rn.

(The definition in [6] is identical except that it fixes β3 = 1.) The goal of
this section is to show that the function µ̂2 given in Lemma 4.4, and indeed
a large class of functions of the same shape, are well-behaved.

Lemma 5.2.Let r⃗m be a sequence of nonzero vectors in Cd with
∑∞

m=1|r⃗m|2
finite, and let f : Rd → R be the function

(5.1) f (⃗t ) =

∞∏
m=1

J0(|r⃗m · t⃗ |).

Then f is analytic on Rd and, in particular, has continuous partial deriva-
tives of all orders.

Proof. In this proof, t⃗ = (t1, . . . , td) and r⃗m = (rm,a, . . . , rm,b). Define

s(⃗t )2 =
d∑
a=1

d∑
b=1

tatb and g(⃗t ) =
∞∏
m=1

exp

(
1

4
|r⃗m|2s(⃗t )2

)
.
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Since
∑∞

m=1 |r⃗m|2 converges, say to R2, the infinite product defining g⃗(t) can
be written as

g(⃗t ) = exp

(
1

4

∞∑
m=1

|r⃗m|2s(⃗t )2
)

= exp

(
1

4
R2s(⃗t )2

)
=

∞∑
n=0

1

4n
R2n(

∑d
a=1

∑d
b=1 tatb)

n

n!
.

The power series on the right-hand side converges absolutely for all t⃗ ∈ Rd,
and hence the inner sum can be expanded by the multinomial theorem and
rearranged into the form

g(t1, . . . , td) =
∞∑

n1=0

. . .
∞∑

nd=0

Gn1,...,ndt
n1
1 · · · tndd

for some nonnegative constants Gn1,...,nd . In particular, g(⃗t ) is an analytic
function on Rd.

For any positive integer B, define

fB (⃗t ) =
B∏

m=1

J0(|r⃗m · t⃗ |) =
B∏

m=1

∞∑
n=0

(−1)n

4n
(|r⃗m · t⃗ |2)n

n!2
,

gB (⃗t ) =
B∏

m=1

exp

(
1

4
|r⃗m|2s(⃗t )2

)
=

B∏
m=1

∞∑
n=0

1

4n
(|r⃗m|2s(⃗t )2)n

n!
,

by the Maclaurin series for J0(x) in Definition 4.2 and the exponential func-
tion. Both fB (⃗t ) and gB (⃗t ) are certainly analytic on Rd, and thus there exist
real constants FB;n1,...,nd and GB,n1,...,nd such that

fB (⃗t ) =

∞∑
n1=0

. . .

∞∑
nd=0

FB;n1,...,ndt
n1
1 · · · tndd ,

gB (⃗t ) =

∞∑
n1=0

. . .

∞∑
nd=0

GB;n1,...,ndt
n1
1 · · · tndd .

Since gB (⃗t ) is a product of exponential functions, it is again clear that the
GB;n1,...,nd are nonnegative. Moreover, since

|r⃗m · t⃗ |2 =
d∑
a=1

d∑
b=1

rm,ar̄m,btatb and |r⃗m|2s(⃗t )2 =
d∑
a=1

d∑
b=1

|r⃗m|2tatb,

the inequality |rm,ar̄m,b| ≤ |r⃗m|2 implies that |FB;n1,...,nd | ≤ GB;n1,...,nd for all
nonnegative integers n1, . . . , nd. Since limB→∞ gB (⃗t ) = g(⃗t ), the dominated
convergence theorem implies that limB→∞ fB (⃗t ) = f (⃗t ) as well, which shows
that f (⃗t ) is analytic on Rd as claimed.
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Lemma 5.3.Let r⃗m be a sequence of nonzero vectors inCd with
∑∞

m=1 |r⃗m|2
finite. For any finite set M ⊆ N, define

f (⃗t ,M) =
∏

m∈N\M

J0(|r⃗m · t⃗ |).

Suppose there exist constants α1, α2, R > 0 and α3 > 1 such that for all
t⃗ ∈ Rd with |⃗t | > R, there exists a set S(⃗t ) ⊆ N with #S(⃗t ) ≥ α1 |⃗t |α2 such
that π

2 |r⃗m · t⃗ | ≥ α3 for all m ∈ S(⃗t ). Then there exist positive constants
β1, β2, β3, depending only on α1, α2, α3, R, and #M , such that

|f (⃗t ,M)| ≤ β1 exp(−β2 |⃗t |β3) for all t⃗ ∈ Rd.

Proof. Since
∑∞

m∈N\M |r⃗m|2 ≤
∑∞

m=1 |r⃗m|2 < ∞, Lemma 5.2 implies
that f (⃗t ,M) is well defined. Set N = #M . By the inequality (4.2), when
|⃗t | > R we have

|f (⃗t ,M)| ≤
∏

m∈S(⃗t )\M

√
2

π|r⃗m · t⃗ |
≤

∏
m∈S(⃗t )\M

α
−1/2
3 ≤ α

−α1(|⃗t |α2 )/2+N/2
3 .

Hence when |⃗t | > max
{
R,

(
2N
α1

)1/α2
}
, we have N

2 < α1
4 |⃗t |α2 and thus

|f (⃗t ,M)| ≤ α
−α1 |⃗t |α2/4
3 = exp(−β2 |⃗t |β3),

where β2 = α1
4 logα3 and β3 = α2. On the other hand, |f (⃗t ,M)| ≤ 1 for all

t⃗ ∈ Rd, and so when |⃗t | ≤ max {R, (2N/α1)
1/α2} we have

|f (⃗t ,M)| ≤ exp(−β2 |⃗t |β3) exp(β2max {Rβ3 , 2N/α1}).
Together these inequalities show that

|f (⃗t ,M)| ≤ β1 exp(−β2 |⃗t |β3)
for all t⃗ ∈ Rd, where β1 = 1 + exp(β2max {Rβ3 , 2N/α1}).

Definition 5.4. Define the entire function

J̃0(x) =

∞∑
n=0

(−1)n

4n
xn

n!2
.

Note that J̃0(x) = J0(
√
x) for x ≥ 0.

Lemma 5.5. For every integer n ≥ 1, we have J̃ (n)
0 (x) ≪n 1 for all x ≥ 0.

Proof. The bound J̃
(n)
0 (x) ≪n 1 holds for 0 ≤ x ≤ 1 simply by conti-

nuity, so we may assume that x > 1. The inequalities |J ′
0(x)| ≤ x/2 and

|J (n)
0 (x)| ≤ 1 for n ≥ 2 follow easily by differentiating under the integral

sign in Definition 4.2 (as pointed out in [6, p. 540]). It is easy to prove by
induction that there exist constants αn,k such that
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J̃
(n)
0 (x) =

n∑
k=1

αn,kx
−n+k/2J

(k)
0 (

√
x)

= αn,1x
−n+1/2J ′

0(
√
x) +

n∑
k=2

αn,kx
−n+k/2J

(k)
0 (

√
x).

The lemma follows from the fact that each term is bounded for x > 1 and
n ≥ 1.

Lemma 5.6. Let ℓ ≥ 1 and i1, . . . , iℓ ∈ {1, . . . , d} be integers. For any
R > 0,

∂ℓJ0(|r⃗ · t⃗ |)
∂ti1 · · · ∂tiℓ

≪ℓ,R |r⃗ |2max {1, |⃗t |ℓ}

uniformly for t⃗ = (t1, . . . , td) ∈ Rd and r⃗ ∈ Cd with |r⃗ | ≤ R.

Proof. Our strategy uses the identity J0(|r⃗ · t⃗ |) = J̃0
(
|r⃗ · t⃗ |2

)
. (This

identity reflects the observation that J0 is an even function and therefore
J0
(
|r⃗ · t⃗ |

)
is still smooth despite the square root implicit in |r⃗ · t⃗ |.) Write

r⃗ = (r1, . . . , rd). To guide our intuition, we compute explicitly that for any
i, j ∈ {1, . . . , d},

∂

∂ti
J̃0
(
|r⃗ · t⃗ |2

)
= J̃ ′

0

(
|r⃗ · t⃗ |2

) ∂
∂ti

|r⃗ · t⃗ |2

= J̃ ′
0

(
|r⃗ · t⃗ |2

)(
2ℜri

d∑
k=1

ℜrktk + 2ℑri
d∑

k=1

ℑrktk
)
,

∂2

∂ti∂tj
J̃0
(
|r⃗ · t⃗ |2

)
= J̃ ′′

0

(
|r⃗ · t⃗ |2

)(
2ℜri

d∑
k=1

ℜrktk + 2ℑri
d∑

k=1

ℑrktk
)2

+ J̃ ′
0

(
|r⃗ · t⃗ |2

)
(2ℜriℜrj + 2ℑriℑrj).

In general, one can prove by induction on ℓ ≥ 1 that

∂ℓJ̃0
(
|r⃗ · t⃗ |2

)
∂ti1 · · · ∂tiℓ

=
∑

ℓ/2≤h≤ℓ

P2h,2h−ℓ(r⃗, t⃗ )J̃
(h)
0

(
|r⃗ · t⃗ |2

)
,

where Pa,b(r⃗, t⃗ ) is a polynomial that is homogeneous of degree a in the
variables ℜrk and ℑrk and also homogeneous of degree b in the variables tk.
It follows from Lemma 5.5 that

∂ℓJ̃0
(
|r⃗ · t⃗ |2

)
∂ti1 · · · ∂tiℓ

≪ℓ

∑
ℓ/2≤h≤ℓ

|r⃗ |2h |⃗t |2h−ℓ · 1 ≪ℓ,R

∑
ℓ/2≤h≤ℓ

|r⃗ |2 |⃗t |2h−ℓ,

which implies the statement of the lemma.

Lemma 5.7.Let r⃗m be a sequence of nonzero vectors inCd with
∑∞

m=1 |r⃗m|2
finite, and let f (⃗t ) be as in equation (5.1). Suppose there exist constants
α1, α2 > 0 and α3, τ > 1 such that for all t⃗ ∈ Rd with |⃗t | > τ , there exists a
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set S(⃗t ) ⊆ N with #S(⃗t ) ≥ α1 |⃗t |α2 such that π
2 |r⃗m · t⃗ | ≥ α3 for all m ∈ S(⃗t ).

Then f (⃗t ) is well-behaved.

Proof. By Lemma 5.2, f (⃗t ) is analytic on Rd with continuous partial
derivatives of all orders. It therefore suffices to establish the bound in Def-
inition 5.1 on partial derivatives of f (⃗t ); indeed, we will establish such a
bound even when multiple derivatives with respect to the same variable are
present. We note that the convergence of

∑∞
m=1 |r⃗m|2 implies the existence

of a real number R > 0 such that |r⃗m| ≤ R for all m ∈ N.
By repeated application of the product rule,

∂nf (⃗t )

∂tj1 · · · ∂tjn
=

∑
M=(m1,...,mn)∈Nn

∏
m∈N\M

J0
(
|r⃗m · t⃗ |

) ∏
m∈M

DM,mJ0
(
|r⃗m · t⃗ |

)
,

where DM,m is the composition of the ℓ(m) operators ∂
∂tji

over all 1 ≤
i ≤ n such that mi = m. (We are abusing notation slightly: m ∈ M =
(m1, . . . ,mn) means m ∈ {m1, . . . ,mn}.) By Lemma 5.3, there exist positive
constants β1, β2, β3 (depending only on α1, α2, α3, R, and #M ≤ n) such
that the first product is at most β1 exp(−β2 |⃗t |β3) in absolute value for all
t⃗ ∈ Rd. Therefore by Lemma 5.6, applied #M times with the sum of the
relevant values of ℓ(m) equaling n,

∂nf (⃗t )

∂tj1 · · · ∂tjn
≪n,R

∑
M=(m1,...,mn)∈Nn

exp(−β2 |⃗t |β3)
∏
m∈M

|r⃗ |2max {1, |⃗t |ℓ(m)}

= exp(−β2 |⃗t |β3)max {1, |⃗t |n}
∑

M=(m1,...,mn)∈Nn

∏
m∈M

|r⃗ |2

≤ exp(−β2 |⃗t |β3)max {1, |⃗t |n}
n∑

L=1

{
n

L

}( ∞∏
m=1

(
1 + |r⃗ |2

))L
,

where the Stirling number
{
n
k

}
is the number of partitions of {1, . . . , n} into L

subsets. Since
∑∞

m=1 |r⃗m|2 < ∞, each of these infinite products converges,
and therefore

∂nf (⃗t )

∂tj1 · · · ∂tjn
≪n,{rm} exp(−β2 |⃗t |β3)max {1, |⃗t |n}

≪n,β2,β3,{rm} exp(−β2 |⃗t |β3/2),
which completes the proof of the lemma.

Proposition 5.8. The function µ̂2 is well-behaved.

Proof. By Lemma 4.4, µ̂2(⃗t ) =
∏∞
m=1 J0(|r⃗m · t⃗ |) with

r⃗m =

(
2γm + i
1
4 + γ2m

,
2γm − i
1
4 + γ2m

)
,
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where γ1, γ2, . . . is the ascending sequence of the positive ordinates of the
zeros of the Riemann zeta function. We use the fact that N(T ), the number
of indices m such that γm ≤ T , is ≍ T log T . In particular, the convergence∑∞

m=1 |r⃗m|2 follows by partial summation from

|r⃗m|2 = 2
4γ2m + 1

(14 + γ2m)
2
≪ 1

γ2m
.

Since γ1 ≥ 1, we see that for any t⃗ ∈ R2,

|r⃗m · t⃗ | =
√
4γ2m(t1 + t2)2 + (t1 − t2)2

1
4 + γ2m

≥
√
(t1 + t2)2 + (t1 − t2)2

1
4 + γ2m

=

√
2|⃗t |

1
4 + γ2m

≥ |⃗t |
γ2m

.

In particular, if we define S(⃗t ) = {m ∈ N : γm ≤ (π|⃗t |)1/2} for t⃗ ̸= 0⃗,
then π

2 |r⃗m · t⃗ | ≥ 1
2 for all m ∈ S(⃗t ). The number of elements in S(⃗t ) is

N((π|⃗t |)1/2) ≫ |⃗t |1/2 log |⃗t | ≫ |⃗t |1/2 for |⃗t | ≥ 2. Therefore the proposition
follows from Lemma 5.7 applied with α2 = α3 =

1
2 and τ = 2.

5.2. Integral formula for the densities. We are interested in the mass
that µ2 from Definition 1.11 assigns to the first quadrant. The following
formula identifies this quantity in terms of the principal value of a two-
dimensional integral (see [6, (2-30)] for a precise definition).

Proposition 5.9. If Q1 ⊆ R2 is the first quadrant, then

µ2(Q1) =
1

4
− 1

4π2
P.V.

� �

R2

µ̂2(u, v)

uv
du dv.

Proof. By the Fourier inversion formula and the monotone convergence
theorem,

µ2(Q1) = lim
c→0+

1

4π2

∞�

0

∞�

0

e−c(x+y)
� �

R2

ei(ux+vy)µ̂2(u, v) du dv dx dy.

Hence, by Fubini’s Theorem,

µ2(Q1) = lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)

∞�

0

∞�

0

e(uxi−cx)+(vyi−cy) dx dy du dv

= lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)

(c− iu)(c− iv)
du dv
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= lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)(c+ iu)(c+ iv)

(u2 + c2)(v2 + c2)
du dv

= lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)(c
2 − uv + ic(u+ v))

(u2 + c2)(v2 + c2)
du dv.

Therefore

µ2(Q1) = lim
c→0+

c2

4π2

� �

R2

µ̂2(u, v)

(u2 + c2)(v2 + c2)
du dv

+ lim
c→0+

ic

4π2

� �

R2

µ̂2(u, v)(u+ v)

(u2 + c2)(v2 + c2)
du dv

− lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)uv

(u2 + c2)(v2 + c2)
du dv.

The second integral vanishes since µ̂2(u, v) = µ̂2(−u,−v). Hence, by the
change of variables α = u

c , β = v
c in the first integral,

µ2(Q1) = lim
c→0+

1

4π2

� �

R2

µ̂2(αc, βc)

(1 + α2)(1 + β2)
dα dβ

− lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)uv

(u2 + c2)(v2 + c2)
du dv.

Since
|µ2(αc, βc)| ≤ 1 = |µ2(0, 0)|,

it follows by the dominated convergence theorem that

µ2(Q1) =
1

4π2

� �

R2

dα dβ

(1 + α2)(1 + β2)

− lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)uv

(u2 + c2)(v2 + c2)
du dv

=
1

4
− lim
c→0+

1

4π2

� �

R2

µ̂2(u, v)uv

(u2 + c2)(v2 + c2)
du dv.

Since µ̂2 is well-behaved by Proposition 5.8, the evaluation

µ2(Q1) =
1

4
− 1

4π2
P.V.

� �

R2

µ̂2(u, v)

uv
du dv.

now follows from [6, Lemma 2.6] with n = k = 2. (That lemma was derived
under the more restrictive definition of “well-behaved” where β3 = 1, but the
proof is essentially identical for any β3 > 0.)



44 S. Bhattacharya, G. Martin and R. M. Simpson

6. Calculation and error analysis. We carry out the numerical cal-
culation of η2 in this section, with a rigorous error term. Both the numerical
approximation itself and the error analysis used in this section closely follow
the techniques used by Feuerverger and the second author in [6], which itself
was inspired by the methods of Rubinstein and Sarnak [15]. To summarize,
in Section 6.1 we rewrite the relevant principal value as a discrete sum over
a lattice in R2. That sum is then truncated in Section 6.2 to a bounded
portion of the lattice, and then the summand involving µ̂2 is approximated
in Section 6.3 using only the zeros of ζ(s) up to a fixed height. Each of these
steps introduces errors, and the errors are explicitly bounded in the next
three sections.

6.1. Discretizing the integral. Our first approximation uses

(6.1)

S(ε) = ε2
∑∑
m,n∈Z
m,n odd

µ̂2(nε/2,mε/2)

(mε/2)(nε/2)
,

Err1 = P.V.
� �

R2

µ̂2(u, v)

uv
du dv − S(ε).

Note that the double integral appears in Proposition 5.9 for the mass µ2
assigned to the first quadrant.

Bounding Err1 requires tail bounds for the distribution µ2. As an initial
step, we establish such a bound for the one-dimensional distribution µ1 that
equals each component of µ2. We use the same method as Rubinstein and
Sarnak [15], who actually treat µ1 itself as well as other related distribu-
tions; the fact that we record better numerical constants for µ1 specifically
is because they were bounding several distributions simultaneously.

Lemma 6.1. Assume RH. Let X be a random variable with distribu-
tion µ1. For any real number x ≥ 0.14,

Pr(X ≥ x) ≤ exp(−1.875(x− 0.14)2).

Proof. By Definition 1.9,

X =
∞∑
k=1

rk sin(2πUk) where rk =
2√

1/4 + γ2k

.

Since rk ≫ 1
γk

≫ log k
k by the counting function for nontrivial zeros of ζ(s),

the series
∑∞

k=1 rk diverges; on the other hand, by Lemma 2.2,
∑∞

k=1 r
2
k =∑∞

k=1 4/(1/4+γ
2
k) =

∑
ρ 2/(ρ(1−ρ)) = 2w assuming RH. It follows from [6,

Lemma 3.1] that for x ≥ 2r1,

Pr(X ≥ x) ≤ exp

(
−3(x− 2r1)

2

32w

)
.
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Since w < 0.05 and r1 < 0.07, it follows that

Pr(X ≥ x) ≤ exp

(
−3(x− 0.14)2

32 · 0.05

)
for x ≥ 0.14, as claimed.

We will bootstrap this one-dimensional tail bound into a bound for the
two-dimensional distribution µ2, using the following notation.

Definition 6.2. For random variables X,Y with joint distribution µ2,
define P̄ (u, v) = Pr(X > u, Y > v), and set P̄1(u) = P̄ (u,−∞) and P̄2(v) =
P̄ (−∞, v). Also define

P ⋆(u, v) = P̄ (2πu, 2πv)− P̄1(2πu)P̄2(2πv),

Q(u, v) = P ⋆(u, v) + P ⋆(−u, v) + P ⋆(u,−v) + P ⋆(−u,−v).
Lemma 6.3. For all u, v ∈ R,

Q(u, v)

= 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > −2πu, Y > 2πv)− 2Pr(Y > 2πv)

= 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > 2πu, Y > −2πv)− 2Pr(X > 2πu).

Proof. By definition,

Q(u, v) = Pr(X > 2πu, Y > 2πv)− Pr(X > 2πu) Pr(Y > 2πv)

+ Pr(X > −2πu, Y > 2πv)− Pr(X > −2πu) Pr(Y > 2πv)

+ Pr(X > 2πu, Y > −2πv)− Pr(X > 2πu) Pr(Y > −2πv)

+ Pr(X > −2πu, Y > −2πv)− Pr(X > −2πu) Pr(Y > −2πv).

By the symmetry and absolute continuity of µ1,

Pr(X > −2πu) = 1− Pr(X < −2πu) = 1− Pr(X > 2πu),

Pr(Y > −2πv) = 1− Pr(Y < −2πv) = 1− Pr(Y > 2πv).

Thus

Q(u, v) = Pr(X > 2πu, Y > 2πv) + Pr(X > −2πu, Y > 2πv)

+ Pr(X > 2πu, Y > −2πv) + Pr(X > −2πu, Y > −2πv)− 1.

Then by Lemmas 4.7 and Definition 1.11,

Pr(X > − 2πu, Y > 2πv)

= 1− Pr(X < −2πu)− Pr(Y < 2πv) + Pr(X < −2πu, Y < 2πv)

= 1− Pr(X > 2πu)− Pr(Y < 2πv) + Pr(X > 2πu, Y > −2πv),

Pr(X > 2πu, Y > −2πv)

= 1− Pr(X < 2πu)− Pr(Y < −2πv) + Pr(X < 2πu, Y < −2πv)

= 1− Pr(X < 2πu)− Pr(Y > 2πv) + Pr(X > −2πu, Y > 2πv),
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Pr(X > − 2πu, Y > −2πv)

= 1− Pr(X < −2πu)− Pr(Y < −2πv) + Pr(X < −2πu, Y < 2πv)

= 1− Pr(X > 2πu)− Pr(Y > 2πv) + Pr(X > 2πu, Y > 2πv).

Thus, Q(u, v) can be simplified even further as

Q(u, v) = 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > −2πu, Y > 2πv)

+ 1− Pr(X < 2πu)− Pr(Y > 2πv)

+ 1− Pr(X > 2πu)− Pr(Y > 2πv)− 1

= 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > −2πu, Y > 2πv)

− 2Pr(Y > 2πv),

or alternatively as

Q(u, v) = 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > 2πu, Y > −2πv)

+ 1− Pr(X > 2πu)− Pr(Y < 2πv)

+ 1− Pr(X > 2πu)− Pr(Y > 2πv)− 1

= 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > 2πu, Y > −2πv)

− 2Pr(X > 2πu).

Lemma 6.4. For all u, v ∈ R,

|Q(u, v)| ≤ 2min
{
Pr(X > 2πu),Pr(Y > 2πv)

}
.

Proof. The trivial inequalities 0≤Pr(X>±2πu, Y >2πv)≤Pr(Y >2πv)
imply that

−2Pr(Y > 2πv) = 0 + 0− 2Pr(Y > 2πv)

≤ 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > −2πu, Y > 2πv)

− 2Pr(Y > 2πv)

≤ 2Pr(Y > 2πv) + 2Pr(Y > 2πv)− 2Pr(Y > 2πv)

= 2Pr(Y > 2πv);

similarly, the inequalities 0 ≤ Pr(X > 2πu, Y > ±2πv) ≤ Pr(X > 2πu)
imply that

−2Pr(X > 2πu) = 0 + 0− 2Pr(X > 2πu)

≤ 2Pr(X > 2πu, Y > 2πv) + 2Pr(X > 2πu, Y > −2πv)

− 2Pr(X > 2πu)

≤ 2Pr(X > 2πu) + 2Pr(X > 2πu)− 2Pr(X > 2πu)

= 2Pr(X > 2πu).

The claim now follows directly from Lemma 6.3.
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Lemma 6.5. We have

|Err1 | ≤ 4π2
∑

(κ,λ)∈Z≥0

(κ,λ)̸=(0,0)

∣∣∣∣Q(
κ

ε
,
λ

ε

)∣∣∣∣.
Proof. This assertion is established by the calculations leading to [6, (3-7)].

Those calculations involved a different two-dimensional distribution, but the
calculations apply to any (sufficiently nice) two-dimensional distribution,
including µ2.

Lemma 6.6. Assume RH. If 0 < ε ≤ 13 then

|Err1 | ≤ 96π2 exp

(
−1.875

(
2π

ε
− 0.14

)2)
.

Proof. By Lemmas 6.5, 6.4, and 6.1,

|Err1 | ≤ 4π2
∑

(κ,λ)∈Z≥0

(κ,λ)̸=(0,0)

∣∣∣∣Q(
κ

ε
,
λ

ε

)∣∣∣∣
≤ 4π2

∑
(κ,λ)∈Z≥0

(κ,λ) ̸=(0,0)

2min

{
Pr

(
X > 2π

κ

ε

)
,Pr

(
Y > 2π

λ

ε

)}

≤ 8π2
∑

(κ,λ)∈Z≥0

(κ,λ) ̸=(0,0)

min

{
exp

(
−1.875

(
2πκ

ε
− 0.14

)2)
,

exp

(
−1.875

(
2πλ

ε
− 0.14

)2)}
.

The inequalities 0 < ε ≤ 13 imply 2π
ε − 0.14 > 0.14, which means that(

2πk
ε − 0.14

)2 is an increasing function of the nonnegative integer variable k.
Consequently,

|Err1 | ≤ 8π2
∑

(κ,λ)∈Z≥0

(κ,λ)̸=(0,0)

exp

(
−1.875

(
2π

ε
max {κ, λ} − 0.14

)2)

≤ 16π2
∞∑
κ=0

∞∑
λ=max {1,κ}

exp

(
−1.875

(
2π

ε
λ− 0.14

)2)
.

One can check that each term in the inner sum is at most half the previous
term when 0 < ε ≤ 13, and therefore

|Err1 | ≤ 16π2
(
2 exp

(
−1.875

(
2π

ε
− 0.14

)2)
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+

∞∑
κ=1

2 exp

(
−1.875

(
2π

ε
κ− 0.14

)2)

≤ 96π2 exp

(
−1.875

(
2π

ε
− 0.14

)2)
as claimed.

6.2. Truncating the range of summation. The next step, as in [6],
is to compute the error caused by truncating the infinite sum S(ε) from
equation (6.1) to a finite region. In that work, they truncated their sum to
run over a bounded square aligned with the coordinate axes. For us, however,
the extremely different decay rates of µ2 in the two diagonal directions means
that the same method would necessarily include many points in which the
summand is very small, slowing the numerical computations significantly.
Instead, we will truncate S(ε) to run over the rectangular region
(6.2)
R(Cx, Cy) =

{
(x, y) :

∣∣(x, y) · ( 1√
2
, 1√

2

)∣∣ ≤ Cx,
∣∣(x, y) · (− 1√

2
, 1√

2

)∣∣ ≤ Cy
}

which is rotated with respect to the xy-axes. More precisely, for any Cx, Cy
> 0 we define

(6.3)
S(ε, Cx, Cy) = ε2

∑∑
m,n odd

(nε/2,mε/2)∈R(Cx,Cy)

µ̂2(nε/2,mε/2)

(mε/2)(nε/2)
,

Err2 = S(ε)− S(ε, Cx, Cy).

By partitioning the square lattice into two complementary diagonal lattices,
and exploiting symmetries of µ̂2(x, y), we can establish more convenient ex-
pressions for S(ε) and this new truncation.

Definition 6.7. For any ε > 0, define

aε(k, ℓ) =
ε
2(1, 1) + εk(1, 1) + εℓ(−1, 1) = ε

(
1
2 + k − ℓ, 12 + k + ℓ

)
,

bε(k, ℓ) =
ε
2(−1, 1) + εk(1, 1) + εℓ(−1, 1) = ε

(
−1

2 + k − ℓ, 12 + k + ℓ
)
.

Further, for any ε, Cx, Cy > 0 define C̃x = Cx/(ε
√
2) and C̃y = Cy/(ε

√
2).

Lemma 6.8. For any ε > 0,

S(ε) =
2

ε2

∞∑
k=0

µ̂2(aε(k, 0))

(k + 1/2)2
− 2

ε2

∞∑
ℓ=0

µ̂2(bε(0, ℓ))

(ℓ+ 1/2)2

+
4

ε2

∞∑
k=0

∞∑
ℓ=1

µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2
+

4

ε2

∞∑
k=1

∞∑
ℓ=0

µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2
.
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Further, for any ε, Cx, Cy > 0,

S(ε, Cx, Cy) =
2

ε2

∑
0≤k≤C̃x− 1

2

µ̂2(aε(k, 0))

(k + 1/2)2
− 2

ε2

∑
0≤ℓ≤C̃y− 1

2

µ̂2(bε(0, ℓ))

(ℓ+ 1/2)2

+
4

ε2

∑
0≤k≤C̃x− 1

2

∑
1≤ℓ≤C̃y

µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

+
4

ε2

∑
1≤k≤C̃x

∑
0≤ℓ≤C̃y− 1

2

µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2
.

Proof. Define the function s(x, y) = µ̂2(x,y)
xy and the lattice

L = {(nε/2,mε/2) : n,m are odd integers},
so that

S(ε) =
∑

(x,y)∈L

s(x, y).

From Lemma 4.4 we see that s(x, y) = s(y, x) = s(−y,−x) = s(−x,−y),
and thus

S(ε) =
∑

(x,y)∈L

s(x, y)

=
∑

(x,y)∈L
x=y>0

(
s(x, y) + s(−x,−y)

)
+

∑
(x,y)∈L
−x=y>0

(
s(x, y) + s(y, x)

)
+

∑
(x,y)∈L
y>|x|

(
s(x, y) + s(−y,−x) + s(y, x) + s(−x,−y)

)
= 2

∑
(x,x)∈L
x>0

s(x, x) + 2
∑

(x,−x)∈L
y>0

s(x,−x) + 4
∑

(x,y)∈L
y>|x|

s(x, y).

It is easy to check that L is the disjoint union of the two sublattices

A = {aε(k, ℓ) : k, ℓ ∈ Z}

=

{
aε

(
m+ n

4
− 1

2
,
m− n

4

)
: n,m are odd integers, n ≡ m (mod 4)

}
= {(nε/2,mε/2) : n,m are odd integers, n ≡ m (mod 4)},

B = {bε(k, ℓ) : k, ℓ ∈ Z}

=

{
bε

(
m+ n

4
,
m− n

4
− 1

2

)
: n,m are odd integers, n ̸≡ m (mod 4)

}
= {(nε/2,mε/2) : n,m are odd integers, n ̸≡ m (mod 4)}.
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Consequently, in this notation, we have

S(ε) = 2
∑

(x,x)∈L
x>0

s(x, x) + 2
∑

(x,−x)∈L
y>0

s(x,−x) + 4
∑

(x,y)∈L
y>|x|

s(x, y)

= 2
∞∑
k=0

s
(
aε(k, 0)

)
− 2

∞∑
ℓ=0

s
(
bε(0, ℓ)

)
+ 4

( ∞∑
k=0

∞∑
ℓ=1

s
(
aε(k, ℓ)

)
+

∞∑
k=1

∞∑
ℓ=0

s
(
bε(k, ℓ)

))
,

which is equivalent to the first assertion of the lemma. The bounds for the
sums in the second assertion follow immediately from the definitions of aε,
bε, and R(Cx, Cy).

Lemma 6.9. For any ε, Cx, Cy > 0,

|Err2 | ≤ 2
∑

k>C̃x− 1
2

∣∣∣∣ µ̂2(aε(k, 0))(k + 1/2)2

∣∣∣∣+ 2
∑

ℓ>C̃y− 1
2

∣∣∣∣ µ̂2(bε(0, ℓ))(ℓ+ 1/2)2

∣∣∣∣
+ 4

∑
k>C̃x− 1

2

∞∑
ℓ=1

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣+ 4
∑
k>C̃x

∞∑
ℓ=0

∣∣∣∣ µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2

∣∣∣∣
+ 4

∑
0≤k≤C̃x− 1

2

∑
ℓ>C̃y

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣+ 4
∑

1≤k≤C̃x

∑
ℓ>C̃y− 1

2

∣∣∣∣ µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2

∣∣∣∣
in the notation of Definition 6.7.

Proof. Since Err2 = S(ε)−S(ε, Cx, Cy), this bound follows immediately
from Lemma 6.8 and the triangle inequality.

Definition 6.10. For any J,K ∈ N, define

ΞJ =
J∏
j=1

√
1/4 + γ2j

γj
and ΥK =

K∏
j=1

√
1/4 + γ2j .

The following lemma encodes a key observation that will be used repeat-
edly.

Lemma 6.11. For any ε, Cx, Cy > 0 and J,K ∈ N,

2
∑

k>C̃x− 1
2

∣∣∣∣ µ̂2(aε(k, 0))(k + 1/2)2

∣∣∣∣ ≤ 2ΞJ2
−J/4π−J/2C−J/2

x

(
ε
√
2

Cx

)(
ε
√
2

Cx
+

2

2 + J

)
,

2
∑

ℓ>C̃y− 1
2

∣∣∣∣ µ̂2(bε(0, ℓ))(ℓ+ 1/2)2

∣∣∣∣ ≤ 2ΥK2K/4π−K/2C−K/2
y

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
.
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Proof. For any k ≥ 0, we have aε(k, 0) = ε(k+ 1
2 , k+

1
2) by Definition 6.7.

Lemma 4.4 then gives

∣∣µ̂2(aε(k, 0))∣∣ = ∞∏
m=1

∣∣∣∣J0(2γmε(2k + 1)

1/4 + γ2m

)∣∣∣∣ ≤ J∏
m=1

∣∣∣∣J0(2γmε(2k + 1)

1/4 + γ2m

)∣∣∣∣
by inequality (4.2), which further implies

(6.4)
∣∣µ̂2(aε(k, 0))∣∣ ≤ J∏

m=1

√
1

π

1/4 + γ2m
γmε(2k + 1)

= ΞJ(πε(2k + 1))−J/2.

Therefore

2
∑

k>C̃x− 1
2

∣∣∣∣ µ̂2(aε(k, 0))(k + 1/2)2

∣∣∣∣
≤ 2ΞJ2

−J/2(πε)−J/2
∑

k>C̃x− 1
2

(k + 1/2)−2−J/2

≤ 2ΞJ2
−J/2(πε)−J/2

((
ε
√
2

Cx

)2+J/2

+

∞�

C̃x

u−2−J/2 du

)

≤ 2ΞJ2
−J/2(πε)−J/2

((
ε
√
2

Cx

)2+J/2

+
2

2 + J

(
ε
√
2

Cx

)1+J/2)
≤ 2ΞJ2

−J/4(π)−J/2C−J/2
x

((
ε
√
2

Cx

)2

+
2

2 + J

(
ε
√
2

Cx

))
.

This establishes the first inequality, and the second follows from a similar
calculation.

Definition 6.12. For any J ∈ N, define

ÃJ(k, ℓ) =

J∏
j=1

√
1/4 + γ2j(

ℓ2 + 4γ2j (k + 1/2)2
)1/4 ,

B̃J(k, ℓ) =

J∏
j=1

√
1/4 + γ2j(

(ℓ+ 1/2)2 + 4γ2j k
2
)1/4 .

The derivation of the inequality (6.4) generalizes immediately to show that∣∣µ̂2(aε(k, ℓ))∣∣ ≤ (πε)−J/2ÃJ(k, ℓ),∣∣µ̂2(bε(k, ℓ))∣∣ ≤ (πε)−J/2B̃J(k, ℓ),

for any integers k, ℓ ≥ 0.
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Lemma 6.13. For any ε > 0 and Cx ≥ 5ε
√
2 and J ∈ N,

4
∑

k>C̃x− 1
2

∑
1≤ℓ≤k

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/4π−J/2C−J/2
x

((
ε
√
2

Cx

)(
1 +

1

4C̃x − 1
+

1

2
log

(
4Cx

ε
√
2
− 1

))
+

2

J

(
1 +

1

J

)(
1 +

1

4C̃x − 1

)
+

1

J
log

(
4Cx

ε
√
2
− 1

))
,

4
∑
k>C̃x

∑
0≤ℓ≤k−1

∣∣∣∣ µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2

∣∣∣∣
≤ 4ΞJ2

−J/4π−J/2C−J/2
x

((
ε
√
2

Cx

)(
1 +

1

4C̃x − 1
+

1

2
log

(
4Cx

ε
√
2
− 1

))
+

2

J

(
1 +

1

J

)(
1 +

1

4C̃x − 1

)
+

1

J
log

(
4Cx

ε
√
2
− 1

))
.

Proof. Observe for all k ≥ 0 and J ∈ N,

ÃJ(k, ℓ) = ΞJ(k+1/2)−J/2
J∏
j=1

√√√√ γj√
( ℓ
k+ 1

2

)2 + 4γ2j
≤ ΞJ2

−J/2(k+1/2)−J/2.

Consequently,

4
∑

k>C̃x− 1
2

∑
1≤ℓ≤k

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/2(πε)−J/2
∑

k>C̃x− 1
2

∑
1≤ℓ≤k

(k + 1/2)−J/2

(k + 1/2)2 − ℓ2

≤ 4ΞJ2
−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

k + 1
4

+

k�

1

du

(k + 1/2)2 − u2

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

k + 1
4

+
1

2k + 1

k�

1

1

k + 1
2 + u

+
1

k + 1
2 − u

du

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

k + 1
4

+
1

2k + 1
log

(
2(2k + 1/2)

k − 1
2

k + 3
2

))
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≤ 4ΞJ2
−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

k + 1/4
+

1

2k + 1
log(4k + 1)

)
.

As k + 1/2 > C̃x and u/(u− 1/4) is a decreasing function of u,(
1

k + 1/4
+

1

2k + 1
log(4k + 1)

)
≤ 1

k + 1/2

(
C̃x

C̃x − 1/4

(
1 +

1

J

)
+

1

2
log(4k + 1)− k + 1/2

J(k + 1/4)

)
for Cx > ε

√
2. Hence

4
∑

k>C̃x− 1
2

∑
1≤ℓ≤k

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣ ≤ 4ΞJ2
−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−1−J/2
(

C̃x

C̃x − 1
4

(
1 +

1

J

)
+

1

2
log(4k + 1)−

k + 1
2

J(k + 1
4)

)
.

By observing that
�
u−1−J/2

(
1

2
log(4u− 1)− u

J(u− 1/4)

)
du = − 1

J
u−J/2 log(4u− 1) + C,

and that the integrand can be easily verified to be decreasing when u ≥
C̃x ≥ 5 and J ∈ N, we see that

4
∑

k>C̃x− 1
2

∑
1≤ℓ≤k

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/2(πε)−J/2
((

ε
√
2

Cx

)1+J/2( C̃x

C̃x − 1
4

+
1

2
log(4C̃x − 1)

)
+

∞�

C̃x

u−1−J/2 C̃x

C̃x − 1
4

(
1 +

1

J

)
+

1

2
log(4u− 1)− u

J(u− 1/4)
du

)

≤ 4ΞJ2
−J/2(πε)−J/2

((
ε
√
2

Cx

)1+J/2(
1 +

1

4C̃x − 1
+

1

2
log(4C̃x − 1)

)
+

2

J

(
1 +

1

4C̃x − 1

)(
1 +

1

J

)(
ε
√
2

Cx

)J/2
+

1

J

(
ε
√
2

Cx

)J/2
log(4C̃x − 1)

)
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≤ 4ΞJ2
−J/4π−J/2C−J/2

x

((
ε
√
2

Cx

)(
1 +

1

4C̃x − 1
+

1

2
log(4C̃x − 1)

)
+

2

J

(
1 +

1

4C̃x − 1

)(
1 +

1

J

)
+

1

J
log(4C̃x − 1)

)
.

This establishes the first inequality, and the second follows from a similar
calculation.

Lemma 6.14. For any ε > 0 and Cy > Cx > 0 and K ∈ N,

4
∑

0≤k≤C̃x− 1
2

∑
ℓ>C̃y

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΥK2K/4π−K/2C−K/2

y

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
,

4
∑

1≤k≤C̃x

∑
ℓ>C̃y− 1

2

∣∣∣∣ µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2

∣∣∣∣
≤ 4ΥK2K/4π−K/2C−K/2

y

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
.

Proof. By the inequalities in Definition 6.12,∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣ ≤ (πε)−K/2
ÃK(k, ℓ)

|(k + 1/2)2 − ℓ2|
.

Observe that for ℓ > 0,

ÃK(k, ℓ) = ΥK

K∏
j=1

(ℓ2 + 4γ2j (k + 1/2)2)−1/4

= ΥKℓ
−K/2

K∏
j=1

(1 + 4γ2j (k + 1/2)2ℓ−2)−1/4 ≤ ΥKℓ
−K/2.

Hence, for Cy > Cx > 0,

4
∑

0≤k≤C̃x− 1
2

∑
ℓ>C̃y

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΥK(πε)−K/2

∑
0≤k≤C̃x− 1

2

∑
ℓ>C̃y

ℓ−K/2(ℓ2 − (k + 1/2)2)−1
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≤ 4ΥK(πε)−K/2
∑
ℓ>C̃y

ℓ−K/2
(

1

ℓ2 − C2
x

2ε2

+

Cx
ε
√
2�

1/2

du

ℓ2 − u2

)

≤ 4ΥK(πε)−K/2
∑
ℓ>C̃y

ℓ−K/2
(

1

ℓ2 − C2
x

2ε2

+
1

2ℓ

Cx
ε
√
2�

1/2

(
1

ℓ+ u
+

1

ℓ− u

)
du

)

≤ 4ΥK(πε)−K/2
∑
ℓ>C̃y

ℓ−K/2
(

1

ℓ2 − C2
x

2ε2

+
1

2ℓ
log

(
(ℓ+ C̃x)(ℓ− 1

2)

(ℓ− C̃x)(ℓ+
1
2)

))
By the Maclaurin series expansion of log(1 + x) as an alternating series,

log

(
(ℓ+ C̃x)(ℓ− 1

2)

(ℓ− C̃x)(ℓ+
1
2)

)
≤ log

(
ℓ+ C̃x

ℓ− C̃x

)
= log

(
1 +

2C̃x

ℓ− C̃x

)
≤ 2C̃x

ℓ− C̃x
,

and hence

4
∑

0≤k≤C̃x− 1
2

∑
ℓ>C̃y

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΥK(πε)−K/2

∑
ℓ>C̃y

ℓ−K/2
(

1

ℓ2 − C2
x

2ε2

+
C̃x

ℓ2 − (C̃x)ℓ

))
.

For ℓ > C̃y we observe that

1

ℓ2

(
ℓ2

ℓ2 − C2
x

2ε2

)
<

1

ℓ2

(
C2
y

C2
y − C2

x

)
=

1

ℓ2

(
1 +

C2
x

C2
y − C2

x

)
,

and likewise
1

ℓ2

(
C̃xℓ

2

ℓ2 − (C̃x)ℓ

)
<

1

ℓ2
C̃x

(
C2
y

C2
y − CxCy

)
=

1

ℓ2
C̃x

(
1 +

Cx
Cy − Cx

)
.

Therefore

4
∑

0≤k≤C̃x− 1
2

∑
ℓ>C̃y

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΥK(πε)−K/2

∑
ℓ>C̃y

ℓ−2−K/2
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))

≤ 4ΥK(πε)−K/2
((

ε
√
2

Cy

)2+K/2

+

∞�

C̃y

u−2−K/2 du

)

·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
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≤ 4ΥK(πε)−K/2
((

ε
√
2

Cy

)2+K/2

+
2

2 +K

(
ε
√
2

Cy

)1+K/2)
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
≤ 4ΥK2K/4π−K/2C−K/2

y

((
ε
√
2

Cy

)2

+
2

2 +K

(
ε
√
2

Cy

))
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
.

This completes the proof of the first inequality, and the second is established
analogously.

Lemma 6.15. For any real numbers ε>0 and Cx≥5ε
√
2 and any J ∈ N,

4
∑

k>C̃x− 1
2

∑
ℓ≥k+1

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/4π−J/2C−J/2
x

{(
ε
√
2

Cx

)(
1 +

1

2
log

(
4Cx

ε
√
2
+ 1

)
+

1

4J

ε
√
2

Cx

)
+

2

J

(
1 +

1

J

)
+

1

J
log

(
4Cx

ε
√
2
+ 1

)}
,

4
∑
k>C̃x

∑
ℓ≥k

∣∣∣∣ µ̂2(bε(k, ℓ))

k2 − (ℓ+ 1/2)2

∣∣∣∣
≤ 4ΞJ2

−J/4π−J/2C−J/2
x

{(
ε
√
2

Cx

)(
1 +

1

2
log

(
4Cx

ε
√
2
+ 1

)
+

1

4J

ε
√
2

Cx

)
+

2

J

(
1 +

1

J

)
+

1

J
log

(
4Cx

ε
√
2
+ 1

)}
.

Proof. For all k ≥ 0 and J ∈ N,

ÃJ(k, ℓ) = ΞJ(k+1/2)−J/2
J∏
j=1

√√√√ γj√
( ℓ
k+ 1

2

)2 + 4γ2j
≤ ΞJ2

−J/2(k+1/2)−J/2.

Consequently,

4
∑

k>C̃x− 1
2

∑
ℓ≥k+1

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/2(πε)−J/2
∑

k>C̃x− 1
2

∑
ℓ≥k+1

(k + 1/2)−J/2

ℓ2 − (k + 1/2)2

≤ 4ΞJ2
−J/2(πε)−J/2
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·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

(k + 1)2 − (k + 1/2)2
+

∞�

k+1

du

u2 − (k + 1/2)2

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−J/2
(

1

k + 3
4

+
1

2k + 1

∞�

k+1

1

u− k − 1
2

− 1

u+ k + 1
2

du

)

≤ 4ΞJ2
−J/2(πε)−J/2

∑
k>C̃x− 1

2

(k + 1/2)−J/2
(

1

k + 3
4

+
log(4k + 3)

2k + 1

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−1−J/2
(
k + 1

2

k + 3
4

(1 + 1/J − 1/J) +
1

2
log(4k + 3)

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
∑

k>C̃x− 1
2

(k + 1/2)−1−J/2
(
1 +

1

J
+

1

2
log(4k + 3)−

k + 1
2

J(k + 3
4)

)
.

Observe that
�
u−1−J/2

(
1

2
log(4u+ 1)− u

J(u+ 1/4)

)
du = − 1

J
u−J/2 log(4u+ 1) + C,

and it is easy to verify that the integrand is decreasing for any u ≥ C̃x ≥ 5
and J ∈ N, so

4
∑

k>C̃x− 1
2

∑
ℓ≥k+1

∣∣∣∣ µ̂2(aε(k, ℓ))

(k + 1/2)2 − ℓ2

∣∣∣∣
≤ 4ΞJ2

−J/2(πε)−J/2

·
((

ε
√
2

Cx

)1+J/2(
1 +

1

J
+

1

2
log

(
4Cx

ε
√
2
+ 1

)
− C̃x

J(C̃x +
1
4)

)
+

∞�

C̃x

u−1−J/2
(
1 +

1

J
+

1

2
log(4u+ 1)− u

J(u+ 1
4)

)
du

)
≤ 4ΞJ2

−J/2(πε)−J/2

·
((

ε
√
2

Cx

)1+J/2(
1 +

1

J
+

1

2
log

(
4Cx

ε
√
2
+ 1

)
− C̃x

J(C̃x +
1
4)

)
+

2

J

(
1 +

1

J

)(
ε
√
2

Cx

)J/2
+

1

J

(
ε
√
2

Cx

)J/2
log

(
4Cx

ε
√
2
+ 1

))
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≤ 4ΞJ2
−J/4π−J/2C−J/2

x

((
ε
√
2

Cx

)(
1 +

1

2
log

(
4Cx

ε
√
2
+ 1

)
+

1

J( 4Cx
ε
√
2
+ 1)

)
+

2

J

(
1 +

1

J

)
+

1

J
log

(
4Cx

ε
√
2
+ 1

))
.

The first inequality of the lemma follows upon noting that 1/J
(
4Cx
ε
√
2
+ 1

)
≤

ε
√
2/4JCx. The second inequality is established analogously.

Lemma 6.16. For any ε > 0 and Cy > Cx ≥ 5ε
√
2 and J,K ∈ N,

|Err2| ≤ ΞJ2
−J/4π−J/2C−J/2

x

[
2

(
ε
√
2

Cx

)(
ε
√
2

Cx
+

2

2 + J

)
+ 8

{(
ε
√
2

Cx

)(
1 +

1

4C̃x − 1
+

1

2
log

(
4Cx

ε
√
2
− 1

))
+

2

J

(
1 +

1

J

)(
1 +

1

4C̃x − 1

)
+

1

J
log

(
4Cx

ε
√
2
− 1

)}
+ 8

{(
ε
√
2

Cx

)(
1 +

1

2
log

(
4Cx

ε
√
2
+ 1

)
+

1

4J

ε
√
2

Cx

)
+

2

J

(
1 +

1

J

)
+

1

J
log

(
4Cx

ε
√
2
+ 1

)}]

+ ΥK2K/4π−K/2C−K/2
y

[
2

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
+ 8

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))]
.

Proof. Combining Lemmas 6.9, 6.11, and 6.13–6.15 yields

|Err2| ≤ 2ΞJ2
−J/4π−J/2C−J/2

x

(
ε
√
2

Cx

)(
ε
√
2

Cx
+

2

2 + J

)
+ 2ΥK2K/4π−K/2C−K/2

y

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
+ 8ΥK2K/4π−K/2C−K/2

y

(
ε
√
2

Cy

)(
ε
√
2

Cy
+

2

2 +K

)
·
(
1 +

C2
x

C2
y − C2

x

+ C̃x

(
1 +

Cx
Cy − Cx

))
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+ 8ΞJ2
−J/4π−J/2C−J/2

x

((
ε
√
2

Cx

)(
1 +

1

4C̃x − 1
+

1

2
log

(
4Cx

ε
√
2
− 1

))
+

2

J

(
1 +

1

J

)(
1 +

1

4C̃x − 1

)
+

1

J
log

(
4Cx

ε
√
2
− 1

))
+ 8ΞJ2

−J/4π−J/2C−J/2
x

((
ε
√
2

Cx

)(
1 +

1

2
log

(
4Cx

ε
√
2
+ 1

)
+

1

4J

ε
√
2

Cx

)
+

2

J

(
1 +

1

J

)
+

1

J
log

(
4Cx

ε
√
2
+ 1

))
,

which implies the statement of the lemma.

In the interest of making the optimization step tractable, we will only min-
imize the exponential terms ΞJ2−J/4π−J/2C

−J/2
x and ΥK2K/4π−K/2C

−K/2
y

for a given Cx or Cy; in light of Definition 6.10, this means choosing the
maximal J and K such that

(6.5)

√
1/4 + γ2J

γJ
≤ 21/4π1/2C1/2

x and
√

1/4 + γ2K ≤ 2−1/4π1/2C1/2
y .

6.3. Truncating the infinite product. For the final step, the func-
tion µ̂2 will be approximated by a finite product of Bessel functions and a
correction factor.

In the calculations of the error term, certain constants must be known
to arbitrary precision. The following lemmas provide the formulas used to
calculate them.

Lemma 6.17. For any integer n ≥ 2,∑
ρ

1

ρn
= 1− 1

(n− 1)!

dn

dsn
log ζ(s)

∣∣∣∣
s=0

−
(
−1

2

)n
ζ(n).

In particular,
∑

ρ
1
ρ2

= B2 and
∑

ρ
1
ρ4

= B4, where we define

B2 = 1− π2

24
+ 2ζ ′′(0) + log2(2π),

B4 = 1− π4

1440
− 1

6

(
−2ζ(4)(0) + 8ζ(3)(0) log(2π)

− 12ζ(2)(0)(ζ(2)(0) + 2 log2(2π))− 6 log4(2π)
)
.

Proof. By [12, Corollary 10.14], there exists a constant B such that

d

ds
log ζ(s) = B +

1

2
log π − 1

s− 1
− 1

2

Γ ′

Γ
(s/2 + 1) +

∑
ρ

(
1

s− ρ
+

1

ρ

)
.
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Consequently, for n ≥ 2,

dn

dsn
log ζ(s) =

(−1)n(n− 1)!

(s− 1)n
−1

2

dn−1

dsn−1

Γ ′

Γ
(s/2+1)+

∑
ρ

(
(−1)n−1(n− 1)!

(s− ρ)n

)
.

Furthermore, by [12, Equation C.11, p. 522],

Γ ′

Γ
(a) = −1

a
− C0 −

∞∑
m=1

(
1

a+m
− 1

m

)
,

and therefore

d

da

Γ ′

Γ
(a) =

1

a2
+

∞∑
m=1

1

(a+m)2
= ζ(2, a),

where ζ(z, a) is the Hurwitz zeta-function. Since d
daζ(z, a) = −zζ(z + 1, a),

we see that for n ≥ 2,

dn−1

dan−1

Γ ′

Γ
(a) = (−1)n(n− 1)!ζ(n, a).

Consequently, by the chain rule,

dn

dsn
log ζ(s) =

(−1)n(n− 1)!

(s− 1)n
−
(
−1

2

)n
(n− 1)!ζ(n, s/2 + 1)

+
∑
ρ

(−1)n−1(n− 1)!

(s− ρ)n
.

The first assertion of the lemma follows by evaluating at s = 0 (noting that
ζ(n, 1) = ζ(n)) and rearranging.

The specific formulas for
∑

ρ
1
ρ2

and
∑

ρ
1
ρ4

can be obtained by repeated

differentiation of ζ′

ζ (s) and the known values

ζ(0) = −1

2
and ζ ′(0) = −1

2
log(2π) [12, (10.11) and (10.14)].

Lemma 6.18. Assuming RH,∑
γ>0

γ2

(1/4 + γ2)4
=
B1

2
+
B2

2
− B4

4
≈ 1.43512 . . . · 10−7,

∑
γ>0

γ2

(1/4 + γ2)2
=
B1 −B2

4
≈ 0.0230864 . . . ,

∑
γ>0

1

(1/4 + γ2)2
= B1 +B2 ≈ 3.71006 . . . · 10−5,

where B1 = C0 + 2− log(4π) and B2 and B4 are defined in Lemma 6.17.
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Proof. For any complex number ρ ̸= 0, 1,

−(ρ− 1/2)2

ρ4(1− ρ)4
=

1

ρ(1− ρ)
+

1/2

ρ2
+

1/2

(1− ρ)2
+

−1/4

ρ4
+

−1/4

(1− ρ)4
,

−(ρ− 1/2)2

ρ2(1− ρ)2
=

1/2

ρ(1− ρ)
+

−1/4

ρ2
+

−1/4

(1− ρ)2
,

1

ρ2(1− ρ)2
=

2

ρ(1− ρ)
+

1

ρ2
+

1

(1− ρ)2
.

The functional equation for ζ(s) ensures that its nontrivial zeros come in
pairs ρ, 1− ρ, and 1

ρ +
1

1−ρ = 1
ρ(1−ρ) , and therefore∑

ρ

−(ρ− 1/2)2

ρ4(1− ρ)4
=

∑
ρ

1

ρ(1− ρ)
+
∑
ρ

1

ρ2
− 1

2

∑
ρ

1

ρ4
= B1 +B2 −

B4

2
,

∑
ρ

−(ρ− 1/2)2

ρ2(1− ρ)2
=

1

2

∑
ρ

1

ρ(1− ρ)
− 1

2

∑
ρ

1

ρ2
=
B1

2
− B2

2
,

∑
ρ

1

ρ2(1− ρ)2
= 2

∑
ρ

1

ρ(1− ρ)
+ 2

∑
ρ

1

ρ2
= 2B1 + 2B2

unconditionally by [12, Corollary 10.14] and Lemma 6.17. If we now assume
RH, we see that∑

γ>0

γ2

(1/4 + γ2)4
=

1

2

∑
ρ

−(ρ− 1/2)2

ρ4(1− ρ)4
=
B1

2
+
B2

2
− B4

4
,

∑
γ>0

γ2

(1/4 + γ2)2
=

1

2

∑
ρ

−(ρ− 1/2)2

ρ2(1− ρ)2
=
B1 −B2

4
,

∑
γ>0

1

(1/4 + γ2)2
=

1

2

∑
ρ

1

ρ2(1− ρ)2
= B1 +B2,

as claimed.

Definition 6.19. For T > 0, define the truncated products

FT (u, v) =
∏

0<γ≤T
J0

(√
γ2u2 + v2

1/4 + γ2

)
and F̃T (u, v) =

∏
γ>T

J0

(√
γ2u2 + v2

1/4 + γ2

)
,

and define

GT (u, v) = FT (u, v)
(
1− PTu

2 −QT v
2 + (PTQT +RT )u

2v2
)

where

PT =
1

4

∑
γ>T

γ2

(1/4 + γ2)2
, QT =

1

4

∑
γ>T

1

(1/4 + γ2)2
, RT =

1

32

∑
γ>T

γ2

(1/4 + γ2)4
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are the tails of the infinite sums from Lemma 6.18. We then define

S(ε, Cx, Cy, T ) = 2
∑

0≤k≤C̃x− 1
2

GT (4ε(k + 1/2), 0)

(k + 1/2)2
(6.6)

− 2
∑

0≤ℓ≤C̃y− 1
2

GT (0, 2ε(ℓ+ 1/2))

(ℓ+ 1/2)2

+ 4
∑

0≤k≤C̃x− 1
2

∑
1≤ℓ≤C̃y

GT (4ε(k + 1/2), 2εℓ)

(k + 1/2)2 − ℓ2

+ 4
∑

1≤k≤C̃x

∑
0≤ℓ≤C̃y− 1

2

GT (4εk, 2ε(ℓ+ 1/2))

k2 − (ℓ+ 1/2)2

and the third error term

(6.7) Err3 = S(ε, Cx, Cy)− S(ε, Cx, Cy, T ).

For use in our upper bounds, we also define

∆T (u, v) =
1

2(1− PTu2)(1−QT v2)

·
((

1− PTu
2

2

)
Q2
T v

4 + P 2
Tu

4

(
1− QT v

2

2

)
−
P 2
Tu

4Q2
T v

4

2

)
.

Recall the quantities aε(k, ℓ), bε(k, ℓ), C̃x, and C̃y from Definition 6.7.

Lemma 6.20. Let T > 0, and choose any 0 < Cx < 1/
√
8PT and 0 <

Cy < 1/
√
2QT .

(a) For any 0 ≤ k ≤ C̃x − 1
2 and 0 ≤ ℓ ≤ C̃y,

|µ̂2(aε(k, ℓ))−GT (4ε(k + 1/2), 2εℓ)|
≤ |FT (4ε(k + 1/2), 2εℓ)|∆T (4ε(k + 1/2), 2εℓ).

(b) For any 0 ≤ k ≤ C̃x and 0 ≤ ℓ ≤ C̃y − 1
2 ,

|µ̂2(bε(k, ℓ))−GT (4εk, 2ε(ℓ+ 1/2))|
≤ |FT (4εk, 2ε(ℓ+ 1/2))|∆T (4εk, 2ε(ℓ+ 1/2)).

Proof. By the Maclaurin expansion in Definition 4.2,

F̃T (u, v) =
∏
γ>T

∞∑
m=0

(−1)m

(m!)2

(
1

4
· γ2u2 + v2

(1/4 + γ2)2

)m
=

∞∑
m=0

∞∑
n=0

bm,nu
2mv2n

where

b0,0 = 1, b1,0 = −PT , b0,1 = −QT , b1,1 = PTQT +RT .
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Furthermore, since∏
γ>T

∞∑
m=0

1

m!

(
1

4
· γ2u2 + v2

(1/4 + γ2)2

)m
=

∏
γ>T

exp

(
1

4
· γ2u2 + v2

(1/4 + γ2)2

)
= exp(PTu

2) exp(QT v
2)

=
∞∑
m=0

∞∑
n=0

PmT Q
n
T

m!n!
u2mv2n,

we see that

|bm,n| ≤
PmT Q

n
T

m!n!
.

It follows that whenever PTu2 < 1 and QT v2 < 1,∣∣∣ 1∑
m=0

∞∑
n=2

bm,nu
2mv2n

∣∣∣ ≤ 1∑
m=0

∞∑
n=2

PmT Q
n
T

m!n!
u2mv2n

≤
1∑

m=0

PmT
m!

u2m
Q2
T v

4

(2!)(1−QT v2)

=

(
1 +

PTu
2

2

)
·

Q2
T v

4

2(1−QT v2)

≤
1− PTu

2

2 − P 2
Tu

4

2

1− PTu2
·

Q2
T v

4

2(1−QT v2)
.

Similarly, under the same assumptions,∣∣∣ ∞∑
m=2

1∑
n=0

bm,nu
2mv2n

∣∣∣ ≤ ∞∑
m=2

1∑
n=0

PmT Q
n
T

m!n!
u2mv2n

≤
∞∑
m=2

PmT
m!

u2m
(
1 +

QTu
2

2

)

≤
P 2
Tu

4

2(1− PTu2)
·
1− QT v

2

2 − Q2
T v

4

2

1−QT v2
,∣∣∣ ∞∑

m=2

∞∑
n=2

bm,nu
2mv2n

∣∣∣ ≤ ∞∑
m=2

∞∑
n=2

PmT Q
n
T

m!n!
u2mv2n

≤
∞∑
m=2

PmT
m!

u2m
Q2
T v

4

2(1−QT v2)

≤
P 2
Tu

4

2(1− PTu2)
·

Q2
T v

4

2(1−QT v2)
.
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These inequalities combine to show that∣∣F̃T (u, v)− (1− PTu
2 −QT v

2 + (PTQT +RT )u
2v2)

∣∣ ≤ ∆T (u, v)

whenever PTu2 < 1 and QT v2 < 1. Finally, since

µ̂2(aε(k, ℓ)) = FT (4ε(k + 1/2), 2εℓ)F̃T (4ε(k + 1/2), 2εℓ),

µ̂2(bε(k, ℓ)) = FT (4εk, 2(ℓ+ 1/2))F̃T (4εk, 2ε(ℓ+ 1/2)),

the lemma follows by setting (u, v) = (4ε(k + 1/2), 2εℓ) and (u, v) = (4εk,
2ε(ℓ+ 1/2)).

Lemma 6.21. If PT < 1
8C2

x
and QT < 1

2C2
y
, then

|Err3 | ≤ 2
∑

0≤k≤C̃x− 1
2

|FT (4ε(k + 1/2), 0)|
(k + 1/2)2

∆T (4ε(k + 1/2), 0)

+ 2
∑

0≤ℓ≤C̃y− 1
2

|FT (0, 2ε(ℓ+ 1/2))|
(ℓ+ 1/2)2

∆T (0, 2ε(ℓ+ 1/2))

+ 4
∑

0≤k≤C̃x− 1
2

∑
1≤ℓ≤C̃y

|FT (4ε(k + 1/2), 2εℓ)|
|(k + 1/2)2 − ℓ2|

∆T (4ε(k + 1/2), 2εℓ)

+ 4
∑

1≤k≤C̃x

∑
0≤ℓ≤C̃y− 1

2

|FT (4εk, 2ε(ℓ+ 1/2))|
|k2 − (ℓ+ 1/2)2|

∆T (4εk, 2ε(ℓ+ 1/2)),

with ∆T (u, v) as in Definition 6.19.

Proof. By Lemma 6.8,

Err3 = S(ε, Cx, Cy)− S(ε, Cx, Cy, T )

= 2
∑

0≤k≤C̃x− 1
2

µ̂2(aε(k, 0))−GT (4ε(k + 1/2), 0)

(k + 1/2)2

− 2
∑

0≤ℓ≤C̃y− 1
2

µ̂2(bε(0, ℓ))−GT (0, 2ε(ℓ+ 1/2))

(ℓ+ 1/2)2

+ 4
∑

0≤k≤C̃x− 1
2

∑
1≤ℓ≤C̃y

µ̂2(aε(k, ℓ)−GT (4ε(k + 1/2), 2εℓ)

(k + 1/2)2 − ℓ2

+ 4
∑

1≤k≤C̃x

∑
0≤ℓ≤C̃y− 1

2

µ̂2(bε(k, ℓ))−GT (4εk, 2ε(ℓ+ 1/2))

k2 − (ℓ+ 1/2)2
.
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Since PT < 1
8C2

x
and QT < 1

2C2
y
, the rest follows by the triangle inequality

and Lemma 6.20.

6.4. Result of calculation and error term estimation. Assuming
RH, Proposition 5.9 and equations (6.1), (6.3), and (6.7) tell us that

µ2(Q1) =
1

4
− 1

4π2
(
S(ε, Cx, Cy, T ) + Err1+Err2+Err3

)
.

We coded the definition of S(ε, Cx, Cy, T ) and of these three error terms in C
using the PARI library [17]. Smaller values of ε, and larger values of Cx, Cy,
and T , result in smaller error terms at the expense of longer calculation time.
We ended up choosing

(6.8) ε = 1.5, Cx = 30, Cy = 2500, T = 7500.

With these parameters we found that

S(ε, Cx, Cy, T ) ≈ −9.60218,

and therefore

|µ2(Q1)− 0.493226| ≤ 1

4π2
(|Err1|+ |Err2|+ |Err3|).

Under the same parameters, Lemma 6.6 gives

|Err1| ≤ 4.2458 · 10−11;

also, the inequalities (6.5) result in the choices J = 44 and K = 18, in which
case Lemma 6.16 gives

|Err2| ≤ 8.1525 · 10−6.

Finally, our calculations show that P7500 ≈ 4.2891 · 10−5, Q7500 ≈ 2.3321 ·
10−13, and R7500 ≈ 3.0537 · 10−22, and therefore Lemma 6.21 gives

|Err3| ≤ 3.5443 · 10−4.

These error bounds combine to yield

|µ2(Q1)− 0.493226| ≤ 0.00001.

Since µ2(Q1) =
1−η2
2 by (4.3), we deduce that

|η2 − 0.013548| ≤ 0.00002.

Appendix A. Graphs illustrating the main theorems. We exhibit
graphs showing every possible case of the densities from Theorems 1.12–1.14
and of the limiting logarithmic distributions from Theorem 1.17. The graphs
are determined solely by whether each function is standard or reciprocal and
by the bias factors of the two functions.
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Fig. 2. Two pairs of standard functions with equal bias factors within each pair. Each
joint distribution is singular with support equal to the line y = x (perfect correlation).
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Fig. 3. Two pairs of reciprocal functions with equal bias factors within each pair. Each
joint distribution is singular with support equal to the line y = x (perfect correlation).
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Fig. 4. A pair of standard functions and a pair of reciprocal functions, with unequal bias
factors within each pair. Each joint distribution is singular with support equal to a line
y = x± 1 (perfect correlation up to the bias factors).
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Fig. 5. Two pairs consisting of one standard function and one reciprocal function, with
unequal bias factors within each pair. Each joint distribution is absolutely continuous and
supported on a thin diagonal strip of (horizontal or vertical) width 2w.
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Fig. 6. Two pairs consisting of one standard function and one reciprocal function. Each
joint distribution is absolutely continuous and supported on a thin diagonal strip of (hor-
izontal or vertical) width 2w. In the top graph, both bias factors equal 0; in the bottom
graph, the bias factors are nonzero with opposite signs.
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