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CHEUK FUNG (JosHuA) Lau

Abstract. Dickson’s conjecture and the Hardy-Littlewood prime tuple conjecture
predict that every pattern of reduced residue classes modulo ¢ is attained by infinitely
many strings of m consecutive primes. At present, however, even proving that a single
non-constant residue class pattern of length m occurs infinitely often is beyond the reach
of existing methods. Combining Dirichlet’s theorem on primes in arithmetic progressions
with a theorem of Shiu (2000) shows that, for any m,q € N with ¢ > 3, at least my(q)
residue class patterns of length m are attained by infinitely many consecutive primes.

We prove that if g is squarefree, every prescribed sequence of at least 60mlogm
reduced residue classes mod ¢ contains, in order, an m-term block pattern that oc-
curs infinitely often among consecutive primes, with each constant block of length at
most [logm]. A recursive combinatorial argument then shows that if ¢ is squarefree and

g > (logm)?, then at least
m

> )1090(61)2

(log m
residue class patterns of length m occur infinitely often among consecutive primes. More-
over, we also show that if ¢ is squarefree and ¢ > (log m)2, then at least

> efO(m logy m/log m)w(q)m/ﬂog m]

residue class patterns of length m occur infinitely often among consecutive primes. The
proof consists of a modification of the Maynard—Tao sieve found in Banks, Freiberg, and
Maynard (2016), by considering the r-th moment instead of the 2nd moment for an inte-
ger r depending on m, which is then combined with an Erdés—Rankin type construction.

1. Introduction. A central theme in analytic number theory is that,
after accounting for the obvious local congruence obstructions, the prime
numbers should behave like a random set. This philosophy underlies the
Hardy—Littlewood prime tuple conjecture and predicts that every admissible
local pattern of primes should occur infinitely often. One way to study this
phenomenon is to examine the residue classes of consecutive primes modulo
a fixed integer q.
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For ¢,m € Nwith ¢ > 2,z € Rand a € [[;~,(Z/qZ)*, define
m(x;q,a) = #{pn < x:ppti—1 = a; (mod q) for alli =1,...,m},

where p; denotes the i-th prime. Thus 7(z;q,a) counts occurrences of a
prescribed residue class pattern among m consecutive primes.

Understanding these patterns is closely related to the broader question of
how randomly distributed consecutive primes are. Numerical investigations
and probabilistic models suggest that, apart from congruence restrictions,
every residue class pattern should occur infinitely often. A consequence of
Dickson’s conjecture states the following.

CONJECTURE 1.1. For any ¢,m € N with ¢ > 2 and a € [[[",(Z/qZ)*,
m(z;q,a) = 00 as x — 0o. Equivalently,

#{a € l_[(Z/qZ)X cm(z;q,a) = 00 as x — oo} = p(q)™.
i=1

Additionally, the Hardy-Littlewood prime tuple conjecture predicts
the quantitative asymptotic behaviour of 7 (z;q,a). Recently, more refined
heuristics were developed by [LOS16]. Their work predicts substantial biases
for finite ranges, for example, consecutive primes tend to avoid repeating the
same residue class modulo ¢ more often than naive randomness would sug-
gest, but these biases are expected to disappear asymptotically.

Despite these strong heuristic predictions, our current understanding re-
mains extremely limited. Dirichlet’s theorem on primes in arithmetic pro-
gressions states that m(z;¢,a) — oo as © — oo for any a € (Z/qZ)*, so
Conjecture [1.1] is known when m = 1. For general m € N, we have the
following result of [Shi00].

THEOREM 1.2 (Shiu). For any m,q € N with ¢ > 2 and a € (Z/qZ)*,
leta=(a,...,a) € [[[~(Z/qZ)*. Then w(x;q,a) — oo as x — oo.

Maynard [May16| proved that 7(z;q, (a,...,a)) > n(z). However, even
proving that a single non-constant residue class pattern of length m occurs
infinitely often among consecutive primes is beyond the reach of existing

methods. In an easier setting of consecutive sums of two squares instead of
primes, Kummel and Kuperberg [KK24l, [KK25| considered

E={?+d*:c,decN}={E,:necN},
and call a € Z/qZ E-admissible if there is ¢,d € N such that ¢ + d?
a (mod ¢). For an m-tuple of admissible residue classes a = (a1,...,am)
(Z/qZ)™, let
N(z,q,a) = #{E, <z : Epti—1 = a; (mod q) V1 <i < m}.
Kummel and Kuperberg [KK24] proved that for any ¢ € N with ¢ > 2 and
ay,az,a3 € Z/qZ E-admissible, N(z,q,(a1,as,a3)) — oo as x — oo. For

m
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a general m € N and squarefree ¢ € N, Kummel and Kuperberg [KK25|
proved that for any m-tuple a that is a concatenation of two constant tuples
(a1,...,a1) and (ag,...,a2) with a1,as € (Z/qZ)*, we have N(x,q,a) — oo
as x — o0o. Even in this easier setting, we are very far from proving that all
E-admissible tuples of residue classes are indeed attained by infinitely many
consecutive sums of two squares.

In this paper, we investigate the number of residue class patterns that
are attained by infinitely many consecutive primes. One can use Dirichlet’s
theorem to show that for any ¢,m € N with ¢ > 2, there are at least
©(¢) many m-tuples a € [, (Z/qZ)* such that 7(z;q,a) — oo as x — oo.
Using [Shi00] along with Dirichlet’s theorem, we obtain a better lower bound.

PROPOSITION 1.3. For any q,m € N with ¢ > 3, there are at least my(q)
m-tuples a € [, (Z/qZ)* such that n(x;q,a) — 0o as T — 0.

Proof. For each a € (Z/qZ)*, Shiu’s theorem states m(z;q,(a,...,a))
— 00 as * — oo. By Dirichlet’s theorem, we know that each string of con-
secutive primes all congruent to a (mod ¢) must terminate. Since ¢(q) > 2,
by the pigeonhole principle there must exist o’ € (Z/qZ)* with a’ # a such
that 7(z;q, (a,...,a,d")) = oo as © — oo. Repeating this ‘shifting’ argu-
ment m — 1 more times, we find that for each a € (Z/qZ)* there are m
m-tuples attained by infinitely many consecutive primes. By considering the
first entry, the m-tuples obtained in this way for distinct a € (Z/qZ)* are
distinct, so in total we can obtain at least mp(q) such tuples. =

In fact, this lower bound is optimal if the only property of primes we use
is Theorem Let ¢ € Z~1, and let (Z/qZ)* = {c1,... ). Consider
the sequence

1 Co(q

b, =cp, where k—1<n<k, 1<k<yp(q),
bo(q)4n = Ck» Where 2(k—1) <n <2k, 1<k < p(q),
b3p(q)+n = Ck, Where 3(k—1) <n <3k, 1<k < p(q),
and so on, i.e.
br(r—1)p(q)/24n = Cks Where (k—1)r <n <kr, 1 <k<p(q),r>1.

For m € N and a = (ai,...,am) € [[;~,(Z/qZ)*, define the corresponding
counting function

Tg(x;a) = #{bp <z :bpti—1 =a; (mod ¢) for all i =1,...,m}.

We observe that for any m € N, a € (Z/qZ)*, and a = (a,...,a) €
[[2(Z/qZ)*, the sequence (b,)s2, satisfies my(x;a) — o0 as @ — oo.
However, there are exactly mep(q) m-tuples a € [[;",(Z/qZ)* such that
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Tg(z;a) — 00 as & — 0o, namely

m
(ct7 ey Gty Cpg1y - - ,Ct+]_) S H(Z/QZ)Xu
———— N—— —— ]

r times m—r times =1

1<r<m, 1<t<ep(q), Co(q)+1 7= C1-

For general m € N, despite knowing that me(q) tuples of residue classes
are attained by infinitely many consecutive primes, it is currently not known
whether any other specific tuple of residue classes is attained by infinitely
many consecutive primes. To state our main results, we make the following
definitions.

DEFINITION 1.4. For a squarefree integer ¢ > 2, m € Z', and A C
12 (Z/qZ)*, define

m(z;q, A) = #{pn < : (pn mod ¢, ..., pn+m—1 mod q) € A}.
Also, for r € ZT with r > 1, define

M = {(23”(70 R 1)2T1>T_1177“b(7n(r — 1)+ r)rllw ,

r!
and define the set of functions
T M) = (G {1, oom} = {1 MY GG+ 1) 2 (0,
no consecutive r values j(i) are equal}.

The main result of this paper is the following theorem, proven in Sec-
tion [

THEOREM 1.5. Let q be a squarefree integer, and r,m € Z+ with r > 1.
Recall w(x;q,A), M, and J.(m, M) from Definition . For any ay,...,ap
€ (Z/qz)*, let

A={(c1,...,em) s 3j € Jp(m, M) with ¢; = a;;) Y1 <i <mj}.
Then m(x;q, A) — 00 as x — 0.

Using this, one can argue combinatorially to obtain the following result
for ¢ in a ‘medium’ range, which is proven in Section [7}

COROLLARY 1.6. For any 0 < ¢ < 1, if ¢ > 2 is squarefree and ¢(q) >
8c1e2(logm)?, then for m sufficiently large,

= —Cc)m C5
#{a e [Iz/az) : lim n(w:q,2) = OO} > LM pla)—1).
1=1

~ 256e!9(logm)10
If we choose ¢ = 5/6, this gives a better lower bound than that of Propo-
sition [L.3] when
©(q) > 3823¢'%(logm)1® + 1.
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In Section [7], we also obtain a corresponding lower bound when ¢ is in a
‘large’ range.

COROLLARY 1.7. For m,r € Z", recall M from Definition . If g > 2
is squarefree and p(q) > M, there are at least

[m/(r —1)]!
MM-1)---(M—[m/(r—1)]+1)
x @(q)(p(q) = 1) (plg) — [m/(r—1)] +1)

m-tuples a such that 7(x;q,a) — 00 as r — 0.

For example, for m = 2, we may choose r = 2 in Corollary to show
that for any ¢ squarefree and (q) > 64,

#{(al,ag) € (Z/)q)* x (Z/qZ)* :xli_{gloﬂ'(.%’;q, (a1,a2)) = oo}

> S e(@)(ela) — 1)

In particular, when ¢(gq) > 4033, we beat the lower bound in Proposition
This misses the conjectured lower bound of ¢(q)? by a constant. Putting
r = [logm + 1] in Corollary we will prove

COROLLARY 1.8. If ¢ > 2 is squarefree and o(q) > 8e*mlogm, then for
m sufficiently large,

#{a € H(Z/QZ)X : wli_)lgloﬂ(m;q, a) = oo}
> e—O(m log, m/logm)(p(q)m/flogm] )

In both corollaries, we choose r = [log m+1]. Heuristically this is because
for m large, we have M = O(r'toMm,l+1/r+o(l/r)) To minimise M, we
choose r ~ logm.

2. Outline. The proof of Theorem has two main ingredients. First,
in Section[d we develop a modification of the Maynard—Tao sieve which guar-
antees the existence of several clusters of primes satisfying prescribed spacing
conditions. Second, in Section [5| we adapt the Erdés—Rankin construction so
that these clusters consist of consecutive primes lying in prescribed residue
classes modulo g. Combining these two ingredients yields Theorem from
which the lower bounds for the number of attainable residue class patterns
follow by a combinatorial argument in Section [7]

A finite set H of integers is said to be admissible if for every prime p,

#{n (mod p) : H(n+ h) =0 (mod p)} <p.

heH



6 C.F. (J.) Lau

Fix m,r € Z* with r > 1, and let ¢ be squarefree. Define the parameter M
as in Definition [T.4] For sufficiently large N, let W denote the usual product
of small primes appearing in the Maynard-Tao sieve. We also introduce the
Maynard—Tao sieve weights

wn=< Z )\dl,...,dk)Z»

di,...,dg

d;|gn+h;
where the coefficients Ay, . 4, are defined in Section . Our main sieve result
(Proposition states that if H = {hi,...,hx} C [0, N] is an admissible
k-tuple whose pairwise differences are e log N-smooth, then one can choose
a residue class b mod W satisfying suitable local congruence conditions so
that, for any partition

H=HiU---UHy

into equal-sized subsets, there exists n € [N, 2N] for which m + 1 of the sets
qn + H; each contain between 1 and r — 1 primes, while every intermediate
block contains no primes.

The proof of Proposition follows the ideas of [BEM16), Mer20]. Ob-
serve that it suffices to establish the positivity of the sum

k
21 s= Y (Z 1p(qn + i) — m(r — 1)
N<n<2N i=1

M
— (m(r—1) —1—7“)2 Z Hlp(qn—l—hji))wn.

j=1 hjlv"'vthEHj =1
J1<-<gr
To do this, in Lemma 4.5 we first establish estimates for the total weight,
the weighted count of primes, and the weighted r-fold correlations

g Wn,

N<n<2N
n=>b (mod W)
> 1elgn+ hy)wn,
N<n<2N
n=>b (mod W)
Z 1p(gn+ hj,) - - 1p(gn + hj, )wy.
N<n<2N
n=>b (mod W)
These estimates are then combined to prove the positivity of (2.1)).
To apply Proposition [£.6] Section [f| develops a modified Erdés—Rankin
construction. Given prescribed residue classes 1, ..., 7 mod ¢, in Lemmal5.2
we construct an admissible tuple {hq,...,hi} with h; = r; (mod ¢), whose
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pairwise differences are e log N-smooth, together with the required residue
class b mod W. This construction also ensures that the primes detected by
the sieve are consecutive, completing the proof of Theorem

Finally, Section[7]uses Theorem [I.5]in a recursive combinatorial argument
to obtain lower bounds for the number of residue class patterns attained by
infinitely many consecutive primes.

3. Notation. Throughout this paper, we use |z]| to denote the largest
integer not greater than x, and [x] to denote the least integer not less than x.
We write f < g and f = O(g) when there exists a constant C' > 0 such that
|f(z)| < Cg(x) for x sufficiently large. If the implied constant depends on a
parameter, € say, then we write f <. g or f = O(g). We use f = o(g) to
mean lim;_,o f(x)/g(z) = 0.

Sums of the form Zp range over primes, and [P denotes the set of primes.
We use 1p(n) to denote the indicator function of whether n € P. Given
integers dy, ds we use ged(dy,dz) or (di,ds) to denote the greatest common
divisor of d; and dg, and lem(dy, d2) or [dy,ds] to denote the least common
multiple of d; and dy. For a positive integer ¢ > 1, denote by P*(q) the
largest prime factor of ¢q. We use ¢(gq) to denote the Euler totient function
of q. Given integers k and n, log; n denotes the k-fold iterated logarithm of
n in base e, for example log; n = logn and log, n = loglogn.

4. A modified Maynard—Tao sieve. In order to use the methods of
IBEM16], we need the following results.

LEMMA 4.1 ([BEM16, Lemma 4.1]). Let T > 3 and P > TY/'°%2T Among
all primitive characters x modulo q with ¢ <T and P*(q) < P, there exists

at most one such that L(s,x) has a zero in the region
c

R(s) >1- log P’ S(s)| < exp(log P/+/log T),

where ¢ is a positive absolute constant. If this character x modulo q exists
and is real, then L(s,x) has precisely one zero in the above region, which is
simple and real, and satisfies

PT(q) >logq>>log, T.

We fix the absolute constant ¢ in [BEMI6] and define Zp = P*(q) if such
exceptional modulus ¢q exists, and set Zr = 1 otherwise.

THEOREM 4.2 (Modified Bomberi-Vinogradov, [BFM16, Theorem 4.2]).
Let N >2. Fix any C > 0,0 =1/2—-§ € (0,1/2), and € > 0. Suppose qq is
a squarefree integer with qo < N¢ and PT(qo) < Ne/loga N [f ¢ is sufficiently
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small in terms of C, 6, c in Lemma [L.1], then with Zy2- as above we have

Y(N) N
max [$(N;g,a) - D) | g ——
ZB (g.0)=1 ©(q) ¢(qo)(log N)°
q<N
qolg
(q1ZN26):1
Given a squarefree integer ¢ > 2 and an admissible tuple (hq,...,hg),

define the set
H(n) ={gn+ hi,...,qn + hy}.

We define the sieve weights Ag, .. 4, as in [BEMIE], i.e.

k

k J k
- (Hu(di))ZHFg,jGZEEZV‘) if ged(dy - - dy, Zyac) = 1,

Adlw-»dk - i=1 j=1¢=1

0 otherwise,

for some fixed J, where Fy; : [0,00) — R are fixed smooth compactly sup-
ported functions that are not identically zero, with support condition

sup {Ek:te : ﬁFé,j(te) # 0} <4

/=1 /=1
forall j =1,...,J and some small § > 0. Let
J k
F(tl, ce ,tk) = Z HFéJ(tg),
j=1¢=1

where F, 57 j denotes the derivative of I} ;. We also assume Fy ; are chosen such
that F'(t1,...,1t) is symmetric. Since J and Fyjfor1 </ <kand1 <j<J
are fixed, we have A\g, 4, < 1 uniformly in dy,...,d;. We further define

2
Wy, = ( Z Adl,...,dk) ;
d1,ods

and for € > 0 define
w
W = H D, B:MlogN.

w
p<elog N
MZN4E

We remark here, for N sufficiently large in terms of ¢, we have ¢ | W, so

paW) _ »(W)

qW w
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We define the following quantities for » € Z* and k > r:

L(F) =\ | Fty,... . tp)dty - dty,
0 0

JF) = (S VPt ) db dtk>2dt1~- dty_,.
0 0 0 0

LEMMA 4.3. Let N be sufficiently large in terms of q. If Fy,..., Fy, G1,
., Gk 1 [0,00) — R are compactly supported functions, then

log d,; log d; _
P e - d, (1806, ) = e+ o) B

dk] 1
d’l, d),

where > denotes the additional restriction of [di,d}], ..., [dy, d,],qW Zya
being pairwise coprime, and

=[[ | Fjt;)G)t;) at;.
7j=10

The same result holds if [d;, d] are replaced by ¢([dj, d}]), 1.

= <1°gd > <logd(>
§ || G, 2 ) = (c+o0(1)B7*.
/ J
i o( d],d] log N log N
Lol

Proof. If N is sufficiently large in terms of q such that Zy4- > P¥(q) and
q| W, then the additional restriction is the same as saying [d1, d}], . . ., [dk, d}.],
W Z 4= being pairwise coprime, which is just [BEM16, Lemma 4.5]. w

We have an estimate for J,gr)(F) in terms of Iy (F).

LEMMA 4.4. Let 0 < p < 1 and r € Z* with 2 < r < k. Then there is
a fized choice of J and Fyj for £ € {1,...,k} and j € {1,...,J} with the
required properties such that

IO = (1-+ (o hy ) (2228 ) 1),

IO < 1+ 0((og k)2 (P28 ) 1)

Proof. The proof is similar to that of [BFEMI16, Lemma 4.7]. The result
is trivial if k£ is bounded, so assume k is sufficiently large. Define Fj =
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k
kt;) if SF <1,
Fk(tl,...,tk) = Hg( ) szl
0 otherwise,
1
—F0 ifte|0,T],
oty =1 a el
0 otherwise,
A =logk — 2log, k,
T — ed —1
A

The first assertion follows from [BEMI6, Lemma 4.7]. For the second asser-
tion, we will first prove that for all x > 0 we have

2
@y (0 F g)g)dn-- )
t1++tr <z
<(ogk) | gt1)’---g(t)?dty - dt,.
tit <z
For 0 < z <logk, by Cauchy—Schwarz we have

2
S g(t1) - g(t,)dty - - - dtr>
t1tt <z
< r S g(tl)g"‘g(tr)thl o dt,

T
t1+ottr <o

<(ogk)” | gt1)?g(t,)?dty- - dt,.
t1+"'+tr§x
We now prove (4.1)) for x > log k. Let y = min(x, T') and note that log(1+Ay)
< A. Hence
S g(t1)2 .. ~g(tr)2 dty - -- dt,
tite e <o
> | gt gt at,

t1e At <y
1 1
= S dty--- dt,_y
2 2
1t te_1<y (1+At) (L+ Atr1)
t1,..str—120
1
——dt
8 S (14 At,)2 "

0<tr<y—(ti+-+tr—1)
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1 1
> S dty -+ dt,—q
2 2
ti++t,—1<y—1 (1 ™ Atl) (1 + At?‘—l)
t17~-~,tr7120
1
X S 1 1L A7 \2 dtr
0<i <1 (1+ At,)
1 1 1
T A+1 S dty -+ dtp_q.
2 2
A, 0 (AR (14 Al
t1,..,tr—1220

Since y > log k > r for k sufficiently large, we can do this 7 — 1 more times,
and we get

1 1
g(t)? - g(t,)?dty - dty > e
t1+-~§-tr<x (A + 1) (log k)

for k sufficiently large. Since the integral of g over [0,00) is 1, for all z > 0
we have

S g(ty) - g(t,) dty -+ - dtr>2

ti4+tr <z

<(logh)” | g(t1)*--g(ty)?dty -+ dty,
t1+-+t-<zx

so (4.1)) holds for all z > 0. Therefore

JE) = |- (Hgkzt ?)

k Tt1<1 =1
Ly s )
X ( S g(ktk,,url) s S g(ktk) dtk s dtk,T+1> dtl s dtk,r
0 0

<(%) 3-8 (o)

Sty =1

=503t -3t
X ( S g(ktk_r+1)2 s S g(ktk)Q dtk s dtk—r—i—l) dtl s dtk_r
0 0
logk\"
= ( Ig€ ) I, (Fy,)

By the Stone-Weierstrass theorem, we take F'(t1,...,t;) to be a smooth
approximation to Fy(pdty, ..., pdty) such that
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Ik(F) = (6p)* (1 + O((log k) ~/2)) I(Fy),
TV F) = (5p)F7 (1 + O((log k) /2)) 1 (Fy),

for all r € Z*, and we are done. m

LEMMA 4.5. Let g > 2 be squarefree and N sufficiently large in terms
of q. Suppose {h1,...,h} C [0,N] is an admissible k-tuple such that for all
1<i<j<k, we have ged(hi,q) =1 and

plhi —hj = p<elogN.

Let b € Z be such that for all j € {1,...,k}, we have ged(gb+ hj, W) = 1.
Then the following are true.

(1) We have

N
> w,=(1 +o(1))WB*k1k(F).
N<n<2N
n=b (mod W)

(2) For each j € {1,...,k}, we have

N
ST te(gn+hjw, = 1+ 0(1))WB*’€J,§”(F).
N<n<2N
n=b (mod W)

(3) Forre{l,...,k} and j1,...,Jr € {1,...,k} strictly increasing, we have

> Islgn+hy) - 1e(gn + by w,

N<n<2N

n=b (mod W) N

<@ tr—1)r 4+ 0(5))WB—‘€J,§”(F).

Proof. Parts (1) and (2) are nearly identical to [BEMI16l Lemma 4.6],
and any differences can be found in the proof of (3), so we only prove (3).
We will use the sieve upper bound

1p(gn + hy,) < < > “(e")Gi(lli;))z

eilgn-+hy,

for smooth decreasing functions G; : [0,00) — R supported on the interval
[O,ﬁ - %} with G(0) = 1, for each ¢ = 1,...,7 — 1. Observe that
there is no contribution from any summand in the definition of w, unless
dj, = --- =dj, = 1, since 1p(qn+h;,) together with the divisibility condition
dj, | (gn + hy,) forces dj, =1 for each i = 1,...,r. Thus, we have
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$ ﬁlp(qn—l-h'i)( > Mea)

N<n<2N i=1 di,od
n=b (mod W) di|qn+-h;, Vi
< Y le(gn+hy)

N<n<2N
n=b(mod W)

A X wea () (X )

1=1 ei|qn+h]-2. dl,...,dk

dl|qn+h]ZV1
djy =-=dj,. =1
= Z 1p(qn + hy,)
N<n<2N
n=>b (mod W)
log ey loge,_1 2
« A G G [ 222
( Z dh---dk“(el) p(er—1) 1<logN> r 1( log N
dy,...,dg
€1,.5€r—1
dilqn-+hy, Vi
djy ==dj. =1

ep |qn+hje Ve

Expanding the square gives

= Z 1p(gn + hj,) Z Z )\dl,...,dk)\d’l,...,d;

N<n<2N di,...,dg dll,...,d;C
n=b (mod W) €1,-s€r—1 e e
di‘qn-‘rhjiVi Lreeotr—1

Ao —e—d —1 dj|gn-+h;, Vi
1 I =e=d =1
ee\qn+hjéV€ J1 Jr

eylgn+th;, Ve

r—1
log e; log €/,
. / . . 7
< ][ nteu(e)c <1og N) Gi (logN>

i=1
= : : : : Adl: N Ad?y 7d;C
efl.i'.“e’dfl jill""7/cl;“
dj1:7"'7:&jr:1 , Lt
god(di,q)=1v; %1 ="=%,=

ged(eg,q)=1v¢ ged(d},q)=1Vi
ged(ep,q)=1V¢

r—1
loge; log e’
. )G Gi ; 1 h:
[T eoncl) (25 (i) X )
n=b(mod W)

n=—q~'hj, (mod [d;,d!]) Vi
n=—g~hy, (mod [eg c}]) ¥

since we assumed gcd(q, hj;) = 1 for all 1 <4 <7 — 1. The innermost sum is
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7(2gN + hj,) — 7(qgN + hj,)
P(qW) Ty ¢([di, d]) TTiZ) ¢([eir €}])
r—1

+ (5 (aN:aw [ TTew )
i1

=1

where
E(qN;q)

2gN + h) — w(gN
= max |7(2qN +h;q,a) — 7(gN + h; ¢, a) — m(2¢N + h) /7r(q + h)
O o(d)

)

because by the support of A4, . 4, and the choice of b we know that [d;, d}],
leg, €] are all pairwise coprime, and by assumption g | W. We first deal with
the error term. In the same way as in [BFMI16, Lemma 4.6(iii)|, we can
restrict to arithmetic progressions mod sW, where

k r—1
s = [[ldi, ] [ Jlesr €}] < N'/27°.
=1 =1

In view of the bound Ag, . 4, < 1 and the trivial bound E(¢N;q¢) < 1+
qN/p(q'), using Cauchy—Schwarz and Theorem we see that the error
term contributes

k r—1
/
! /
> Pardi My |E<€1N§ oW [ [ldi, di) T [e: 61])
dy,....dy i=1 i=1
& d
djy=--=dj, =1
d ==d =
J1 Jr
€1,--€r—1
syt

< Z u(s)QTg,k(s)E(qN; sqW)

S§N1/275
ged(s,W Z y4e)=1

<( X u<s>2mk<s>2(1+¢(quW))>l/2

S§N1/2_§
ged(s,WZ y1e)=1

(> ) EaN;sgw))
s<N1/2-8
ged(s,W Z y4e )=1

N
W (log N)2k’

1/2

<
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where >’ denotes the additional pairwise coprimality condition between
[di, d}], [ec, €)], qW Z 2 and T¢x,(s) denotes the number of ordered 6k-tuples of
positive integers whose product is s. The main term is treated as in [BEM16],
Lemma 4.6(ii)|. Expanding Ag, .4, , we find that the main term is

J
qN log dy
RIS DD S | O |
J 1 wdg o J=1 1<e<k
d’17 ,d’ CF£G1,eJr—1
dj, ==dj. =1
d§1:""d§r:
r—1
logd
X HFJMJ(O)GZ(IO >
=1
k r—1
log d, log d.
! 4 )
ALty T1 - wo(e ) TL 0006 (25
j=1 1<e<k i=1
K#jlv"'va—l

< (W) o(ldy, di]) - o([d, di]) T

where >’ denotes the additional restriction of [d1,d}], ..., [dk, d}], qW Zya-
being pairwise coprime. Let

F(ty,... . ty) = Gi(t;,) - Gh_y(t;,_,)

oo 00
X S S F(tl,...,tjl_l,Ujl,...,UjT_l,tjr+1,...,tk)del deT_l.
0 0

Note F is supported on t1,...,; with Zle t; < 1/4 — 6. By Lemma
the main term is

(14 o(1) L2 pk+1

©(gW)log N
J o0 r r—1 oo
x> I1 § Ayt [T 7002 TT § Giea)? an
Jj=1 1<¢<k 0 i=1 i=1 0
Z#jlv"wj’r‘

<(1+ o(1))%B*’“

oo 00 0o 9
X S S <S F(tl,...,tk)dtjr) dtl--' dtjrfldterrl"' dtk.
0 0 O

Combining this with the above error term bound we have
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> ﬁ 1p(qn + hﬁ)( > )\dl,...,dk>2

N<n<2N i=1 d1yendy,
n=b (mod W) d;ilgn+h;, Vi
djy==d;, =1

X S S (S ﬁ(tl,...,tk)dtﬁ)2dt1'-'dtjrfldtjﬂrl"- dty,
N

= (L4 o(1) 5 B HI (F P { VTG, iy
0 0 =1

Taking G;(t) to be a fixed smooth approximation to 1 — t/(4(7,171) - %)
with G(0) = 1 and {° G}(t)*dt < 4(r — 1) + O(6), we are done. u
PROPOSITION 4.6. Letm,r € ZT withr > 1, ¢ > 2 be a squarefree integer

and recall M from Definition[I.4] Let k be a sufficiently large multiple of M
in terms of m and r. Let € > 0 be sufficiently small. Define

W .= H p.

p<elog N
MZN46

Let H = {h1,...,hg} C [0, N] be an admissible k-tuple such that for all
1<i<j<k,ged(hi,q) =1 and

plhi —hj = p<elogN.

k
(H(qb +hy), W> —1
j=1
Let H="HiU---UHyu be a partition of H into M sets of equal size. Then
for all sufficiently large N in terms of m,q,k, e, there is n € [N,2N] with
n=0b (mod W) and some set {i1,...,im+1} of distinct indices such that

1<|Hin)NP| <r—1 forallie€{i1, ..., im+1},
|Hi(n) NP =0 for all iy < i < ipms1 such that i #i1,. .., imt1-
Proof. The proof is similar to that of [BFM16, Theorem 4.3|. Consider

k
S = Z (Z 1p(gn + hi) —m(r — 1)

N<n<2N i=1

Let b € Z such that

r

M
— (m(r—1) Z Hl]}an‘i‘hﬁ)

7=1 th’ . JTEHJZ 1
J1<<Jgr
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By Lemma we have

S > zk: (1+ (1))£B_kj(1)(F) —m(r—1)(1+ (1))EB_’“I (F)
> 2 0 W P m(r 0 W k

r— r— N — r
—(mr=1)+r) > (@ -1) 1+0(6))WB L),
gy seeeshijr €H;
J1<-<Jr

Using Lemma and choosing 0 < p < 1 such that pdlogk = 2(r — 1)m,

we get

2(r —1)m
k

1) (e — 1) + r)M(k/M> (W) - 0(5)>

S > %B_’“Ik(F) (k : —m(r—1)

r
N _ _ 2"(r—1)"m"
> WB ka(F) (m(?” — 1) — 47‘ 1(T — 1)T l(m(r — 1) +7’) . "’er),
so S > 0 by the definition of M. Therefore, there must exist n € (INV,2N]
making a positive contribution to .S. Observe that
(1) every H; with |H;(n) NP| > r contributes at most r — m(r — 1) —r =
—m(r —1) to S,

(2) every H; with |H;(n) NP| € [1,7 — 1] contributes at most r — 1.
For each n € (N,2N], define

sp = number of indices i for which |H;(n) NP| > r,

ty, = number of indices ¢ for which |H;(n) NP| € [1,r — 1].
For those n making a positive contribution to S, we must have

—m(r —1)s, —m(r — 1)+ t,(r — 1) > 0,

which implies ¢, > m + 1 + ms,, i.e. the number of indices j for which
|H;(n) NP| € [1,r —1] is at least m + 1 + ms,. In particular, there must be
some set of m+1 indices i1 < - -+ < iy for which [H;(n)NP| € [1,r—1] for
1 =11,...,im+1 and |’Hz(n)ﬂP\ =0foriy <i<imyiandi £ iy, ... 041 w

5. A modified Erdés—Rankin type construction. We have the fol-
lowing elementary lemma.

LEMMA 5.1 (|[BEMI16, Lemma 5.1|). Let {h1,...,hi} be an admissible
k-tuple, let S C Z, and P be a set of primes such that for some x > 2, we
have

{h1,..., i} €S C[0,27],
{peP:p>ax} >|S|+Ek.
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Then there is a set {ap : p € P} of integers such that
{h1,...,hi.} =S\ U{g:gzap (mod p)}.
peEP
As in [BFM16], we need Mertens’ 3rd Theorem: for x > 2,

(5.1) H(“;) = 12;; <1+O<10;$>>’

p<x
where v = 0.5772... is the Euler—Mascheroni constant. Also, from [Dav13],
Chapter 20 (13)], for any positive constant ¢, there is a positive constant ¢’
depending only on ¢ such that

(5.2) E logp = N O(z exp(—c'+/log z))
veaToy (q)
p=a (mod q)

uniformly for 2 < y < x, ¢ < exp(cy/log z) and ged(g,a) = 1, except possibly
when ¢ is a multiple of some g; depending on z which satisfies P*(qy) >.
log, .

LEMMA 5.2. Fiz k € N, squarefree integer q > 2, and integers 0 < r1 <
-+« < rg all coprime to q. There is a number y' = y'(q,r, k) depending only
on q,r1,...,7, and k such that the following holds. Let z,y,z € R satisfy
z>1,y>vy and

201+ (1 +rp)x) < ;{;Z < y(logy y)(logz y) .

Let Z be any (possibly empty) set of primes such that for all p’ € Z,

1 1
(5.3) k=K

There is a set {a, : p <y, p ¢ Z} and an admissible k-tuple {h1,...,hi} C
(y, 2] such that

{h1,...,hi} = ((0,21NZ)\ | J{9: 9= (mod p)}
Py
PEZ

and p|a, whenever p|q. Moreover, for 1 <i < j <k,
plhi—h; = p<y,
and for 1 <i <k, h; =r; (mod q).

Proof. The proof is very similar to the proof of [BEMI16, Lemma 5.2].
Let y1, y2, ¥, 2 be numbers satisfying

2<y <y <y<z<yys 2logy < (logz)(logyz) '
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Let Z be any set consisting of primes satisfying (5.3)). As in [BEMI16|, we
have the following estimates on Z:

(5.4) H<1_;)1:1+0<1o;;z>’

peEZ

(5.5) D 1<logyy forall yo > 1.

pEZ
P<Yo

For y (and hence log z) sufficiently large, from (5.3) we may assume 2 ¢ Z.
Suppose further that y; > PT(q). Let

H D, P, = H b, Py = H D,

2<p<y1 Y1<p<y2 y2<p<y
PEZ, p#L PEZ PEZ

where /¢ is a prime satisfying ¢ > logy;, to be chosen later. For p| Ps, we
choose a, = 0, and let

Ni=((0,21nZ)\ |J {g:9 =3, (mod p)} = {h € (0, 2] : ged(h, P,) = 1}.
p| P2

From the proof of [BEM16, Lemma 5.2], we get

N1 < o (lo(2/1a) + O().

For p| P; and p 1 ¢, we choose a, greedily as in [BEMI16], that is, for any

finite set S C Z,
Sl=> > 1,

a (mod p) ges
g=a (mod p)

so there is an integer a, such that

S
g€ 8sg=a, (mod p} 2 2.

For p|q, set a, = 0. Repeating this process with p varying over all prime
divisors of P;, we obtain the set

No = N1\ U{g:gz&’p (mod p)}

plPy
=M\ [U {9:9=a, (mod p)} U U {9:9=0 (mod p)}|,
p|PL plP1

plq plg



20 C.F. (J.) Lau

whose cardinality satisfies the bound
Vol < M ] (1 _ 1) < 9p—92(log(2/y2) + O(1))
- e ¢(q)(log y1)(log y2)
plg
by Mertens’ theorem ([5.1) and ([5.4). By the prime number theorem,
TY) —1m(Y2) =
)=o) = L+ O ol +

logy logy)?  logys

> Y —O< Y2 )
log y2 log y2

if yo > ylog(y/y2)/logy, which is implied by y2 > ylogs y/logy. By (5.5),
we have

gz log(z/y2)
) p g 2)] - ) 2 (1 2 )
{p € (y2,yl:p & Z} — | 2|—10gy2 € w(q)ylogy

Y2 Z
0 + )
<10g y2  (logyi)(logys)
We now assume

_ 2qz _
VA5 gy =yloggy) ™, y< @ < y(log, y)(logs y) .

y1 = (logy)

Substituting, we have
Yy - Yy
PE Wyl p g ZH—|No| =2 =—(1—e7 —O(>,
i ( Jipg 23 =N logy( ) (log y)(logs y)
which tends to infinity as y — oo, so

{p € (y2yl:p & 2} > [Nof + &

for y sufficiently large in terms of k, which we assume. By Lemma [5.1
if {h1,...,hx} is any admissible k-tuple contained in AN, then there exist
integers {a, : p|2¢P3} such that

{hi,...,hi} = Na'\ U {g9:9=7a, (mod p)}.
p|2¢P3

Note{p<y:p¢ Z} ={p <y:p|20P,P,Ps}, so we are done if we can show
there exists an admissible k-tuple {h1, ..., hy} C N> satisfying the required
conditions. To do this, we first define an arithmetic progression mod [g, Pi].
For each prime p|[g, Pi], let A; mod p be defined by

~1 ifa, =1 (mod p), ptq, p| P,
Ai=<1 ifa,=-1(modp),ptq p|P,
ri ifplg.
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Since these congruence conditions are prescribed modulo the distinct prime
divisors of [g, P1], the Chinese Remainder Theorem yields a unique residue
class A; mod [q, P;] satisfying all of them simultaneously. Suppose we could
choose h; to be distinct primes in (y, z] congruent to A; (mod [g, Pi]). Then
h; € Nj implies h; € Nj since ged(A;, P1) = 1. By the prime number
theorem, note Py = e(1+oW)u1 a5 y — 00, so for i # j we have

hi — h;
plhi—h; = pIHPOI"MHM 5 = p<max{y,qz/P} <y
q
plrflgl PPy

if y is sufficiently large. Also, {h1, ..., hy} is admissible since min {hq, ..., hy}
>y > k, which we assume. Therefore, we are left to show that we can find
k distinct primes in (y, z| each congruent to A; modulo [g, P;].

To show this, note Chebyshev’s bound implies Zp§y1 logp < 2y, so

lq, P1] < e3(logy)t/* Therefore, by l' for each 1 < ¢ < k we have

> logp= - O(y exp(—c'v/logy))
e ola. P\
p=A; (mod [¢,P1])
uniformly for 2 < A < y < u < z and ¢ an absolute constant, apart
from when possibly [g, P1] is a multiple of some ¢; depending on u satisfying
Pt (q1) > logy u > log y;. Therefore we now pick ¢ such that this possibility

)1/4

does not occur. Choosing A = ye~1°8%)""" we have

> logp > yexp(—4(logy) ')
u<p<u+A
p=A; (mod [q,P1])

uniformly for y < wu < z, so for each i, the left-hand side is a sum of at least
k primes for every A; if y is sufficiently large in terms of k. Now assume y is
sufficiently large in terms of r; so that

2(14 (14 71)) < (logy y)(logz y) ',

and let x > 1 be any number such that

201+ (1 +7g)z) < 902((;) z < y(logy y)(logzy) .

Let

U= TrETy + Y,
so that the interval (u, u+ 4] is contained in (y, z]. For 1 <14 < k, we choose
h; to be distinct primes in (u,u 4+ A] such that h; = A; (mod [q, Py]), and
this is possible since each arithmetic progression A; mod [g, P;] contains at
least k primes in that interval. Therefore, we are done. =
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6. Proof of main result. In this section we combine the results of
Sections [ and [5] to prove Theorem [I.5]

THEOREM 1.5. Let ¢ > 2 be a squarefree integer, and r,m € ZT with
r > 1. Recall w(x;q,A), M, and J,(m, M) from Definition . For any
ai,...,an € (Z/qZ)*, let
A={(c1,---,cm) : Fj € Jp(m, M) with ¢; = a;j;y V1 <i <m}.
Then m(x;q, A) — 00 as x — 00.

Proof. The case m = 1 is known. Fix k > m > 2, let € > 0 be sufficiently
small, and let k£ be a sufficiently large multiple of M. Let r = (r1,...,7r%)
€ R* be given by

r = (a; mod q,...,a;1 mod q,...,ap mod q,...,ap mod q),
where there are k/M consecutive copies of each a; mod ¢ appearing in r. We
choose suitable representatives r; mod ¢ such that vy < --- < r. Let N be

sufficiently large in terms of k,m, e, and define

z=ec"', y=clogN, z=p(q)y(logyy)(2qlogzy) .

If N is sufficiently large in terms of r and k as well, then with ¢'(q,r, k) as
in Lemma we have

2 _
z>1, y>y(grk), 291+ 1+rpz)< w(Z)Z < y(logy y)(logz y) ™.
Let Zpyae be defined as in Section 4l W = Hpgalog N, plZyae P and let

o {@ if Zyie = 1,

{ZN4E} lf ZN4E # 1
By Lemma there is a set {a, : p <y, p ¢ Z} and an admissible k-tuple
{h1,...,hx} C (y, 2] such that

{hlv"'vhk}:((ovz}mz)\ U{g:gzap (mOdp)})

p<y
j 4

and p|a, whenever p|q. Moreover, for 1 <i < j <k,
plhi—hj = p<uy,
and define the partition
H=HiU---UHpy
such that for each j = 1,..., M we have
h =7 (mod q)
for all h € H;. Let b € Z satisty
= —¢ ', (mod p)
if p<y,p¢ Z and p 1 q, whereas if p|qg set b = 0 (mod p). Therefore, the
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assumptions of Proposition hold, and there is some n € (N,2N] with
n =0b (mod W) and some set {i1,...,im4+1} of distinct indices such that

1<|Hi;(n)NP|<r—1 foralli€ {i1,... 0ms1},

[H;(n) NPl =0 for all iy < i < iy such that i #i1,...,4my1.
To prove they are consecutive primes, note that
(gn,gn+ z] NP =H(n) NP,

since if g € (0, 2] and g ¢ {h1,...,hi}, then gn+g=qgb+a, = —ap +a, =
0 (mod p) for some p < y with p ¢ Z, so the primes in H(n) are consecutive
primes. Therefore, there must exist consecutive primes py,...,Pntm—-1 €
[qN,3qN] such that ppyi—1 = aj(; (mod q) for all 1 < 4 < m, where
J'(i4+1) > j'(d) for all 1 < ¢ < m and no consecutive r of (j'(z))™, are
congruent modulo q. Taking N — oo, we are done. =

7. Number of attainable residue class patterns. In this section,
we use Theorem and recursive combinatorial arguments to obtain lower
bounds for the number of m-tuples occurring infinitely often among consec-
utive primes.

COROLLARY 7.1. For m,r € Z* with 2 < r < m/100, recall M from
Definition (1.4 For any constant 0 < ¢ < 1, if q is squarefree and o(q) >
[%], there are at least

[e(m—=1)/(r—1)]

1ol ([ o) etae -1

m-tuples a such that 7(x;q,a) — o0 as x — 0.

Proof. Using Theorem for any ap,...,aps, there must exist a =
(@j(1ys---»@j(m)) With j increasing and no consecutive r values the same,
such that

m(x;q,a) - 0o as x — oo.

We call an m-tuple a with this property good. Define S to be the set of all
M-tuples with entries in (Z/qZ)* of the form
( ap,...,a1 , as,...,as ,...), a; distinct.

le(m—1)/(r—1)] times |c(m—1)/(r—1)] times
Note Sy is non—eI.npty since cp(q) > [W1 by assumption. We pick
good m-tuples with the following recursive process.
(1) Take an M-tuple (ay,...,a1,as,...) € S1. By Theorem there is a

good m-tuple of the form
(b1,...,b1,b2, ... b, . by, .., bpy),

where 2 S 61 S [W} .
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(2) Define
Sy =51\ {(a1,...,a1,a9,...,a2,...):
Ji,i',j with i < i and a; = bj, ay = bji1}.

(3) Take any element from So, then repeat the above process until Sy is
empty.

The good m-tuples obtained from this process must be piecewise constant
with at least two distinct entries, and no two good tuples have the same two
consecutive distinct entries in the same order. To find the minimum number
of good tuples obtained, note that

number of good tuples obtained = number of times the process repeated,

which can be minimised if at each step k£ a good m-tuple (bgk), ceey bgk), ceey
b§k), el bék)) is obtained such that

k k
Skn{(a1,... a1,az,...,az,...) : 30,7, j with i<i’ and a;=b\"), ay=b{"}

is maximised. However, the size of this set is clearly at most the size of
C e . k k
Sin{(a1,...,a1,a2,...,az,...): Ji,i',j with i<i’ and ai:bg- ), ai/:béJr)l}.
Therefore, the number of elements removed every time is
< ##(choices of j) - #(choices of 4,1)
x #(choices of ay for k # i,4’)

x #(choices of order for a; with a; before a;)

==l p(q) —2
<t -1
= )< 2 )<Hc<mUM/<rm1—2>

X ’7 M —‘l . 1
le(m=1)/(r=1)] | 2
To maximise the number of elements removed, we suppose that for all &,
by = [m] , since this is the greatest possible value of ¢;. Repeating
this process until it terminates, we find that the number of good tuples
obtained in this way is

- 4<hc(m-¢f§€<)r—1)ﬂ> <hc(mjﬂ();j<);>2ﬂ - 2)_1< { [e(m — 1)M/(7“ -1 w >3

> 4<h<m o 1)J>5<P(Q)(s0(q) ~1),

By Dirichlet’s theorem on primes in arithmetic progressions, for each
a € (Z/qZ)*, there are infinitely many primes p = a (mod ¢). Therefore, for
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each good m-tuple

a=(a1,...,01,...,0g,...,0)

obtained from the above process, by the pigeonhole principle we can create
another good tuple by shifting: there exists a € (Z/qZ)* such that

a' :=(ay,...,a1,...,0a4,...,a0,a)
is good, and we can keep shifting the resulting good tuple to get another
good tuple.

Let Go C [[i%, (Z/qZ)* be the set of good tuples obtained from the
above recursive process, and let G; be the set of good tuples obtained from
shifting each tuple in G ¢ times. We claim that

[(1=c)m]

U Gl =1a-omliGl,

i=0

i.e. all good tuples obtained from shifting at most |[(1 — ¢)m] times are
distinct. Indeed, observe from steps (1) and (2) that Go has the following
property: If a,b € G, then there do not exist 1 <, j < m such that a; = b;
and a;4+1 = bjq1. Also, ap, appears in a at most [c(m—1)/(r—1)]-(r—1) <
¢(m—1) < em times. Therefore, if we shift a and b each at most | (1 —c)m]|
times to obtain &’ and b’ respectively, we must have (a},al) # (b}, b)) and
so &’ # b’. Thus, shifting each m-tuple in Gy [(1 — ¢)m| times, we obtain a
total of

1ol ([ o) etaeo -1

m-tuples a such that m(z;q,a) — 0o as © — 0. =

To simplify the final expression, we have

COROLLARY 1.6. For any 0 < ¢ < 1, if ¢ > 2 is squarefree and o(q) >
8cLe2(logm)?, then for m sufficiently large,

o —Cc)m 05
#{ae TT@/a) : Jim nloig.) = oo} = 5 he 5 I (0) (o(a) - 1),
=1

Proof. Letting r = [logm + 1] in Theorem we have M/(m —1) <
8e?logm as m — co. By Corollary for m sufficiently large there are at
least

4|(1 —¢)m]c®
> - = -1
Z e (log m)m(P(Q)(SO(Q) )

m-tuples a such that m(z;q,a) — 0o as © — 0. =
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REMARK. [Shi00] showed that for all a € (Z/¢Z)* and a = (a,...,a) €
H?ll (Z/QZ) Xa

lim 7(z;q,a) = co.
T—00

From Proposition [I.3], we have
XL . —
#{ae [[ (Z/q2)* : lim w(z;9,) = o0} > mp(q).

Therefore, Corollary [I.0] provides a better bound when
©(q) > 256e'%c°(1 — ¢) ! (logm)™® + 1.
To minimise this, we take ¢ = 5/6, and we get a better bound when
©(q) > 3823¢(logm)'® 4 1.

We can get a better lower bound for the number of patterns attainable by
consecutive primes when ¢(q) is larger. In this case, the ‘shifting’ argument
does not generate many more good tuples, so we do not consider it here.

COROLLARY 1.7. For m,r € Z*, recall M from Definition . If g > 2
is squarefree and p(q) > M, there are at least

[m/(r = D]!
M(M—-1)---(M—[m/(r—=1)]4+1)
X p(q)(p(g) = 1) -~ (plg) = [m/(r =1)] + 1)
m-tuples a such that 7(x;q,a) — 00 as r — 0.

Proof. By Theorem for any aq,...,aps, there must exist a = (aj(l),
. aj(m)), with j increasing and no consecutive r values the same, such that

m(x;q,a) - 00 as x — oo.

We call an m-tuple a with this property good. Define S; to be the set of all
M-tuples with distinct entries in (Z/qZ)*. We pick good m-tuples with the
following recursive process.

(1) Take an M-tuple (ai,...,ap;) € Si. By Theorem there is a good
m-tuple of the form
(b1, ...,b1,ba, ... by . by, byy),
where [m/(r —1)] < {1 < m.
(2) Define
Sy := 51\ {(ai,...,an) : there exists an increasing injection
o:{1l,....,61} = {1,..., M} such that b; = a,; for all i}.

(3) Take any element from So, then repeat the above process until Sy is
empty.
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The good m-tuples obtained from this process must be piecewise constant
with at least m/(r — 1) distinct entries, and no two good tuples have the
same two consecutive distinct entries in the same order. To find the minimum
number of good tuples obtained, note that

number of good tuples obtained = number of times the process repeated,

which can be minimised if at each step k& a good m-tuple (bgk), cees bgk), ceey
b§k), e bgk)) is obtained such that

k k
Sk N{(ai1,...,apr) : there exists an increasing injection

o {1, 6} — {1,..., M} such that b = a, for all i}
is maximised. However, the size of this set is clearly at most the size of

S1N{(ai1,...,an) : there exists an increasing injection
o {1, 6} — {1,..., M} such that b = a, for all i}.
Therefore, the number of elements removed every time is

< #(choices for a; # b;) - #(choices of order for a,(;) = bz(»k) Vi)

< (#la) = b\ M
B M — 0 Ek'

To maximise the number of elements removed, we suppose that for all k,
b, = [%L since this is the smallest possible value of f;. Repeating this
process until it terminates, we find that the number of good tuples obtained

s - [ () (- :11)
o — =
> (i 1)1)1“‘)@(@@ 1) (pla) = [m/(r = 1)] +1). =

Simplifying the expression, we have

COROLLARY 1.8. If ¢ > 2 is squarefree and o(q) > 8e*mlogm, then for
m sufficiently large,

#lac [[@/62)" : Tim n(z;q,a) = oo} > ¢~OmIogzm/iosm)(gym/Mogm],
=1

Proof. Letting r = [logm + 1] in Theorem we have M /(m — 1) <
8e2logm as m — oo. For m sufficiently large, using Stirling’s approximation
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and setting m’ = [m/(r — 1)] for simplicity, we have

M
m/

M! MMe—M
> /(M —m)! < Vmim!™ e=m' (M — m!)M—m’ em’ =M
(5 - 0" (36 (logm)?yn/osm

< eO(m log, m/log m) )

K <
\/ﬁ(l_mﬁ')M v/m/logm e-m/logm

Therefore by Corollary we are done, since for m large it suffices to
consider the leading order contribution. =
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