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Abstract. Dirichlet’s Lemma states that every primitive quadratic Dirichlet charac-
ter x can be written in the form x(n) = (%) for a suitable quadratic discriminant A. In
this article we define a group, the separant class group SCI(F'), that measures the extent
to which Dirichlet’s Lemma fails in general number fields F'.

In this article we introduce the separant class group SCI(F') of a number
field F' as a finite 2-group measuring the obstruction to Dirichlet characters
being induced by Kronecker symbols. We compute its order and show that
the separant class group is trivial if and only if F' is totally real and has odd
class number in the strict sense. In fields with trivial separant class group,
there is an analogue of unique factorization into prime discriminants, and
genus theory can be made as explicit as over the rationals.

1. Genus theory of quadratic number fields. We begin by reviewing
some classical results concerning quadratic number fields, the factorization of
discriminants into prime discriminants, and connections with genus theory.

Let A denote the discriminant of a quadratic number field K. Quadratic
discriminants (together with the discriminant 1 of the trivial extension Q/Q)
form a group Disc(Q) with respect to the following multiplication: if A;
and A, are two quadratic discriminants, then Ay x Ay = Ag, where Ag is
the discriminant of the extension Q(v/A;Ajz). The neutral element is the
discriminant 1 of the trivial extension Q/Q. Note that Ax A =1 (the group
Disc(Q) is an elementary abelian 2-group) and that, e.g., (—=8) x (—4) = 8.
If Ay and As are coprime, then clearly Ay x Ay = A As.
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Prime discriminants are discriminants having only one prime factor,
namely

e the discriminants —4, £8 of Q(v/—1) and Q(v/£2);
e the discriminant p of Q(y/p) for primes p = 1 mod 4;
e the discriminant —q of Q(y/—¢) for primes ¢ = 3 mod 4.

It is well known and easy to show that every discriminant A can be written
uniquely as a product of prime discriminants:

A=Ay DDy A,

where we assume that A; < 0 for 5 <r and A; > 0 for j > 7. In this case,

gen: \/7177\/Zt)

is the genus class field of K in the strict sense, that is, the maximal abelian
extension (necessarily an elementary abelian 2-extension) L/Q such that
L/K is unramified at all finite places. The ordinary genus field Kgen of K,
i.e., the maximal unramified extension of K that is abelian over Q, is then

given by
gen— \/A AQ;-- \/Al TV r+17-‘ \/

if A> 0 (for negative discriminants, Kgen = Kgh,,). Observe that the genus

field Kgen in the usual sense is the maximal real subfield of K.

EXAMPLE 1. The quadratic number field K = Q(+/210) has discriminant
A = 840, and the factorization of A into prime discriminants is

A=8-(=3)-5-(-T7).

Thus the genus field of K in the strict sense and in the usual sense is given
respectively by

gen - (\f \/7 \f \/7) and ngn = @(\/i \/57 \/ﬁ)

A quadratic number field has odd class number (in the usual sense) if
and only if Kgen = K. This condition is obviously necessary; for sufficiency
observe that if K has even class number, then its Hilbert 2-class field can be
constructed in central steps, i.e., there exists a central unramified quadratic
extension of K, which necessarily is elementary abelian over Q and thus is
contained in the genus class field of K (for details, see [5]). The explicit
description of the genus field then immediately implies the following classi-
fication of quadratic number fields with odd class number:

THEOREM 1.1. The quadratic extensions Q(y/m) with odd class number
are
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o the complex quadratic number fields Q(v/—1), Q(v/=2), and Q(\/—q) for
primes ¢ = 3 mod 4;

o the real quadratic number fields Q(\/p) for arbitrary primes p, and the
fields Q(\/pq) for primes p and q, where p = 2 or p = 3 mod 4 and
q = 3 mod 4.

Genus characters. Given an ideal class ¢ € C17(K), choose an ideal
a € ¢ coprime to A. Then x;(c) = (%) defines a quadratic character on
the narrow class group C1*(K) called a genus character. The main result
concerning genus characters is the following.

THEOREM 1.2 (Principal Genus Theorem). An ideal class ¢ € C11(K) is
a square if and only if x;j(c) =1 for j=1,...,t.

In fact, the homomorphism CI*(K) — pb (where ps = {—1,+1}) in-
duced by X = (x1,...,Xxt) gives rise to an exact sequence

1 — CIT(K)? — CIT(K) S5 i — pg — 1.

Work by Goldstein [6] and Sunley [14, [15] (see also Davis [3]) shows that,
for a base field F', unique factorization into prime discriminants holds if and
only if F' is totally real and has class number 1 in the strict sense. Replacing
discriminants by separants we will be able to generalize these results to
fields with trivial separant class group, i.e., to totally real fields with odd
class number in the strict sense (see Theorem . The notion of separants
goes back to the author’s dissertation [10], where it was used to generalize
Rédei’s construction of unramified cyclic quartic extensions.

The construction of cyclic quartic unramified extensions of Q(v/A) is also
based on the factorization of the discriminant A into prime discriminants:

THEOREM 1.3. Let A be the discriminant of a quadratic number field K.
Then the following assertions are equivalent:

(1) K admits a cyclic quartic extension L/ K containing Q(v/A1,/As) and
unramified at all finite primes.

(2) There exists a factorization A = Ay Ag into coprime discriminants Aq
and A, and the primes dividing Ay split completely in Q(v/Az) and vice
versa.

Our results will allow us to generalize this construction to totally real
base fields F' with odd class number in the strict sense.

2. Dirichlet’s Lemma in Q. Let us now turn to Kronecker symbols
(%) , which describe the splitting of primes in the quadratic number field with
discriminant A, and quadratic Dirichlet characters defined modulo m. Given
a quadratic extension K/Q with discriminant A, we define the Kronecker
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symbol for primes p by setting
+1  if p splits in K/Q,

A
() =<0 if p ramifies in K/Q,
p —1 if pis inert in K/Q.

Observe that the Kronecker symbol only depends on the ideal generated by
p in the sense that (%) = (_Ap). We then extend the Kronecker symbol
multiplicatively to all nonzero integers.

Quadratic Dirichlet characters, on the other hand, are homomorphisms
from (Z/mZ)* to the (multiplicatively written) group ug ~ Z/27. We iden-
tify Dirichlet characters modulo m and modulo n if they agree on all integers
coprime to mn.

A quadratic Dirichlet character defined modulo m is called primitive if it
cannot be defined for any proper divisor of m. The three nontrivial quadratic
Dirichlet characters defined modulo 8 are

1 3 5 7
xs | +1 -1 -1 +1
X—s | +1 1 -1 -1
xea | 1 =1 41 -1

Their values at odd positive integers agree with (%), (_72) and (_71), respec-
tively. The characters ys and x_g are primitive, the character y_4 is not as
it is already defined modulo 4.

The smallest defining modulus of a character is called its conductor; for
Kronecker characters k, = (?), the conductor N = |A| agrees with the
absolute value of the discriminant A of the quadratic number field Q(y/a).

The fact that Kronecker symbols (%) for primes p > 0 only depend on
the residue class of p modulo A is essentially equivalent to the quadratic reci-
procity law. This observation assigns a primitive quadratic Dirichlet char-
acter to each Kronecker symbol, and Dirichlet’s Lemma states that every
primitive quadratic Dirichlet character arises in this way (see below for a
precise statement).

The same construction works for any algebraic number field, but it turns
out that, in general, not every primitive quadratic Dirichlet character comes
from a Kronecker symbol. For measuring this defect we introduce the sep-
arant class group SCI(F') of a number field F, and we will determine its
structure.

We start by recalling Dirichlet’s Lemma @, which goes back to Dirich-
let’s proof that there are infinitely many primes in arithmetic progressions. In
this proof, Dirichlet invented the characters that now bear his name (strictly

(*) The name “Dirichlet’s Lemma” was coined by Cohn [2].
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speaking Dirichlet provided the tools, and Dedekind came up with the ab-
stract concept of a character when he edited Dirichlet’s lectures). Dirichlet
characters are group homomorphisms y : (Z/mZ)* — C*. Dirichlet’s main
problem was showing that L-series

L(s,x) = Y _ x(n)n~*
n=1

associated to Dirichlet characters y have the property
(1) lim L(s, x) # 0
s—1

for all characters x different from the principal character. This was not dif-
ficult except for quadratic characters Y, i.e., characters that attain only the
values +1 and —1. Eventually, Dirichlet realized that the limit in for
quadratic characters x could be evaluated directly by showing that every
primitive quadratic Dirichlet character x has the form y(n) = (%) for some
quadratic discriminant A, which allowed him to show that the limit in ques-
tion is a product of nonzero constants and the class number and the regulator
of the quadratic number field Q(v/A). Again this is only true cum grano salis,
as Dirichlet worked with quadratic forms instead of fields.

A Kronecker character k = (%) is called modular if there exists a modulus
N > 0 such that x(n) = k(n + N) for all natural numbers n. It is easy to
see that if x is modular with respect to N1 and N, then it is modular with
respect to ged(Np, Na).

Similarly, a quadratic number field K is called modular if there exists an
integer N > 0 such that K is contained in the field Q({x) of N-th roots of
unity. Again it is easy to see that if K is modular with respect to N7 and
Ny, then it is modular with respect to ged(Ni, N2). The minimal modulus
for K is called the conductor of K.

The similarity between these two notions of modularity is not superficial:
the splitting of primes p in quadratic number fields K with discriminant A
depends on the Kronecker character k(p) = (%), that in cyclotomic fields
Q(¢n) on the values x(p) for certain Dirichlet characters x defined modulo N.
The modularity of K can be shown to imply the modularity of x, and in fact
the conductor of the Kronecker character (é) is equal to the conductor
N = |A]| of the corresponding quadratic number field K.

Infinite Kronecker characters. The Kronecker symbol ry(n) = (=2)
is a Dirichlet character defined modulo 4 on positive integers n since
+1 if n=1mod 4,
ka(n) =<0 if n =0 mod 2,
—1 if n=3mod 4.
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If we think of the Kronecker symbol k4(n) as a function of the ideal (n)
generated by n, then we have to set kK4(—n) = k4(n). But then 1 = —3 mod 4,
yet we have r4(1) = 1 and r4(—3) = k4(3) = —1. To get around this
problem we either consider our characters only on positive integers (and,
over number fields, on totally positive algebraic integers), or introduce an
infinite Kronecker symbol

(n) s} +1 ifn >0,

ko(n)=|— ] =

> n -1 ifn<O.

Then k4(n)koo(n) = x(n) for all nonzero integers n, where x is the nontrivial
Dirichlet character modulo 4.

Dirichlet showed that every quadratic Dirichlet character is a Kronecker
character; in fact, we even have

DIRICHLET’S LEMMA. There is a bijection between primitive quadratic
Dirichlet characters modulo N and Kronecker characters with conductor N.

The fact that, conversely, Kronecker characters (4) are Dirichlet char-
acters defined modulo |A| is equivalent to Euler’s version of the quadratic
reciprocity law (see [I], as well as, for a proof of Dirichlet’s Lemma, [12]).

3. Dirichlet’s Lemma in number fields. We now define the group
Kr(F') of Kronecker characters and the group Dir(F') of quadratic Dirichlet
characters in arbitrary number fields F'; then we will show that each Kro-
necker character induces a Dirichlet character, and define the separant class
group as the quotient group Dir(F")/Kr(F).

Dirichlet and Kronecker characters. A quadratic Dirichlet charac-
ter in F' defined modulo an ideal m in Op is a homomorphism from the
coprime residue class group (Op/m)* to the group ps = {—1,+1}. We
identify Dirichlet characters that are defined modulo m and n and agree on
elements coprime to mn.

Each element oo € F* defines a Kronecker character ko, = (9) As in the
special case F' = Q, x attains the values +1, 0 and —1 according as p splits,
ramifies or is inert in K/F, where K = F(y/«).

Since we want to compare Kronecker and Dirichlet characters, and since
Dirichlet characters are defined on elements of the number field, we identify
two Kronecker characters k., and kg if they have the same values at all
elements coprime to « and 3; for example, we identify the Kronecker symbols
(_—1) and (_—4) over Q.

A less trivial example is the Kronecker character k = (;1) in ' =
Q(+v/=5). We have k(p) = —1 for the prime ideal p = (3,14 +1/=5) since this
ideal is inert in the Hilbert class field F'(i) of F. But k is trivial on principal



Dirichlet’s Lemma in number fields 7

ideals by the decomposition theorem of class field theory, and in particular
we identify x with the trivial character. Thus Kronecker characters are the
restrictions of Artin symbols of quadratic extensions K /F to principal ideals.

We will evaluate Kronecker characters (%) only at integers 8 coprime to

the relative discriminant disc(K/F), where K = F(y/a). For example, the
Kronecker symbol (%) is defined only for integers coprime to 6.

The Kronecker characters form a group Kr(F') with respect to the prod-
uct kakg = Kag. If @ € F* is a square, then &, is the trivial character. This

observation implies that there is a homomorphism
(2) ¢: F*/F*? - Kr(F)
defined by ¢(aF*?) = k,. Different elements in F* /F*2 do not necessarily
give rise to different Kronecker symbols; in other words, ¢ is not necessarily
injective.

Recall that in [II] we have introduced the following groups:

Sel(F) = {a € F* : (o) = a®}/F*?,

Sely(F) = {a € F* : (a,2) = (1), (o) = a%, a = 2 mod 4} - F*?/F*?2,

Thus Sel(F) is the group of all nonzero elements of F' that generate the
square of an ideal (modulo squares of elements), and Sely(F') is its subgroup
of elements coprime to (2) that generate the square of an ideal and are
congruent to a square modulo 4. If such elements are congruent to a square
modulo 4, they are called 2-primary; the quadratic extension F(y/a)/F is
unramified at 2 if and only if « is 2-primary.

The next proposition determines the kernel of the homomorphism ¢ de-
fined in ([2)):

ProrosiTIiON 3.1. We have an exact sequence
1 — Sely(F) & F*/F*2 2 Ky(F) — 1.

Observe that if a € Sely(F') is nontrivial, then F(y/a)/F is a quadratic
extension unramified at all the finite primes; in particular, the class number
of F' in the strict sense is even in this case.

If the class number of F is odd, then Sely(F) ~ E;/E? where E = O},
is the unit group of the ring of integers in F', and Fy is the subgroup of units
congruent to a square modulo 4.

EXAMPLE 2 (F = Q(v/6)). Let F = Q(v/6). Here ¢ = 5 + 2v/6 is the
fundamental unit. Since —& = —5 — 2/6 = (1 — v/6)? mod 4, we have —¢ €
Ey\ E% Next —e = (v/=3++/—2)? implies F(y/—¢) = F(y/=3), and this is
a quadratic extension of F' ramified only at the infinite primes. This implies
(—e/a) is trivial if and only if « is totally positive, which in turn implies that
the corresponding Kronecker character is trivial on totally positive elements.
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EXAMPLE 3 (F = Q(v/34)). The field F = Q(v/34) has class number 2,
and here F(y/2)/F for e = 35 + 61/34 is unramified everywhere; in fact,
2¢ = (6 + v/34)? shows that F(y/€) = F(1/2) is the genus class field in the

wide sense.

From now on we will restrict Kronecker symbols to totally positive ele-
ments instead of introducing infinite Kronecker characters. This implies, in
particular, that the Kronecker symbol k, is trivial whenever F'(y/a)/F is
unramified at all finite primes.

Proof of Proposition [3.1. We only have to show that ker ¢ = ime¢. As-
sume that x € ker ¢; then x = (9) is the trivial Kronecker character. Since
the conductor of the Kronecker symbol is the conductor of the quadratic ex-
tension F'(y/a)/F, this extension is unramified at all finite primes; but this
implies that () is the square of an ideal and o = B2 for some 2-primary 2,
ie., aF*? € Sely(F).

Now assume that, conversely, «F'*? € Sely(F). Then F(y/a)/F is unram-
ified at all finite primes, hence k,, is trivial (on totally positive elements). =

Next we show that Kronecker characters are Dirichlet characters:

PROPOSITION 3.2. Fach Kronecker character ko = (g) 18 a primitive

quadratic Dirichlet character with conductor disc(K/F'), where K = F(y/a).

Proof. By Artin’s reciprocity law, the splitting behavior of a prime ideal
in a quadratic extension K = F(y/a) only depends on the coset of p in the
corresponding ideal group, and the conductor of this group is the relative
discriminant of K/F'. In particular, for any 8> 0 (i.e., § is totally positive)
in F'* coprime to 2« we have (%) = x(B) for some Dirichlet character with
conductor disc(K/F). Since the conductor is the minimal defining modulus,

X is primitive. m

This result will allow us to show that certain Dirichlet characters are not
Kronecker characters: a necessary condition for the existence of a Kronecker
character with conductor f is the existence of a quadratic extension K/F
with relative discriminant disc(K/F) = f.

For the convenience of the readers, Table 1 contains a list of the groups
that we will use below.

4. Determination of the separant class group. The separant class
group SCI(F') = Dir(F)/Kr(F') of a number field F' is by definition an ele-
mentary abelian 2-group, and so it is sufficient to determine its order, or its
dimension as an Fo-vector space. This is accomplished by our main theorem:

THEOREM 4.1. There is an isomorphism
SCI(F) ~ Clp{4}/Clp{4}?,



Dirichlet’s Lemma in number fields 9

Table 1. List of groups

E E = Of unit group

Sel(F) {a € F* : (a) = a®}/F*?

Dir(F) group of Dirichlet characters

Kr(F) group of Kronecker characters

SCI(F) | separant class group Dir(F)/Kr(F)

Ey subgroup of units congruent to a square modulo 4
Sely(F) | {a € F*: (a,2) = (1), (@) = a?, a =€ mod 4} - F*2/F*?
Dir4(F) | Dirichlet characters defined mod 4

Kry(F) Kronecker characters with conductor dividing 4
SCl4(F') | Dira(F)/Kra(F)

My residue classes mod 4: (Op/40F)"*

Clp{4} | ray class group modulo (4) in F

where Clp{4} is the ray class group of F' defined modulo (4). In particular
we have #SCI(F) = 2015 where 20" = # C1f (F)/CIf (F)? (so p* denotes
the 2-rank of the class group of F in the strict sense), and s the number of
pairs of complex embeddings of F'. Thus F' has trivial separant class group if
and only if F is totally real with odd class number in the strict sense.

We will prove this theorem in two steps: First we discuss the case of
characters defined modulo 4, and then the general case.

Dirichlet characters with conductor dividing (4). Our proof uses
a few facts concerning Kronecker and Dirichlet characters whose conduc-
tors divide (4). Let Kry(F') denote the group of Kronecker characters with
conductor dividing (4), Diry(F') the group of Dirichlet characters defined
modulo (4), and My = (Op/40F)* the group of coprime residue classes
modulo 4. For the proof of Thm. [{.I] we only need the fact that the homo-
morphism o : My/M3 — Diry(F) is surjective.

PROPOSITION 4.2. There is an isomorphism iy : My/M? — Diry(F).
Both groups have order 2", where n = (F : Q).

Proof. Quadratic Dirichlet characters defined modulo 4 are homomor-
phisms from My to the multiplicatively written group Z/2Z. Since such ho-
momorphisms are trivial on squares, they induce homomorphisms My /M? —
7/27. Thus Diry(F) = Hom(My/M2,7/27), which means that Diry(F)
is the dual of My/M? (for example as Z/2Z-vector spaces); in particular,
Diry(F) ~ My/M} as abelian groups.

The isomorphism between My /M3 and Diry(F) given above is not canon-
ical, but depends on the choice of a basis. In this case, however, there is also
a canonical isomorphism that we will now construct.
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Let « represent a coprime residue class modulo 4, and let k. denote the
corresponding Kronecker character. Write ko, = xox1 as the product of a
primitive quadratic Dirichlet character xo defined modulo 4 and a Dirichlet
character x; defined modulo an odd ideal. Then set to(aMZ) = xo.

The map o is well defined: If o =  mod 4, ko = xox1 and kg = XX,
then kokg = Kqp is defined modulo an odd ideal since a/3 = 1 mod 4. Thus
X0 = Xo-

We claim that ¢ is injective. Assume that to(aM?) = 1o(8M2). Then
kap has conductor coprime to 2, hence a8 = £2 mod 4, which implies that
o and 3 generate the same class in My/M?.

In [II p. 281] we have shown that sending o mod 2 to 1 + 2a mod 4
induces an isomorphism O/20 — My/M32. Since O/20 ~ (Z/2Z)" for n =
(F : Q), this finally shows that My/M? ~ (Z/2Z)".

Kronecker characters with conductor dividing (4). Next we de-
termine the number of Kronecker characters with conductor dividing (4).
PROPOSITION 4.3. We have an exact sequence
1 — Sely(F) = Sel(F) & Kry(F) — 1.

Proof. The homomorphism ¢ is an injection since Sely(F) C Sel(F'). We
set v(aF*?) = k4. Then ker v consists of the cosets aF'* 2 such that x, = 1;
this holds if and only if o = ¢2 mod 4, i.e., if aF*?2 € Sely(F).

Finally, assume that x, € Krg(F). Then (o) = a?, hence ko € imv. =

We know from [1] that # Sely(F) = 2°", where pt denotes the 2-rank of
Cly (F), and that # Sel(F) = 2°+7+5 where p denotes the 2-rank of Cly(F),
and r and 2s denote the number of real and complex embeddings of F'.

COROLLARY 4.4. We have #Kry(F) = 2r+s=("=p)

The separant class group modulo (4). Define the separant class
group modulo 4 as the quotient

SCl4(F') = Diry(F)/Kry(F).
Then
(3) #SCl(F) = gnr=s=ptpT — gsteTp,
This implies

COROLLARY 4.5. Fwvery Dirichlet character defined modulo 4 is repre-

sented by a Kronecker character if and only if F' is totally real and Cly(F)
and C1 (F) have the same rank.

In fact, we have s > 0 and p™ > p, hence 25t0" = = 1 if and only if s =0
and pt = p.
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COROLLARY 4.6. If F' has odd class number, then every Kronecker char-
acter with conductor dividing 4 has the form k. for a unit € € Ep.

Proof. If F has odd class number, then Sel(F) ~ E/E? and Sely(F) ~
E,/E? by [11, Prop. 3.1]. Thus we get the exact sequence

1 — Ey/E? 5 E/E? % Kry(F) — 1,
which implies the claim. =
In Table[2] the Kr4(F) column lists the elements « for which k,, generates
KI‘4(F).

Table 2. Separant class groups modulo 4. Here dimKr4(F) = r + s — (pT — p) and
dim SCly(F) = s+ p* — p.

F r+s p pt Kr4(F) SCL(F)
Q 1 0 0 -1 1
Q(9) r 0 0 i (x2)
Qv-5| 1 1 1 2 (x2)
Q(v2) 2 0 0| —1,1++2 1
Q(V3) 2 0 1 2+V3 (x2)
Q(V6) 2 0 1 -1 (x4)
QW10) | 2 1 1 |-1,3+10 1
QW15 | 2 1 2 4+15 (x2)
Q(V34) 2 1 1| -1,5++V34 1

We next determine the conductor of the Kronecker character k_1 = (_—1)

PROPOSITION 4.7. The Kronecker character k1 = (=2) in F = Q(y/m)
is a Dirichlet character with conductor § given by
(4)  if m=1mod 4,
f=1<(2) ifm=2modd4,
(1) if m =3 mod 4.
This follows easily from the conductor-discriminant formula, and it is also
easily verified directly. If m = 2 mod 4 and « = a + by/m > 0, for example,

we have

_ a2 _mp2_ a2 mb?

(T) =02 =0 =
«

hence

<—1> {+1 if b= 0mod 2, i.c., a = 1 mod 2,

o) )-1 if b=1mod 2, i.e., a =1+ y/m mod 2.
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The Kronecker character k. = (£), where ¢ > 0 is the fundamental
unit of F, is trivial if and only if F(y/¢)/F is unramified. This is the case

for m = 34, where v/35+ 6v34 = 3v2 + V/17. For m = 6, the element
v —€ = v/ —2+ +/—3 generates a quadratic extension unramified at all finite
primes, hence kK_1 = k..

Ray class groups. Before we give a proof of Theorem [£.1] we recall
a few basic facts about ray class groups. The ray class group modulo m is
defined by the exact sequence
1 — Py/Pt = I,/PL = I,/Py — 1.

Here I, is the group of fractional ideals coprime to m and P, its subgroup
of principal ideals in I; the ray Pl consists of all ideals (o) generated by
elements @ = 1 mod m (congruence in the multiplicative sense). Observe
that I'y/Pn ~ CI(F) since every ideal class contains ideals coprime to m,
and that I,/ Pl ~ Clp{m} by definition. Below we will use the abbreviation
m = Pu/PL.
The connection with units is provided by the exact sequence
1= E/Ey— (Op/m)* = Ry — 1,

where Fy, is the group of units € = 1 mod m. These sequences imply the well
known formula

P(m)
#Clp{m} =h- m
The following simple lemma will be used repeatedly:
LEMMA 4.8. If the sequence
1-A5B5L0—1
of abelian groups is exact, then so is

15 A/ANB* S B/B* 5 C/C? > 1.

Proof. We assume that ¢ is the inclusion map. We only have to show that
7 is injective and that ker 7w = im 7.

Now ¢(a) € B2 implies that a € AN B2, hence 7 is injective.

Next 7(b) € C? implies w(b) = m(b1)? with 7(b;) = ¢, hence b/b} €
ker 7 = im¢. Thus b/b? = a, hence b = ab} and bB? = aB? € im7. =

COROLLARY 4.9. The sequence
(4) 1 — E/Ey — My/M? — Ry/R3 — 1
s ezxact.

This follows by applying Lemma [£.§] to the exact sequence

1—>E/E(4)—>M4—>R4—>1
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by observing that eEy) is in M? if and only if ¢ € E4. Recall that Ey is
the group of units = 1 mod (4).

COROLLARY 4.10. The sequence
1 = Pp/PpNI# — Ip/I% — CI(F)/CI(F)* = 1
18 ezact.

Here Ir denotes the group of nonzero fractional ideals and Pr its sub-
group of principal ideals. The exactness of the sequence follows by applying
Lemma [£:8] to the exact sequence

1= Pp—Ip—ClF)—1

that defines the ideal class group.

COROLLARY 4.11. The sequence

1 — Py/P; N P{I; — Clp{4}/Clp{4}* — CI(F)/CI(F)? — 1

15 exact.

This follows by applying Lemma to the exact sequence

1— Ry — Clp{4} — CI(F) — 1

that defines the ray class group modulo 4.

4.1. Proof of the Main Theorem. The main step in the proof of
Thm. [4.1]is verifying the exactness of the first two rows of the commutative
diagram in Fig. [I] below. Recall that we know that

Kry(F) >~ Sel(F)/ Sely(F'), #Kry(F) = 2’"+S*(,0‘L*;))7
Diry(F) ~ My/M3, #Diry (F) = 2",
SCI4(F) ~ Py/PyN P}IZ,  #SCly(F) = 9s+pt—p.

Observe that we have computed the order of SCly(F) in (B)); the isomorphism
on the left follows from the exactness of the left row in the fundamental
square, but is easily verified directly by showing that the sequence

1 — Sel(F)/Sely(F) — My/Mj — Py/Py NPT — 1

is exact.
The exactness of the fundamental diagram now implies

SCI(F) ~ Clp{4}/Clp{4}?,
as well as
#SCI(F) = #SCI4(F) - (CL(F) : CI(F)?) = 27"+,

The vertical sequences in the left and middle columns of Fig. [1| are the
definitions of the groups at the bottom; the exactness of the sequence in
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1 —— Kry(F) —— Kr(F) —— Pp/(PrN1%) —— 1

1 —— Dirg(F) —2— Dir(F) — 22— Ip/I[} ——— 1

1 —— SCly(F) —— SCI(F) —— CI(F)/Cl(F)? —— 1

1 1 1

Fig. 1. Fundamental diagram for the determination of SCI(F).

1 —— Kry(F) —— Diry(F) —— SCly(F) —— 1

| | |

1 Sel(F) N
Sels (F) "Mz " PNP}IZ

1 —— SCl4(F) —— SCI(F) —— CI(F)/CI(F)? —— 1

| | |

1 ., P Clp{4} , CI(F)
" PP} Clp{4}2 " CUF)?

~
—_

Fig. 2. The sequences in the left column and the bottom row; vertical maps are isomor-
phisms.

the right column is Cor. The snake lemma then implies that the se-
quence in the third row is exact. This implies that SCI(F') has the same
order as Clp{4}/Clp{4}2, and hence is isomorphic to this group since both
are elementary abelian.

Exactness of the top row. Since Kry(F') ~ Sel(F')/Sely(F') we have
to show that the sequence

1 — Sel(F)/Sely(F) — Kr(F) — Pp/PpN Iz —1

is exact.

Define j : Sel(F)/Sels(F) — Kr(F) as the map sending aF'* 2 to the Kro-
necker character k.. This map is well defined since Kronecker characters xq
with @ € Sely(F) are trivial. Let A denote the map Kr(F) — Pp/Pr N I%
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induced by sending k, to (a). Clearly imj C ker . Assume now that
Ko € ker \; then (o) = a? is the square of an ideal, hence aF'*? € imj.
Since A is clearly surjective, this proves our claim.

Exactness of the middle row. Next we prove the exactness of
1 — My/M? 2 Dir(F) = Ip /1% — 1.

The map ¢2 is defined as in Prop. recall that ¢o is injective, that it makes
the left upper square commutative, and that im o = Dirg(F).

Let x be a primitive quadratic Dirichlet character with conductor m;
then we set m2(x) = mI%. This is a homomorphism: If y and v are primitive
quadratic Dirichlet characters with conductor m and n, then y% has con-
ductor mn/a? for a suitable ideal a. This is easy to see for odd prime ideals
dividing the conductor; for prime ideals [ above 2 it follows from the fact
that the conductor of y is an even power if and only if x € Diry(F).

We now claim that 7o is surjective. Clearly every prime ideal with odd
norm is the conductor of a primitive Dirichlet character. If [ is a prime
ideal above 2, choose an « divisible exactly by [, and take the [-part of the
Kronecker symbol k. Since I/ I% is generated by prime ideals, 9 is onto.

If x € kermo, then the conductor of x is the square of an ideal. Since x
is primitive, this implies that x is defined modulo an ideal dividing 4, hence
it is in the image of 1o by Prop. [£.2

If we splice together the sequences in the left column and the bottom
row we obtain the exact sequence

Sel(F)/Sely(F) < My/M? — Clp{4}/Clp{4}? — CI(F)/CL(F)?

already derived in [I1].

If we write x as the product xex, of a character y. with even conductor
and x, with odd conductor and send [x] € SCI(F') to the ideal class of
the conductor of x,, this seems to lead to delicate technical calculations
involving conductors that are powers of prime ideals above (2) (see Hasse [,

Satz 162]).

Examples. The examples in the following table are those where SCI(F")
is strictly larger than SCly(F).

F Q(W=5) Q(v10) Q(V15) Q(v34)
SCUF) | {x2,x3) (x3)  (xzxs)  (Xp)

The separant class groups defined modulo 4 were already described above.

The difference between SCly(F) and SCI(F') comes from nontrivial 2-class

groups.

o ' = Q(v/-5). We already know that there is no Kronecker character
with conductor 2 (see Table . There is also no Kronecker character with
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conductor p or p’, the two prime ideals above 3, since there is no quadratic
extension ramified exactly at one of these primes. The product of the
Dirichlet characters x, and X, is the Kronecker character (_—3), hence
these two characters are equivalent in SCI(F').

e F = Q(+/10) and F = Q(v/15). The prime ideals p above 3 are not prin-
cipal, so the Dirichlet characters x;, with conductor 3 are not Kronecker
characters.

e F = Q(+/34). The fundamental unit ¢ = 354 61/34 generates Ey/E?. The

Dirichlet character with conductor 3 is not a Kronecker character.

5. Separants. The relative discriminants disc(K/F’) of quadratic exten-
sions K/F of number fields contain information about the ramified primes.
Separants, which we will define below, contain more information: they are
(cosets of) algebraic numbers whose square roots generate the quadratic ex-
tension in question. In this section we will define separants for number fields
F with odd class number, and we will prove their most basic properties.

For quadratic extensions K/F, we let Ram(K/F') denote the set of ram-
ified places of F', and Ram (K /F) its subset of finite ramified places, i.e., of
prime ideals in F' that are ramified in K/F.

PROPOSITION 5.1. Let K/F be a quadratic extension of number fields.
If F has odd class number and K = F(\/i), then there exists an integer
0 € F* unique up to squares of units such that

o F(yp) = F(V0);
e disc(K/F)" = (6).

Proof. Assume that F' has odd class number h, and consider a quadratic
extension K = F(,/zt). The relative discriminant 0 = disc(K/F) is an ideal,
and we know that (4p) = disc(1, \/zz) = a0 for some integral ideal a. Raising
everything to the h-th power we get (4"u") = (a26), where a" = (@) and
o = (6); moreover, we can (and will) choose § in such a way that F(\/n) =

F(5). u

The coset sep(K/F) = 6 - E%, where Ep = Op is the unit group of F,
is called the separant of the quadratic extension K/F. The separants form
a group Sep(F') with respect to the following multiplication: if K1 = F(\/«)
and Ko = F(y/B) are quadratic extensions with separants 51E’% and 6, F%,
let K3 = F(y/aB) be the third quadratic subfield of K1 Ks/F', and set

51F% x 69 F% = 3%,

where d3FE% = sep(K3/F). Observe that this is the usual product if and
only if the separants are coprime. Over the field F' = Q, the separant of a
quadratic number field is just its discriminant because E2 = 1.
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EXAMPLE 4. Consider F' = Q(v/—23) and K = F(/n) for p = =5 +
2v/—23. Since (u) = p?q for the prime ideals p = (3,1 — /—23) and q =
(13,44 +/—-23), we have Ram (K /F) = {q} and disc K/F = q. Also we find
q% = (0) for 6 = —37 — 64/—23, and sep(K/F) = 6 E%.

Separants that cannot be written as a product of separants are called
irreducible; separants & - E% for which (8) is a power of a prime ideal are
called prime. We only use algebraic integers for §, hence (9) is a power of a
prime ideal with nonnegative exponent.

EXAMPLE 5. Consider the quadratic extension K = F(y/1+ 2i) of F
= Q(4). It has relative integral basis {1, @}, and its relative discrim-
inant is therefore the ideal (1 + i)?(1 + 2i). The generator § = 2i(1 + 2i)
of this ideal has the property that K = F(\/g), hence it is the separant of
this extension: sep(K/F') = 2i(1 + 27). Since there is no quadratic extension
of F' with relative discriminant @ = (2), this separant cannot be factored
into prime separants.

In my early attempts at defining a separant class group, I called 2i an
ideal separant, defined as the greatest common divisor of the separants
2i(1 4 2i) and 2i(3 + 2i). Only later did I realize that this ideal separant
may be identified with the nontrivial Dirichlet character modulo 2 in Z[i].

The modulus associated to a separant sep(K/F') is the conductor of the
extension K/F, including the infinite places; two separants are called co-
prime if they are coprime as ideals, and strongly coprime if their associated
conductors are coprime.

Given the separant sep(K/F) = §E%, the square root of § generates the
quadratic extension K = F(+/§), and thus the splitting of primes in K/F
is determined by the quadratic Kronecker symbol (4/p). This symbol is well
defined and does not depend on the choice of §.

ProrosiTION 5.2. If F has odd class number in the strict sense, then

Kronecker characters can be identified with separants of quadratic extensions

As the example F' = Q(+/6) discussed above shows, it is not enough to
assume that F' has odd class number in the usual sense.

Proof of Proposition . The natural homomorphism x : F*/F*? —
Kr(F) defined by x(aF*?) = (%) is clearly surjective. The kernel consists
of all aF*?2 such that x(aF>*?2) has conductor (1). This is only possible if
is (up to squares) a unit congruent to a square modulo 4. Since F' has odd
class number in the strict sense, the only such units are squares.

The separant (5E12; corresponds to the Kronecker symbol (é) The homo-
morphism A\ : Sep(F) — Kr(F) with A\(§E?) = ks is injective by what we
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have already shown. We claim that it is also surjective. In fact, let x, denote
any Kronecker character, and let 6 = sep(F'(y/a)/F). Then §F*2? = aF*?2
and kq(8) = Kks(B) for all elements § € F* coprime to ad. =

6. Unique factorization into prime separants. We now explain how
to generalize the prime discriminant factorization considered by Goldstein
and Sunley to fields with trivial separant class group. Below, Kg% denotes
the genus 2-class field of K over the field F' (with odd class number), i.e.,
the maximal elementary abelian 2-extension of F' unramified over K; the
extension Kg@f is defined similarly, but we allow ramification at infinite
primes.

THEOREM 6.1. Let F' be an algebraic number field. Then the following
assertions are equivalent:

(1) The separant class group of F is trivial: SCI(F) = 1.

(2) F is totally real, and its class number in the strict sense is odd.

(3) F has odd class number, and for every Dirichlet character x defined
modulo 4 there is a unit € € Ep such that x = (5)

(4) For each prime ideal p with odd norm there is a unique quadratic exten-
sion K/F with Ram¢(K/F) = {p}.

(5) F has odd class number in the strict sense, and every separant in Sep(F’)
can be written uniquely (up to order) as a product of prime separants.

(6) F has odd class number in the strict sense, and for every quadratic ex-

tension K/F we have (Kéng : F) = 2!, where t = # Ram(K/F).

Proof. (1)<(2) is a consequence of the formula #SCI(F) = 2¢" 5 where
pt =1k CIJ (F) and 2s is the number of complex embeddings of F.
(1)<(3) is just a reformulation of the exactness of the sequence

1 — SCl4(F) — SCI(F) — CI(F)/CI(F)? — 1.

(1)=-(4): Let p be a prime ideal with odd norm. Since F' has odd class
number, p" = () for some 7 € Op. Since SCI(F) = 1, every element of
My /M3 is represented by a unit (Cor. |4.6); thus there is a unit ¢ such that
em = €2 mod 4. In the quadratic extension K = F(y/7€), the only ramified
prime ideal is p.

If Ki/F and K3/F are quadratic extensions in which exactly p ramifies,
then the third quadratic subextension of K Ks/F' is unramified, hence C1(F')
and therefore SCI(F’) is nontrivial.

(4)=-(3): We first show that the class number of F is odd. Let p be a
prime ideal with odd norm in F, and let K/F be a quadratic extension in
which exactly p ramifies. Then K = F(y/a) with () = pa? for some ideal a.
This implies that the ideal class of p is a square. Since the [p] generate the
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class group, every ideal class is a square. Since the class group is finite, its
order must be odd.

Now let x be a Dirichlet character defined modulo 4. By the proof of
Prop. X is in the image of My/M?, i.e. there is a Kronecker character
K = (g such that kK = xv, where 1 is defined modulo an odd ideal. By
assumption, ¢ is a Kronecker character; but then so is x. By Cor. this
Kronecker character has the form x = (5) for some unit € € Er. This implies
the claim.

(1)=-(5): Since SCI(F') = 1, the class number of F' in the strict sense is
odd.

Let (SEI,z7 be a separant. The Kronecker character ks can be written
uniquely as a product of primitive quadratic Dirichlet characters with prime
power conductor: ks = Xxi---x¢. Since SCI(F) = 1, each factor x; is a
Kronecker character (d;/-) for separants d;. Since the conductors of these
Kronecker characters are coprime prime ideal powers we must have §E% =
61 0 E%.

We claim that this factorization is unique. To this end, assume that
there are two factorizations §E% = & -+ - 0;E% = &) - -- §,E% of § into prime
separants.

Since Kg(;ng = F(/&1,...,4/d;) is the maximal elementary abelian
2-extension of F unramified over K at all finite primes, we must have

53- € Kg%)f. But since (5;- and the §; are prime separants, this is only
possible if 5;E12; is among the §;E%.

(5)=(6): Let K/F be a quadratic extension with separant 0. By assump-
tion we can write 5E’12; =01 5,5E12; as a product of prime separants that are
coprime except for infinite prime factors. But then L = F(1/01,...,v/8;)/K
is unramified at all finite primes, hence equal to the genus field in the strict
sense.

(6)=(4) is Prop. below. =
Here is the result we have used in the proof:

PROPOSITION 6.2. Let F be a field with odd class number in the strict
sense. If, for every quadratic extension K/F, we have (Kéng : F) = 2,
where t = # Ram¢(K/F'), then for each odd prime ideal p there is a unique

quadratic extension k/F in which p is the only (finite) ramified prime ideal.

Proof. Let p be a prime ideal in F with odd norm. Let K/F be a
quadratic extension in which p is ramified (choose an ideal a in the inverse
class of [p] coprime to p and write pa = («); then K = F(y/«) is such an ex-
tension). Then Kégr)f /F is an elementary abelian extension in which every
ramified prime ideal has ramification index 2. Let q1,...,q:—1 denote the
ramified prime ideals different from p. Their ramification fields have degree
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2!=1 over F. Thus their intersection is a quadratic extension k/F in which
the q; are unramified. Since F' admits no quadratic extension unramified at
all finite primes, we must have Ram¢(k/F) = {p}.

The extension k is necessarily unique: if k¥’ is another such extension, the
quadratic subextension of kk’/F different from k and k’ would be unramified
at all finite primes, contradicting the fact that F' has odd class number in
the strict sense. m

As another application, consider k¥ = Q(v/130) and its genus class field
kgen = Q(v/2,v/5,4/13). We have SCI(F) = 1 for F = Q(+/2), and the unique
factorization of the separant of Fy = F(\/@) is 65 = 5 - 13. Since we also
have SCI(L) = 1 for L = F(\/5), the relative discriminant of kgen/L factors
into prime separants. Now 26 is represented by the form z? —10y?, so we find
26 = 62 — 10 and 13 = 2- 3% — 5. Thus 3v/2 + /5 is a factor of sep(kgen/L).
Since SCI(L) = 1, there must exist a unit € € £y, such that (3v/2+ v/5)e =
¢2 mod 4. We quickly find that o = (3v/24+/5)(3+v/10)(2++/5) is 2-primary
(coprime to (2) and congruent to a square modulo 4), hence its square root
generates an unramified quadratic extension of kgen whose Galois group over
k is the quaternion group of order 8. The minimal polynomial of /« is
f(z) = 2® — 1802° 4 18542 — 234022 + 169.

7. Genus theory. Genus theory of quadratic extensions k/F of number
fields with trivial separant class group can be made as explicit as over Q: the
factorization of § = sep(k/F') into prime separants gives us the genus class
field as well as the genus characters.

LEMMA 7.1. Let F' be a number field with odd class number in the strict
sense. Let K = F(V/6) and assume that L = F(\/81,1/2) is a quadratic
extension of K, where §, 61 and 02 are separants. Then L/K is unramified
at all finite primes if and only if 5Efp = 5152E}2;.

Proof. Let K1 = F(\/3,), Ky = F(v/83) and K = F(\/6102) = F(\/9)
be the three quadratic subextensions of L/F'. By the conductor-discriminant
formula we have

disc(L/F) = disc(K/F) - disc(K1/F) - disc(K2/F).

Since L/K is unramified, we have disc(L/F) = disc(K/F)2. This implies
disc(K1/F)-disc(K2/F) = disc(K/F'). Since separants are h-th powers of the
relative discriminants, we must have 81 - 6o = 4. Since F(v/9103) = F(/9),
the unit € must be a square, and this implies that §; E? - 6o E? = 0E? as
claimed. The same calculation yields the converse. u

Let F' be a number field with SCI(F) = 1. For a quadratic extension
K/F with separant sep(K/F) = §E% let 6E% = & ---6:FE% denote the
factorization of sep(K/F) into prime separants. We already know that this
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factorization determines the genus field of K/F, and that the genus field in
the strict sense is Ko, = F(v/01,...,V5).

gen
Now let ¢ € CIT(K) be an ideal class, and pick an ideal a € ¢ coprime

to 0. Then x;(c) = ( N}f; - u) is a well defined quadratic character on the class

group. The characters x; are called genus characters of K/F'

THEOREM 7.2 (Principal Genus Theorem). Let F' be a number field with
trivial separant class group. Then an ideal class ¢ € CIT(K) is a square if
and only if x;(c) = +1 for all genus characters x;.

Proof. Write ¢ = [p] for some prime ideal p unramified in K/F. Clearly
x;j(c) = 1 for all genus characters is equivalent to p splitting completely
in the genus class field. Since F' has odd class number in the strict sense,
K, is the maximal elementary abelian 2-extension contained in the Hilbert
class field in the strict sense. By class field theory, p splits completely in the
maximal elementary abelian 2-extension contained in the Hilbert class field
in the strict sense if and only if the ideal class [p] is a square in the class

group Cl (K). =

EXAMPLE 6. Consider the quadratic extension K = F(1/93 4 50v/2)
of F = Q(v/2). The separant § = sep(K/F) = 2(93 + 50v/2)E% has the

factorization
2(93 + 50v/2) = —v2" (—11 — 4V/2)(7 + 2v/2)

into prime separants (modulo squares of units). Thus

ngn:K<\/7+2\@) and ngn:K<ﬁ, 7+2\/§>,

hence Cla(K) has rank 1 and CIJ (K) has rank 2. Further, pari tells us that
in fact C1(K) = [2] and CIT(K) = [2,2].

8. Hilbert’s first supplementary law. Hilbert’s version of the first
supplementary law in number fields (see [II, Theorem 6.5]) is the following:

PROPOSITION 8.1. Let a be an ideal with odd norm in a number field F
with class number h. Then a® = (a), and we can choose a in such a way
that o > 0 and o = &2 mod 4 if and only if (é) = +1 for all elements

B € Sel(F).

Here we will briefly mention a few variants of Hilbert’s first supplemen-
tary law in number fields with odd class number (the proofs are all similar),
where we can replace the Selmer group by the unit group.

PROPOSITION 8.2. Let F' be a number field with odd class number h, and

a an ideal with odd norm. Then a® = (&) for some a € F*, and in the
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following table, the conditions on a in the left column are equivalent to the
conditions on « in the right column:

Conditions on a | Conditions on «
(Efa)=1 a=&mod4, a>>0
(Ba/a)=1 a>0

(Et/a) =1 a=£>mod 4

Here E* is the group of totally positive units in Op.

If SCI(F) = 1, then E* = E?, so (E*/a) = +1 for all ideals with odd
norm, and thus every ideal a”, where h denotes the odd class number of F,
is generated by an element o = £2 mod 4 as predicted by our results above.

In quadratic number fields F' = Q(y/m) with m = 3 mod 4 we have
—1 € F4 and (_Tl) = (=1)Ne=1/2 hence (%1) = +1 for totally positive
elements with norm = 1 mod 4. Thus if F' has odd class number A and if a
is an ideal with norm = 1 mod 4, then a” has a totally positive generator,
and ideals with norm = 3 mod 4 do not. In Q(v/3), the prime ideal above
13 = 1 mod 4 is generated by 4 4+ v/3 > 0, and the prime ideal with norm
11 by 1+ 2v/3. Next 2(2 4+ v3) = (1 + v/3)2, hence (£) = () for the
fundamental unit e = 2 ++/3, and (E/p) = +1 if and only if Np = 1 mod 8.
This implies that the prime ideal above 13 does not have a totally positive
2-primary generator (we have (4 + \/§)(2 +4/3) = 11 + 64/3, which is not
congruent to a square modulo 4), but that the prime ideal above 73 does,
and in fact 11 + 44/3 is such a generator.

Final remarks. Separants were used in [10] to construct unramified
2-extensions of quadratic extensions K/F of fields F with SCI(F) = 1.
The simplest result was that if F' is a number field with SCI(F) = 1 and
k/F a quadratic extension with separant 5E12;, then there is an unramified
cyclic quartic extension K /k if and only if § admits a Cy-factorization, i.e.,
(SE% = 51(52E}2; with ((51/]32) = ((52/]31) =1 for all prime ideals p; | 5j. In this
case, the extension can be constructed explicitly by solving the equation
S122 4 doy? = 2% in F*.

I expect that the main results of Rédei (Rédei matrix, triple symbol reci-
procity; see Stevenhagen [13]), Koch [8], Frohlich [4] and the existence of gov-
erning fields generalize to all number fields with trivial separant class group.
Kuramoto [9] has recently discussed the Rédei symbol in real quadratic fields
with class number 1.
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