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ANOTHER HYBRID CONJUGATE GRADIENT METHOD AS
A CONVEX COMBINATION OF NVHS∗ AND CD METHODS

Abstract. Conjugate gradient methods play a fundamental role in solving
unconstrained optimization problems. We propose a new hybrid conjugate
gradient algorithm that forms a convex combination of βNVHS∗

k and βCD
k . The

parameter θk is determined so as to satisfy the conjugacy condition. Under
the strong Wolfe line search conditions, we establish both the descent prop-
erty and the global convergence of the proposed hybrid method. Numerical
experiments demonstrate that the new method is robust and computation-
ally efficient.

1. Introduction. Optimization plays a pivotal role in operational re-
search, lying at the intersection of computer science, mathematics, and eco-
nomics. It is also a fundamental tool in applied mathematics, with critical
applications in industry, engineering, nonparametric estimation, and image
restoration; see [6, 7, 11] and [26]–[25]. In this paper, we consider the uncon-
strained optimization problem

(1.1) min {f(x) : x ∈ Rn},

where f : Rn → R is a continuously differentiable function.
Conjugate gradient methods are very important methods for solving

(1.1), especially when the dimension n is large. The iterative process of a
conjugate gradient method for solving (1.1) is given by

(1.2) xk+1 = xk + αkdk,
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where xk represents the current iterate, αk > 0 is a step size determined by
line search, and dk is the search direction defined by the formula

(1.3) d0 = −H0; dk+1 = −Hk+1 + βkdk;

here Hk+1 = ∇f(xk+1) is the gradient of f at xk+1 and βk is a parameter
known as the conjugate gradient coefficient.

The step length αk is very important for global convergence of conjugate
gradient methods. Usually, two major inexact line searches are the standard
Wolfe line search,

f(xk + αkdk)− f(xk) ≤ δαkH
T
k dk,(1.4)

HT
k+1dk ≥ σHT

k dk,(1.5)

where 0 < δ < σ < 1, and the strong Wolfe conditions line search consists of
(1.4) and

(1.6) |HT
k+1dk| ≤ −σHT

k dk.

For general nonlinear functions, however, different formulas for the scalar
parameter βk lead to distinct nonlinear conjugate gradient methods. These
include the Fletcher–Reeves (FR) method [16], the Dai–Yuan (DY) method [9],
the Conjugate Descent (CD) method proposed by Fletcher [15], the Polak–
Ribière–Polyak (PRP) method [30, 31], the Hestenes–Stiefel (HS) method [18],
and the Liu Storey (LS) method [16]:

βFR
k =

∥Hk+1∥2

∥Hk∥2
, βDY

k =
∥Hk+1∥2

yTk dk
, βCD

k =
∥Hk+1∥2

−HT
k dk

,(1.7)

βPRP
k =

HT
k+1yk

∥Hk∥2
, βHS

k =
HT

k+1yk

yTk dk
, βLS

k =
HT

k+1yk

−HT
k dk

,(1.8)

where yk = Hk+1 −Hk and ∥ · ∥ the Euclidean norm.
The conjugate gradient methods with the choice of βk taken in (1.7)

have strong convergence properties, but they may not perform well in prac-
tice due to jamming; see [3, 4]. In contrast, methods based on (1.8) generally
lack convergence guarantees but are often characterized by greater numeri-
cal efficiency. Recent research has focused on developing new CG parameters
based on these six fundamental formulas and their hybrids in order to im-
prove computational efficiency and performance. For example, Yao et al. [33]
introduced a nonnegative formula called the VHS coefficient, which is defined
as follows:

βVHS
k =

HT
k+1

(
Hk+1 − ∥Hk+1∥

∥Hk∥ Hk

)
yTk dk

.

Yao et al. [33] established that the VHS method produces a sufficient descent
direction and is globally convergent when the strong Wolfe conditions (1.4)
and (1.6) are satisfied with σ < 1/3.
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Zhang [34] subsequently introduced an enhanced version of the VHS
method, called the NHS method, where the parameter βk is given by

βNHS
k =

∥Hk+1∥ − ∥Hk+1∥
∥Hk∥ |HT

k+1Hk|
dTk yk

.

Zhang [34] established that the NHS method satisfies the sufficient de-
scent condition and is globally convergent under the strong Wolfe conditions
(1.4) and (1.6) with σ < 1/2.

Du et al. [14] proposed a new conjugate gradient method, termed the
NVHS∗ method. In this method, the parameter βk is defined as

βNVHS∗
k =

HT
k+1

(
Hk+1 −

|HT
k+1Hk|
∥Hk∥2

Hk

)
dTk yk

.

The NVHS∗ method has sufficient descent condition, and is globally conver-
gent if the strong Wolfe line search is used and σ < 1/3.

Recently, Touati–Ahmed and Storey [32] introduced a modified conjugate
gradient method with the parameter

βTaS
k = min {βFR

k , βPRP
k }.

The authors proved that βTaS
k has good convergence properties and numer-

ically outperforms both the βFR
k and βPRP

k algorithms. Soon afterward, Hu
and Storey [19] and Gilbert and Nocedal [17] further studied additional hy-
brid methods. Dai and Yuan [10] combined the DY method with the HS
method, proposing the following two-hybrid methods:

βhDYz
k = max {0,min {βHS

k , βDY
k }},

βhDY
k = max {−cβDY

k ,min {βHS
k , βDY

k }},

where c = 1−σ
1+σ . For the standard Wolfe conditions (1.4) and (1.5), under the

Lipschitz continuity of the gradient, Dai and Yuan [10] established the global
convergence of these hybrid computational schemes. Also, Zhou et al. [35]
further combined the LS and CD approaches, introducing the following for-
mulation:

βH3
k = max {0,min {βLS

k , βCD
k }}.

Its global convergence under the strong Wolfe line search was proved by
Zhou et al. [35]. The second class of hybrid conjugate gradient methods is
based on convex combination of the standard methods. Recently, Andria [2]
introduced new hybrid conjugate gradient method based on the HS and DY
method (called the HYBRID method) for solving unconstrained optimization
problems (1.1), calculating the parameter βc

k as a convex combination of βHS
k

and βDY
k :

βc
k = (1− θk)β

HS
k + θkβ

DY
k ,
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where θk is a scalar parameter satisfying 0 ≤ θk ≤ 1. Convergence with the
standard Wolfe condition was established and numerical results show that
this hybrid computational scheme outperforms the Hestenes–Stiefel and the
Dai–Yuan conjugate gradient algorithms. Also, Djordjević [12] proposed the
hybridization of LS and CD by their convex combination, such that

βHLSCD
k = (1− θk)β

LS
k + θkβ

CD
k .

The parameter θk in βHLSCD
k is selected such that the conjugacy condition

holds. The global convergence of this method is proved under the strong
Wolfe line search without the convexity assumption on the objective function.

This paper presents a novel hybrid conjugate gradient method. Under the
strong Wolfe line search (SWLS) conditions, we establish the convergence
properties of the proposed approach. Numerical experiments demonstrate
that our method is efficient, robust, and outperforms six well-known conju-
gate gradient algorithms. The remainder of this work is organized as follows:
Section 2 introduces the modified algorithm, determines the parameter θk,
and proves the sufficient descent condition. Section 3 establishes the global
convergence of the proposed method under SWLS conditions. Numerical re-
sults are presented in Section 4, followed by a summary of our contributions
in Section 5.

2. Convex combination method. In this section, we develop a new
hybrid method by combining the NVHS∗ and CD approaches. The parame-
ter βk in the presented method is given by

(2.1) βNew
k = (1− θk)β

NVHS∗
k + θkβ

CD
k ,

where θk is a scalar parameter satisfying 0 ≤ θk ≤ 1. The search direction
dk of our algorithm is computed by

(2.2) d0 = −H0, dk+1 = −Hk+1 + βNew
k dk.

The traditional conjugacy condition dTk+1yk = 0, plays an important role in
the convergence analyses and numerical calculation.

The coefficients θk are chosen to satisfy the conjugacy condition dTk+1yk
= 0. Indeed, multiplying both sides of relation (2.2) by yTk , we obtain

θk =
(yTk Hk+1 − βNVHS∗

k yTk dk)

(βCD
k − βNVHS∗

k )yTk dk
.

After simplification, we find

θk =
ε− η

µ− η
.
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We define

ε = ∥Hk∥2yTk Hk+1, µ =
∥Hk+1∥2∥Hk∥2yTk dk

−HT
k dk

,

η = ∥Hk+1∥2∥Hk∥2 − |HT
k+1Hk|HT

k+1Hk,

then

(2.3) θk =


0 if

ε− η

µ− η
≤ 0 or µ− η = 0,

1 if
ε− η

µ− η
≥ 1,

ε− η

µ− η
if 0 <

ε− η

µ− η
< 1.

.

2.1. Algorithm. The proposed algorithm is as follows:

Step 1: Initialization. Choose an initial point x0 ∈ Rn and the param-
eters 0 < δ < σ < 1/3. Compute f(x0) and H0. Set d0 = −H0.

Step 2: Test for continuation of iterations. If ∥Hk∥∞ ≤ 10−6, then stop.
Otherwise, go to the next step.

Step 3: Line search. Calculate a step size αk satisfying the strong Wolfe
line search conditions (1.4) and (1.6) and update the variables:

xk+1 = xk + αkdk.

Step 4: Compute θk using (2.3).

Step 5: Compute βk. If 0 < θk < 1, then calculate βNew
k as in (2.1). If

θk ≥ 1, then calculate βNew
k = βCD

k . If θk ≤ 0, then calculate βNew
k = βNVHS∗

k .

Step 6: Compute the search direction. Generate dk+1=−Hk+1+βNew
k dk.

Step 7: Set k = k + 1 and go to Step 2.

2.2. Descent condition. Now, we prove that the search direction dk
obtained by the new hybrid conjugate gradient method satisfies the sufficient
descent condition.

Theorem 2.1. Let the sequences {dk}k⩾0 and {Hk}k⩾0 be generated by
the New method. Then the search direction dk satisfies the sufficient descent
direction, for all k,

(2.4) HT
k dk ≤ −c∥Hk∥2, ∀k ⩾ 0.

Proof. The following proof is by induction. For k = 0, HT
0 d0 = −∥H0∥2,

we conclude that the sufficient descent condition holds for k = 0. Now, we
assume (2.4) holds for k and prove that for k + 1. From (2.1) and (2.2), we
get

dk+1 = −Hk+1 + ((1− θk)β
NVHS∗
k + θkβ

CD
k )dk.
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After a simple calculation, we have

(2.5) dk+1 = θkd
CD
k+1 + (1− θk)d

NVHS∗
k .

Firstly, let θk = 0. Then

(2.6) dk+1 = dNVHS∗
k = −Hk+1 + βNVHS∗

k dk.

Multiplying (2.6) by HT
k+1 on the left, we get

HT
k+1d

NVHS∗
k = −∥Hk+1∥2 +

HT
k+1

(
Hk+1 −

|HT
k+1Hk|
∥Hk∥ Hk

)
dTk yk

HT
k+1dk.

We see from the definition of βNVHS∗
k and the Cauchy–Schwarz inequality

that

(2.7) 0 ≤ βNVHS∗
k ≤ 2βDY

k .

Thus from (1.6), we have

(2.8) dTk yk ≥ (1− σ)(−HT
k dk).

Using (1.6), (2.7), (2.8) and the second strong Wolfe line search condition,
we get

(2.9) HT
k+1d

NVHS∗
k+1 ≤ −c1∥Hk+1∥2,

with c1 =
1−3σ
1−σ , so there is a constant c1 > 0 with 0 < σ < 1/3.

Now let θk = 1. Then

(2.10) dk+1 = dCD
k+1 = −Hk+1 + βCD

k dk.

Multiplying (2.10) by HT
k+1 on the left, we get

HT
k+1d

CD
k+1 = −∥Hk+1∥2 +

∥Hk+1∥2

−dTkHk
HT

k+1dk.

Applying the strong Wolfe line search condition, we get

HT
k+1d

CD
k+1 ≤ −∥Hk+1∥2(1− σ);

we denote c2 = 1− σ, so

(2.11) HT
k+1d

CD
k+1 ≤ −c2∥Hk+1∥2.

Finally, we assume that 0 < θk < 1, i.e. there are two constants a1 and a2
such that 0 < a1 ≤ θk ≤ a2 < 1. From the relations (2.5), (2.9) and (2.11),
we get

HT
k+1dk+1 ≤ −c∥Hk+1∥2

with c = a1c1 + (1− a2)c2.
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3. Global convergence. To establish the global convergence of our
method, we need the following basic assumptions on the objective function.

Assumption 3.1. The level set
S = {x ∈ Rn : f(x) ≤ f(x0)}

is bounded.

Assumption 3.2. In some open convex neighborhood N of S, the func-
tion f is continuously differentiable and its gradient is Lipschitz continuous,
namely, there exists a constant L > 0 such that
(3.1) ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ for all x, y ∈ N .

From Assumption 3.2, we can deduce that for all x ∈ N , there exists a
constant Γ ≥ 0 such that
(3.2) ∥▽f(x)∥ ≤ Γ for all x ∈ N .

Dai et al. [8] established the sufficient condition for the convergence of con-
jugate gradient methods under the strong Wolfe line search.

Lemma 3.1. Let Assumptions 3.1 and 3.2 hold. Consider the method (1.2)
and (1.3), dk is a descent direction, and αk is obtained by the strong Wolfe
line search. If

(3.3)
∑
k≥0

1

∥dk∥2
= ∞,

then
lim inf
k→∞

∥Hk∥ = 0.

Now, we also need this lemma to prove the convergence of our method.

Lemma 3.2. Let Assumptions 3.1 and 3.2 hold and take {xk}k≥0 to be
the sequence produced by the new method with step sizes αk satisfying (1.4)
and (1.6). Then

(3.4) αk ≥
(1− σ)|HT

k dk|
L∥dk∥2

.

Proof. From (1.6), we have
(HT

k+1dk −HT
k dk) ≥ (σ − 1)HT

k dk.
Using the Cauchy–Schwarz inequality and (2.1), we obtain

(σ − 1)HT
k dk ≤ (Hk+1 −Hk)

Tdk ≤ Lαk∥dk∥2.
By combining these two inequalities, the result can be achieved.

This indicates that αk obtained by the new method is not equal to zero,
hence there exists a constant λ > 0 such that
(3.5) αk ≥ λ for all k ≥ 0.
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The following theorem establishes global convergence of the proposed method
under the strong Wolfe line search conditions.

Theorem 3.1. Suppose that Assumptions 3.1 and 3.2 hold. Consider
any conjugate gradient method in the form (1.2) and (1.3), with βk defined
by (2.1), in which the step length αk is determined to satisfy the strong Wolfe
conditions (1.4) and (1.6). If the search directions satisfy the decent condi-
tion (2.4), then this method converges in the sense that

(3.6) lim inf
k→∞

∥Hk∥ = 0.

Proof. We argue by contradiction and assume that there exists a positive
constant γ such that

(3.7) ∥Hk∥ ≥ γ for all k.

From (2.1) and (2.7), we have

(3.8) |βNew
k | ≤ 2βDY

k + |βCD
k |.

By the definition of βDY
k and using (2.8), (3.2), (3.7), we get

(3.9) βDY
k ≤ Γ 2

c1(1− σ)γ2
.

By the definition of βCD
k and using (3.2),

|βCD
k | ≤ Γ 2

| −HT
k dk|

.

Since the sufficient descent condition holds for CD method and (3.7), we can
get

(3.10) |βCD
k | ≤ Γ 2

c2γ2
.

From (3.8)–(3.10), we have

(3.11) |βNew
k | ≤ 2Γ 2

c1(1− σ)γ2
+

Γ 2

c2γ2
= E.

Thus, it follows from (2.2), (3.2), (3.5) and (3.11) that

(3.12) ∥dk+1∥ ≤ ∥Hk+1∥+ |βNew
k |∥xk+1 − xk∥

αk
≤ M ,

with

M = Γ + E
D

υ
, D = max {∥y − z∥ : y, z ∈ S}.

Summing for k ≥ 0 we get ∑
k≥0

1

∥dk∥2
= ∞.
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So, applying Lemma 3.1, we conclude that (3.6) is true. This contradicts (3.7),
so we have proved (3.6).

4. Numerical experiments. In this section, we present some numerical
experiments obtained with the new proposed conjugate gradient method
with the hybridization parameter βk given by (2.1). The test problems are
selected from [1, 5]. All the algorithms have been coded in MATLAB 2013
and compiler settings on the PC machine (2.5 GHz, 3.8 GB RAM ) with
Windows XP operating system. We compare the computational results of our
method against the CD [16], NVHS∗ [14], hDYz [10], H3 [35], HYBRID [2]
and HLSCD [12]. In this numerical result, all algorithms implement the
SWLS condition with δ = 10−3 and σ = 10−1. The iteration is terminated
if one of the following conditions is satisfied: (i) ∥Hk∥∞ < 10−6, where
∥ · ∥∞ is the maximum absolute component of a vector, (ii) the number
of iterations exceeded 2000, (iii) the computing time is more than 500 s.
We show the performance difference clearly between our method and six
conjugate gradient algorithms. We choose the performance profile introduced
by Dolan and Moré [13] to compare the performance with respect to the
number of iterations and CPU time to rule as follows. Let S be the set of
methods and P the set of test problems with np, ns the number of test
problems and the number of methods, respectively. For each problem p ∈ P
and a solver s ∈ S, let τp,s be the number of iterations or CPU time required
to solve problem p ∈ P by the solver s ∈ S. Then comparison between
different solvers based on the performance ratio is given by

rp,s =
τp,s

min {τp,i, 1 ≤ i ≤ ns}
.

Suppose that a parameter rM ≥ rp,s for all problems and solvers is chosen,
and rM = rp,s if and only if the solver s does not solve problem p. The overall
evaluation of the performance of the solvers is then given by the performance
profile function given by

Fs(t) =
size {p : 1 ≤ p ≤ np, rp,s ≤ t}

np
,

where t ≥ 1 and “size” is the number of elements. The function Fs : [1,∞[ →
[0, 1] is the distribution function for the performance ratio. The value of
Fs(1) is the probability that the solver outperforms the others.

Figures 1 and 2 give a performance comparison of the new method with
those for the CPU time and the number of iterations, respectively. From
these figures, we can conclude that the new method is competitive and is
superior to the CD, NVHS∗, hDYz, H3, HYBRID, and HLSCD methods for
the given test problems. These numerical findings are indeed encouraging.
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Fig. 1. Performance profile on the CPU time

Fig. 2. Performance profile on the number of iterations

Conclusion. We have presented a new hybrid conjugate gradient al-
gorithm by using the convex combination of NVHS∗ and CD methods. The
global convergence properties and the sufficient descent condition of the pro-
posed method have been established, under the strong Wolfe line search
conditions. Numerical results also show that our method is very robust and
effective.

Acknowledgements. The authors are grateful to the anonymous refer-
ees for their valuable comments and useful suggestions, which improved the
quality of this paper.
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