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Rational points in Cantor sets in the complex plane
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Abstract. Let K be an imaginary quadratic field and let Ok be the ring of algebraic
integers of K. For a € Ok with |a| > 1, define

") Ox

an’

Do =

n=0

For 8 € Ok with |B] > 1 and a finite subset A C Ok, define

Sﬂ’A:{Z% :akGAVkGN}.
k=1

Suppose that a and g are relatively prime. In this paper, we show that if dimg Sg,a < 1,
then the intersection D, N Sg, 4 is a finite set. In general, the threshold for the Hausdorff
dimension of Sg, 4 is sharp. If we further assume that Ok is a unique factorization domain
and that @ and « are relatively prime, then we establish the finiteness of the intersection
under the weaker condition dimy Sg, 4 < 2. This extends the previously known results on
the real line.

1. Introduction

1.1. Rational points in Cantor sets. Let N be the set of all positive
integers, and let Ng := NU{0}. For k € N, let N>, := NN [k, +00). Let #A4
denote the cardinality of a set A. The greatest common divisor of m,n € N
is denoted by ged(m,n).

Given ¢ € N>3 and a finite set A C Q with #A4 > 2, we consider
the iterated function system (IFS) Fya = {¢a(z) = (x +a)/q : a € A}
According to Hutchinson [4], there exists a unique non-empty compact subset
Sq,4 of R such that

Sq,A = U (ba(sq,A)v

acA
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which is called a self-similar set. The set S, 4 can be written algebraically

as
o] a
A%A:{EjfﬁakeAVkeN}
k=1

For p € N>o, let D, be the set of all rational numbers in R having a finite
p-ary expansion. That is,
o0
D,=J
n=1

which is a proper subset of Q and is dense in R.

The finiteness of the intersection of D, and S, 4 under the assumption
that ged(p, q) = 1, has been extensively studied [13], 10} 11, [1T], 12} @, 5l §].
In the solution to Problem H-339 in [15], Wall first showed that

13
Dy N 53’{0’2} = {0, VAR 1}.
And Wall [I3] also proved that

s gl 313 7 9 13 9132313739
100723402 = 4 47 47107107 107 107 407 40° 407 40° 40° 40° 40° 40°
Note that S ¢ 9y is the classical middle third Cantor set. Later, Nagy [10]
showed that the intersection D), N S3 (g9} is finite for each prime p > 3.

Z
Fa

Bloshchitsyn [I] generalized this result and proved that if p > ¢? is a prime
and A C {0,1,...,¢ — 1} with #A < g, then D, N S, 4 is a finite set. The
general result was proved by Schleischitz [I1], Corollary 4.4]: if ged(p, ¢) = 1,
and A C {0,1,...,¢ — 1} with #A4 < ¢, then the intersection D, N S, 4
is finite, a stronger version of which was obtained by Shparlinski [12] using
a different method. Recently, Kong, Li and the second named author [§]
established the same conclusion for A C Q.

THEOREM 1.1 (|11, 12, 8]). Let p € N>9, ¢ € N>3 and let A C Q be
a finite set. Suppose that ged(p, q) = 1. Then the intersection Dy N Sy A is
finite if and only if dimy Sq 4 < 1.

Here, dimyg FE denotes the Hausdorff dimension of a set E, and we refer
the reader to [3] for the definition and properties of Hausdorff dimension.
It is worth pointing out that Theorem [I.I] has been applied to study the
spectral eigenvalue problems for self-similar spectral measures [8, [14].

The main purpose of this paper is to extend the sufficiency part of The-
orem to the complex plane.

1.2. Algebraic number theory. Here, we recall some basic notions in
algebraic number theory, and we refer the reader to [7] for further details.
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Let K be an algebraic number field, and let Ok denote the ring of alge-
braic integers of K. Note that Ok is a Dedekind domain, which means that
every non-zero proper ideal of Ok can be written uniquely as a product of
prime ideals of O except for the order of factors (cf. [7, Section 3.2]).

Let R be an integral domain and let I be a non-zero ideal of R. For
a,b € R, we say that a is congruent to b module I, denoted by a = b (mod I),
if a—b e I. Let (R/I)* denote the unit group of the quotient ring R/I,
which consists of all invertible elements for the multiplication in R/I. For
two ideals I, I of R, we say that Iy divides I2, denoted by I | I3, if there
exists an ideal I3 of R such that I = I1I3. For two ideals Iy, Is of O,
we have I | I3 if and only if Iy C Iy (cf. |7, Theorem 3.19(i)]). Two ideals
11, I of Ok are said to be relatively prime if Iy + Iy = Og. Two elements
a, B € Ok are said to be relatively prime if aOk and SOk are relatively
prime, i.e., (aOk) + (BOk) = Ok.

Let I be a non-zero ideal of O. The quotient ring O /I is always finite
(cf. [7, Example 3.25]), and the number of elements of O /I is called the
norm of I, denoted by N(I). So (Ox/I)* is a finite group. For g € Ok, the
notation 8 € (O /I)* means that the equation Sz =1 (mod I) is solvable
in O. Then the order of 8 modulo I, denoted by Ord;(/3), is defined to be
the smallest integer n € N such that " =1 (mod I).

Let p be a non-zero prime ideal of Ok . Then Ok /p is a finite field. So
p contains a unique prime p € N which is the characteristic of the finite
field Ok /p. It follows that p contains pOg and hence p | (pOk). The largest
integer e € N such that p¢| (pOk) is called the index of ramification of p.
Note that N(p) = #(Ok/p) = p/ for some f € N. The positive integer f is
called the residual degree of p.

Let K/Q be an extension of degree n and let p € N be a prime. We write
pOx = p{'ps? ... p;* as a product of powers of distinct prime ideals of Ok,
and let f; denote the residual degree of p; for 1 < j < /. Then we have
Zle ejfj = n (cf. [T, Proposition 4.4]). If K is a quadratic number field,
then by [7, Theorem 4.11] the factorization of pOg has one of the following
forms:

(i) pOg = p?, where p is a prime ideal of O and p = p;
(ii) pOg = pp, where p is a prime ideal of Ok and p # p;
(iii) pOk is a prime ideal of O

Here, p is the conjugate prime ideal of p. Thus, in a quadratic number field,
the index of ramification of a non-zero prime ideal is 1 or 2, and so is the
residual degree.

1.3. Main results. Let K = Q(v/d) be an imaginary quadratic field,
where d is a negative square free integer. By [7, Theorem 2.9]|, we have
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Z[\Vd] if d =2 or 3 (mod 4),

(L.1) Ok = {Z[lgﬂ] if d =1 (mod 4).

It is easy to check that for each 2z € Ok, we have |2|? € Z.

For 8 € Ok with || > 1 and a finite subset A C O with #A4 > 2, let
Sp,a be the self-similar set in the complex plane generated by the IF'S

Fpa= {(pa(z) = z—ga :aGA}.

Similarly, the set Sg 4 can be written as

(1.2) sﬁ,A:{Zg,’z:akeAwgeN}.
k=1

For a € Ok with |a| > 1, define

Let z denote the complex conjugate of z € C. Our main theorem is the
following.

THEOREM 1.2. Let K be an imaginary quadratic field. Let o, € Ok
with |a| > 1 and |8] > 1. Let A C Ok be a finite set with #A > 2. Suppose
that o and B are relatively prime.

(i) If dimg Sga < 1, then #(Dy N Sp 4) < +00.
(ii) Suppose further that Ok is a unique factorization domain, and that @
and o are relatively prime. If dimy Sg 4 < 2, then #(Da NS 4) < +00.

REMARK 1.3. (a) Note that K is the quotient field of O (cf. [T, Theo-
rem 1.6(iii)]). For a finite subset A C K, we can find 0 # 6 € Ok such that
0A C Ok. Note that

%((GDQ) N 55’9,4) C %('Da N 55,914).
Thus, Theorem [I.2] also holds for any finite subset A C K.

(b) For a, B € O with |al, || > 1, if ged(|a|?,|8|?) = 1, then we have
(aaOk) + (BB0K) = O. It follows that (aOk) + (30k) = Ok. Thus, the
elements o and 3 are relatively prime in O.

(c) For an imaginary quadratic field K = Q(v/d), where d is a neg-
ative square free integer, Ok is a unique factorization domain only for
d=-1,-2,-3,-7,—11,-19,—-43,—-67,—163 (cf. [T, Remark 3.6]).

(d) We write aOg = p§'---p;* as a product of powers of distinct prime
ideals of O . The condition that @ and « are relatively prime means that for
any 1 <14,j </ we have p; # p; where p; is the conjugate prime ideal of p;.

DoNSga=
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Let p; € N be the unique prime contained in p;. Since K is an imaginary
quadratic field, we further see that pq, ..., py are distinct.

(e) Let K = Q(i), where i = y/—1 denotes the imaginary unit. Then
Ok = Z[i| = {n+mi : n,m € Z} is the ring of Gaussian integers. Let
a=p€ N>y, f=¢q¢&N>3 and A C Q a finite set. Note that S, 4 C R.
So we have D, N Sy 4 = D, NSy 4. If p and ¢ are coprime in N, then p
and ¢ are also relatively prime in Og. If, moreover, dimy S; 4 < 1, then by
Theorem [1.2]i) and remark (a), we conclude that

#(Dp N Sq,A) < +o00.

Thus, the sufficiency part of Theorem is a corollary of Theorem (1) By
Theorem this argument also shows that the threshold for the Hausdorff
dimension of Sz 4 in Theorem [L.2)(i) is sharp. Although Z[i] is a unique
factorization domain, we cannot apply Theorem (ii) for o = p € Nxo
because of & = a.

(f) The proof of Theorem |1.2|follows the spirit of [I1],[§]. Here, Ok is not
a unique factorization domain in general. We need to deal with the prime
ideal factorization.

(g) While preparing this manuscript, we became aware that Wu [16]
independently proved Theorem [1.2{1) in the setting K = Q(i) and Ok = Z[i].

Finally, we give a concrete example in the Gaussian integer ring Z[i]. For
6 = —n+iwith n € N, we have a canonical number system (6, {0, 1,...,n%})
in Z[i] [6]. This means that every Gaussian integer v € Z[i] can be written
uniquely as

4
y=) &b" with&. &, & €{0,1,...,n%.
k=0

EXAMPLE 1.4. Let « = —n +1i with n € N. Then
¢
Da:{z gaf leN, & e {0,1,...,n2}V—€§k§€}.
k=—¢
Suppose that n is an even integer. This implies that o and @ are relatively

prime in Z[i]. Let § = —m +1i with m € N, and let A be a proper subset of
{0,1,...,m?}. Then

. log #A
dimg Sg o4 = —— < 2.
P4 log B
Suppose that ged(n? + 1,m? + 1) = 1, which implies that o and 3 are
relatively prime in Z[i]. For instance, we may take o = —4 +1, f = =2 +1,

and A ={0,1,2,3}. Then by Theorem ii), the intersection D, N Sg 4 is
a finite set.
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The rest of the paper is organized as follows. The proof of Theorem
relies on two key propositions, which will be proved in Sections [2] and [3]
respectively. We finish the proof of Theorem in Section

2. Upper bound of period length for eventually periodic coding.
In this section, let K be an imaginary quadratic field and let Ok be the ring
of algebraic integers of K. By , for any non-zero element z € Ok we
have |z| > 1. The uniform discreteness of Ok is essential in the proof of
Proposition below. This is why we need to work in imaginary quadratic
fields, rather than in more general algebraic number fields.

By , each element z € Sg 4 has at least one expression of the form

o0
(2.1) z = Z % with each aj, € A.
k=1

The infinite sequence (ax)72, in (2.1) is called a coding of z. The following
proposition is inspired by [11, Theorem 4.3| and |8, Lemma 2.3].

PROPOSITION 2.1. Let B € Ok with |B] > 1 and let A C Ok be a finite
subset with #A > 2. Write s = dimy Sg 4. Then for ¢ > 0 there erists a
constant ¢1 = c1(e) > 0 such that any complex number £ = v/u € Sg a with
v,u € O admits an eventually periodic coding with period length < c|u|5T¢.

Proof. Let (a)22, € AN be a coding of &, i.e.,
€= k-
k=1
Consider the sequence {£,}72, defined by

(2.2) f:=¢ and & =, (&-1) =B&-1—a, forneN.
Then

o0
&= e, VneN,.
k=1

Bk
Note that § € Og and A C Og. By (2.2) we can recursively show that
&n = In for some v,, € Of.
u

Let C := {§, : n € Np}. Note that for any non-zero element z € Ok we have
|z| > 1. Thus for any distinct z1, 29 € C,
1
(2.3) |21 — 22| > —.
|ul
For § > 0 and a bounded set F, let N5(F') denote the smallest number
of closed balls of radius § that cover F. The boz-counting dimension of F' is
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defined by
dimp E = lim 18N(E)
5—0+ —logd
if this limit exists (see [3] for more details). Since Sg 4 is a self-similar set,
by [2, Corollary 3.3] we have

dimp S 4 = dimyg S 4 = s.

For € > 0, by the definition of box-counting dimension, there exists dy > 0
such that

1

Thus, there is a constant ¢ = ¢(e) such that
c
(2.4) N5(Sg,a) < Sote V0 <6< 1.
Note that C C S, 4. By (2.3) we have

N#(SB,A) > Nﬁ(c) > #C.

This together with (2.4) implies that #C < ¢(3]u|)**¢. That is, there exists
a constant c¢; > 0 depending on ¢ such that

4C < o1 |ul*.
Thus, there are 0 < k < n < ¢1|ul*T¢ such that & = &,. By (2.2)) this yields

&k = Pagy1 © Pags2 ©° " © Pay (gn) = Pags1 ©Paryz ©° " ° Pay (gk)
This means that & has a periodic coding (agy1 - ..a,). It follows that &

has a eventually periodic coding aj ...ag(ags1 - - - an)® with period length
n—k<cilul*c. »

3. Lower bound of the order. In this section, we work in general
algebraic number fields. Let K be an algebraic number field and let Ox be
the ring of algebraic integers of K.

Let p be a non-zero prime ideal of O and 5 € O \ p. For any n € N,
suppose that SOk +p™ # Ok . Then we can find a non-zero prime ideal p’ of
Ok such that SOk + p™ C p’. Note that p”™ C 8Ok + p™ C p’. This implies
that p’ = p. So we have 8Ok +p™ C p. It follows that 5 € p, a contradiction.
Thus, we conclude that SOk + p"™ = Ok for any n € N. This means that
the equation Sz = 1 (mod p") is solvable in O. That is, 5 € (O /p™)*
and the order Ordy» (/) is well defined for any n € N.

Let pi,...,px be distinct non-zero prime ideals of O and 5 € O \
U§:1 p;. For any n; € N, we have § € (OK/p?j)X. Note that Ok is a
Dedekind domain. By the Chinese remainder theorem (cf. [7, p. 60]), we
have

Or/p* - ppF = Ok /p1* @ ® Ok [k,
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Thus, we conclude that 8 € (O /p}* ---p*)* and the order Ordpvln__pzk (B)
is well defined for any tuple (n1,...,n;) € N&\ {0}.
LEMMA 3.1. Let p be a non-zero prime ideal of Ok . Let p € N be the

unique prime contained in p, and let e be the index of ramification of p. For
B € Ok \ p with || > 1, there exists ng € N such that

Ordpn0+n (6) = p(n/e—‘ . Ordpno (6) Vn S NO.

Proof. Write m = Ordye+1(8). Then we have (8™ — 1) € p®™!, that
is, pt1| (8™ — 1)O. Since |B| > 1, we have ™ — 1 # 0. Let ng be the
largest positive integer n such that p™ | (5™ — 1)Ok. Then ng > e+ 1 and
Ordpno (B) =m.

We claim that
(3.1) Bt _ 1 g prothe\ prothetl yp e Ny,

We will prove (3.1) by induction on k. First, for £ = 0 it holds because of
the maximality of ng. Next, we assume that

5mpk —1le pn0+ke \ pn0+ke+1

for some k € Njy. So we can write

/Bmpk =1+ ~y with v e pnOJrke \pn0+ke+1'

Then
k1 k £ p
B2 o=y =y =1em+ X (D)
(=2
For £ > 2, we have ¢ € p(rotke)l ¢ p2nothe  pnot+(k+l)etl It follows that
P

VAW no+(k+1)e+1
3.3 0 .
(3.3) ; <€)7 €p

Note that p € p¢\ p¢*1. Thus, py € prot(rthe prot(k+letl Together with

(3.3) and (3.2), we conclude that

Bmkarl _1le pn0+(k+1)e \ pno-i—(k—ﬁ—l)e—l—l'

That is, (3.1 follows by induction.
For any k € N, we first have m = Ordyno () | Ordng-+re (B). By (3.1),
1

ﬁmpk =1 (mod p”°+ke) and ™ # 1 (mod p”0+ke).
Note that p is a prime. Thus, we conclude that
(3.4) Ord,ng+re (8) = mp* vk € N.
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For any n € N with e { n, write n = ke + r where k € Ny and r €
{1,...,e —1}. Then

Ordyng+re (B) [ Ordyng+n (8)  and  Ordyng+n (B) | Ordgng+k+1e (B)-
Note that p is a prime. By we obtain Ordyng+n(8) = mpF or mpFtl.
By , we have Bmpk # 1 (mod p™*™). Thus,

Ordyng+n (B) = mpFtt = mpln/el,
Together with , this completes the proof. =

PROPOSITION 3.2. Let py, ..., Pk be distinct non-zero prime ideals of Ok .
For1<j <k, let p; € N be the unique prime contained in p;, and let e; be
the index of ramification of p;. Let P = {p; : 1 < j <k} and forp € P, let
T, ={1 <j<k:pj=p}. Then for 5 € (’)K\U?:lpj with |B] > 1, there
exists a constant co > 0 such that

Ordp?l-npzk (ﬁ) > ¢ H pmax{[nj/ej]:jelp}
pEP

for any tuple (n1,...,ng) € N&\ {0}.
Proof. By Lemma for any 1 < j < k, there exists m; € N such that
(3.5) p][n/eﬂ \p;nj +Ordpn(8) Vn€N.
Fix (ny,...,n) € NE\ {0}. Note that for 1 < j <k,
Ord,n (8) | Ordyn._pme (B).
That is,
me e
P - Ordey (8) |- Ordlgs_ o (5).
Together with (3.5)), we obtain
Py P Oy e (B) V1< < k.
Note that all primes in P are distinct. So we have

H praxding/egl:J€lp} | pma - Ofdpyl...pzk (3).
peEP

It follows that

1 e Tid
Ordpnl.“pnk (ﬁ) > —T e | | pmax{fn]/ej].jézp}’
1Py Pt

as desired. =
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4. Proof of Theorem In this section, we will prove Theorem [1.2]
Let K be an imaginary quadratic field and let Og be the ring of algebraic
integers of K.

For a € Ok with |a| > 1, recall that

oo

We write the ideal aOk as
b b

OéOK = 1311 t 'P/,
a product of powers of distinct prime ideals. For z € D, there exists n € N
such that oz € Og. It follows that zp?bl .- -p?be C Og. We define n, to be
a tuple (ni,...,ng) € Ng with smallest ny + - -+ + ny such that

zpﬁ“ i -p?’f C Og.
For any m = (ng,...,ny) € N&, define

D} ={2€Dy:n,=(n1,...,n0)}.

Then the set D, can be written as the disjoint union of D7, i.e.,

(4.1) D= | J DI
neNg

For 1 < j </, let p; € N be the unique prime contained in p;, let e; be
the index of ramification of p;, and let f; be the residual degree of p;. Note
that the degree of K/Q is 2. By [7, Proposition 4.4], we have e; € {1,2} and
fie{l,2}forall 1 <j </l Let P={p;:1<j </} and for peP,let
I, ={1<j<{:p;=p}

Proof of Theorem (z) For any tuple n = (ni,...,n;) € N and
z € DY, we have zpy* ---p,* C Ok. Note that p; € p; for all 1 < j < £. So,
zpit - pyt € Ok. It follows that

Ok
This implies that D} is uniformly discrete. Note that Sg 4 is compact. Thus,
we conclude that

D" C

[0}

#(DP NS5 4) < +oo  VYn €N

In order to show #(Dy N Sp.4) < +o0, by (4.1) it suffices to find ng € N
such that for any n = (ng,...,ny) € Ng with ny + -+ 4+ ny > ng, we have

DL NSga= 0.

Assume that s = dimy Sg 4 < 1. Choose € > 0 such that s+& < 1. Let ¢;
and co be the constants appearing in Propositions and [3:2] respectively.
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Take a large integer ng € N such that
(4.2) (V2)rol=s=e)/t - a

&)
Fix a tuple m = (ny,...,n¢) € N§ with ny +--- +ny > ng. Suppose that
DN Sga # 0, and we take z € DI N Sp 4.
For p € P, we have
pe ] ¥y

J€Lp
and hence
max ileqi:jEL n;
P ax{[n;/e;1: j€Lp} c H pj]‘
JELp
It follows that
H pmax{(nj/ej]:jef[p} c p?l .. pzk
peEP

Note that zp{* ---p,* C Ok. So we have

~ H pmaX{fnj/eﬂijefp} € Ok.
peEP

This means that we can write

’L) .
z = Hpep pmax{]—nj/eﬂ;jezp} with v € OK

Since z € Sg 4, by Proposition the complex number z has an eventually
periodic coding a; ... ax(ag11 - .. Grgpm)™ € AN with

(4.3) m< e (H pmax{rn]-/eﬂ:jezp}>
peEP
Note that A € Og. We have

k m
_ aj 1 1 Qtj
Z—E ﬁ]+<1+ﬁm+52m+>glﬁk+j
= ]:

s+te

j=1
a; Bm " Aoy g
Ok

= BrEm 1)

That is, z6%(f™ — 1) € Ok.
We claim that

(4.4) B —1eptt--ppt.
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Write
‘ 4 1T .d
& B . ,
B (Bm - l)oK - Hpjj H pjj
j=1  j=t+1
as a product of powers of distinct prime ideals, where dq,...,d; € Ny and

det1,-..,dr € N. Then

¢
(b pp) + (8™ = 1)Ox) = [ oy 0.
j=1

It follows that
(2] -+ py) + (2B5(8™ — 1) Ok) = 2 lﬁ[p;‘““{”f’df}.
j=1
Note that zp}* ---p,* C Ok and z8%(8™ — 1) € Og. We obtain
5 ﬁ p;nin {ng.di} ~ Ok.
j=1

By the minimality of n., we have d; > n; for all 1 < j < £. It follows that
Py | BB 1) Ok

Since « and 3 are relatively prime, we conclude that

p?l ...p?z (Bm _ 1)0K’
which implies the claim (4.4)).
By 1) we have Ordp?ll_,p;ug (8) | m. By Proposition w we obtain

(4.5> m > Ordp;‘l...pzﬂ (ﬁ) > ¢y H pmax{(nj/ej]:jelp}_
peEP

Together with (4.3), we obtain
<H pmax{[nj/eﬂ:jezp})l‘s‘g Sy

e
peEP 2

Note that p > 2 for all p € P, and e¢j = 1 or 2 for all 1 < 5 < /. We have
H pmax{fnj/ej'\:jefp} > 2max{]'nj/e]-'|:1§j§2} > 2max{nj/2:1§jgf}

> (V2)mrt.

p€7> ni+--+ny
> 27 22

Thus, we get
(\/i)no(l—s—s)/é < 071’

C2
which contradicts (4.2)).
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Therefore, for any n = (ny,...,ny) € Ng with ny + -+ 4+ ng > ng, we
have DI N Sz 4 = . The proof is complete. m

Proof of Theorem ( i1). The proof is essentially identical with that of
Theorem [1.2)(i). We need a better upper bound in ([4.3).

Assume that O is a unique factorization domain. Then every prime ideal
is a principal ideal. This means that for 1 < j < /, we can find a; € Ok
such that p; = o;Og. Thus, for n = (ny,...,ny) € N¢, each z € DI has the
form

(4.6) PR—

7;  for some v € Ok.

ni
al ...aé

We also assume that @ and « are relatively prime. By Remark [1.3(d), all
primes p1, ..., p; are distinct, and p; # p; for all 1 < j < ¢, where p; is the
conjugate prime ideal of p;. By [7, Theorem 4.11|, we have e; = f; = 1 for
all 1 < j < /. It follows that

(4.7) pj = N(pj) = N(;Oxk) = |a|*.

The remaining argument is the same as in the proof of Theorem (1)

Assume that s = dimpg Sg 4 < 2. Choose € > 0 such that s +¢ < 2. Take
a large integer ng € N such that

(4.8) (V2)ro=s=e) 5 L

where ¢ and co are the constants appearing in Propositions [2.1] and [3.2]
respectively. Fix n = (n1,...,n¢) € N§ with ny + - + ny > ng. Suppose
that D N Sp 4 # 0, and we take z € DY N S3 4.

By Proposition and , the complex number z has an eventually

periodic coding aj ... ag(ag+1 - - - Qgrm)™ With

(4.9) m < cl|o/1“ . ..a?z‘ﬁs — Cl(p?l .. ,p?e)(ere)/Q’

where the equality follows from (4.7]). As in the proof of Theorem [1.2(i), we
have
™ —1epit--pyt

Note that all primes p1,...,p; are distinct, and e; =1 for all 1 < j < /. By
Proposition [3.2] we have

m > copy’ oyt
Together with (4.9)), we obtain
C1

n1 e\ (2—5—¢€)/2 ~
(P1 Dby ) = G
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It follows that
(\/ﬁ)no(Z—s—e) < (p?l . 'p?g)@—s_g)/g < %’

which contradicts (4.8)).

Thus, for any n = (ni,...,n,) € N§ with ny + --- + ny > ng, we have
DN S 4 = 0. Therefore, by (4.1)), we conclude that # (D, NSg 4) < +00. =
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