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Abstract. We prove that for any real number £ # 0 and any coprime integers p >
g > 1, if £ is irrational or ¢ > 1, then the image in R/Z of the sequence (£(—p/q)" )n>0 is
not contained in any interval of length less than (1 + q/p — ¢*/p*)/p.

1. Introduction. Distribution modulo 1 of geometric progressions
has been studied extensively. One intriguing open question considered by
Mahler [M] is the following: Does there exist a real number { > 0 such that
{£(3/2)"} < 1/2 for all n > 07 Here {z} := x — |x| denotes the fractional
part of a real number z. Flatto, Lagarias, and Pollington [FLP, Theorem 1.4]
proved that for any real number £ > 0 and coprime integers p > q¢ > 1, we
have

limsup{¢(p/q)"} — liminf{{(p/q)"} > 1/p.

n—oo
Dubickas ([DI1, Theorem 1|, [D2, Theorem 2|) proved a more general result
which implies that for all real numbers £ # 0 and n and for any rational
number o = p/q with integers p > ¢ > 1,if £ ¢ Q or a ¢ Z, then
(1.1) limsup {£a” + n} — liminf {{a" +n} > 1/p.
n—oo

n—oo

In fact, Dubickas’ proof of ([1.1)) also holds for « = —p/q. In this paper, we
improve the bound (|1.1)) in the case where « is a negative rational number.

THEOREM 1.1. Let & # 0 and n be real numbers and let p > q > 1 be
integers. Assume that & ¢ Q or p/q ¢ Z. Then

(12)  limsup {£(~p/q)" +n} — Uiminf {&(=p/q)" +n} = (L+ 7= r")/p,
where r = q/p.
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Dubickas proved various bounds for the limit values of ({£(—p/q)"})n>0
ID3l Theorems 2, 4] and (||£(—p/q)"||)n>0 [D2, Theorem 3| (where ||z| =
min({z},1—{z}) denotes the distance to the nearest integer), but no bound
of the form better than 1/p has been established to the best of our
knowledge. In the case (p,q) = (3,2), which is the negative analogue of
Mahler’s question, our bound is (1 +2/3 —4/9)/3 = 11/27.

For a sequence S = (sp)n>0 we let Sp(z) = >, Speix’ denote the
(shifted) generating series. We deduce Theorem |[1.1| from the following opti-
mal bound.

THEOREM 1.2. For any real number 0 < r < 1 and any bounded sequence

S = (sn)n>0 of integers that is not ultimately periodic, we have

(1.3) limsup Sy, (—r) — liminf S, (=) > 1 + 7 — 2.
n—o0 n—00

Moreover, there exists a bounded sequence S of integers that is not ultimately

periodic such that equality holds in (1.3|) for all 0 < r < 1.

Our proofs use techniques developed by Dubickas [DIl [D2]. One key
fact that allows one to deduce Theorem from ((1.3) is that the sequence

(pl&(—=p/@)™ +n] +ql&(=p/q)" " +n])n>0 of integers is not ultimately peri-
odic. This was observed in various settings by Dubickas and Novikas ([DN|

Lemma 2|, [D1, Theorem 3|, [D2, Lemma 1], [D3, Lemma 9]). The inequality
(1.3) is deduced from the Morse-Hedlund theorem on subword complexity.
One difference from Dubickas’ proof of is that we exploit the alternating
sign in Sy, (—7), which leads to the optimal bound in Theorem
It follows immediately from Theorem that the image in R/Z of the
sequence (£(—p/q)")n>0 is not contained in any interval of length less than
(1+7—72)/p. In subsequent work |LZ], we will examine the question whether
the image can lie in an interval of length equal to (147 —r2)/p. In particular,
we will show that the bound in Theorem [I.1]is the best possible in the case
= 1. The analogous question for powers of positive rational numbers was

studied by several authors [FLP, [BI, [BD. D4, [D5].

2. Proof of Theorem Our proof of (1.3]) uses the following conse-
quence of the Morse—Hedlund theorem on subword complexity [MHIl, Theo-
rem 7.3|.

LEMMA 2.1. Let W be an infinite word over a finite alphabet that is not
ultimately periodic and let n > 0. Then there exist a word U of length n and
letters s # t such that sU and tU are subwords of W.

Proof. This is a special case of [D2 Lemma 2| or [B2], Corollary A.4]. We
include a proof for the sake of completeness. Let py(n) denote the number
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of subwords of W of length n. By the Morse-Hedlund theorem, py (n+1) >
pw(n). The assertion then follows from the pigeonhole principle. m

We use Sturmian words in the proof of the last assertion of Theorem
Recall that an infinite word sgs; ... over the alphabet {0,1} or a sequence
(s0,81,...) with values in {0,1} is Sturmian if there exists an irrational
6 € (0,1) and a p € R such that

(2.1) Sp=|(n+1)0+ p|] — [nb+ p]
for all m > 0 or

(2.2) sp=[(n+1)0+ p] — [nb + p]
for all n > 0.

Below, for a letter a, a! denotes the word a...a of length I.

LEMMA 2.2. Let S = sgs1 ... be a Sturmian word over the alphabet {0,1}.
Then S is not ultimately periodic. Moreover, for all m,n > 0, the word
(Sm — 8n)(Sma1 — Sniy1) - .. has no subword of the form 101 or (—1)0%(—1)
for 1 > 0. Furthermore, if o, = Z?;()l s; denotes the partial sum, then, for
allm,n, k>0, we have (ot — 0m) — (Optr — on) € {—1,0,1}.

Proof. The first assertion is standard and the second and third assertions
are equivalent forms of the fact that Sturmian words are balanced (see [MH2]
or [LL Theorem 2.1.13]). We include a proof for the sake of completeness. The
first assertion follows from the identity

n—1

f ) 0 _
o S L nf+pl = o),
n—o0 n n—oo n

and the observation that the limit is rational if (s, )n>0 is ultimately periodic.
The second and third assertions follow from the observation that, in the

case ([2.1]), we have

k—1
(Omsk = Om) = (Onk — on) = Z(3m+i — Snti)
=0
= (Lm+ k)0 + p| = [mb + p]) — ([(n + k)b + p] — [n6 + p])
= —({(m+ k)0 + p} — {mb + p}) + ({(n + k)0 + p} — {nb + p})
€(-2,2)NZ={-1,0,1}
and the same holds in the case after replacing [-] by [-] and {-} by
—{=()}. =
Let S = (sn)n>0 be a sequence of integers. For n, k > 0, we have

k—1

Sp(x) — 2% S p(z) = Z St
=0
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Thus, for n,m,k > 0, we have
k—1
(23)  (S0(2) ~ Snl@) ~ 2 (Sok(2) — Spuk(@)) = 3 (5m4i — s’
1=0
We will say that we apply formula (2.3 to the subwords (sp,...,Spir—1)
and (Sp, -y Smtk—1)-
We now state and prove an analogue of Theorem [1.2for S, (r). Although
not logically required, we hope that it makes the proof of Theorem easier
to understand. The inequality (2.4) is a special case of [D2, Lemma 3].

ProPOSITION 2.3. For any real number 0 < r < 1 and any bounded
sequence S = (sp)n>0 of integers that is not ultimately periodic, we have
(2.4) limsup Sy, (r) — liminf S, (r) > 1.

n—o00 n—00

Moreover, there exists a bounded sequence S of integers that is not ultimately

periodic such that equality holds in (2.4) for all 0 < r < 1.

Proof. We include a proof of for the sake of completeness. Assume
that the set of limit values of (S, (r))n>0 is contained in an interval (A, B)
of length < 1. Then, up to shifting (and truncating) S, we may assume that
Sn(r) € (A, B) for all n > 0. Let p = max,>0 S, and v = miny>g S,. Since
S is not ultimately periodic, we have y > v. By ,

2>(1+r)(B—A)>pu—v.

Thus ¢ — v = 1 and consequently s,, € {v,u} for all n > 0. We regard S as
a word sps1... over the alphabet {v, u}. Let n > 0. By Lemma there
exists a word U = uy ...u, of length n such that pU and vU are subwords
of S. By applied to these subwords,

A4+ B-A)>p—v=1
Since n > 0 is arbitrary, we get B— A > 1, a contradiction. This finishes the

proof of ([2.4)).
Now let S be a Sturmian sequence with values in {0,1}. Then for all

m,n > 0,
oo

S (1) — Sp(r) = Z (Smti — Snai)rt < 1.
i=0
Here in the inequality we used the fact that the sequence (Spy4i — Sn+ti)i>0
takes values in {—1,0,1} and alternates in sign if all zeroes are removed

(Lemma[2.2).

Proof of Theorem|[1.4 Assume that the set of limit values of (S, (—7))n>0
is contained in an interval (A, B) of length < 1+7 —r2. Then, up to shifting
(and truncating) S, we may assume that S,,(—r) € (A, B) for all n > 0.
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Let p = maxy,>0 s, and ¥ = min,>¢ 5. Since S is not ultimately periodic,
we have pu > v. Moreover, there exists a subword (p, p’) of S with p/ < p.
Similarly, there exists a subword (v, 1) of S with v/ > v. If p— v > 2, then,

by (2.3) applied to the subwords (u, i') and (v, 1),
2-(1-r1-r)=0+r)1+7r—1r?
>p-v)—r( V)= (p-v)-r(p-v-2)>2,
which is a contradiction. Thus 4 — v = 1. Up to replacing s, by s, — v,
we may assume that s, € {0,1} for all n > 0. For notational convenience,
we now regard S as a word sgpsp ... over the alphabet {0,1}. By the above,
01 and 10 are subwords of S.

Note that S has a subword of the form 10a, where a € {0,1}. If 010 is a
subword of S, then, by (2.3) applied to these subwords, we have

l+r—r1 =m0 =) =0+ 0 +r—rH>1+r4+ar?>1+r,
which is a contradiction. Thus 010 is not a subword of S. Similarly, 101 is
not a subword of S.

Next note that 0111 and 1000 are not both subwords of S. Indeed, oth-
erwise, by (2.3)) applied to these subwords, we would have

L+r—r24+3 -l -r1-r)=0+rHQ+r—1r?)
>147—7r2 473
Up to replacing s, by 1 — s, for all n > 0, we may assume that 0111 is not
a subword of S. Then all blocks of zeroes in S are separated by 11. Thus
S = 1Y0%0110%1110%2 ..., where y > 0, z9g > 1, and z, > 2 for all n > 1.
Assume that z, is odd for some n > 1. Then, by (2.3) applied to the
subwords 10#1 and 01101 of S, we have
L+r—r? 4t el )1 —r?) = L+ 721+ 7 — 1r?)
> 147 — 72 4 pontt
a contradiction.

Thus z,, is even for all n > 1. Assume that z,, —z, > 2 for some m,n > 1.
Then both 10*»3 and 0110?71 are subwords of S. Thus, by (2.3) applied to
these subwords, we have

Lr—r? 4t B3 )1 =72 = (1 + ™) (1 47 —r?)
>147—r24pots,
a contradiction.
Thus there exists an even integer k > 2 such that z, € {k, k + 2} for all
n > 1. Since S is not ultimately periodic, neither is the word Z = z125....

Let n > 0 be an integer. By Lemma[2.T]applied to Z, there exists a word U =
uj ... uy of length n over {k, k+ 2} such that (k+2)U and kU are subwords
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of Z. Then 10¥+2110%t ... 110%" and 0110¥110% ... 110%" are subwords of S.
Thus, by (2.3) applied to these subwords, we have

(L+7r")(B—A) > 1+7r—12
where m = k+ 3+ > (u; +2) > 4n. Since n > 0 is arbitrary, we get
B — A>1+7r—7r2 acontradiction. This finishes the proof of (1.3).
Let k£ > 2 be an even integer and let W = wowy ... be a Sturmian word

over the alphabet {0,1}. Let 2z, = k 4+ 2w, for n > 0. Consider the word
S = 0%110%111.... We will show that

(2.5) Si(=r) = Si(=r) < 147 —7?
for all 5,1 > 0.

Forn >0, let o, = —1 4+ S0 (2i +2) = —1 + (k + 2)n + 27, where
Tn = 2?201 w;. Then s; = 1 if and only if j = 0, or j = 0, — 1 for some
n > 1. For n > 1, we have

o0

(2.6) Sy (—r)=1— Y 17 (1)

i=n+1

> r(1—7) 1
1— =1 —p)y > 11— L =
= izn_:H " ( ") 1—1r2 1+7r

and

So,—1(— E r7i7om (1 —r) > 0.

In (2.6) we have used the estimate o; — o, > (K +2)(i —n) > 2(z' —n) for
i >n+ 1. We observe that S, —1(—7) =1 — 1S, (—7) < Sy, (—r) by (2.6).
Moreover, for o,_1 < j < o,, we have Sj(—r) = (—r)7n I~ 1S —1(=7).
Thus

max  Sj(—r) =5, (-r), min_ S;(—r) = S5, —2(—7).

on-1<j<on on—1<j<on

Therefore, in order to show (2.5)), we may assume that j = o,, and | = 0,, —2
for some m,n > 1. In this case,

(e 9]

Sam(_r) o Son72(_7“) =147r— 7,,2 _ Z(,,me-&-i—am—l _ Tan+i_0n+1)(1 _ T‘)
=1
<147r—72

Here in the inequality we have used the inequality
(Un+i - Un) - (Jm+i - Gm) = Q(TnJri - Tn) - 2(7_m+i - Tm) > _25

which follows from Lemma [2.2] =
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3. Proof of Theorem For n > 0, let

zn = [E(=p/0)" + 1),
(3.1) Sp = —PTp — qTpil-
We deduce Theorem [1.1| from ([1.3)) using the following lemma.

LEMMA 3.1. The sequence (Sn)n>0 is not ultimately periodic.
Proof. For n > 0, let

tn = PSon — qS2n+1 = —P°T2n + ¢ Tont2
20227 20 (2 7 2\nt1
= —p°[£(p7 /)" +n] + ¢ [E(p7 /)" +nl.
By [D2, Lemma 1] applied to o = p?/¢?, (t,)n>0 is not ultimately periodic.

Assume that there exist N > 0 and [ > 1 such that s,1; = s, for alln > N.
Then t,4; = t, for all n > N/2, a contradiction. =

Proof of Theorem[1.1l For n > 0, let

yn ={&(=p/0)" +n} —n.
Since xy, + yn = £(—p/q)", we have

(32) Sn = DYn + QYn+1-

By (3.1) and (3.2), (sn)n>0 is a bounded sequence of integers. Thus, by
Lemma [3.1] and Theorem [1.2] (1.3)) holds. Since

o0 [o¢]
Sn(=r) = anﬂ‘(—?’)z = ZP(?Jnﬂ‘ + TYnti+1)(=7)" = PYn,
i=0 i=0
we see that (1.3 is equivalent to
lim sup y,, — liminf g, > (147 —r2)/p,
n—oo

n—oo
and hence to (1.2)). =
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