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Weierstrass representation of discrete constant mean
curvature surfaces in isotropic space

Joseph Cho and Masaya Hara

Abstract. We obtain a Weierstrass representation for discrete constant mean cur-
vature surfaces in isotropic 3-space, and use this to construct examples with discrete
closed-form parametrizations.

1. Introduction. Weierstrass representations have been fundamental in
obtaining a deeper understanding of various classes of surfaces, as they pro-
vide a powerful method to analyze and construct surfaces of high differential
geometric interest. This is exemplified by the rich study of surface classes
that admit the representations, including

• minimal surfaces in Euclidean space [36],
• maximal surfaces and timelike minimal surfaces in Minkowski space [20,

21],
• constant mean curvature 1 (cmc-1) surfaces in hyperbolic space [6].

The representations themselves have also been revisited from various differ-
ential geometric viewpoints, such as spin geometry [22], singularity theory
[35], or transformation theory [34, 18, 26]. Non-zero constant mean cur-
vature (cmc) surfaces in Euclidean space or Minkowski space also admit
Weierstrass-type representations [14, 5]; however, these methods are differ-
ent from the aforementioned representations as they utilize the theory of
loop groups.

Zero mean curvature surfaces in isotropic space also admit Weierstrass
representation, as first found by Strubecker [33], and the representation has
been recently rediscovered from various geometric viewpoints, for example,
[13, 31, 30, 11]. However, the case of isotropic space stands out from other

2020 Mathematics Subject Classification: Primary 53A70; Secondary 53A35, 53B30.
Key words and phrases: discrete Weierstrass representation, constant mean curvature sur-
face, isotropic space.
Received 26 March 2025; revised 30 November 2025.
Published online 14 September 2026.

DOI: 10.4064/ap250326-23-12 [1] © Instytut Matematyczny PAN, 2026



2 J. Cho and M. Hara

space forms as cmc surfaces in isotropic space also admit a Weierstrass rep-
resentation [11] that resembles the zero mean curvature case: any cmc-H
surface Y in isotropic space can locally be represented as

(1.1) Y = Re
�
(h̄+ g, 1,−i)ω

where h is a holomorphic function, g a meromorphic function, and ω a holo-
morphic 1-form such that g2ω is holomorphic while dh = Hω.

With the growth of discrete differential geometry, a field that seeks to
study discrete geometric structures with integrability as its central tenet,
various works have found the discrete counterparts of Weierstrass represen-
tations, such as

• discrete minimal surfaces in Euclidean space [3],
• discrete maximal surfaces in Minkowski space [37],
• discrete cmc-1 surfaces in hyperbolic space [15], or
• discrete zero mean curvature surfaces in isotropic space [27].

The common key ingredient in recovering these discrete counterparts is the
characterization of smooth Weierstrass representations in terms of transfor-
mation theory of isothermic surfaces, those surfaces that admit conformal
curvature line coordinates away from umbilics. Building on these character-
izations, the aforementioned works on discrete Weierstrass representations
use the theory of discrete isothermic surfaces [3] and its transformation the-
ory [17, 18] to obtain the results.

In this paper, our aim is to examine the case of cmc surfaces in isotropic
space, and obtain a discrete analogue of Weierstrass representation (1.1)
for these surfaces. However, the Weierstrass representation of smooth cmc
surfaces lacks a known characterization in terms of transformation theory.
Therefore, we choose an alternate characterization that is unique to cmc sur-
faces in isotropic space [31]: namely, any cmc surface in isotropic space can be
constructed from a zero mean curvature surface and a sphere. By reinterpret-
ing the Weierstrass representation (1.1) in terms of this characterization, we
will obtain a discrete analogue of the Weierstrass representation, and check
that the resulting discrete surface indeed has constant mean curvature in
terms of mixed areas [29, 27].

To achieve this goal, we structure our paper as follows.
Section 2 is preparatory in nature, introducing smooth and discrete sur-

face theory in isotropic 3-space. In detail, after introducing isotropic space
in Section 2.1, Sections 2.2 and 2.3 concern smooth surface theory, culminat-
ing in the important reinterpretation of Weierstrass representation for cmc
surfaces in Example 2.5. Then we switch our attention to discrete surface
theory in Sections 2.4 and 2.5, reviewing the concept of circular nets and
discrete isothermic surfaces in the context of isotropic space [28]. In doing
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so, we also closely examine the concept of discrete lightlike Gauss maps of
circular nets, as it allows us to consider mean curvatures for discrete surfaces
via mixed areas.

Our main result is contained in Section 3: we first use the character-
ization of cmc surfaces in terms of a zero mean curvature surface and a
sphere, and create a discrete isothermic surface with the same property in
Section 3.2. Then in Section 3.3, we construct a discrete lightlike Gauss map
for the discrete isothermic surface, and use this to check that the surface in-
deed has constant mean curvature in Section 3.4, culminating in the desired
Weierstrass representation for discrete cmc surfaces in Theorem 3.8. After
discussing the existence of parallel discrete cmc surfaces in Theorem 3.9, we
put our representation to the test by constructing concrete examples in Sec-
tion 3.5, including discrete Delaunay-type surfaces in isotropic space. In par-
ticular, we obtain explicit closed-form parametrizations of all our examples,
a relatively rare result in discrete differential geometry.

2. Preliminaries. We first introduce isotropic 3-space and the surface
theory within, both smooth and discrete.

2.1. Laguerre geometric model of isotropic 3-space. Laguerre ge-
ometry [23] is the geometry defined by the transformation group that pre-
serves spheres and planes, and the various space form geometries, includ-
ing Euclidean 3-space, Minkowski 3-space, and isotropic 3-space, can be de-
scribed uniformly via the isotropy projection within the realm of Laguerre
geometry. (See, for example, [2, 10, 11] for more details.) In this paper, we
will use the Laguerre geometric description of isotropic 3-space given in [11,
Section 2.2], which we briefly review here.

Let R3,1 denote the Minkowski 4-space equipped with the bilinear form
(·, ·) of signature (−+++), and for any S ∈ R3,1, let

LS := {X ∈ R3,1 : (X − S,X − S) = 0}

be the affine light cone of R3,1 centered around S. For brevity, we will write
the light cone L0 of R3,1 as L. Choosing p, p̃ ∈ L such that (p, p̃) = 1, we
have

⟨p, p̃⟩⊥ ∼= R2,

allowing us to split R3,1 as

R3,1 = R2 ⊕⊥ (⟨p⟩ ⊕ ⟨p̃⟩).

We define projections πp : R3,1 → ⟨p⟩ and πp̃ : R3,1 → ⟨p̃⟩ via

πp(X) := (X, p̃)p and πp̃(X) := (X, p)p̃,

which in turn allows us to define orthoprojection π2 : R3,1 → ⟨p, p̃⟩⊥ ∼= R2
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via
π2(X) := X − πp(X)− πp̃(X).

Under the splitting, isotropic 3-space I3 is given by the kernel of πp̃, that
is, it is the subspace

I3 = {X ∈ R3,1 : (X, p) = 0} = R2 ⊕ ⟨p⟩.
Therefore, any X ∈ I3 can be written as

X = π2(X) + πp(X) =: x+ χp

for some χ ∈ R. To make use of explicit coordinates for the isotropic space,
we normalize

p = (1, 0, 0, 1)t and p̃ = 1
2(−1, 0, 0, 1)t

so that I3 admits a coordinate chart ψ : {(l,x,y)} → I3 via
ψ((l,x,y)) = (l,x,y, l)t.

Then the induced metric on the isotropic space, denoted by ds2I3 , reads

(2.1) ds2I3 = dx2 + dy2.

We will refer to both {(l,x,y, l)t} and {(l,x,y)} as isotropic 3-space, and
call the (1, 0, 0)-direction in the set {(l,x,y)} (or the p-direction in I3 ⊂ R3,1)
vertical.

Then (spacelike) (1) spheres in isotropic 3-space are given by the inter-
sections of isotropic 3-space and affine light cones LS . Thus, every S ∈ R3,1

determines a sphere in isotropic 3-space, allowing us to identify the set of
points of R3,1 with the set of spheres in isotropic 3-space. By abusing nota-
tion, we will refer to the sphere as S if the sphere comes from the affine light
cone centered around S ∈ R3,1.

Elliptic circles in isotropic 3-space are then given by the intersections
of spheres and spacelike 2-planes, so that they take the shape of Euclidean
ellipses (such that the orthoprojection to R2 is a circle), while parabolic
circles are given by the intersections of spheres and vertical 2-planes, so that
they take the shape of Euclidean parabolas (with vertical axes).

2.2. Smooth surface theory in isotropic space. For some simply-
connected domain D ⊂ R2, let X : D → I3 be a spacelike immersion, so that
it is an admissible immersion in isotropic space. Viewing X as a codimension
two surface in R3,1, every fiber of the normal bundle is a vector space of
induced signature (−+) having p as a constant null section. Thus, we may
find a unique null section N : D → L of the normal bundle such that

(dX,N) = 0 and (N, p) = 1.

Such N is the lightlike Gauss map of X.

(1) We recall here that an immersion is called spacelike if the induced metric on the
immersion is Riemannian.
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In this setting, the first and second fundamental forms of X are given by

ds2 = (dX,dX) and II = −(dX,dN),

and the definitions of (extrinsic) Gauss curvature K and mean curvature H
follow. In particular, the mean curvature H of a surface X can be given
explicitly in terms of the vertical coordinate as follows (see, for example,
[33, (5.2)], [28, (9)], or [11, Lemma 3.4]):

Fact 2.1. Let X : D → I3 be a spacelike immersion parametrized by
coordinates (u, v) ∈ D via

X(u, v) = (l(u, v),x(u, v),y(u, v)).

Then the mean curvature H of X is given by

H = 1
2∆X l

where ∆X denotes the Laplacian with respect to the induced metric on X.

Remark 2.2. We note here that since the respective induced metrics
of X and x := π2(X) are identical by (2.1), the mean curvature H of X can
also be found via

H = 1
2∆xl.

Example 2.3. As an example, let us find the mean curvature of a sphere.
Let S ∈ R3,1 be given by

S = c+ rp̃ = (c0 − r/2, c1, c2, c0 + r/2)t

where c = π2(S) + πp(S) and rp̃ = πp̃(S), giving rise to the sphere S in
isotropic space [32, (1.30)] with center c ∈ I3 and radius r ∈ R. Then one
can calculate directly that X = (l,x,y, l)t ∈ S if and only if

l =
1

2r
((x− c1)

2 + (y − c2)
2) + c0.

Therefore, we can view sphere S with radius r as the graph of the function

f(x,y) =
1

2r
((x− c1)

2 + (y − c2)
2) + c0,

and calculate that the mean curvature H of the sphere must satisfy

H = 1
2(fxx + fyy) = 1/r.

Example 2.4 (Weierstrass representation of zero mean curvature sur-
faces). If the mean curvature H of a surface X identically vanishes, then
the surface is called a zero mean curvature surface (also referred to as an
i-minimal surface in [28, 27]), and must locally be the graph of a harmonic
function. Thus, zero mean curvature surfaces in isotropic 3-space also admit
Weierstrass representation [33, (8.31)]: any zero mean curvature surface X
can locally be represented as

X = Re
�
(g, 1,−i)ω
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where g is a meromorphic function and ω is a holomorphic 1-form such that
g2ω is holomorphic. Here, i denotes the complex imaginary unit.

2.3. Sum of surfaces as graphs. For ι = 1, 2, let Xι : D → I3 be
spacelike immersions such that π2(X1) = π2(X2) = x, while πp(Xι) =: lιp
so that

X1 = x+ l1p and X2 = x+ l2p.

Then the respective mean curvatures satisfy

Hι =
1
2∆xlι.

Now let X : D → I3 be the surface obtained by adding X1 and X2 as graphs,
denoted by

X = X1 +gr X2,

that is,
X = x+ (l1 + l2)p =: x+ lp.

Then the mean curvature H of X is

(2.2) H = 1
2∆xl =

1
2∆x(l1 + l2) = H1 +H2.

Thus, if a surface X is obtained as a sum of two surfaces X1 and X2 viewed
as graphs of functions, then the mean curvature H of the original surface X
is obtained by adding the mean curvatures H1 and H2 of the surfaces X1

and X2, respectively.

Example 2.5 (Weierstrass representation of non-zero constant mean cur-
vature (cmc) surfaces). In this example, we utilize the concept of adding two
surfaces as graphs to obtain a simple argument that the Weierstrass repre-
sentation in [11, Theorem 3.10] indeed gives rise to cmc surfaces. The Weier-
strass representation for cmc-H surfaces states that any cmc-H surface Y
can locally be obtained via

Y = Re
�
(h̄+ g, 1,−i)ω

for some holomorphic h, meromorphic g, and holomorphic 1-form ω such
that

(1) g2ω is holomorphic,
(2) dh = Hω.

To see that Y indeed has constant mean curvature H, let

S := Re
�
(h̄, 1,−i)ω and X := Re

�
(g, 1,−i)ω

so that
Y = S +gr X.
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By Example 2.4, we see that X is a zero mean curvature surface, while [11,
§3.5] tells us that S is a sphere with radius 1/H, so it has mean curvature H
by Example 2.3. Thus, (2.2) tells us that Y is indeed a cmc-H surface.

In summary, the Weierstrass representation for cmc-H surfaces tells us
that any cmc-H surface Y can locally be obtained as

(2.3) Y = S +gr X

where S is a sphere with mean curvature H, and X is a zero mean curvature
surface (see also [31, Section 7]).

We shall use this characterization of cmc-H surfaces in isotropic space
to obtain a discrete analogue of the Weierstrass representation.

2.4. Circular nets. Now we shift our focus to discrete surfaces in
isotropic 3-space. Let us assume from now on that Σ ⊂ Z2 is a discrete
simply-connected domain in the sense of [7, Definition 2.15] with (m,n) ∈ Σ.
We will often refer to an edge ((m,n), (m+ 1, n)) or ((m,n), (m,n+ 1)) as
edge (ij), or to a face ((m,n), (m + 1, n), (m + 1, n + 1), (m,n + 1)) as an
elementary quadrilateral (ijkℓ).

For a discrete function f defined on Σ, we will write, for any i ∈ Σ,

fi := f(i).

Then the discrete 1-form df is given via

dfij := fi − fj

on any oriented edge (ij). We can then use

fij :=
1
2(fi + fj),

to state the Leibniz rule for discrete functions:

Fact 2.6 ([9, (2.2)]). Let f, g : Σ → V where V is a vector space equipped
with a symmetric bilinear product ⊙. Then

d(f⊙ g)ij = dfij ⊙ gij + fij ⊙ dgij .

We will focus on the particular case of circular nets:

Definition 2.7 ([28, Theorem 1]). A discrete surface X : Σ → I3 is
called a circular net if on any elementary quadrilateral (ijkℓ), Xi, Xj , Xk,
and Xℓ lie on an elliptic circle. Equivalently, X satisfies the conditions

(1) Xi, Xj , Xk, and Xℓ are coplanar,
(2) for x = π2(X) : Σ → R2, xi, xj , xk, and xℓ are concircular

on any elementary quadrilateral (ijkℓ).

To see how curvatures are defined on circular nets, we will discretize the
notion of lightlike Gauss maps, and introduce discrete lightlike Gauss maps.
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For this, let X : Σ → I3 be a circular net, and define

P := {Y ∈ R3,1 : (Y, p) = 1}.

Now, let N : Σ → L∩ P be determined by the condition

(2.4) dXij ∥ dNij ̸= 0

on any edge (ij) generically.
We must first check that (2.4) gives rise to a well-defined N , only de-

pending on the choice of N at a single vertex.

Lemma 2.8 (cf. [12, Lemma 4.1.2]). The propagation of N via (2.4) is
consistent.

Proof. To see this, let α be some real-valued positive function defined on
unoriented edges so that on any fixed edge (ij), we have

Ni −Nj = dNij = −αij dXij .

Then the fact that (Nj , Nj) = 0 implies

(2.5) Nj = − 2(dXij , Ni)

(dXij ,dXij)
dXij +Ni.

Now, by applying appropriate rotations and translations, assume without
loss of generality that Xi, Xj , Xk, and Xℓ lie on a unit circle in R2 ∼= ⟨p, p̃⟩⊥,
that is, there are some θι ∈ R, for ι ∈ {i, j, k, ℓ}, such that

Xι = (0, cos θι, sin θι, 0)
t.

Defining

Tι := (0,− sin θι, cos θι, 0)
t,

Nι := (0,− cos θι,− sin θι, 0)
t,

and taking {Tι,Nι, p, p̃} as a basis of R3,1 at Xι, we see that Nι ∈ L ∩ P
implies

(2.6) Nι = AιTι +BιNι − 1
2(A

2
ι +B2

ι )p+ p̃

for some Aι, Bι ∈ R. In this notation, we use (2.5) to calculate Nj from Ni

and find that

(2.7) Nj = −AiTj +BiNj − 1
2(A

2
i +B2

i )p+ p̃.

Thus, for any initial choice of N at a single vertex, say i ∈ Σ, we can now
calculate N around an elementary quadrilateral (ijkℓ) using the propagation
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formula (2.7) to see that

Ni = AiTi +BiNi − 1
2(A

2
i +B2

i )p+ p̃,

Nj = −AiTj +BiNj − 1
2(A

2
i +B2

i )p+ p̃,

Nk = AiTk +BiNk − 1
2(A

2
i +B2

i )p+ p̃,

Nℓ = −AiTℓ +BiNℓ − 1
2(A

2
i +B2

i )p+ p̃.

Finally, denoting the propagation of N along the edge (ℓi) from Nℓ as Ñi,
we find that

Ñi = AiTi +BiNi − 1
2(A

2
i +B2

i )p+ p̃ = Ni

and hence the propagation is consistent.

Remark 2.9. Since X and N are edge-parallel, or parallel nets, N is also
a circular net (see [4, p. 156] or [7, Proposition 4.10]).

Remark 2.10. Note that the expression for N as in (2.6) shows that

ν := N − p̃

not only takes values in I3, but also in the unit sphere of the isotropic space
(see, for example, [33, (7.1)]):

l = −1
2(x

2 + y2).

Such ν is the Gauss map of X, introduced in [28], and we have

dνij = dNij ∥ dXij .

Now that lightlike Gauss map N of a circular net X is well-defined, we
may consider the definition of mean curvature using the notion of mixed
areas:

Definition 2.11 ([27, p. 822]; cf. [7, Lemma 2.12]). Let X, X̃ : Σ → R3,1

be edge-parallel circular nets. The
∧2R3,1-valued mixed area of X and X̃,

denoted by A(X, X̃), is given by

A(X, X̃)ijkℓ :=
1

4
((Xi −Xk) ∧ (X̃j − X̃ℓ)− (Xj −Xℓ) ∧ (X̃i − X̃k)).

Remark 2.12. It follows directly that the notion of mixed area is bilinear
on the space of pairwise edge-parallel circular nets.

Using the notion of mixed areas, mean curvature of a circular net X is
given via the lightlike Gauss map N :

Definition 2.13 ([27, Definition 3.2]). Let X : Σ → I3 be a circular net
with lightlike Gauss map N . The mean curvature H of X over an elementary
quadrilateral (ijkℓ) is given by the relation

A(X,N)ijkℓ +HijkℓA(X,X)ijkℓ = 0.



10 J. Cho and M. Hara

Remark 2.14. Note that by definition, a given circular net X and its
lightlike Gauss map N are edge-parallel. Thus, A(X,N)ijkℓ and A(X,X)ijkℓ
on any elementary quadrilateral (ijkℓ) are always parallel in

∧2R3,1 so that
the mean curvature H is well-defined (see also [8]).

Remark 2.15. Since for any diagonal (ik) over an elementary quadrilat-
eral (ijkℓ), we have

Ni −Nk = νi − νk

where ν = N − p̃ is the corresponding Gauss map, we can rewrite the mean
curvature as in [27, Examples 3.3(ii)]:

(2.8) A(X, ν)ijkℓ +HijkℓA(X,X)ijkℓ = 0.

Now that the mixed areas in the expression for the mean curvature (2.8)
only involve circular nets in I3, we can use (2.1) to further simplify the
expression as in [28, (17)] in terms of x := π2(X) and n := π2(ν):

(2.9) A(x, n)ijkℓ +HijkℓA(x, x)ijkℓ = 0.

2.5. Discrete isothermic surfaces. Smooth isothermic surfaces are
characterized as surfaces that admit conformal curvature line coordinates
away from umbilics; as circular nets are discretizations of curvature line
parametrized surfaces [25], discrete isothermic surfaces are defined as a sub-
class of circular nets, using the notion of discrete holomorphic functions
in C.

Definition 2.16 ([3, Definition 8]). A discrete map x : Σ → C ∼= R2 is
called a discrete holomorphic function if on every elementary quadrilateral,
we have

cr(xi, xj , xk, xℓ) :=
xi − xj
xj − xk

xk − xℓ
xℓ − xi

=
miℓ

mij
< 0

for some real non-vanishing discrete function m defined on unoriented edges
satisfying the edge-labeling property, that is,

mij = mℓk and miℓ = mjk.

The discrete function m is called a cross-ratios factorizing function of x, and
is determined up to multiplication by a constant.

Definition 2.17 ([28, Theorem 3]). A circular net X : Σ → I3 is called
a discrete isothermic surface if x := π2(X) : Σ → R2 ∼= C is a discrete
holomorphic function.

These notions can be combined to give the Weierstrass representation for
discrete zero mean curvature surfaces:
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Fact 2.18 ([27, Theorem 4.1]; cf. [28, §4]). Let g : Σ → C be a discrete
holomorphic function. If X : Σ → I3 is given recursively via

dXij =
1

mij
Re

(
(gij , 1,−i)

1

dgij

)
,

then X is a discrete isothermic zero mean curvature surface.

3. Discrete cmc surfaces in isotropic space. In this section, we
will use the characterization of smooth cmc-H surfaces in isotropic 3-space
we have obtained in Example 2.5 to obtain Weierstrass representation for
discrete cmc surfaces in isotropic space, and show that these discrete surfaces
indeed have constant mean curvature by choosing suitable lightlike Gauss
maps.

3.1. Adding discrete surfaces as graphs. As the characterization of
smooth cmc-H surfaces from Example 2.5 depends on the notion of adding
two surfaces as graphs, we will first define a similar notion for discrete sur-
faces.

Definition 3.1. Let X1, X2 : Σ → I3 be discrete surfaces such that
π2(X1) = π2(X2) = x : Σ → R2

so that there exist functions l1, l2 : Σ → R with
X1 = x+ l1p and X2 = x+ l2p.

Then the discrete surface X : Σ → I3 defined by
X := x+ (l1 + l2)p

is called a sum of X1 and X2 as graphs, denoted
X = X1 +gr X2.

The definition of circular nets in Definition 2.7 and discrete isothermic
surfaces in Definition 2.17 immediately yields the following:

Proposition 3.2. Let X1, X2 : Σ → I3 be circular nets with π2(X1) =
π2(X2). If X = X1+grX2, then X is also a circular net. Furthermore, if X1

and X2 are discrete isothermic surfaces, then X is also a discrete isothermic
surface.

3.2. Construction of the discrete surface. We will construct a dis-
crete surface Y : Σ → I3 from a discrete isothermic zero mean curvature
surface X : Σ → I3 following the smooth characterization in (2.3), that is,

Y := X +gr S

for some mapping S into a sphere in the isotropic space.
To start, let us fix some discrete isothermic zero mean curvature sur-

face X : Σ → I3 arising from a discrete holomorphic function g : Σ → C
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with cross-ratios factorizing function m via Weierstrass representation in
Fact 2.18, that is,

(3.1) dXij =
1

mij
Re

(
(gij , 1,−i)

1

dgij

)
.

Now let S : Σ → I3 be a map into a sphere of non-zero mean curvature
H ̸= 0. We may assume without loss of generality that S is centered at the
origin, so that

S : l =
H

2
(x2 + y2).

To add X and S as graphs we require that π2(S) = π2(X) =: x, allowing us
to write

S = x+
H

2
(x, x)p.

Lemma 3.3. S is a circular net.

Proof. For any elementary quadrilateral (ijkℓ), we will show that Si, Sj ,
Sk, and Sℓ are coplanar. As we know that xi, xj , xk, and xℓ are concircular
since X is discrete isothermic, we can deduce that Si, Sj , Sk, and Sℓ must
lie on the intersection of the sphere

(3.2) l =
H

2
(x2 + y2)

and the circular cylinder

(3.3) (x− x1)
2 + (y − x2)

2 = r2

for some real constants x1, x2, and r > 0.
From (3.3), we get

x2 + y2 = 2x1x− x21 + 2x2y − x22 + r2,

and substituting into (3.2), we have

l = Hx1x+Hx2y +
H

2
(r2 − x21 − x22).

Thus, the intersection of a sphere and a circular cylinder must lie on a
plane.

Now we wish to find an explicit parametrization of S in terms of g. To
achieve this, first note that since g is a discrete holomorphic function, it is a
discrete isothermic surface; thus g admits a Christoffel dual h : Σ → C (see
[3, Theorem 6] or [1, (1.5)]), that is, h is well-defined recursively via

(3.4) dhij :=
H

mij dgij
.

Such h is also a discrete holomorphic function with cross-ratios factorizing
function m̃ = 1/m.
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Remark 3.4. Since h is a Christoffel dual of g in the complex plane, we
know that h is a Christoffel dual of ḡ when viewed as maps into R2 (see [16,
§5.2.2]). Thus, by [29, (8)], [4, Theorem 4.42], or [7, Theorem 4.11], we have

A(h, ḡ) ≡ 0.

Using h, we can now rewrite dXij in (3.1) as

(3.5) dXij =
1

mij
Re

(
(gij , 1,−i)

1

dgij

)
=

1

H
Re((gij , 1,−i) dhij),

which immediately yields

dxij =
1

H
Re((0, 1,−i) dhij).

Therefore, without loss of generality, we may assume that

(3.6) x =
1

H
Re((0, 1,−i)h) =

1

H
(0,Reh, Imh).

This allows us to write S explicitly, since

(x, x) =
1

H2
((Reh)2 + (Imh)2) =

|h|2

H2
,

and thus

S = x+
H

2
(x, x)p =

(
1

2H
|h|2, 1

H
Reh,

1

H
Imh

)
=

1

H
Re

((
1
2 h̄, 1,−i

)
h
)
.

Using the fact that

(3.7) Re(h̄ij dhij) =
1
2 Re(|hi|

2 − h̄ihj + hih̄j − |hj |2)
= 1

2 Re(|hi|
2 + 2i Im(hih̄j)− |hj |2)

= 1
2 Re(|hi|

2 − |hj |2),
we can verify

(3.8) dSij =
1

H
Re

((
1
2 h̄i, 1,−i

)
hi
)
− Re

((
1
2 h̄j , 1,−i

)
hj
)

=
1

H
Re

((
1
2 |hi|

2, hi,−ihi
)
−
(
1
2 |hj |

2, hj ,−ihj
))

=
1

H
Re(h̄ij dhij ,dhij ,−idhij)

=
1

H
Re((h̄ij , 1,−i) dhij).

Therefore, if Y := X +gr S, then (3.5) and (3.8) imply

dYij =
1

H
Re

(
(h̄ij + gij , 1,−i) dhij

)
.

Finally, Proposition 3.2 and Lemma 3.3 allow us to conclude Y is a discrete
isothermic surface. Summarizing:
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Proposition 3.5. For a discrete holomorphic function g : Σ → C with
cross-ratios factorizing function m, a discrete isothermic surface Y : Σ → I3
can be defined recursively via

(3.9) dYij =
1

H
Re((h̄ij + gij , 1,−i) dhij)

where
dhij =

H

mij dgij
.

3.3. Construction of the lightlike Gauss map. We will now con-
struct a lightlike Gauss map N : Σ → L ∩ P of the discrete isothermic
surface Y : Σ → I3 obtained via (3.9).

Defining φ := h̄+ g, we can use the inverse stereoprojection from C to L
[27, (4)] to take

N := −1
2(1 + |φ|2, 2Reφ,−2 Imφ,−1 + |φ|2)t.

Then we can directly verify

(N,N) = 0 and (N, p) = 1.

We will use ν = N − p̃ : Σ → I3 given by

(3.10) ν = −1
2(|φ|

2, 2Reφ,−2 Imφ)

to show the following:

Lemma 3.6. For a real function β defined on unoriented edges of Σ given
by

βij := −mij |dgij |2 −H,

we have
dNij = dνij = βij dYij .

Proof. Using a similar relation to (3.7) for φ, we may write

(3.11) dνij =
(
−1

2(|φi|2 − |φj |2),−Redφij , Imdφij

)
= (−Re(φij dφ̄ij),−Redφ̄ij ,Re(idφ̄ij))

= Re((−φij ,−1, i) dφ̄ij).

Therefore, using the definition (3.4) of dhij ,

dνij − βij dYij = −Re

(
(φij , 1,−i)

(
dhij + dḡij +

βij
H

dhij

))
= −Re

(
(φij , 1,−i)

(
H + βij
H

H

mij dgij
+ dḡij

))
= −Re((φij , 1,−i)(−dḡij + dḡij)) = 0,

giving us the desired conclusion.
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Lemma 3.6 tells us that N is a lightlike Gauss map of Y , allowing us to
summarize as follows:

Proposition 3.7. The discrete isothermic surface Y : Σ → I3 given by

(3.12) dYij =
1

H
Re((h̄ij + gij , 1,−i) dhij)

with

dhij =
H

mij dgij

admits a lightlike Gauss map N : Σ → L∩ P of the form

(3.13) N = −1

2
(1 + |φ|2, 2Reφ,−2 Imφ,−1 + |φ|2)t

where
φ := h̄+ g.

3.4. Weierstrass representation for discrete cmc surfaces. Fi-
nally, we will use the lightlike Gauss map N in (3.13) to show that Y ob-
tained via (3.12) has constant mean curvature H. In particular, we will make
use of the expression (2.9): thus let us define x := π2(X) and n := π2(ν).
Viewing the discrete complex functions g, h, φ, and their conjugates as maps
into R2, the expression (3.6) for x tells us that

x =
1

H
(0,Reh, Imh) =

1

H
h,

while the expression (3.10) for ν allows us to see that

n = −(0,Reφ,− Imφ) = −φ̄ = −h− ḡ.

Using these, we can calculate that

A(x, n)ijkℓ +HA(x, x)ijkℓ = A(x, n+Hx)ijkℓ = − 1

H
A(h, ḡ)ijkℓ,

which vanishes on every elementary quadrilateral (ijkℓ) by Remark 3.4.
Hence, the mean curvature on every elementary quadrilateral must satisfy
Hijkℓ ≡ H, that is, Y has constant mean curvature H, allowing us to con-
clude that (3.12) gives the Weierstrass representation for discrete isothermic
cmc surfaces:

Theorem 3.8 (Weierstrass representation for discrete cmc surfaces). Let
g : Σ → C be a discrete holomorphic function with cross-ratios factorizing
function m, and let h be a discrete holomorphic function defined on any edge
(ij) via

(3.14) dhij =
H

mij dgij
=: Hωij
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for some real non-zero constant H. Then the discrete 1-form

(3.15) dYij = Re((h̄ij + gij , 1,−i)ωij)

on any edge (ij) defines a discrete isothermic constant mean curvature H
surface Y : Σ → I3 with lightlike Gauss map N : Σ → L∩ P given by

(3.16) N = −1
2(1 + |φ|2, 2Reφ,−2 Imφ,−1 + |φ|2)t

for
φ = h̄+ g.

In this case, we say that (h, g) are the Weierstrass data of Y .

As in the smooth case, discrete cmc surfaces in Euclidean space admit a
parallel cmc surface [17, p. 23]. We will now show the isotropic analogue of
this result using the Weierstrass representation:

Theorem 3.9. Let Y : Σ → I3 be a discrete isothermic cmc-H surface
with Gauss map ν given by the Weierstrass data (h, g). Then Y P : Σ → I3
defined by

(3.17) Y P := Y +
1

H
ν

is a parallel cmc-(−H) surface with Weierstrass data

(3.18) (hP , gP ) = (ḡ, h̄).

Proof. From the definition (3.17) of Y P , it is easy to see that Y P is
edge-parallel to Y . Let us define discrete holomorphic functions gP and hP

via (3.18). Now we calculate using (3.12) and (3.11) that

dY P
ij = dYij +

1

H
dνij =

1

H
Re

(
(φij , 1,−i)(dhij − dφ̄ij)

)
= − 1

H
Re((h̄Pij + gPij , 1,−i) dhPij).

Therefore, the Weierstrass representation for discrete cmc surfaces allows us
to conclude that Y P is a cmc-(−H) surface with Weierstrass data (ḡ, h̄).

3.5. Examples. In this section, we put the Weierstrass representation
(Theorem 3.8) to the test, and construct explicit examples of discrete cmc
surfaces in isotropic space, obtaining closed-form parametrizations.

Doubly channel cmc-H surfaces: Let g be the discrete holomorphic func-
tion that is a scaling of the identity function (with cross-ratios −1), given
by

g(m,n) = H

(
m

M
+ i

n

M

)
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(A) Doubly channel cmc surfaces (B) Discrete cmc cylinder

Fig. 1. Examples of discrete cmc-1 surfaces with circular curvature lines. The left-hand
figure is created with (M,N) = (6, 2), the middle figure with (M,N) = (−2, 3), and the
right-hand figure with (M,N) = (4, 4).

for some H ∈ R× and M ∈ Z\{0}. Since the cross-ratios factorizing function
of g is only determined up to multiplication by a real constant, let us choose

mij = −miℓ =
MN

H

for some N ∈ Z \ {0}, and define h by

h(m,n) = H

(
m

N
+ i

n

N

)
.

Then we can check that g and h satisfy (3.14), that is,

dhij =
H

mij dgij
.

Thus, we can use the Weierstrass representation (3.15), and we have

dYij =
1

H
Re((h̄ij + gij , 1,−i) dhij) = −

(
H(M +N)(2m+ 1)

2MN2
,
1

N
, 0

)
dYiℓ =

1

H
Re((h̄iℓ + giℓ, 1,−i) dhiℓ) = −

(
H(M −N)(2n+ 1)

2MN2
, 0,

1

N

)
.

From these recurrence relations, we can find directly that

Y (m,n) =

(
H

2M

(
(M +N)

(
m

N

)2

+ (M −N)

(
n

N

)2)
,
m

N
,
n

N

)
.

The explicit discrete parametrizations tell us that every m-curvature line
and n-curvature line lies on a Euclidean parabola with vertical axis, that is,
every curvature line is a discrete parabolic circle. Therefore, the surface is a
doubly channel cmc-H surface (see Figure 1(A)).

Discrete cmc-H cylinders: From the doubly channel example, let us take
M = N . Then the parametrization of the discrete cmc-H surface reads

Y (m,n) =

(
H

(
m

M

)2

,
m

M
,
n

M

)
.
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These are the special cases among doubly channel examples where the n-
curvature lines are straight lines, giving us discrete cmc-H cylinders (see
Figure 1(B)).

Discrete Delaunay-type surfaces: Let gc be the family of discrete expo-
nential functions (see, for example, [19, §2.2] or [24, §3.2]) with cross-ratios
−1, so that

gc(m,n) = c · exp
(
− cosh−1

(
2− cos

π

N

)
m+

iπ

N
n

)
=: c · exp(−αm+ iβn)

for some N ∈ N and c ∈ R×. Note that gc is 2N -periodic in the n-direction,
that is,

gc(m,n) = gc(m,n+ 2N).

As the cross-ratios factorizing function of gc is only determined up to a
multiplication by a real constant, let us choose

mij = −miℓ = − 1

4c
csc2

(
π

2N

)
.

Under this setting, if we define h via

h(m,n) =
H

c
gc(−m,−n),

then h is independent of the constant c; furthermore, one can directly verify
that h satisfies (3.14)

dhij =
H

mij dgcij

on any edge (ij).

Fig. 2. Discrete Delaunay-type surfaces with H ≡ 1. The left-hand figure is created with
(N, c) = (4,−1/2), the middle figure with (N, c) = (3, 1/2), and the right-hand figure with
(N, c) = (10, 1/2).
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Thus, we may use Weierstrass representation and evaluate (3.15) to find
that

dY c
ij =

(
− sinhα(Heα(2m+1) + c), (eαm − eα(m+1)) cosβn,

− (eαm − eα(m+1)) sinβn
)

dY c
iℓ =

(
0, eαm(cosβn − cosβ(n+ 1)),−eαm(sinβn − sinβ(n+ 1))

)
.

This allows us to recover the explicit parametrizations of the surface Y c as

Y c(m,n) =

(
H

2
e2αm + c (sinhα)m, eαm cos

πn

N
,−eαm sin

πn

N

)
.

The parametrizations tell us that Y c gives a 1-parameter family of discrete
surfaces of revolution with period 2N . These are the discrete Delaunay-type
surfaces in isotropic space (see Figure 2).
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