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Abstract

We introduce an operator system, universal for the probabilistic models of a contextuality sce-
nario, and identify its maximal C∗-cover via the right C∗-algebra of a canonical ternary ring of
operators, arising from a hypergraph version of stochastic operator matrices. We study dilat-
ing contextuality scenarios, which have the property that each positive operator representation
thereof admits a dilation to a projective representation on a larger Hilbert space, and characterise
them via the equality of the aforementioned universal operator system and the operator system
arising from the canonical generators of the respective hypergraph C∗-algebra. We characterise
the no-signalling probabilistic models over a pair of contextuality scenarios of different types,
which arise from either the positive operator representations or from the projective representa-
tions of these scenarios, in terms of states on operator system tensor products. Generalising the
notion of a synchronous no-signalling correlation to the hypergraph framework, we define coher-
ent probabilistic models associated with a given contextuality scenario and characterise various
classes thereof via different types of traces of the hypergraph C∗-algebra, associated with the
scenario. We establish several equivalent formulations of the Connes Embedding Problem in
terms of no-signalling probabilistic models and hypergraph operator systems.
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1. Introduction

The interactions between operator algebras and quantum information theory have in
the past decade undergone a phase of vibrant development. Arguably the most striking
examples in this respect are the proof of the equivalence [24, 28, 40] between the Connes
Embedding Problem in von Neumann algebra theory [16] and the Tsirelson Problem in
quantum physics [49], and the resolution of these problems (in the negative) in [27]. At
the core of the aforementioned equivalence is Kirchberg’s reformulation of the Connes
Embedding Problem in terms of the equality between tensor products of free group C∗-
algebras [33] and a hierarchy of classes of no-signalling correlations whose prototype is
the fundamental Bell Theorem on non-locality [6].

More specifically, the correlated behaviour of two parties participating in a quantum
mechanical experiment may be governed, depending on the resources they use, by several
main, successively coarser, correlation types; this hierarchy is mathematically captured
by a chain of inclusions of classes of conditional probability distributions,

Cloc ⊆ Cq ⊆ Cqa ⊆ Cqc ⊆ Cns. (1.1)

Here, the class Cloc corresponds to the use of classical physical resources (determinism
and shared randomness), Cq to finite-dimensional entanglement, Cqa to liminal entan-
glement (in that the class Cqa is the closure of the class Cq), Cqc to the employment
of the commuting operator model of quantum mechanics, while Cns is the most general
class, corresponding to generalised probabilistic theories. Strict inclusions occur at all
points of the hierarchy (1.1) – the inequality Cloc ̸= Cq is a reformulation of Bell’s The-
orem [6], Cq ̸= Cqa is due to the work of Slofstra [47] (see also [20, 38]), Cqa ̸= Cqc is
due to the aforementioned groundbreaking work [27], while the last inequality, Cqc ̸= Cns,
is due to Tsirelson (see [49, 21]). The operator algebraic approach to the study of the
hierarchy (1.1) consists in the description of the elements of each one of its terms via
states on tensor products of C∗-algebras [24] and operator systems [36], or via traces on
C∗-algebras [43, 32].

Non-locality in quantum mechanics is often considered along with another of its fun-
damental features, contextuality. Although formally non-locality can be expressed as a
special case of contextuality, the latter is usually studied in parallel with the former,
and resides in the impossibility to make coherent assignments for outcomes of quantum
mechanical experiments, independently of the utilised measurement devices, often mod-
elled by sets of projective measurements. The latter viewpoint is used in [1], where the
notion of a contextuality scenario is introduced; mathematically, this concept amounts to
a hypergraph, whose vertices represent possible outcomes of an experiment, and whose
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hyperedges represent sets of outcomes that can be measured simultaneously. The prod-
ucts of contextuality scenarios with mutually disjoint edges assumed to have the same
cardinality (called Bell scenarios in [1]) lead to the hierarchy (1.1), as positive operator
valued measures (POVM’s) can be simultaneously dilated to projection-valued measures.

However, not all contextuality scenarios enjoy such a dilatability property. Indeed, it
was proved in [19] that (finite-dimensionally acting) quantum magic squares do not nec-
essarily dilate to finite-dimensional quantum permutation matrices, and the argument is
extendable (as we show herein), allowing to conclude that a dilation in infinite dimensions
does not either always exist. Thus, while sufficient for Bell scenarios, projective repre-
sentations of contextuality scenarios (that is, coherent projective measurements of the
simultaneously measurable outcomes) do not capture the interplay between non-locality
and contextuality in its full generality.

This is the starting point of the current investigation. Along with projective rep-
resentations (PR’s) of contextuality scenarios, studied in [1], here we consider positive
operator representations (POR’s), that is, collections of positive operators acting on a
Hilbert space, which define a POVM over every edge of the underlying hypergraph. (We
note that connections of POR’s with convex polytopes were recently explored in [8].)
Given a non-trivial contextuality scenario G, we construct an operator system SG with
the (universal) property that the unital completely positive maps from SG correspond
precisely to POR’s of G. We further identify an operator system TG (as an operator
subsystem of the hypergraph C∗-algebra C∗(G) associated to G [1]) with the (universal)
property that the unital completely positive maps from SG correspond precisely to POR’s
of G that can be dilated to PR’s of G. This allows us to equivalently express the property
that every POR of a contextuality scenario can be dilated to a PR via the equality be-
tween SG and TG in the operator system category (such contextuality scenarios are called
dilating herein).

The operator system TG lives inside a natural C∗-cover, namely C∗(G); we show
that C∗(G) is in fact the C∗-envelope of TG. In contrast, the operator system SG is
not a priori given as an operator subsystem of a C∗-algebra. We construct explicitly its
universal (also known as maximal) C∗-cover, showing that it is ∗-isomorphic to the right
C∗-algebra of a ternary ring of operators generated by G-stochastic operator matrices.
The latter notion is a generalisation of stochastic and bistochastic operator matrices,
studied in [48] and [10], respectively. The identification of the C∗-envelope of SG, in the
cases where G is not dilating, remains an open question.

A natural contextuality scenario counterpart of the notion of a no-signalling correla-
tion was introduced in [1]; for Bell scenarios, no-signalling in the contextuality paradigm
reduces to the classical concept. The existence of non-dilating contextuality scenarios
leads to the necessity to consider (at least) two versions of the hierarchy (1.1), in which
correlations are defined using PR’s or POR’s, respectively, uncovering a new level of gen-
erality that allows to study non-locality and contextuality within the same setup. We
characterise the main types of no-signalling correlations via states on tensor products of
the operator systems of the form SG (resp. TG). These results extend to the contextuality
paradigm the operator representation results for the correlation types (1.1) established
in [44] and [36].
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An important source of motivation for the study of no-signalling correlations and the
associated hierarchy (1.1) is their connection with non-local games. These are cooperative
games, played by two players against a verifier, under the condition that no communica-
tion takes places between the players and they are limited to the use of physical resources
of certain chosen type. Synchronous games, whose study was initiated in [43], are char-
acterised by the requirement that the players’ outputs should be perfectly correlated,
provided that the inputs are so. The latter class of games include a plethora of important
examples, such as graph homomorphism/isomorphism games [37, 3] and linear binary
constraint system games [32]. Its associated perfect strategies are synchronous correla-
tions [43]. We define the notion of a coherent no-signalling probabilistic model over a
given contextuality scenario G, which reduces to the notion of a synchronous correlation
in the case where G is a Bell scenario. One of the cornerstone operator algebraic result
in non-local game theory is the expression of synchronous correlations in terms of traces
of a canonical group C∗-algebra [43]. We provide a contextuality scenario version of this
result, showing that coherent correlations of quantum commuting type over G (that is,
the hypergraph counterpart of the term Cqc in the correlation chain (1.1)) correspond to
traces on the hypergraph C∗-algebra C∗(G). Similarly to the Bell scenario case, the ap-
proximate quantum type (the analogue of the class Cqa) is described by amenable traces
of the C∗-algebra C∗(G).

Finally, we provide new equivalences of the Connes Embedding and the Tsirelson
Problems in the setup of no-signalling probabilistic models over general contextuality
scenarios. These results inscribe in a more general effort to identify an operator theoretic
approach to the latter problems, in light of the fact that the proof available currently [27]
relies on complexity theory methods. We show that the Connes Embedding Problem is
equivalent to the equality of appropriate tensor products between the operator systems
of the form SG and TG, as well as to the equality between the classes of quantum ap-
proximate and quantum commuting probabilistic models over general hypergraphs. This
substantially enlarges the pool of tentative counterexamples, reducing the solution of
the problem to the identification of a single hypergraph with distinct quantum approxi-
mate and quantum commuting correlation classes (in either the positive operator or the
projective framework).

We now describe the organisation of the paper in more detail. After collecting some
necessary preliminaries in Section 2, in Section 3 we define and examine the universal
operator system SG of general probabilistic models of a (non-trivial) contextuality sce-
nario G. The operator system SG is constructed as a quotient of a finite-dimensional
abelian C∗-algebra; this allows the identification of its dual operator system as a matri-
cial operator system if the underlying hypergraph is uniform. The description of SG is
made concrete in the case the underlying hypergraph is uniformisable, in that the kernel
with respect to which the quotient is taken is described explicitly as a subspace with
canonical generators (see Proposition 3.9). The universal operator systems TG (resp. RG)
of quantum (respectively classical) probabilistic models of G are also defined, and the
equality between different classes of probabilistic models of G is characterised via the
equality of different operator system structures on the linear space, underlying all three
operator systems SG, TG and RG (Theorem 3.20).
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In Section 4 we examine the property of a contextuality scenario being dilating. We
show that the scenario giving rise to quantum magic squares [19] is not dilating and
exhibit both necessary and sufficient conditions for dilatability. This allows us to realise,
in a particular special case, the operator system SG as a modular co-product in the sense
of [14]. A further, C∗-algebraic, characterisation of dilating contextuality scenarios is
given in Section 5 (see Corollary 5.7), after examining stochastic operator matrices rela-
tive to a hypergraph, and their universal ternary rings of operators. The latter operator
matrices reduce to stochastic operator matrices in the sense of [48] when the hypergraph
is a Bell scenario, and to bistochastic operator matrices [10] in the case of magic square
hypergraphs; in these two cases, they lie at the base of the quantum analogues of the
correlation chain (1.1) studied in [48] and [10].

In Section 6 we examine no-signalling probabilistic models, defined over a given pair
of contextuality scenarios. We distinguish probabilistic models arising from employing
projective or general positive operator representations. We show that in the case where
the contextuality scenario is dilating, these two paradigms lead to the same probabilistic
models of quantum and approximately quantum types. The main results in this section
are the operator algebraic characterisations, contained in Theorems 6.2, 6.3 and 6.4.

In Section 7, we define coherent probabilistic models, and provide a tracial character-
isation of the quantum commuting, the approximately quantum, the quantum and the
local class in terms of traces on the hypergraph C∗-algebra of different kind. Finally, Sec-
tion 8 is dedicated to the aforementioned equivalences of the Connes Embedding Problem
in terms of contextuality scenarios and their probabilistc models.

We finish this section with setting basic notation. For a Hilbert space H, denote by
B(H) the C∗-algebra of all bounded linear operators on H. We write B(H)+ for the
cone of positive operators in B(H), denote by IH the identity operator on H, and write
I = IH when H is understood from the context. We write T (H) for the ideal of trace class
operators on H, and T (H)+ for its canonical positive cone. We use ⟨·, ·⟩ to denote both
the inner product of a Hilbert space (assumed to be linear in the first variable) and the
duality between B(H) and T (H), arising from the canonical identification T (H)∗ = B(H)

in the Banach space sense. If ξ, η ∈ H, we let ξη∗ be the rank one operator given by
(ξη∗)(ζ) = ⟨ζ, η⟩ξ. We let Mn,m denote the space of all n by m complex matrices, and
write Mn = Mn,n. Making the natural identification Mn = B(Cn), we write In = ICn .
For A ∈Mn, we let Tr(A) be the (non-normalised) trace of A. If V is a finite set, we set
CV = C|V |, RV = R|V | and MV =M|V |, and let (δx)x∈V the canonical orthonormal basis
of CV ; thus, (δxδ∗x)x,x′ is the canonical matrix unit system in MV . We denote by X d the
dual of a normed space X ; in case X is an operator system, X d is equipped with the
canonical dual matrix ordering.

2. Preliminaries

A hypergraph is a pair G = (V,E), where V is a finite set and E is a non-empty set
of subsets of V . The elements of V are called vertices and the elements of E, hyper-
edges (or simply edges). A contextuality scenario [1] is a hypergraph G = (V,E) such
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Fig. 1. A scenario without a probabilistic model [1]

that
⋃

e∈E e = V . Given a contextuality scenario G = (V,E), its vertices will be called
outcomes and its edges – measurements.

Let G = (V,E) be a contextuality scenario. A probabilistic model of G is an assignment
p : V → [0, 1] such that ∑

x∈e

p(x) = 1 for every e ∈ E.

The set of all probabilistic models of G will be denoted by G(G). Note that not every
contextuality scenario admits a probabilistic model (see Figure 1). So, G(G) is a convex,
possibly empty, subset of RV .

A contextuality scenario that admits a probabilistic model will be called non-trivial ;
all contextuality scenarios in the paper will be assumed to be non-trivial. Let G = (V,E)

be a contextuality scenario. A positive operator representation (POR) of G on a Hilbert
space H is a collection (Ax)x∈V ⊆ B(H)

+ such that∑
x∈e

Ax = IH for every e ∈ E.

A POR of G will be called a projective representation (PR) if Ax is a projection for
every x ∈ V , finite-dimensional if H is finite-dimensional, and classical if AxAy = AyAx,
x, y ∈ V .

We note that any probabilistic model on a contextuality scenario G is a POR on the
one dimensional Hilbert space C. Conversely, if H is a Hilbert space, (Ax)x∈V is a POR
of G and ψ ∈ H is a unit vector, then the assignment p(x) = ⟨Axψ,ψ⟩, x ∈ V , is a
probabilistic model of G.

Let (Ax)x∈V and (Bx)x∈V be POR’s of the contextuality scenario G = (V,E), acting
on Hilbert spaces H and K, respectively. We say that (Bx)x∈V is a dilation of (Ax)x∈X

if there exists an isometry V : H → K such that Ax = V ∗BxV for all x ∈ V . A POR
(Ax)x∈V of G is called dilatable if it admits a dilation to a PR of G. We note that there
exist contextuality scenarios that admit a POR but not a PR. An example is furnished
by the contextuality scenario G1 on Figure 2: given a Hilbert space H, the scenario G1

admits a unique POR (Ai)
3
i=1 on H, given by A1 = A2 = A3 = 1

2IH. In particular, none
of the POR’s of G1 admits a dilation to a PR.
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x1 x2

x3

Fig. 2. A scenario G1 with no projective representation [1]

Let G = (V,E) be a contextuality scenario. A probabilistic model p ∈ G(G) is called
deterministic if p(x) ∈ {0, 1} for every x ∈ V , and classical if it is a convex combination
of deterministic models, that is, if there exist an integer k ≥ 0, deterministic models pi
and scalars λi ∈ [0, 1], i ∈ [k], such that

∑k
i=1 λi = 1 and

p(x) =

k∑
i=1

λipi(x), x ∈ V.

We denote the set of all classical probabilistic models of G, by C(G), and note that it is a
convex polytope. An application of Carathéodory’s Theorem shows that C(G) is closed.

A probabilistic model p of the contextuality scenario G = (V,E) is called quantum
if there exists a Hilbert space H, a PR (Px)x∈V of G on a Hilbert space H and a unit
vector ψ ∈ H such that

p(x) = ⟨Pxψ,ψ⟩, x ∈ V.

The set of all quantum models on G is denoted by Q(G). We note that the elements
of Q(G) can equivalently be defined using an arbitrary normal state instead of a vector
state, that is, letting p(x) = ⟨Px, ω⟩, where ω ∈ T (H)+ has trace one; this follows from
considering the purification of ω in the Hilbert space H ⊗ ℓ2.

By [1, Proposition 5.1.2], Q(G) is convex; we have the inclusions

C(G) ⊆ Q(G) ⊆ G(G). (2.1)

The first inclusion in (2.1) can be strict; indeed, by a reformulation of the Kochen–
Specker Theorem in the context of hypergraphs [13, 12, 1], there exists a contextuality
scenario GKS such that C(GKS) = ∅, while Q(GKS) ̸= ∅. We note that it is not known if
Q(GKS) = G(GKS) and, more generally, if there exists a contextuality scenario G such
that C(G) = ∅ while Q(G) = G(G) ̸= ∅. Further, a contextuality scenario for which the
second inclusion in (2.1) is strict is displayed in Figure 2, where Q(G1) = ∅, while G(G1)

is a singleton.
We recall some basic facts and notions related to operator systems, and refer the

reader to [41] for details. An operator space is a subspace S ⊆ B(H) for some Hilbert
space H. We let Mn(S) be the subspace of all n by n matrices with entries in S; we note
thatMn(S) can be viewed as a subspace of B(Hn) identifyingMn(B(H)) with B(Hn). If S
and T are operator spaces and ϕ : S → T is a linear map, we let ϕ(n) :Mn(S) →Mn(T )

be the (linear) map, given by ϕ(n)([ai,j ]i,j) = [ϕ(ai,j)]i,j . A (concrete) operator system is
an operator space S ⊆ B(H) such that IH ∈ S and A ∈ S ⇒ A∗ ∈ S. Every operator
system S is an abstract operator system in the sense that (a) S is a linear ∗-space;
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(b) the real vector space Mn(S)h of all hermitian elements in the ∗-space Mn(S) of
all n by n matrices with entries in S is equipped with a proper cone Mn(S)+ in that
Mn(S)+ ∩ (−Mn(S)+) = {0}, n ∈ N, and (c) the family (Mn(S)+)n∈N is a matrix
ordering in that T ∗Mn(S)+T ⊆ Mm(S)+ for all n,m ∈ N and all T ∈ Mn,m, which
admits an Archimedean order unit. If S and T are abstract operator systems, a linear map
ϕ : S → T is called positive if ϕ(S+) ⊆ T +, completely positive if ϕ(n) is positive for every
n ∈ N, unital if ϕ(I) = I, and a complete order isomorphism if ϕ is completely positive,
bijective, and its inverse ϕ−1 is completely positive. By virtue of the Choi–Effros Theorem
[41, Theorem 13.1], every abstract operator system is completely order isomorphic to an
operator system. A state of an operator system S is a positive unital linear functional;
we denote by S(S) the (convex) set of all states of S. By [15, Corollary 4.5], if S is
a finite-dimensional operator system then its (matrix ordered) dual Sd is an operator
system.

Recall that a C∗-cover of an operator system S is a pair (A, ι), where A is a unital C∗-
algebra and ι : S → A is a unital complete order isomorphism such that ι(S) generates A
as a C∗-algebra. The C∗-envelope (C∗

e (S), ιe) of S is the C∗-cover with the property that
if (A, ι) is a C∗-cover of S then there exists a ∗-epimorphism π : A → C∗

e (S) such that
π ◦ ι = ιe (see e.g. [41, Chapter 15]).

A kernel [31] of an operator system S is a subspace J ⊆ S of the form J = ker(ϕ)

for some completely positive map ϕ defined on S; a subspace J ⊆ S is a kernel if and
only if there exists a family {fα}α∈A of states of S such that J = ∩α∈A ker(fα) [31,
Proposition 3.1]. If J is a kernel in S, the linear quotient S/J admits a natural operator
system structure [31] with the (universal) property that, for every operator system T and
every completely positive map ϕ : S → T with J ⊆ ker(ϕ), the naturally induced map
ϕ̇ : S/J → T is completely positive.

Let S be an operator system. Given a linear subspace J ⊆ S, we define its kernel
cover J by letting

J =
⋂

{ker(ϕ) : ϕ a state of S with J ⊆ ker(ϕ)}.

By [31, Proposition 3.1], J is a kernel in S. We will denote by qJ the canonical quotient
map from an operator system S onto its quotient S/J . The following statement will be
used in Section 3.

Proposition 2.1. Let S be an operator system, J ⊆ S be a linear subspace and J be its
kernel cover. If J ̸= S, then S/J is the unique, up to a complete order isomorphism,
operator system such that, whenever T is an operator system and ϕ : S → T is a unital
completely positive map with J ⊆ ker(ϕ) then there exists a unital completely positive
map ψ : S/J → T such that ϕ(a) = ψ(qJ (a)), a ∈ S.

Proof. Set S̃ = S/J . We first show that S̃ has the stated universal property. Suppose that
T is an operator system and ϕ : S → T is a completely positive map with J ⊆ ker(ϕ).
We show that J ⊆ ker(ϕ). Let x ∈ J . In order to show that ϕ(x) = 0, it suffices to
show that t(ϕ(x)) = 0 for every state t : T → C; indeed, since every t′ ∈ T d is a linear
combination of four states, this would imply that t′(ϕ(x)) = 0 for every t′ ∈ T d, and
hence that ϕ(x) = 0. Let, therefore, t ∈ S(T ). Then t ◦ ϕ is a positive functional on S
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that annihilates J . Thus (t ◦ ϕ)(x) = 0 as desired. Now the universal property of the
quotient [31] implies that there exists a (unique) completely positive map ψ : S̃ → T
such that ϕ(a) = ψ(qJ (a)), a ∈ S.

Suppose that R is a quotient operator system of S, with a corresponding quotient
map qR whose kernel contains J , such that if ϕ : S → T is a completely positive map
with J ⊆ ker(ϕ) then there exists a completely positive map ψ : R → T such that
ϕ(a) = ψ(qR(a)), a ∈ S. Taking T = S̃, we obtain a unital completely positive map
ψ : R → S̃ such that qR(a) = ψ(qJ (a)), a ∈ S. On the other hand, taking T = R,
by the previous paragraph, there exists a unital completely positive map θ : S̃ → R
such that qJ (a) = θ(qR(a)), a ∈ S. It is now clear that θ is a (unital) complete order
isomorphism.

3. Operator systems from hypergraphs

In this section, we introduce operator systems, universal for the different types of opera-
tor representations of a contextuality scenario in that the latter correspond precisely to
the unital completely positive maps defined on them. This allows us to express properties
such as dilatability in terms of operator system equalities. The results will be used sub-
sequently to provide operator representations of no-signalling correlations over product
contextuality scenarios.

3.1. The universal operator system of a positive operator representation. We
fix a contextuality scenario G = (V,E), and we write E = {e1, . . . , ed}. For each e ∈ E,
we denote by ℓ∞e a copy of ℓ∞|e|, and set

S := ℓ∞e1 ⊕ · · · ⊕ ℓ∞ed .

For x ∈ V , we denote by δex the element of ℓ∞e whose x-th entry is 1, and the remaining
entries are zero. For i, j ∈ [d] with i < j, and x ∈ ei ∩ ej , we set

αj 1⊕ 0⊕ · · · ⊕ 0⊕ 1⊕ 0⊕ · · · ⊕ 0︸ ︷︷ ︸
d terms

where the entry −1 occupies the j-th coordinate, and

βx
i,j = 0⊕ · · · ⊕ 0⊕ δeix ⊕ 0⊕ · · · ⊕ 0⊕−δejx ⊕ 0⊕ · · · ⊕ 0︸ ︷︷ ︸

d terms

,

where the term δeix (resp. −δejx ) is at the i-th (resp. j-th) coordinate. Define

J := span {αj , β
x
i,j : i, j ∈ [d], i < j and x ∈ ei ∩ ej} (3.1)

and set
J̃ := {u ∈ S : ⟨p, u⟩ = 0, p ∈ G(G)}

where
⟨p, u⟩ =

∑
e∈E

∑
x∈e

p(x)uex, u =
⊕
e∈E

(uex)x∈e.
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Let also

LG =
{
(λ1x)x∈e1 ⊕ · · · ⊕ (λdx)x∈ed :

∑
x∈ei

λix =
∑
x∈ej

λjx

and λix = λjx for all x ∈ ei ∩ ej , i, j ∈ [d]
}
, (3.2)

viewed as a selfadjont subspace of S. It is straightforward to check that J⊥ = LG.
Thus, if f : S → C is a positive functional that annihilates J then f ∈ L+

G . It follows
that f annihilates J̃ , and hence J̃ coincides with the kernel cover of J in the sense of
Proposition 2.1. Set SG = S/J̃ .

Remark 3.1. If the hyperedges of G are mutually disjoint then no elements of the
form βx

i,j appear on the right hand side of (3.1). It follows [22] that J is a kernel in S and
that the quotient SG coincides with the coproduct ℓ∞e1 ⊕1 ℓ

∞
e2 ⊕1 · · · ⊕1 ℓ

∞
ed

of the operator
systems ℓ∞e1 , ℓ

∞
e2 , · · · , ℓ

∞
ed

as defined in [22].

Remark 3.2. We will shortly exhibit examples of contextuality scenarios G, for which
the subspace J is a null subspace [30], that is, it does not contain non-zero positive
elements. In this case, J is a completely proximinal kernel [31]; in particular, SG = S /J
completely order isomorphically and

Mn(S /J )+ = {[ui,j + J ] ∈Mn(S /J ) : ∃ ki,j ∈ J with [ui,j + ki,j ] ∈Mn(S)+}.

Let G = (V,E) be a contextuality scenario. For e ∈ E, let ιe : ℓ∞e → ⊕f∈Eℓ
∞
f be the

natural embedding and, recalling that q : S → S / J̃ is the quotient map, let ie : ℓ∞e → SG
be the map given by

ie(u) = |E|(q ◦ ιe)(u), u ∈ ℓ∞e . (3.3)

To ease the notation, we set
ax := ie(δ

e
x), x ∈ V,

and note that ax only depends on x ∈ V and not on e ∈ E. We see that SG = span {ax :

x ∈ V }. The next statement shows that SG is the universal operator system for positive
operator representations of G.

Theorem 3.3. Let G = (V,E) be a non-trivial contextuality scenario. If Φ : SG →
B(H) is a unital completely positive map then (Φ(ax))x∈V is a POR of G. Conversely,
if (Ax)x∈V ⊆ B(H) is a POR of G then there exists a unique unital completely positive
map Φ : SG → B(H) such that Φ(ax) = Ax, x ∈ V .

Suppose that R is an operator system and re : ℓ∞e → R are unital completely positive
maps, e ∈ E, with the property that for every POR (Ax)x∈V of G there exists a unique
unital completely positive map Ψ : R → B(H) with Ψ(re(δ

e
x)) = Ax, x ∈ V . Then there

exists a unital complete order isomorphism θ : R → SG such that θ ◦ re = ie, e ∈ E.

Proof. The first statement follows from the fact that ax ∈ S+
G , x ∈ V , and

∑
x∈e ax = 1,

e ∈ E. Let (Ax)x∈V ⊆ B(H) be a positive operator representation of G. For each e ∈ E,
the family (Ax)x∈e is a POVM, and hence the linear map ϕe : ℓ∞e → B(H), given by
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ϕe(δ
e
x) = Ax, is unital and completely positive. Define Φ0 : S → B(H) by letting

Φ0 ((ue)e∈E) =
1

|E|
∑
e∈E

ϕe(ue), (ue)e∈E ∈ S,

and note that Φ0 is unital, completely positive, and J ⊆ kerΦ0. We see that J̃ ⊆
kerΦ0; hence, by Proposition 2.1, there exist a unique unital completely positive map Φ :

S / J̃ → B(H) such that Φ((ue)e∈E+J̃ ) = Φ0 ((ue)e∈E). Note that Φ(ax) = ϕe(δ
e
x) = Ax,

x ∈ V .
Let R and re, e ∈ E, be as stated. Without loss of generality, assume that SG ⊆ B(H)

for some Hilbert space H. As (ax)x∈V is a positive operator representation of G, there
exists a unital completely positive map θ : R → SG such that Ψ(re(δ

e
x)) = ax, x ∈ V .

Swapping the roles of R and SG and using the universal property of SG established in
the previous paragraphs, we deduce that there exists a unital completely positive map
Φ : SG → R such that Φ(ax) = re(δ

e
x), x ∈ e. Finally, note that (θ ◦ Φ)(ax) = ax and

(Φ◦ θ)(re(δex)) = re(δ
e
x) for all x ∈ e, e ∈ E. By uniqueness, Φ◦ θ = idR and θ ◦Φ = idSG .

It follows that θ is a unital complete order isomorphism.

Our next aim is to provide a concrete description of the matricial order structure of
the operator system SG. We make the identification Mn(

⊕
e∈E ℓ

∞
e ) =

⊕
e∈E

⊕
x∈eMn,

so that an element u ∈ Mn(
⊕

e∈E ℓ
∞
e ) is written as u =

⊕
e∈E(u

e
x)x∈e, where uex ∈ Mn,

e ∈ E, x ∈ e. To ease notation, we will often write uix = ueix , i ∈ [d]. We call an element⊕
e∈E(u

e
x)x∈e of Mn(

⊕
e∈E ℓ

∞
e ) consistent if uex = ufx whenever e, f ∈ E and x ∈ e ∩ f .

For T ∈M+
n , let

Ln(T ) =
{
Λ =

⊕
e∈E

(Λe
x)x∈e : Λ ≥ 0,Λ is consistent and

∑
x∈e

Λe
x = T, e ∈ E

}
,

and set Ln = ∪T∈M+
n
Ln(T ), considered as a subset of the direct sum

⊕
e∈E

⊕
x∈eMn.

An element Λ ∈ Ln gives rise to a map (denoted in the same way) Λ : V → M+
n , given

by Λ(x) = Λe
x, for x ∈ e; we thus have an identification between Ln(I) and the set of all

POR’s of G on the Hilbert space Cn. For Λ ∈ Ln and u ∈Mn(
⊕

e∈E ℓ
∞
e ), let

⟨Λ, u⟩ :=
∑
e∈E

∑
x∈e

Tr(uex(Λ
e
x)

t);

we thus further view Λ as a linear functional (denoted in the same way) onMn(
⊕

e∈E ℓ
∞
e ).

Note that if Λ ∈ Ln(T ), then

⟨Λ, I⟩ =
∑
e∈E

∑
x∈e

Tr(Λe
x) =

∑
e∈E

Tr(T ) = dTr(T );

thus, if Λ ∈ Ln(
1
dnIn) then Λ is a state on Mn(

⊕
e∈E ℓ

∞
e ). We have

L1(1) ≡ G(G), (3.4)

and that, if p ∈ L1 and u =
⊕

e∈E(u
e
x)x∈e ∈ S, then

⟨p, u⟩ =
∑
e∈E

∑
x∈e

p(x)uex.

We note the canonical identification Mn(S /J ) =Mn(S)/Mn(J ), which will be used
in the sequel. Since J is a selfadjoint subspace of S, the involution on S induces an
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involution on S /J which, in turn, induces a canonical involution on the real vector
space Mn(S /J )h of hermitian elements of Mn(S /J ).

Proposition 3.4. Let G = (V,E) be a contextuality scenario and

Cn := {u+Mn(J ) ∈Mn(S /J )h : ⟨Λ, u⟩ ≥ 0, Λ ∈ Ln}, n ∈ N .

Then the family (Cn)n∈N is a matrix ordering for the ∗-vector space S /J with Archimed-
ean matrix order unit 1 + J .

Proof. Let T ∈ M+
n and Λ ∈ Ln (T ), and note that Λ =

⊕
e∈E

⊕
x∈e Λ

e
x, where Λe

x =

[Λe
x(i, j)]

n
i,j=1 ∈M+

n . Since
∑

x∈e Λ
e
x = T , e ∈ E, we have∑

x∈e

Λe
x(i, j) = ⟨Tej , ei⟩, i, j ∈ [n], e ∈ E. (3.5)

Write Λ = [Λ(i, j)]ni,j=1 ∈Mn(
⊕

e∈E ℓ
∞
e ), where Λ(i, j) =

⊕
e∈E (Λe

x(i, j))x∈e.
Let v = [v(i, j)]ni,j=1 ∈Mn(J ), where v(i, j) =

⊕
e∈E(v

e
x(i, j))x∈e ∈ J . We have

⟨Λ, v⟩ =
n∑

i=1

n∑
j=1

⟨Λ(i, j), v(i, j)⟩ =
n∑

i=1

n∑
j=1

∑
e∈E

∑
x∈e

Λe
x(i, j)v

e
x(i, j). (3.6)

We claim that ⟨Λ,W ⟩ = 0 whenever W ∈Mn(J ). Writing W = [wi,j ]
n
i,j=1, we see that it

suffices to verify that ⟨Λ(i, j), w⟩ = 0 for each of the generators w ∈ J and all i, j ∈ [n].
Let p, q ∈ [d] with p ̸= q and w = αq − αp; thus, w has the element 1 in the direct
summand corresponding to ep ∈ E, the element −1 corresponding to eq ∈ E, and zeros
anywhere else. Setting e′ = ep and e′′ = eq, we find that we′

x = 1 for all x ∈ e′, we′′

x = −1

for all x ∈ e′′, while we
x = 0 for all e ̸∈ {e′, e′′}. By (3.5) and (3.6),

⟨Λ(i, j), w⟩ =
∑
x∈e′

Λe′

x (i, j)w
e′

x +
∑
x∈e′′

Λe′′

x (i, j)we′′

x

=
∑
x∈e′

Λe′

x (i, j)−
∑
x∈e′′

Λe′′

x (i, j) = 0.

Further, if w = βy
p,q, where y ∈ e′ ∩ e′′, then, by the definition of Ln, we have

⟨Λ(i, j), w⟩ =
∑
x∈e′

Λe′

x (i, j)w
e′

x +
∑
x∈e′′

Λe′′

x (i, j)we′′

x = Λe′

y (i, j)− Λe′′

y (i, j) = 0.

Hence Ln annihilates every element of Mn(J ), in other words, 0 +Mn(J ) ∈ Cn, n ∈ N.
It is clear that Cn is a cone for each n ∈ N. We claim that the family (Cn)n∈N is

compatible. Let a ∈Mn,m, u+Mn(J ) ∈ Cn and Λ ∈ Lm(T ); then at ∗Λat ∈ Ln(a
t ∗Tat)

and hence ⟨Λ, a∗ua⟩ = ⟨at ∗Λat, u⟩ ≥ 0.
Finally, we check that 1 + J is an Archimedean matrix order unit for the family

(Cn)n∈N. Let [ui,j +J ]ni,j=1 ∈Mn(S /J )h, and set u = [ui,j ]
n
i,j=1 ∈Mn(S). Since In ⊗ 1

is an order unit for Mn(S), there exists an r > 0 such that r(In ⊗ 1)− u ≥ 0. So,

r(In ⊗ (1 + J ))− [ui,j + J ] = (r(In ⊗ 1) +Mn(J ))− (u+Mn(J ))

= (r(In ⊗ 1)− u) +Mn(J ) ∈ Cn,

since Mn(S)+ +Mn(J ) ⊆ Cn. Thus 1 + J is a matrix order unit. Suppose that

(r(In ⊗ 1) + u) +Mn(J ) = r(In ⊗ (1 + J )) + [ui,j + J ] ∈ Cn for all r > 0;
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this implies

rTr(T ) + ⟨Λ, u⟩ = ⟨Λ, r(In ⊗ 1) + u⟩ ≥ 0, Λ ∈ Ln(T ), T ∈M+
n , r > 0.

We conclude that ⟨Λ, u⟩ ≥ 0 for every Λ ∈ Ln, that is, u +Mn(J ) ∈ Cn, and thus the
unit is Archimedean.

By Proposition 3.4, if the cones Cn are proper, that is, if Cn ∩ −Cn = {0}, n ∈ N,
then (S /J , (Cn)n∈N, 1 + J ) is an operator system. However, as we will see this is not
always the case; thus, in order to obtain a canonical operator system from the matrix
ordering (Cn)n∈N, we define N := C1 ∩ −C1, and set

C̃n := {(ui,j +N ) ∈Mn((S /J )/N ) : [ui,j ] ∈ Cn}.

By [2, Proposition 4.4.], the quotient S̃G of S /J by N is an operator system, when
equipped with the induced cones {C̃n}n. The next proposition provides a more straight-
forward description of SG.

Proposition 3.5. Let G = (V,E) be a contextuality scenario. Then SG = S̃G, up to a
canonical complete order isomorphism.

Proof. We show that S̃G satisfies the universal property of SG. Let (Ax)x∈V ⊆ B(H) be
a POR of G, and let ϕe : ℓ∞e → B(H) be the unital completely positive maps given by
ϕe(δ

e
x) = Ax, x ∈ e, e ∈ E. Define the map Φ0 : S → B(H) by letting

Φ0((ue)e∈E) =
1

|E|
∑
e∈E

ϕe(ue)

and note that J ⊆ kerΦ0. Let Φ1 : S /J → B(H) be the induced map given by
Φ1(u+ J ) = Φ0(u), u ∈ S.

We claim that N ⊆ kerΦ1. Indeed, let u+J ∈ N , that is, u+J ∈ C1 and u+J ∈ −C1.
This implies that ⟨p, u⟩ = 0 for all p ∈ L1. We will show that 1

|E|
∑

e∈E ϕe(ue) = 0. Let
s : B(H) → C be a state; then the states s ◦ ϕe : ℓ∞e → C, e ∈ E, form a compatible
family in the sense that if x ∈ e ∩ e′ for some e, e′ ∈ E then (s ◦ ϕe)(δex) = (s ◦ ϕe)(δe

′

x ).
Hence, p :=

⊕
e∈E(s ◦ ϕe(δex))x∈e defines an element in L1 and thus

s

(
1

|E|
∑
e∈E

ϕe(ue)

)
=

1

|E|
∑
e∈E

s ◦ ϕe(ue) = ⟨p, u⟩ = 0,

and since s was arbitrary, we conclude that N ⊆ kerΦ1.
Let Φ : S̃G → B(H) be the map given by Φ((u+J )+N ) = Φ0(u). Note that Φ is unital;

we will show that it is completely positive. For an element [ui,j + J ]i,j +Mn(N ) ∈ C̃n,
we can ensure that [ui,j +J ]i,j ∈ Cn which implies that ⟨Λ, [ui,j ]⟩ ≥ 0 for all Λ ∈ Ln. We
will show that [Φ0(ui,j)] ∈ Mn(B(H))+, equivalently that f([Φ0(ui,j)]i,j) ≥ 0 for every
state f on Mn(B(H)). Pick such a state f and write the element u = [ui,j ]i,j ∈Mn(S) as
u =

⊕
e∈E

⊕
x∈e[u

e
x(i, j)]i,j , using the identification Mn(

⊕
e∈E ℓ

∞
e ) =

⊕
e∈E

⊕
x∈eMn.

Then

[Φ0(ui,j)]i,j =
1

|E|
∑
e∈E

∑
x∈e

[uex(i, j)ϕe(δ
e
x)]i,j ,
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x1

x2

x3

x4 x5

e1 e2

e3

e4

Fig. 3. A contextuality scenario for which the cones in Proposition 3.4 are not proper

equivalently,

[Φ0(ui,j)]i,j =

[
1

|E|
∑
e∈E

ϕe(ue(i, j))

]
i,j

=
1

|E|
∑
e∈E

ϕ(n)e ([ue(i, j)]i,j).

where ue(i, j) = (uex(i, j))x∈e. Let fi,j : B(H) → C be the map given by fi,j(T ) =

f(ϵi,j ⊗ T ) (here {ϵi,j}ni,j=1 is the canonical matrix unit system in Mn). We note that
f ◦ ϕ(n)e : Mn(ℓ

∞
e ) → C are compatible states that give rise to an element Λ = (Λx)x∈V

∈ Ln, where Λx = [fi,j(Ax)]i,j . Thus,

(f ◦ Φ(n)
0 )(u) =

1

|E|
∑
e∈E

(f ◦ ϕ(n)e )([ue(i, j)]i,j) = ⟨Λ, u⟩ ≥ 0.

The proof is complete.

Now we demostrate a hypergraph for which the cones C1 introduced in Proposition 3.4
are not proper, equivalently the subspace J defined in (3.1) is not a kernel.

Example 3.6. Let G = (V,E) be the hypergraph in Figure 3 with V = {x1, x2, x3,
x4, x5} and E = {e1, e2, e3, e4} for e1 = {x1, x2}, e2 = {x2, x3}, e3 = {x1, x2, x3}, e4 =

{x2, x4, x5}. We note that this scenario has a unique probabilistic model, namely p ∈ G(G)

with p(x2) = 1 and p(xi) = 0 for all i ̸= 2. Pick the vector u =
⊕4

i=1(u
ei
xj
)xj∈V ∈ S that

has ue4x4
= 1 and zero elsewhere. Then ⟨p, u⟩ = 0 for all models p (there is only one), and

thus for all elements of L1. Thus u ∈ C1 ∩−C1. Note however that u /∈ J because if not,
then u would be a linear combination of the elements αj and βx

i,j as in (3.1) and only e4
contains x4, x5. This means that ue4x4

= ue4x5
in this decomposition yielding a contradiction.

Remark 3.7. As a composition of completely positive maps, the maps ie defined in (3.3)
are completely positive. Note also that ie is unital. The maps ie may however fail to
be (complete) order embeddings. Consider the contextuality scenario G1 = (V,E) of
Figure 2, that is, V = {x1, x2, x3} and E = {e1, e2, e3} with e1 = {x1, x2}, e2 = {x2, x3}
and e3 = {x1, x3}. It can be easily shown that the space J defined in (3.1) is a null
subspace, and so SG1

= ℓ∞e1 ⊕ ℓ∞e2 ⊕ ℓ∞e3/J . Let u =
(

2
−1

)
, considered as an element of

ℓ∞e1 ; then

ie1(u) = 3

(
2

−1

)
⊕
(
0

0

)
⊕
(
0

0

)
+ J .
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If p ∈ G(G1) is the (only) probabilistic model of G1, that is, p(xi) = 1
2 , i = 1, 2, 3, then

⟨p, ie1(u)⟩ = 3 · 1
2
· 2 + 3 · 1

2
· (−1) =

3

2
≥ 0,

which implies (see corollary 3.8) that f(ie1(u)) ≥ 0 for every state f of SG1 . Hence
ie1(u) ∈ (S /J )+. Nevertheless, u is not a positive element in ℓ∞e1 . Thus, the spaces ℓ∞e
cannot in general be canonically identified with operator subsystems of SG.

In the rest of this section, we will require some standard notions from hypergraph
theory. If r ∈ N, we say that a hypergraph G = (V,E) is r-uniform is every edge
contains precisely r vertices and uniform if it is r-uniform for some r ∈ N. (We note
that the Kochen–Specker scenario (see [1, Fig. 2]) is 4-uniform.) Let x ∈ V and λ ∈ N.
The hypergraph that is obtained from G by multiplying x by λ [7] arises by replacing the
vertex x ∈ V with the vertices (x, 1), . . . , (x, λ) and every hyperedge e ∈ E that contains x
with the hyperedge (e \ {x}) ∪ {(x, 1), . . . , (x, λ)}. Let h : V → N be a function. The h-
multiplication G(h) = (V (h), E(h)) of G is the hypergraph obtained by multiplying each
vertex x ∈ V by h(x). A hypergraph G = (V,E) is called uniformisable [5] if there exists
a function h : V → N such that G(h) uniform. Clearly, any uniform hypergraph G is
uniformisable with h(x) = 1, x ∈ V .

Corollary 3.8. Let G be a contextuality scenario. The following are equivalent for a
function p : V → [0, 1]:

(i) p ∈ G(G);
(ii) there is a state s : SG → C such that s(ax) = p(x), x ∈ V .

Moreover, the following are equivalent:

(a) the hypergraph G is uniform;
(b) LG is an operator subsystem of S.

If G is uniform then Sd
G = LG up to a canonical complete order isomorphism.

Proof. The equivalence (i)⇔(ii) follows from Theorem 3.3 and the fact that the elements
of G(G) are POR’s of G on C.

Since LG is a selfadjoint subspace of S, it is an operator subsystem of S if and only
if it contains the unit of S, which is satisfied if and only if G is uniform, that is, we have
the equivalence (a)⇔(b).

Suppose that G is uniform. We show that J = J̃ . As the inclusion J ⊆ J̃ is trivial, is
suffices to show that J̃ ⊆ J . To this end, let u ∈ J̃ ; then p(u) = 0 for every p ∈ L+

G . Since
LG is an operator subsystem of S, we know that LG = span(L+

G ). Thus, f(u) = 0 for every
f ∈ LG, that is, u ∈ J . Now, the quotient map q : S → S /J dualises to a complete order
embedding qd : Sd

G → Sd [23, Proposition 1.15]. As Sd = S up to a canonical complete
order isomorphism, the map qd gives rise to a complete order embedding (denoted in
the same way) qd : Sd

G → S. It remains to observe that the image of qd in S coincides
with LG.

It follows from (the proof of) Corollary 3.8 that if G is uniform then the space J is a
kernel in S. In the sequel, we will strengthen this result by both weakening the assumption
on the uniformity of G and strengthening the conclusion to J being a null space in S
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(see Remark 3.2). We establish some notation first. We fix a hypergraph G = (V,E), and
write V = {x1, . . . , xm} and, as before, E = {e1, . . . , ed} (note that |ei| ≤ m, i ∈ [d]).
For e ∈ E, let Ce = {(χe(xi)µi)

m
i=1 : µi ∈ C} be the unital C∗-algebra, considered as a

subspace of Cm, with unit 1 = (χe(xi))
m
i=1, and note that Ce isomorphic to ℓ∞e . Here, χe is

the characteristic function of the subset e ⊆ [m]. Thus Ce consists of vectors of length m,
with non-zero entries only in the i-th coordinates for which xi ∈ e. After identifying
Ce

∼= ℓ∞e , we consider the elements of
⊕

e∈E ℓ
∞
e as families of d vectors in Cm; an element

u ∈
⊕

e∈E ℓ
∞
e thus has the form u =

(
(u1xi

)mi=1, · · · , (udxi
)mi=1

)
, or

u =


(u1x1

, u2x1
, · · · , udx1

)

(u1x2
, u2x2

, · · · , udx2
)

...
(u1xm

, u2xm
, · · · , udxm

)

 .
Setting uxi

= (u1xi
, . . . , udxi

), i = 1, . . . ,m, we thus have u = (uxi
)mi=1; in other words, we

have performed the canonical shuffle

((uex)x∈e)e∈E → ((uex)e∈E)x∈V .

Proposition 3.9. If G = (V,E) is a uniformisable hypergraph then J is a null subspace.

Proof. We assume first that G is r-uniform. Fix an element u = ((uex)x∈e)e∈E of J ⊆ S,
where (uex)x∈e ∈ ℓ∞e . Recalling (3.1), write

u =

d∑
i=2

ξi−1αi +

m∑
k=1

∑
i<j

λij−i(k)β
xk
i,j ; (3.7)

more concretely,

u = ξ1(1⊕−1⊕ · · · ⊕ 0) + · · ·+ ξd−1(1⊕ 0⊕ · · · ⊕ −1)

+

m∑
k=1

(
λ11(k)(δ

e1
xk

⊕−δe2xk
⊕ · · · ⊕ 0) + · · ·+ λ1d−1(k)(δ

e1
xk

⊕ 0⊕ · · · ⊕ −δedxk
)

+ λ21(k)(0⊕ δe2xk
⊕−δe3xk

⊕ · · · ⊕ 0) + · · ·+ λ2d−2(k)(0⊕ δe2xk
⊕ · · · ⊕ −δedxk

)

. . .+ λd−1
1 (k)(0⊕ · · · ⊕ δed−1

xk
⊕−δedxk

)
)
,

(3.8)

where, if xk ̸∈ ei ∩ ej , we have set λil(k) = 0 if i+ l > d. It will sometimes be convenient
to write λd−1

1 (xk) = λd−1
1 (k), k ∈ [m].

Write ⊕
e∈E

(vex)x∈e =

d∑
i=2

ξi−1αi

and ⊕
e∈E

(we
x)x∈e =

m∑
k=1

∑
i<j

λij−i(k)β
x
i,j ,

so that
u =

⊕
e∈E

(vex)x∈e +
⊕
e∈E

(we
x)x∈e. (3.9)
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Since G is assumed to be r-uniform, ℓ∞e = ℓ∞([r]), e ∈ E, and∑
e∈E

∑
x∈e

vex = 0 and
∑
e∈E

∑
x∈e

we
x = 0

(we note that, without this assumption, the first sum need not be zero). Applying the
canonical shuffle, discussed before the formulation of the proposition, we write u =

(uxi)
m
i=1, where uxi = (u1xi

, · · · , udxi
), i = 1, . . . ,m.

Now assume that u ∈ J ∩S+; this means that ujxi
∈ R+ for all i ∈ [m] and all

j ∈ [d]. We will show that u = 0, equivalently, that ux = 0 for all x ∈ V . Fix x ∈ V

and enumerate the vertices and the edges in such a way that x belongs in the k first
hyperedges, that is, x ∈ ej , j = 1, . . . , k, where 1 ≤ k ≤ d.

In the case that 1 < k ≤ d,

ux =
(d−1∑
i=1

ξi +

k−1∑
i=1

λ1i ,−λ11 − ξ1, . . . ,−λ1k−1 − ξk−1, 0, . . . , 0
)
, (3.10)

where only the k first entries are possibly non-zero. Recalling that ujx ≥ 0, we note that
every entry on the right-hand side of (3.10) is a non-negative real number. Summing the
entries gives

d−1∑
i=k

ξi ≥ 0. (3.11)

We claim that equality holds in (3.11). It will then follow from the non-negativity of
the entries on the right-hand side of (3.10) that ujx = 0 for every i = 1, . . . , d. As∑

x∈V

∑d
j=1 u

j
x = 0, we have∑

x′ ̸=x

d∑
j=1

ujx′ = −
d∑

j=1

ujx = −
d−1∑
i=k

ξi,

and since ujx ≥ 0 for all x and all j, we conclude that
∑d−1

i=k ξi = 0 by (3.11). The case
k = 1 follows by the same arguments except that in (3.10) all λ1i are zero.

Now relax the assumption that the hypergraph G is uniform, and assume instead that
it is uniformisable. Thus, there exists a function h : V → N such that the h-multiplication
G(h) of G is uniform. Note that any of the multiplied vertices (x, 1), . . . , (x, h(x)) will
participate in precisely the same hyperedges as x. Let γ :

⊕
e∈E ℓ

∞
e →

⊕
f∈E(h) ℓ∞f be

the map which takes an element u = (ux)x∈V to the element v = (vy)y∈V (h) with vy = ux
for all y = (x, 1), . . . , (x, h(x)). It is clear that γ is a (linear) order embedding. Further,
denoting temporarily by βx

i,j(H) and αj(H) the canonical generators of JH, we find that
γ(αj(G)) = αj(G(h)) and

γ(βx
i,j(G)) =

h(x)∑
l=1

βx
i,j(G

(h)), x ∈ V, i, j ∈ [d], i < j.

It follows that γ(J G) ⊆ J G(h) . So if u ∈ J +
G , then γ(u) ∈ J +

G(h) and since G(h) is uniform,
J G(h) is a null subspace by the first part of the proof, forcing γ(u) = 0 and thus also
u = 0. Therefore, J G is a null subspace.

We give examples of non-uniformisable hypergraphs such that the corresponding sub-
space J is not a null subspace.
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Example 3.10. Let V = {x, y} and E = {e1, e2} where e1 = {x}, e2 = {x, y}. Then
(V,E) is not uniformisable. The space J is a kernel, but not a null subspace. Indeed, we
have

S = ℓ∞[1]⊕ ℓ∞[2] = C⊕ (C⊕ C)

and so J is the linear span of (1, (0, 0))− (0, (1, 1)) and δe1x − δe2x = (1, (0, 0))− (0, (1, 0)).
Thus

J = span {(1, (−1, 0)), ((1, (−1,−1))} = span {(1, (−1, 0)), ((0, (0, 1))}
= {a(1, (−1, 0)) + b(0, (0, 1)) : a, b ∈ C} = {(a, (−a, b)) : a, b ∈ C}.

It follows that J = kerϕ, where

ϕ((x, (y, z))) := 1
2 (x+ y), (x, (y, z)) ∈ S.

Since the map ϕ is clearly (completely) positive and unital, J is a kernel. However, J is
not a null subspace since ((0, (0, 1)) ∈ J ∩ S+.

Example 3.11. Let G = (V,E) with V = {x1, . . . , x5} and E = {e1, . . . , e4} where
e1 = {x1, x2}, e2 = {x3, x4}, e3 = {x2, x3, x5} and e4 = {x1, x4, x5}} (see Figure 5);
then J contains a non-zero positive element. Moreover, G is not uniformisable. Indeed,
S =

⊕4
j=1 ℓ

∞
ej . The element u = (uxi)

5
i=1 with ux5 = (0, 0, 1, 1) and zero elsewhere belongs

in J and is clearly positive.

It is natural to ask whether the operator systems SG remember the underlying hy-
pergraphs G; in other words, if G,H are hypergraphs such that SG = SH up to a unital
complete order isomorphism, does it follow that G is isomorphic to H? We recall here
that the hypergraphs G = (V,E) and H = (W,F ) are called isomorphic if there is a
bijection g : V → W such that for every set X ⊆ W , g−1(X) ∈ E if and only if X ∈ F .
We point out that there are infinitely many hypergraphs for which this is not the case.

Remark 3.12. For each n ≥ 3, consider the hypergraphs Hn = (Wn, Fn) with Wn =

{x1, . . . , xn} and Fn = {{x1, x2}, {x2, x3}, . . . , {xn−1, xn}, {xn, x1}} (the case n = 3 is
given in Figure 2). Then G(Hn) = {pn}, where pn(xk) = 1

2 for all k ∈ [n]. This im-
plies (Corollary 3.8) that Sd

Hn
= C and hence SHn are all one-dimensional. However the

hypergraphs Hn,Hm are clearly not isomorphic for n ̸= m.

3.2. The operator system of quantum models. In this subsection, we introduce
an operator system, universal for quantum models of a contextuality scenario. Recall [1]
that, given a non-trivial contextuality scenario G, the free hypergraph C∗-algebra C∗(G)

is the universal C∗-algebra generated by orthogonal projections px, x ∈ V , satisfying the
relations

∑
x∈e px = 1, e ∈ E; thus, the ∗-representations π : C∗(G) → B(H) of C∗(G)

correspond precisely to PR’s (Px)x∈V of G on the Hilbert space H via the assignment
π(px) = Px, x ∈ V .

Remark 3.13. Let FG be the algebraic free product ∗e∈Eℓ
∞
e , amalgamated over the

units 1e of ℓ∞e , e ∈ E, and

I = ⟨δex − δe
′

x : e, e′ ∈ E, x ∈ e ∩ e′⟩,
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as a two-sided ideal, where δex are the canonical generators of ℓ∞e . Denote by ∗Gℓ∞e the C∗-
completion of the quotient FG/I. It follows that the ∗-representations of ∗Gℓ∞e correspond
precisely to PR’s of the hypergraph G; thus, up to a canonical ∗-isomorphism, ∗Gℓ∞e
= C∗(G).

Let
T G := span {px : x ∈ V },

viewed as an operator subsystem of C∗(G), and note that, up to a canonical complete
order isomorphism,

T G = span {δex : x ∈ e, e ∈ E}

as an operator subsystem of ∗Gℓ∞e . We do not know if the canonical ∗-homomorphism
FG/I → ∗Gℓ∞e is necessarily injective.

Remark 3.14. One could ask if a hypergraph variant of Boca’s theorem [9] holds true,
that is, whether, given a hypergraph G = (V,E), a Hilbert space H and unital completely
positive maps ϕe : ℓ∞e → B(H), e ∈ E, such that ϕe(δex) = ϕe′(δ

e′

x ), x ∈ e∩e′, there exists
a unital completely positive map Φ : ∗Gℓ∞e → B(H) such that Φ ◦ πe = ϕe, e ∈ E. Here
πe : ℓ∞e → ∗Gℓ∞e , e ∈ E, denote the canonical ∗-homomorphisms. This is not the case:
the validity of the statement would imply that T G = SG, which in turn would imply that
all positive operator representations always dilate into projective representations, which
does not hold in general (an explicit example is given in Figure 2, see also Corollary 4.11).

Theorem 3.15. Let G = (V,E) be a contextuality scenario. If Φ : T G → B(H) is a
unital completely positive map then (Φ(px))x∈V is a dilatable POR of G. Conversely, if
(Ax)x∈V ⊆ B(H) is a dilatable POR of G then there exist a unique unital completely posi-
tive map Φ : T G → B(H) such that Φ(px) = Ax, x ∈ V . Up to a canonical complete order
isomorphism, T G is the unique operator system satisfying the latter universal property.

Proof. Let (Ax)x∈V ⊆ B(H) be a dilatable POR of G, and let (Px)x∈V ⊆ B(K) be a PR of
G and V : H → K be an isometry such that Ax = V ∗PxV , x ∈ V . Let π : C∗(G) → B(K)

be the ∗-representation such that π(px) = Px, x ∈ V . The map Φ : TG → B(H), given by
Φ(a) = V ∗π(a)V , a ∈ TG, is unital, completely positive, and Φ(px) = Ax, x ∈ V .

Conversely, suppose that Φ : TG → B(H) is a unital completely positive map. Applying
Arveson’s Extension Theorem, let Φ̃ : C∗(G) → B(H) be a unital completely positive
extension. Letting Φ̃ = V ∗π(·)V be a Stinespring dilation of Φ̃, we find that (π(px))x∈V

is a PR that is a dilation of (Φ(px))x∈V .
The uniqueness of the operator system with the stated universal property is stan-

dard.

For a linear functional s : T G → C, write ps : V → C for the map given by ps(x) =
s(px), x ∈ V .

Corollary 3.16. Let G = (V,E) be a contextuality scenario and p ∈ G(G) be a proba-
bilistic model. The following are equivalent:

(i) p ∈ Q(G);
(ii) there is a state s : T G → C such that p = ps.
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Moreover, the correspondence s 7→ ps is an affine homeomorphism between the state
space of T G, equipped with the weak* topology, and the set of quantum models Q(G). In
particular, the set Q(G) is closed.

Proof. The equivalence (i)⇔(ii) follows from Theorem 3.15 and the fact that the ele-
ments of Q(G) are the dilatable POR’s of G on C. The remaining statements are now
straightforward.

Let S be an operator system and (A, ι) be a C∗-cover of S. We say that [31, Defini-
tion 9.2] S contains enough unitaries in A, if the elements in S that are unitaries in A,
generate A as a C∗-algebra. We recall that [30, Proposition 5.6] if an operator system S
has enough unitaries in its C∗-cover A, then A = C∗

e (S).

Lemma 3.17. Let G be a contextuality scenario. Then T G contains enough unitaries in
C∗(G) and thus C∗(G) = C∗

e (T G).

Proof. For every x ∈ V , the element 2px − 1 is a unitary in C∗(G). It follows that the
operator system T G contains enough unitaries in C∗(G). The result now follows from [30,
Proposition 5.6].

3.3. The operator system of classical models. Let G = (V,E) be a contextuality
scenario with |E| = d. Consider the unital abelian C∗-algebra D = ℓ∞e1 ⊗ · · · ⊗ ℓ∞ed , and
let ι̃e : ℓ∞e → D be the natural unital embedding. Let I be the two-sided ideal generated
by the elements

ι̃ei(δ
ei
x )− ι̃ej (δ

ej
x ), x ∈ ei ∩ ej , i, j ∈ [d].

The quotient DG := D/I is a unital abelian C∗-algebra; we let

dx := 1⊗ · · · ⊗ δex ⊗ · · · ⊗ 1 + I, x ∈ V

(note that dx is well-defined). Note that (DG)
d = (D/I)d = I⊥ completely isometrically

via the dual of the quotient map qd : (D/I)d → Dd, and that a character on DG is a
character on D that vanishes on I; thus, the pure states of DG can be identified with the
pure states of D that vanish on I.

Since D ∼= C(e1 × · · · × en), its pure states are the evaluations at the points of
e1 × · · · × en. Thus, for a pure state s on DG, the assignment p(x) = s(dx), x ∈ V , is a
deterministic model of G. Set

RG := span {dx : x ∈ V }, (3.12)

viewed as an operator subsystem of DG.

Proposition 3.18. Let G = (V,E) be a contextuality scenario and p ∈ G(G) be a prob-
abilistic model. The following are equivalent:

(i) p ∈ C(G);
(ii) there is a state s : RG → C such that p(x) = s(dx), x ∈ V .

Moreover, the correspondence s 7→ ps is an affine homeomorphism between S(RG) and
C(G), carrying the set of pure states of RG onto the set of deterministic models of G.
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Proof. (i)⇒(ii) Let p ∈ C(G) be a classical model, and write

p(x) =

k∑
i=1

λipi(x), x ∈ V,

where k ∈ N, λi ∈ [0, 1],
∑k

i=1 λi = 1 and pi is a deterministic model, i ∈ [k]. Set
si(dx) := pi(x), x ∈ V , i ∈ [k], and note that each si defines a state on RG by extending
linearly to the whole space. As a consequence, s :=

∑k
i=1 λisi is a state on RG with

s(dx) =

k∑
i=1

λisi(dx) =

k∑
i=1

λipi(x) = p(x), x ∈ V.

(ii)⇒(i) Let s : RG → C be a state. Since DG is a unital C∗-algebra, its state space is
the closed convex hull of the pure states. Extend s to a state s̃ on DG. Then, since DG is
finite-dimensional abelian C∗-algebra, s̃ =

∑k
i=1 λisi as a convex combination, for some

pure states si, i ∈ [k]. By the paragraph before the formulation of the proposition, the
assignment pi(x) = si(dx), x ∈ V , is a deterministic model of G. As p(x) =

∑k
i=1 λipi(x),

x ∈ V , we conclude that p ∈ C(G).

Let (Ax)x∈V ⊆ B(H) be a POR. We say that (Ax)x∈V is classically dilatable if there
exists a Hilbert space K, an isometry V : H → K, and a PR (Px)x∈V with commuting
entries such that Ax = V ∗PxV , x ∈ V .

The next proposition complements Theorem 3.15; as the proof is similar, it is omitted.

Proposition 3.19. Let G = (V,E) be a contextuality scenario and (Ax)x∈V be a POR
on a Hilbert space H. Then the following are equivalent:

(i) (Ax)x∈V is classically dilatable;
(ii) there exists a unital completely positive map ϕ : RG → B(H) such that ϕ(dx) = Ax,

x ∈ V .

We recall the minimal operator system structure from [45], which will be used here-
after. Given an ordered vector ∗-space V with an Archimedean order unit e, there exists a
family (Cmin

n )n∈N of matricial cones over V such that the triple (V, (Cmin
n )n∈N, e) is an op-

erator system, denoted OMIN(V ), and that, for every operator system T , every positive
map ϕ : T → V is automatically completely positive. The operator system equalities in
the next proposition are understood up to a canonical unital complete order isomorphism.

Theorem 3.20. Let G = (V,E) be a contextuality scenario. Then

(i) G(G) = Q(G) if and only if OMIN(SG) = OMIN(T G);
(ii) Q(G) = C(G) if and only if OMIN(T G) = RG;
(iii) C(G) = G(G) if and only if RG = OMIN(SG)

Proof. (i) Note first that by [45, Theorem 3.2], if V is an AOU space then OMIN(V ) can
be identified as an operator subsystem of C(S(V )) (here, the state space S(V ) of V is
equipped with the weak* topology).

By Corollaries 3.8 and 3.16, Q(G) = G(G) if and only if S(SG) is canonically affinely
homeomorphic to S(T G); if this happens, let h : S(T G) → S(SG) be the corresponding
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homeomorphism. It follows that the map π : C(S(SG)) → C(S(T G)) given by π(f) = f◦h
is a ∗-isomorphism. For x ∈ V , we have

⟨π(ax), t⟩ = h(t)(ie(δ
e
x)) = t(px) = ⟨px, t⟩ , t ∈ S(T G).

Hence, π(ax) = px and since π is a C∗-algebra isomorphism, in view of the first paragraph,
its restriction π|OMIN(SG) = Φ is a unital complete order isomorphism onto OMIN(T G).

Conversely, assume that the linear map Φ : OMIN(SG) → OMIN(T G) given by
Φ(ax) = px is a unital complete order isomorphism. Then Φ is a unital order isomor-
phism between SG and T G. Let h : S(T G) → S(SG) be the map given by h(t) = t ◦ Φ;
we have that h is an affine bijection and a homeomorphism. Now let p ∈ G(G). By Corol-
lary 3.8, there exists a state s on SG such that p(x) = s(ax), x ∈ V . The state t := h−1(s)

of T G has the property
s(ax) = t(px), x ∈ V.

By Proposition 3.16, (t(px))x∈V is a quantum model. Hence, p ∈ Q(G), and so G(G)

= Q(G).
(ii) The operator system structure of an operator system R of the form R = OMIN(R)

is uniquely determined by the state space S(R) [45]. By Corollary 3.8, the operator system
OMIN(SG) is determined uniquely by G(G). Since RG is an operator subsystem of an
abelian C∗-algebra, we conclude that RG = OMIN(RG). The statement follows.

(iii) The proof is similar to that of (ii), and is omitted.

4. Dilating contextuality scenarios

In this section, we examine dilations of POR’s of a contextuality scenario, and characterise
the scenarios whose POR’s always admit a dilation to a PR in terms of equality of
canonical operator systems.

Definition 4.1. We say that a contextuality scenario G is dilating (resp. classically
dilating) if every POR of G dilates to a PR of G (resp. PR of G with commuting entries).

Remark 4.2. Recall the operator system RG (resp. the C∗-algebra DG) defined in Sec-
tion 3.3, and note that the elements dx, x ∈ V , defined therein, are projections in DG
such that

∑
x∈e dx = 1, for each e ∈ E. By the universal property of the free hypergraph

C∗-algebra, there exists a unital ∗-homomorphism π : C∗(G) → DG such that π(px) = dx,
x ∈ V . The restriction of π to T G is a unital completely positive map Ψ : T G → RG
such that Ψ(px) = dx, x ∈ V . Similarly, by the universal property of SG, there is a
unital completely positive map Φ : SG → T G such that Φ(ax) = px, x ∈ V . We have the
following diagram:

SG
Φ−→ T G

Ψ−→ RG .

The maps Φ and Ψ, defined in Remark 4.2, will be used subsequently without further
mention.

Theorem 4.3. Let G = (V,E) be a contextuality scenario. The following are equivalent:
(i) G is dilating;
(ii) the map Φ : SG → T G is a complete order isomorphism.
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Proof. (i)⇒(ii) Assume, without loss of generality, that SG ⊆ B(H) as an operator sub-
system, for some Hilbert space H. Since G is assumed to be dilating, there exist a Hilbert
space K an isometry W : H → K and a PR (Px)x∈V of G on K such that ax =W ∗PxW ,
x ∈ V . Let π : C∗(G) → B(K) be the (unique) ∗-homomorphism such that π(px) = Px,
x ∈ V , whose existence is ensured by the universal property of C∗(G). We notice that
Φ−1(px) =W ∗π(px)W , x ∈ V ; thus, Φ−1 is completely positive.

(ii)⇒(i) Let H be a Hilbert space and (Ax)x∈V ⊆ B(H) be a POR of G. By the
universal property of SG (see Theorem 3.3) and the assumption that SG = TG, there
exists a unital completely positive map ϕ : T G → B(H) such that ϕ(px) = Ax, for all
x ∈ V . By Theorem 3.15, (Ax)x∈V admits a dilation to a PR.

Corollary 4.4. If G is a dilating contextuality scenario then G(G) = Q(G).

Proof. The statement follows from Theorem 4.3 and Theorem 3.20.

The following corollary provides a characterisation of dilatability in terms of the
generators in SG and will be useful in the sequel.

Corollary 4.5. Let G be a contextuality scenario. The following are equivalent:

(i) G is dilating;
(ii) there exists a C∗-cover (A, ι) of SG such that ι(ax) is a projection, x ∈ V ;
(iii) ιe(ax) is a projection in C∗

e (SG), x ∈ V .

Proof. (i)⇒(ii) By Theorem 4.3, the map Φ : SG → T G is a completely order isomor-
phism; thus, (ii) is fulfilled with A = C∗(G) and ι = ι0 ◦ Φ, where ι0 : T G → C∗(G) is
the inclusion.

(ii)⇒(iii) Letting π : A → C∗
e (SG) be the ∗-epimorphism, arising from the extremal

property of C∗
e (SG), we deduce that ιe(ax) = π(ι(px)) is a projection for x ∈ V .

(iii)⇒(i) follows by a standard application of Arveson’s and Stinespring’s theorems
(see the proof of Theorem 4.3).

Remark 4.6. Let G = (V,E) be a contextuality scenario, H be a finite-dimensional
Hilbert space, and A = (Ax)x∈V ⊆ B(H) be a POR of G. If A is classically dilatable,
then it admits a dilation acting on a finite-dimensional Hilbert space. Indeed, by Proposi-
tion 3.19, there exists a unital completely positive map ϕ : RG → B(H) with ϕ(dx) = Ax,
x ∈ V . Note that RG is an operator subsystem in DG, and DG is an abelian finite-
dimensional C∗-algebra. By Arveson’s and Stinespring’s theorems, A dilates into a PR
with commuting entries acting on a finite-dimensional space.

Example 4.7. Let n ∈ N. A quantum magic square (QMS) of size n × n is a matrix
[ak,j ]

n
k,j=1 with entries in B(H)+ for some Hilbert space H such that

n∑
k=1

ai,k =

n∑
k=1

ak,j = IH, i, j ∈ [n].

A QMS is called a quantum permutation matrix (QPM) if its entries are projections. Let
Gn = (V,E), where V = [n] × [n] and E = {{i} × [n], [n] × {j} : i, j ∈ [n]}; we call Gn

the QMS scenario. It is clear that quantum magic squares (resp. quantum permutation
matrices) are precisely the positive operator (resp. projective) representations of Gn.
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The universal property of the operator system SGn (see Theorem 3.3) implies that
SGn

is canonically completely order isomorphic to the operator system SX defined before
[10, Theorem 4.1] (for X = [n]). Note that the C∗-algebra C∗(Gn) coincides with the the
quantum permutation group C(S+

X) [50]; in view of Theorem 3.15, T Gn
is canonically

completely order isomorphic to the operator system PX (see the discussion before [10,
Proposition 4.4]). We finally note that the Birkhoff–von Neumann theorem implies that
C(Gn) = Q(Gn) = G(Gn) and hence, by virtue of Theorem 3.20, RGn

= OMIN(T Gn
) =

OMIN(SGn
) up to canonical complete order isomorphisms.

Let Sn be the permutation group of n elements. A quantum magic square A ∈
Mn(B(ℓ2([s]))) is called semiclassical, if A =

∑
π∈Sn

Pπ ⊗ qπ, where Pπ ∈Mn are permu-
tation matrices and {qπ} ⊆ B(ℓ2([s])) is a POVM. It was shown in [19, Theorem 12] that
a quantum magic square acting on a finite-dimensional Hilbert space is semiclassical if
and only if it admits a dilation to a quantum permutation matrix with commuting en-
tries, acting on a finite-dimensional Hilbert space. It thus follows from Proposition 3.19,
Proposition 4.6 and [32, Theorem 12] that, for a linear map ϕ : RGn

→Ms, the following
are equivalent:

(i) ϕ : RGn →Ms is a unital completely positive map;
(ii) [ϕ(di,j)]

n
i,j=1 ∈Mn(B(ℓ2([s]))) is a semiclassical quantum magic square.

It was shown in [19, Theorem 19] that there exists a quantum magic square with n ≥ 3

(acting on a finite-dimensional Hilbert space) that does not admit a dilation to a quantum
permutation matrix acting on a finite-dimensional Hilbert space. In the sequel we will
strengthen this result and note its consequences for the operator systems examined in
Section 3.

Corollary 4.8. The QMS scenario Gn is not classically dilating if n ≥ 3. In particular,
the scenario G3 is not dilating, and hence the operator systems SG3

and T G3
are not

completely order isomorphic.

Proof. Assume that Gn, for n ≥ 3 is classically dilating. By Remark 4.6, any finite-
dimensional POR of Gn, that is, any quantum magic square of size n × n, admits a
dilation into a finite-dimensional quantum permutation matrix with commuting entries.
However, by [32, Theorem 12] these matrices are exactly the semiclassical quantum magic
squares and for any n ≥ 3 and s ≥ 2, we can find a QMS A ∈Mn(B(ℓ2([s]))) that is not
semiclassical [32, Corollary 15], a contradiction.

Note that, for n ≤ 3, the quantum permutation group C∗(Gn) = C(S+
n ) is the abelian

C∗-algebra C(Sn) [4] which coincides with DGn
. In particular, if G3 were dilating, it would

be classically dilating which, by the previous paragraph, does not hold true.

We next strengthen Corollary 4.8 by extending some of the considerations of [32]. Let
n ∈ N. Denote by M(n)

s the set of quantum magic squares A = [Ai,j ]i,j ∈ Mn(B(ℓ2(s))),
for an arbitrary cardinal s. Similarly, let P(n)

s denote the set of n×n quantum permutation
matrices acting on ℓ2(s). Let M(n) :=

⊔
s M

(n)
s and P(n) :=

⊔
s P

(n)
s (disjoint unions).

Finally, denote by ncconv(P(n))s the set of dilatable quantum magic squares in M(n)
s .

We write Ms = B(ℓ2([s])) and view the elements of Ms as s× s matrices.
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For A = [Ai,j ] ∈ M(n)
s , define

col(A) :=

n∑
i,j=1

ei ⊗ ej ⊗Ai,j ∈ Cn ⊗Cn ⊗Ms,

diag(A) :=

n∑
i,j=1

Ei,i ⊗ Ej,j ⊗Ai,j ∈Mn ⊗Mn ⊗Ms,

and let ϕ : M(n)
s → (Mn ⊗Mn ⊗Ms)sa be the mapping given by

ϕ(A) = diag(A)− col(A)col(A)∗, A ∈ M(n)
s .

Finally, we let Z(n) denote the vector space of all matrices in Mn with zero diagonal.
We say that an element A ∈ M(n)

s can be positively perturbed if there exists an
X ∈ (Z(n) ⊗ Z(n) ⊗Ms)sa such that ϕ(A) +X ≥ 0. The following is a generalisation of
[32, Proposition 21(ii)] in infinite dimensions.

Lemma 4.9. Every A ∈ ncconv(P(n))s can be positively perturbed.

Proof. Let A ∈ ncconv(P(n))s and write H = ℓ2(s). Thus, there exists a Hilbert space K
containing H and a QPM P = [Pi,j ]

n
i,j=1 ∈Mn(B(K)) such that, if QH is the projection

onto H, then Ai,j = QHPi,j |H. With respect to the decomposition K = H⊕H⊥ we may
write

Pi,j =

[
Ai,j B∗

i,j

Bi,j Ci,j

]
,

where Bi,j ∈ B(H,H⊥) and Ci,j ∈ B(H⊥). Since P is a QPM, we know that P 2
i,j = Pi,j ,

Pi,jPi,k = 0 and Pj,iPk,i = 0, whenever j ̸= k. Hence,

B∗
i,jBi,j = Ai,j −A2

i,j , B∗
i,kBi,j = −Ai,kAi,j , B∗

j,iBk,i = −Aj,iAk,i.

Letting D =
∑n

i,j=1 ei ⊗ ej ⊗B∗
i,j and X = DD∗ − ϕ(A), we conclude that ϕ(A) +X =

DD∗ ≥ 0.

Proposition 4.10. For every n ∈ N, n ≥ 3 there is a cardinal s and a QMS A ∈ M(n)
s

that cannot be positively perturbed. In particular, A does not admit a dilation into a QPM.

Proof. We use induction on n. By [32, Proposition 23], there exist a finite cardinal s and
an element A ∈ M(3)

s that cannot be positively perturbed; in other words, the claim holds
for n = 3. Suppose that the claim holds true for n = k, where k ≥ 3, and let A ∈ M(k)

s

be such that
ϕ(A) +X ≱ 0, X ∈ (Z(k) ⊗Z(k) ⊗Ms)sa.

Set A′ = A ⊕ Is, viewed as an element of M(k+1)
s . Let V =

[
Ik
0

]
(viewed as an element

of Mk+1,k(C)), and X ′ ∈ (Z(k+1) ⊗Z(k+1) ⊗Ms)sa. Then

X := (V ⊗ V ⊗ Is)
∗X ′(V ⊗ V ⊗ Is) ∈ (Z(k) ⊗Z(k) ⊗Ms)sa

and
(V ⊗ V ⊗ Is)

∗(ϕ(A′) +X ′)(V ⊗ V ⊗ Is) = ϕ(A) +X ≱ 0,

which implies that ϕ(A′) +X ′ ≱ 0. The proof is complete.
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The following corollary is an immediate consequence of Theorem 4.3 and Proposi-
tion 4.10.

Corollary 4.11. The operator systems SGn
and T Gn

are not completely order isomor-
phic if n ≥ 3.

We next single out a class of dilating contextuality scenarios. Let S be an operator sys-
tem, e denote its unit and A be a unital C∗-algebra. We call S an operator A-system [41] if
S is an A-bimodule such that (a·s)∗ = s∗·a∗, a·e = e·a and [ai,j ]·[si,j ]·[ai,j ]∗ ∈Mn(S)+ for
all [ai,j ] ∈Mn,m(A), [si,j ] ∈Mm(S)+, s ∈ S and a ∈ A. A faithful operator A-system [14]
is an operator A-system S such that a · e ̸= 0 for all a ̸= 0 in A.

Let S and T be two operator A-systems. A linear map ϕ : S → T is called an A-
bimodule map, if for every s ∈ S and a1, a2 ∈ A, ϕ(a1 · s · a2) = a1 · ϕ(s) · a2. Let S1

and S2 be two faithful operator A-systems. The amalgamated coproduct of S1 and S2

[14, Definition 3.5] is the unique faithful operator A-system S1 ⊕A S2, along with unital
complete order embeddings ϕi : Si ↪→ S1 ⊕A S2, i = 1, 2 that are also A-bimodule maps,
such that the following universal property holds: For every operator A-system R and
unital completely positive A-bimodule maps ψi : Si → R, i = 1, 2, there exists a unique
unital completely positive A-bimodule map Ψ : S1 ⊕A S2 → R such that Ψ ◦ ϕi = ψi for
i = 1, 2.

We will show that, if the edges of G have the same pairwise intersections then G
is dilating. In fact, we will prove that SG is in this case an amalgamated coproduct of
operator A-systems.

Theorem 4.12. Let G = (V,E) be a contextuality scenario such that e′∩e′′ =
⋂

e∈E e ̸= ∅
for all e′, e′′ ∈ E with e′ ̸= e′′. Then G is dilating. In particular, there exists a unital
abelian C∗-algebra A such that SG =

⊕
A ℓ

∞
ej and the subspace J in (3.1) is a completely

proximinal kernel.

Proof. Suppose that G = (V,E) has V = {x1, . . . , xm} and E = {e1, . . . , ed} (so that
|ej | ≤ m for each j ∈ [d]). We identify ℓ∞ej with the unital C∗-algebra

Cej := {(χej (xi)µi)
m
i=1 : µi ∈ C},

where χej is the characteristic function of ej . We view the algebras ℓ∞ej as linear subspaces
of Cm. Set f =

⋂
e∈E e and define

A := C∗{1m, (χf (xi)µi)
n
i=1 : µi ∈ C} ⊆ ℓ∞([m]),

where 1m is the unit in ℓ∞([m]); thus, A is generated by 1m and only those canonical basis
elements δmx of Cm that satisfy x ∈ f . Clearly, A is a unital C∗-subalgebra of ℓ∞([m]).

We now prove that G is dilating. Let (Axi
)mi=1 ⊆ B(H) be a POR. For each j = 1, . . . , d,

define the maps εj : A → Cej by letting

εj(χf (xi)µi)
m
i=1 = (χf (xi)µi)

m
i=1, εj(1m) = 1ej .

We note the maps εj are injective unital ∗-homomorphisms between C∗-algebras. Define
the maps ϕej : Cej → B(H) by letting ϕej (δ

ej
x ) = Ax, and the linear map L : A → B(H) by

letting L(1m) = IH and L(δmx ) = Ax for x ∈ f . We note that ϕej are unital completely
positive maps on Cej that restrict to a common linear map of A, namely L. By [18,



30 M. Anoussis, A. Chatzinikolaou and I. G. Todorov

Fig. 4. A dilating contextuality scenario

Theorem 3.2], there exists a unital completely positive map Φ : ∗A Cej → B(H) such
that Φ|Cej

= ϕej , j ∈ [d] (here ∗A Cej denotes the free product of the C∗-algebras Cej ,
amalgamated over the unital C∗-algebra A, see [18]). Noting that the basis elements δejxi

of Cej are projections, a standard application of Stinespring’s Dilation Theorem shows
the existence of a dilation and completes the first part of the proof.

Now note that Cej is a faithful operator A-system for every j ∈ [d] with module action
Cej ×A → Cej given by pointwise multiplication,

(χej (xi)µi)
m
i=1 · (χf (xi)νi)

m
i=1 := (χf (xi)µiνi)

m
i=1.

Also, (χej (xi)µi)
m
i=1 ·1m = (χej (xi)µi)

m
i=1. For faithfulness, simply note that the unit of Cej

is 1ej := (χej (xi))
m
i=1; so letting (χf (xi)νi)

m
i=1 ∈ A we have (χej (xi))

m
i=1 · (χf (xi)νi)

m
i=1 =

(χf (xi)νi)
m
i=1.

Using [14, Theorem 3.3], we form the operator A-system coproduct
⊕

A ℓ
∞
ej . It is

straightforward to verify that
⊕

A ℓ
∞
ej satisfies the universal property of SG and thus, by

Proposition 3.3, SG =
⊕

A ℓ
∞
ej completely order isomorphically. Finally, the claim that J

is a completely proximinal kernel follows from [14, Proposition 3.6].

An example of a contextuality scenario satisfying the assumptions of Theorem 4.12,
in particular, of a dilating scenario, is given in Figure 4.

Remark 4.13. Let X,A be finite sets and BX,A be the Bell scenario [1], that is, BX,A =

(V,E), where V = X ×A and E = {{x}×A : x ∈ X}. We note that Bell scenarios BX,A

are dilating. Indeed, in this case, e′∩e′′ =
⋂

e∈E e = ∅ for all e′, e′′ ∈ E, and hence a POR
E = (Ex,a)(x,a)∈X×A of BX,A is in fact a family of POVM’s; Theorem 4.12 now implies
that any family of POVM’s admits a dilation to a family of PVM’s. In particular, A = C
and the same arguments show that the operator system SBX,A

is unitally completely order
isomorphic to the unital coproduct ℓ∞A ⊕1 · · · ⊕1 ℓ

∞
A (|X| summands) (see also [44, 36]).

We conclude this section by giving a necessary condition for a contextuality scenario
to be dilating.

Proposition 4.14. Let G = (V,E) be a dilating contextuality scenario. For every x ∈ V

there exists a probabilistic model p ∈ G(G) such that p(x) = 1.

Proof. Since G is dilating, by Proposition 4.5 the generators (ax)x∈V of the operator
system SG are projections in the C∗-envelope C∗

e (SG). It follows that ∥ax∥ = 1 for all
x ∈ V . By Corollary 3.8, there exists a probabilistic model of G such that p(x) = 1.
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x2 x3

x5

x1 x4

Fig. 5. A non-dilating contextuality scenario

Remark 4.15. Note that for the contextuality scenario G0 of Figure 5, there is no
probabilistic model p such that p(x5) = 1. Indeed, if there were such a model, we would
have p(xi) = 0 for all i = 1, 2, 3, 4, contradicting the fact that {x3, x4} is a hyperedge.
Thus, according to our test in Proposition 4.14, this contextuality scenario is not dilating;
in particular, SG0 ̸= T G0 .

5. The universal C∗-cover of SG

Let G = (V,E) be a non-trivial contextuality scenario. Extending the concepts of a
stochastic operator matrix and of a quantum magic square, in this section we define the
notion of a G-stochastic operator matrix, which allows us to obtain a natural C∗-cover
for the operator system SG defined in Section 3.1.

Definition 5.1. A G-stochastic operator matrix over a contextuality scenario G = (V,E)

is a positive operator A = [Ax,x′ ]x,x′∈V in MV (B(H)) such that
∑

x∈eAx,x = IH for every
e ∈ E.

Remark 5.2. If (Ax)x∈V ⊆ B(H) is a POR of G, then the assignment Ax,x′ := δx,x′Ax

defines a (diagonal) G-stochastic operator matrix. Conversely, the diagonal of any G-
stochastic operator matrix determines a POR of G.

Remark 5.3. LetX,A be finite sets and BX,A be the Bell scenario, that is, BX,A = (V,E),
where V = X × A and E = {{x} × A : x ∈ X}. The BX,A-stochastic matrices coincide
with the stochastic operator matrices over (X,A) introduced in [48, Section 5]. Further,
recalling the contextuality scenario Gn of the magic square, introduced in Example 4.7,
the Gn-stochastic matrices are precisely the bistochastic operator matrices of size n× n,
defined in [10, Section 3].

The next proposition is a hypergraph analogue of [48, Theorem 3.1].

Proposition 5.4. Let G = (V,E) be a contextuality scenario and A ∈MV (B(H))+. The
following are equivalent:

(i) A is a G-stochastic operator matrix;
(ii) there exist a Hilbert space K and a family (Ux)x∈V ⊆ B(H,K) such that

∑
x∈e U

∗
xUx =

IK, e ∈ E, and Ax,x′ = U∗
xUx′ , x, x′ ∈ V .
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Proof. (i)⇒(ii) Let A = [Ax,x′ ] ∈ MV (B(H)) be a G-stochastic operator matrix. Let
ΦA : MV → B(H) be the map given by ΦA(δxδ

∗
x′) := Ax,x′ , x, x′ ∈ V . By Choi’s

theorem, ΦA is completely positive. By Stinespring’s Dilation Theorem, there exists a
Hilbert space K1, a unital ∗-homomorphism π : MV → B(K1) and a bounded operator
U ∈ B(H,K1) with ∥U∥2 = ∥ΦA(1)∥ such that

ΦA(T ) = U∗π(T )U, T ∈ B(H).

Up to unitary equivalence, we write K1 = CV ⊗K, where K is a Hilbert space and
π(T ) = T ⊗ IK, T ∈MV . Further, write U(ξ) =

∑
x∈V δx ⊗ Ux(ξ), where Ux : H → K is

a bounded operator, x ∈ V . Let ξ, η ∈ H and note that, if x, x′ ∈ V , then

⟨Ax,x′ξ, η⟩ = ⟨ΦA(δxδ
∗
x′)ξ, η⟩ = ⟨U∗π(δxδ

∗
x′)Uξ, η⟩ = ⟨(δxδ∗x′ ⊗ IK)Uξ, Uη⟩

=
〈
(δxδ

∗
x′ ⊗ IK)

(∑
z∈V

δz ⊗ Uz(ξ)
)
,
(∑
w∈V

δw ⊗ Uw(η)
)〉

=
〈
δx ⊗ Ux′(ξ),

∑
w∈V

δw ⊗ Uw(η)
〉
= ⟨Ux′(ξ), Ux(η)⟩ = ⟨U∗

xUx′ξ, η⟩.

It follows that Ax,x′ = U∗
xUx′ , x, x′ ∈ V .

(ii)⇒(i) is straightforward.

Recall that a ternary ring of operators (TRO) is a closed subspace U ⊆ B(H,K),
where H and K are Hilbert spaces, such that S, T,R ∈ U ⇒ ST ∗R ∈ U . Our next aim is
to identify a TRO, universal for G-stochastic matrices. Its construction follows the steps
from [48, Section 5]; for the convenience of the reader, we provide the basic details. Let V
be the ternary ring [26, 51] generated by elements (vx)x∈V , satisfying the relations∑

x∈e

[vx′ , vx, vx] = vx′ , x′ ∈ V, e ∈ E. (5.1)

The non-degenerate ternary representations θ : V → B(H,K) are in bijective correspon-
dence with the families (Ux)x∈V ⊆ B(H,K) such that∑

x∈e

U∗
xUx = IH, e ∈ E, (5.2)

via the assignment θ(vx) = Ux, x ∈ V . Since the contextuality scenario G is assumed to
be non-trivial, the collection F of all non-degenerate ternary representations of V is non-
empty. Let θ̂ :=

⊕
θ∈F θ be the direct sum of all (equivalence classes) of non-degenerate

ternary representations of V on Hilbert spaces of dimension bounded by the cardinallity
of V, define ∥u∥0 := ∥θ̂(u)∥, and note that ∥u∥0 < ∞ for every u ∈ V. Indeed, let θ ∈ F
and set Ux := θ(vx), x ∈ V . Note that for every x ∈ V , there exists an e ∈ E such that
x ∈ e. So, for x ∈ V , relation (5.2) implies that

U∗
xUx ≤

∑
x′∈e

U∗
x′Ux′ = I,

hence, ∥θ(vx)∥ = ∥Ux∥ ≤ I. This implies that ∥θ̂(vx)∥ = supθ∈F ∥θ(vx)∥ ≤ 1 for every
x ∈ V . Since (vx)x∈V are the generators of V, we have ∥u∥0 := ∥θ̂(u)∥ < ∞ for every
u ∈ V.
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Let N = {u ∈ V : ∥u∥0 = 0} and note that N is a ternary ideal of V. Now ∥ · ∥0
induces a norm on V /N denoted by ∥ · ∥, and the completion with respect to this norm
gives rise to a TRO, which we denote by VG. We note that every ternary representation θ̂
of V gives rise to a canonical ternary representation of VG onto a concrete TRO and
∥u∥ = ∥θ̂(u)∥ continues to hold for every u ∈ V. So, θ̂ induces a faithful (isometric)
representation of VG as a concrete TRO in B(H,K) for some Hilbert spaces H and K.
Identify VG with its image under θ̂ and let CG be the the right C∗-algebra of VG, that is,

CG = span {S∗T : S, T ∈ VG}.

Let gx,x′ := v∗xvx′ , x, x′ ∈ V , viewed as elements of CG, and

PG := span {gx,x′ : x, x′ ∈ V }, (5.3)

viewed as an operator subsystem of CG; note that∑
x∈e

gx,x = 1, e ∈ E. (5.4)

Theorem 5.5. Let ϕ : PG → B(H) be a linear map. The following are equivalent

(i) ϕ is unital and completely positive;
(ii) [ϕ(gx,x′)]x,x′∈V is a G-stochastic operator matrix;
(iii) there exists a representation π : CG → B(H) such that π|PG = ϕ.

Proof. (i)⇒(ii) We claim that the matrix [gx,x′ ]x,x′∈V is a positive element of Mn(PG).
To see this, assume that CG ⊆ B(K) as a unital C∗-subalgebra, for some Hilbert space K,
and let θ : VG → B(K,K′) be a ternary representation, for a suitable Hilbert space K′,
such that CG = span(θ(VG)

∗θ(VG)). Writing V = {x1, . . . , xm} and Ti = θ(vxi
), i ∈ [m],

we have

[gx,x′ ]x,x′∈V =

[
T1 . . . Tm

⃝

]∗
·
[
T1 . . . Tm

⃝

]
,

and hence [gx,x′ ]x,x′∈V ∈ MV (B(K))+. Since PG ⊆ B(K) as an operator subsystem, we
see that [gx,x′ ]x,x′∈V ∈MV (PG)

+. As ϕ is completely positive, the matrix [ϕ(gx,x′)]x,x′∈V

is positive; as ϕ is unital, by (5.4),
∑

x∈e ϕ(gx,x) = ϕ(1) = IH, e ∈ E.
(ii)⇒(iii) By Proposition 5.4, there exist a Hilbert space K and operators Ux ∈

B(H,K), x ∈ V , with
∑

x∈e U
∗
xUx = IH, e ∈ E, such that

ϕ(v∗xvx) = U∗
xUx′ , x, x′ ∈ V.

The family (Ux)x∈V yields a non-degenerate representation θ of VG, which in turn gives
rise to a unital ∗-representation π of CG via the assignment

π(S∗T ) = θ(S)∗θ(T ), S, T ∈ CG;

so, π extends ϕ.
(iii)⇒(i) ϕ is the restriction of a unital ∗-homomorphism, hence it is unital and com-

pletely positive.

We recall that the universal C∗-cover of an operator system S is a C∗-cover (C∗
u(S), ιu)

of S with the property that, if H is a Hilbert space and ϕ : S → B(H) is a unital
completely positive map then there exists a unique ∗-representation π : C∗

u(S) → B(H)
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such that π ◦ ιu = ϕ. We let BG be the C∗-subalgebra of CG, generated by the elements
gx,x, x ∈ V .

Corollary 5.6. The following hold true:

(i) SG ⊆ PG up to a canonical complete order embedding;
(ii) C∗

u(PG) is canonically ∗-isomorphic to CG;
(iii) C∗

u(SG) is is canonically ∗-isomorphic to BG.

Proof. (ii) is immediate from Theorem 5.5 and the universal property of C∗
u(PG).

(iii) Write A for the C∗-subalgebra of CG, generated by the set {gx,x : x ∈ V }.
Let H be a Hilbert space and ϕ : SG → B(H) be a unital completely positive map. Set
Ax,x′ = δx,x′ϕ(gx,x), x, x′ ∈ V . By Remark 5.2, the matrix (Ax,x′)x,x′∈V is G-stochastic.
By Theorem 5.5, there exists a ∗-representation π : CG → B(H) such that π(gx,x′) = Ax,x′ ,
x, x′ ∈ V . The restriction of π to A is a ∗-homomorphism that extends ϕ. By the universal
property of C∗

u(SG), it is ∗-isomorphic to A.
(i) The claim follows from (ii), (iii), and the facts that PG ⊆ C∗

u(PG) and SG ⊆
C∗

u(SG).

Corollary 5.7. Let G be a non-trivial contextuality scenario. The following are equiv-
alent:

(i) G is dilating;
(ii) there exists a unital completely positive map ψ : C∗(G) → CG such that ψ(px) = gx,x,

x ∈ V .

Proof. (i)⇒(ii) Assume, without loss of generality, that CG ⊆ B(H) as a unital C∗-
subalgebra, for some Hilbert space H. Using the fact that G is dilating, let (Px)x∈V be
a PR of G on a Hilbert space K that dilates (gx,x)x∈V . Let ρ : C∗(G) → B(K) the ∗-
homomorphism such that ρ(px) = Px, x ∈ V . We can take ψ to be the compression of ρ
to H.

(ii)⇒(i) Suppose that (Ax)x∈V is a POR of G. By Theorem 5.5, there exists a
canonical ∗-homomorphism π : CG → B(H) such that π(gx,x) = Ax, x ∈ V . Thus,
ψ ◦ π : C∗(G) → B(H) is unital and completely positive; an application of Stinespring’s
Theorem yields a dilation of (Ax)x∈V that is a PR of G.

6. No-signalling probabilistic models

In this section, we examine no-signalling probabilistic models, defined over the product
of two contextuality scenarios, from the viewpoint of operator systems, characterising
different types of no-signalling models via states on operator system tensor products. We
start with some definitions.

Let G = (V,E) and H = (W,F ) be two contextuality scenarios. Writing E×̇F =

{e × f : e ∈ E, f ∈ F}, we call the contextuality scenario G×H = (V ×W,E×̇F ) the
product of G and H. We set G(G,H) := G(G×H) (and write G = G(G,H) when no
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confusion arises). A probabilistic model p of G×H is called no-signalling [1] if∑
x∈e

p(x, y) =
∑
x∈e′

p(x, y), y ∈W, e, e′ ∈ E,

and ∑
y∈f

p(x, y) =
∑
y∈f ′

p(x, y), x ∈ V, f, f ′ ∈ F.

We let Gns(G,H) be the set of all no-signalling probabilistic models of G×H (and write
Gns = Gns(G,H) in case no confusion arises). It is straightforward that the notion of a
no-signalling probabilistic model reduces to the notion of a no-signalling correlation in
the case where G and H are Bell scenarios (see Remark 4.13).

We note that the inclusion Gns ⊆ G can be strict. Indeed, let G = (V,E), where
V = {x1, x2, x3}, and E = {e1, e2} with e1 = {x1, x2} and e2 = {x2, x3}. By the
discussion after [1, Definition 3.1.2], G×G admits a probabilistic model that fails to be
no-signalling.

Definition 6.1. Let G = (V,E) and H = (W,F ) be contextuality scenarios. A no-
signalling probabilistic model p of G×H is called

(i) deterministic if p(x, y) ∈ {0, 1} for all (x, y) ∈ V ×W ;
(ii) classical if there exist an m ∈ N and deterministic probabilistic models p1i of G and

p2i of H, i = 1, . . . ,m, such that

p(x, y) =

m∑
i=1

λip
1
i (x)p

2
i (y), x ∈ V, y ∈W,

as a convex combination;
(iii) a commuting probabilistic model (resp. a generalised commuting probabilistic model)

if there exist a Hilbert space H, a unit vector ξ ∈ H and PR’s (resp. POR’s) (Ax)x∈V

and (By)y∈W of G and H respectively such that AxBy = ByAx for every x ∈ V and
y ∈W and

p(x, y) = ⟨AxByξ, ξ⟩, (x, y) ∈ V ×W ; (6.1)

(iv) a tensor probabilistic model (resp. generalised tensor probabilistic model) if there
exist Hilbert spaces HG and HH, and PR’s (resp. POR’s) (A′

x)x∈V ⊆ B(HG) and
(B′

y)y∈W ⊆ B(HH) of G and H respectively such that (6.1) is fulfilled with H =

HG ⊗HH, Ax = A′
x ⊗ IHH and By = IHG ⊗B′

y, x ∈ V , y ∈W .

The set of all classical no-signalling probabilistic models of G×H will be denoted by
C(G,H); it is clear that C(G,H) is a convex polytope. We let Qqs(G,H) (resp. Q̃qs(G,H))

the set of all tensor probabilistic models (resp. generalised tensor probabilistic models) of
G×H. We further denote by Qq(G,H) (resp. Q̃q(G,H)) the set of all tensor probabilistic
models (resp. generalised tensor probabilistic models) such that the Hilbert spaces HG
and HH can be chosen to be finite-dimensional. We denote the closure of Qq(G,H) (resp.
Q̃q(G,H)) by Qqa(G,H) (resp. Q̃qa(G,H)). The set of all commuting probabilistic models
(resp. generalised commuting probabilistic models) will be denoted by Qqc(G,H) (resp.
Q̃qc(G,H)). We drop the dependence on G and H in case no confusion arises, and note
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the inclusions

C ⊆ Qq ⊆ Qqs ⊆ Q̃qs ⊆ Q̃qc ⊆ Gns ⊆ G, Qq ⊆ Q̃q ⊆ Q̃qs and Qqc ⊆ Q̃qc . (6.2)

As we saw in Corollary 3.8, for a non-trivial contextuality scenario G, the states of
the universal operator system SG are in bijective correspondence to the probabilistic
models of G. We next relate the no-signalling models of a product scenario G×H with
states on operator system tensor products. We fix contextuality scenarios G = (V,E)

and H = (W,F ) and recall that SG and SH denote their universal operator systems (see
Section 3.1). Recall, further, that δex denotes the respective canonical basis element of the
e-th summand ℓ∞e in the quotient SG =

⊕
e∈E ℓ

∞
e / J̃ G, and that ax stands for its image

in SG under the quotient map. Similarly, we denote by δfy the corresponding element
of ℓ∞f , and let by be its image in SH =

⊕
f∈F ℓ

∞
f / J̃ H.

For a linear functional s : SG ⊗SH → C, let

ps(x, y) := s(ax ⊗ by), x ∈ e, y ∈ f.

Theorem 6.2. Let G and H be contextuality scenarios and p ∈ G(G,H) be a probabilistic
model. The following are equivalent:

(i) p ∈ Gns(G,H);
(ii) there exists a state s on SG ⊗max SH such that p = ps.

Moreover, the map s 7→ ps is an affine isomorphism between the states of SG ⊗max SH
and Gns(G,H).

Proof. (ii)⇒(i) The fact that ps has non-negative values is a consequence of the fact that
ax ⊗ by ∈ (SG ⊗max SH)

+, x ∈ V , y ∈W . For e, e′ ∈ E, we have∑
x∈e

ps(x, y) = s
((∑

x∈e

ax

)
⊗ by

)
= s(1⊗ by)

= s
(∑
x∈e′

ax ⊗ by

)
=

∑
x∈e′

ps(x, y);

similarly, we see that∑
y∈f

ps(x, y) =
∑
y∈f ′

ps(x, y), x ∈ V, f, f ′ ∈ F.

(i)⇒(ii) Recall that S =
⊕

e∈E ℓ
∞
e , and write T =

⊕
f∈F ℓ

∞
f . Let qG : S → SG and

qH : T → SH be the quotient maps. We know that qdG : Sd
G → Sd and qdH : Sd

H → T d

are complete order embeddings; identifying Sd (resp. T d) with S (resp. T ), we consider
Sd
G (resp. Sd

H) as an operator system in S (resp. T ). Further, by [23, Proposition 1.16],
(SG ⊗max SH)

d = Sd
G ⊗min Sd

H, and thus (SG ⊗max SH)
d can be viewed as an operator

system in S ⊗min T .
Write s : S⊗maxT → C for the positive linear functional given by s(δex⊗δfy ) = p(x, y);

since δex ⊗ δfy , x ∈ V , y ∈ W , e ∈ E, f ∈ F , form a linear basis of S ⊗ T , the element
s ∈ (S ⊗max T )d is well-defined. We show that, in fact, s ∈ Sd

G ⊗min Sd
H. To this end, it

suffices to show that, for all x ∈ V and y ∈W , the slices Lx(s) and Ly(s) of s, viewed as
elements of S and T , respectively, belong to Sd

G and Sd
H, respectively.
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Fix y ∈ W . By the no-signalling assumption, Ly(s) annihilates the space JG. Since
Ly(s) is a positive functional, it annihilates the kernel cover of JG, namely J̃G, and hence
Ly(s) ∈ Sd

G. By symmetry, the slices along vertices x ∈ V belong to Sd
H. We have thus

shown that s ∈ Sd
G ⊗min Sd

H. By the definition of s, we have p = ps, and the proof is
completed using the first paragraph of the proof of this implication.

Theorem 6.3. Let G and H be contextuality scenarios and p ∈ G(G,H) be a probabilistic
model. Then the following are equivalent:

(i) p ∈ Q̃qc(G,H) (resp. p ∈ Q̃qa(G,H));
(ii) there exists a state s on SG ⊗c SH (resp. SG ⊗min SH) such that p = ps;
(iii) there exists a state s on BG ⊗max BH (resp. BG ⊗min BH) such that p = ps.

Moreover, the map s 7→ ps is an affine isomorphism between the state space of SG ⊗c SH
(resp. SG ⊗min SH) and Q̃qc(G,H) (resp. Q̃qc(G,H)).

Proof. (i)⇒(ii) Let p ∈ Qqc; by definition, there exist a Hilbert space H, a unit vec-
tor ξ ∈ H and positive operator representations (Ax)x∈V and (By)y∈W of G and H
respectively such that AxBy = ByAx for all x, y, and p(x, y) = ⟨AxByξ, ξ⟩, x ∈ V ,
y ∈ W . By Theorem 3.3, there exist unital completely positive maps ϕ : SG → B(H),
and ψ : SH → B(H), with ϕ(ax) = Ax and ψ(by) = By, x ∈ V , y ∈ W . We see that ϕ
and ψ have commuting ranges. Let s : SG ⊗ SH → C be the linear functional given by

s(ax ⊗ by) = ⟨ϕ(ax)ψ(by)ξ, ξ⟩, x ∈ V, y ∈W ;

then s a state on SG ⊗c SH. It is straightforward that p = ps.
(ii)⇔(iii) By Corollary 5.6, BG = C∗

u(SG), and now the statement follows from the
complete order embedding [29, Theorem 6.4]

SG ⊗c SH ⊆ BG ⊗max BH. (6.3)

(ii)⇒(i) Suppose that s is a state on SG ⊗c SH such that p = ps. Using (6.3), ex-
tend s to a state s̃ on BG ⊗max BH. Now the GNS representation of s̃ produces unital
∗-representations π and ρ of BG and BH, respectively, on a Hilbert space H, with com-
muting ranges, and a unit vector ξ ∈ H such that

s̃(u⊗ v) = ⟨π(u)ρ(v)ξ, ξ⟩, u ∈ BG, v ∈ BH.

It follows that (π(ax))x∈V and (ρ(by))y∈W are operator representations of G and H re-
spectively, and thus p ∈ Q̃qc(G,H).

The characterisations of the elements of Q̃qa(G,H) can be proved using a direct mod-
ification of the proof of [44, Theorem 2.8]; the detailed arguments are omitted.

Let G = (V,E) and H = (W,F ) be contextuality scenarios. We write qy, y ∈W , for the
canonical generators of C∗(H), and recall that the spaces T G = span {1, px : x ∈ V } and
T H = span {1, qy : y ∈W} are operator systems in C∗(G) and C∗(H) respectively. Recall,
further, that the enveloping tensor product S⊗eT of two operator systems S and T is the
operator system tensor product arising from the inclusion S ⊗T ⊆ C∗

e (S)⊗maxC
∗
e (T ) [29].

For a linear functional s : T G ⊗e T H → C, let p̂s : V ×W → C be given by p̂s(x, y) =

s(px ⊗ qy), x ∈ V , y ∈W .
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Theorem 6.4. Let G and H be contextuality scenarios and p ∈ G(G,H) is a probabilistic
model. The following are equivalent:

(i) p ∈ Qqc(G,H) (resp. p ∈ Qqa(G,H));
(ii) there exists a state s on T G ⊗e T H (resp. T G ⊗min T H) such that p = p̂s;
(iii) there exists a state s on C∗(G) ⊗max C

∗(H) (resp. C∗(G) ⊗min C
∗(H)) such that

p = p̂s.

Moreover, the map s 7→ p̂s is an affine isomorphism between the state space of T G ⊗e T H
(resp. T G ⊗min T H) and Qqc(G,H) (resp. Qqa(G,H)).

Proof. (i)⇔(iii) By definition, p ∈ Qqc if and only if there exist a Hilbert space H, a unit
vector ξ ∈ H and commuting PR’s (Px)x∈V and (Qy)y∈W of G and H respectively, on H
such that p(x, y) = ⟨PxQyξ, ξ⟩, x ∈ V , y ∈W . The claim follows from the fact that such
commuting PR’s give rise to ∗-representations of C∗(G)⊗max C

∗(H), and vice versa.
(ii)⇔(iii) follows from the fact that C∗(G) = C∗

e (T G) (Lemma 3.17).
The characterisations of the elements of Qqa(G,H) can again be proved using a direct

modification of the proof of [44, Theorem 2.8].

The following characterisation of the classical probabilistic models follows easily from
Proposition 3.18; the proof is omitted.

Theorem 6.5. Let G and H be two contextuality scenarios and p ∈ G(G,H) is a proba-
bilistic model. The following are equivalent

(i) p ∈ C(G,H);
(ii) there exists a state s on DG ⊗min DH such that p(x, y) = s(dx ⊗ dy), x ∈ V , y ∈W ;
(iii) there exists a state s on RG ⊗min RH such that p(x, y) = s(dx ⊗ dy), x ∈ V , y ∈W .

Moreover, the map s 7→ ps is an affine isomorphism between C(G,H) and the state space
of RG ⊗min RH.

Corollary 6.6. Let G = (V,E) and H = (W,F ) be dilating contextuality scenarios.
Then Q̃q(G,H) = Qq(G,H) and Q̃qa(G,H) = Qqa(G,H).

Proof. The equality Q̃qa(G,H) = Qqa(G,H) is a direct consequence of Theorems 6.3, 6.4
and 4.3. Assume that p ∈ Q̃q(G,H) and let (Ax)x∈V (resp. (By)y∈W ) be a POR of G
(resp. H) on a finite-dimensional Hilbert space H (resp. K), and ξ ∈ H ⊗K be a unit
vector such that p(x, y) = ⟨(Ax⊗By)ξ, ξ⟩, x ∈ V , y ∈W . Let (Px)x∈X (resp. (Qy)y∈W ) be
a PR of G (resp. H) on a Hilbert space H̃ (resp. K̃) and UG : H → H̃ (resp. UH : K → K̃)
be an isometry such that Ax = U∗

GPxUG, x ∈ V (resp. By = U∗
HQyUH, y ∈ W ). Setting

ξ̃ = (UG ⊗ UH)ξ, we find that ξ̃ is a unit vector in H̃ ⊗ K̃ and

p(x, y) = ⟨(Px ⊗Qy)ξ̃, ξ̃⟩, x ∈ V, y ∈W.

Thus, p ∈ Qq(G,H). We have shown that Q̃q(G,H) ⊆ Qq(G,H) and since the reverse
inclusion is trivial, we conclude that Q̃q(G,H) = Qq(G,H).

Let G = (V,E) and H = (W,F ) be contextuality scenarios. Recall that the Foulis-
Randall product G⊗H of G and H is the hypergraph with the properties that G(G⊗H)



Operator systems, contextuality and non-locality 39

coincides with the set of no-signalling models of G×H and that the projective represen-
tations of G⊗H necessarily satisfy the respective no-signalling conditions [1]. Consider
the following universal C∗-algebra given by generators and relations:

AG,H =
〈
(px,y)x∈V,y∈W

∣∣∣ px,y = p∗x,y = p2x,y,∑
(x,y)∈e×f

px,y = 1, e ∈ E, f ∈ F,
∑
x∈e

px,y =
∑
x′∈e′

px′,y,
∑
y∈f

px,y =
∑
y′∈f ′

px,y′

〉
. (6.4)

It is easy to see that, if I is the closed ideal of C∗(G×H) generated by the elements∑
x∈e

px,y −
∑
x′∈e′

px′,y,
∑
y∈f

px,y −
∑
y′∈f ′

px,y′ ,

then AG,H = C∗(G×H)/I. By the arguments in [1, Proposition 5.2.1] and the universal
property of AG,H, we find that AG,H = C∗(G⊗H). In the next proposition, we pro-
vide a concrete C∗-algebraic visualisation of G⊗H and of the enveloping tensor product
TG ⊗e TH, appearing in the description of the class Qqc(G,H) in Theorem 6.4.

Proposition 6.7. Let G = (V,E) and H = (W,F ) be contextuality scenarios. Then
C∗(G⊗H) = C∗(G)⊗maxC

∗(H), up to a canonical ∗-isomorphism. In particular, T G⊗H
= T G ⊗e T H, up to a canonical unital complete order isomorphism.

Proof. Let H be a Hilbert space and (Px,y)x∈V,y∈W ⊆ B(H) be a projective representation
that satisfies the no-signalling conditions∑

x∈e

Px,y =
∑
x′∈e′

Px′,y and
∑
y∈f

Px,y =
∑
y′∈f ′

Px,y′ ,

for all x ∈ V, y ∈W , e, e′ ∈ E and f, f ′ ∈ F . Set

Px :=
∑
y∈f

Px,y and Qy :=
∑
x∈e

Px,y, x ∈ V, y ∈W

(here e ∈ E and f ∈ F are arbitrarily chosen). Then (Px)x∈V (resp. (Qy)y∈W ) is a projec-
tive representation of G (resp. H); let πG (resp. πH) be the corresponding ∗-representation
of C∗(G) (resp. C∗(H)). If x ∈ V and y ∈W , then

PxQy =
(∑
y′∈f

Px,y′

)(∑
x′∈e

Px′,y

)
=

∑
y′∈f,x′∈e

Px,y′Px′,y = Px,y = QyPx.

Thus, πG and πH have commuting ranges and therefore give rise to a ∗-representation
πG × πH : C∗(G)⊗max C

∗(H) → B(H) such that

(πG × πH)(px ⊗ qy) = Px,y, x ∈ V, y ∈W.

The first claim now follows from the the universal property of C∗(G⊗H). The sec-
ond claim follows from the first one, the definition of the tensor product T G ⊗e T H and
Lemma 3.17.

Remark 6.8. It follows from Theorem 6.4 and Proposition 6.7 that the following are
equivalent:

(i) p ∈ Qqc(G,H);
(ii) there exists a state s on T G⊗H such that p(x, y) = s(px,y), x ∈ V , y ∈W .
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7. Coherent probabilistic models

In this section, we define coherent probabilistic models, which generalise synchronous
no-signalling correlations and show that, similarly to the latter ones, the former can be
described in terms of tracial states on universal C∗-algebras. For a hypergraph G = (V,E),
we write x ∼ y, if x ̸= y and there exists a e ∈ E such that x, y ∈ e.

Definition 7.1. Let G = (V,E) be a contextuality scenario. A probabilistic model
p ∈ G(G,G) is called coherent if p(x, y) = 0 whenever x ∼ y.

We denote the set of coherent probabilistic models by Gc(G). Similarly, we let Gc
ns(G)

(resp. Qc
qs(G),Qc

qc(G)) denote the set of all no-signalling coherent probabilistic models
(resp. tensor coherent probabilistic models, quantum commuting coherent models).

Remark 7.2. Let X and A be finite sets. Recall that a no-signalling correlation p =

{(p(a, b |x, y))a,b∈A : x, y ∈ X} is called synchronous (resp. bisynchronous) [43] (resp.
[42]), if p(a, b |x, x) = 0 whenever a ̸= b (resp. p(a, b |x, x) = 0 whenever a ̸= b and
p(a, a |x, y) = 0 whenever x ̸= y).

Let BX,A be the Bell scenario (see Remark 5.3). It is straightforward to check that a
no-signalling probabilistic model p of BX,A is coherent if and only if p is a synchronous
no-signalling correlation. Further, it is straightforward to verify that a no-signalling prob-
abilistic model p of the QMS scenario Gn (see Example 4.7) is coherent if and only if it is
a bisynchronous no-signalling correlation. Thus, coherency can be viewed as a contextual
version of synchronicity and bisynchronicity.

For a unital C∗-algebra A, we write Aop for the opposite C∗-algebra; recall that Aop

has the same underlying vector space with A, the same involution and norm, and multi-
plication given by aopbop = (ba)op, where by aop, for a ∈ A, we denote the corresponding
elements of Aop.

Let H,K be two Hilbert spaces. We denote by Hd the Banach space dual of H (sim-
ilarly for K). For T ∈ B(H,K), we denote by T d ∈ B(Kd,Hd) the dual operator of T ;
note that

T d(g) = g ◦ T, g ∈ Kd,

and (T d)∗ = (T ∗)d. A ∗-representation π : A → B(H) of a C∗-algebra A induces a
representation πop : Aop → B(Hd) of Aop by letting πop(aop) = π(a)d.

Lemma 7.3. Let G = (V,E) be a hypergraph. There is a ∗-isomorphism θ : C∗(G)

→ C∗(G)op such that θ(px) = popx .

Proof. We show that C∗(G)op satisfies the universal property of C∗(G). To this end, let
(Px)x∈V ⊆ B(K) be a PR of G. A direct verification shows that (P d

x )x∈V is a PR of G on
the Hilbert space Kd. By the universal property of the C∗-algebra C∗(G), there exists a
(unital) ∗-representation ρ : C∗(G) → B(Kd) such that ρ(px) = P d

x , x ∈ V . It follows that
the map ρop : C∗(G)op → B(K) is a ∗-representation satisfying ρop(pop) = Px, x ∈ V .
The proof is complete.

In view of Remark 7.2, the following results are generalisations of the classical char-
acterisations obtained in [43], [42] and [32]. We recall that a trace τ of a C∗-algebra A is
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called amenable if there is a sequence of completely positive, contractive maps φk : A →
Mdk

such that

∥φk(ab)− φk(a)φk(b)∥2 → 0 and Trdk
(φk(a)) → τ(a).

The following result is due to Kirchberg [34, Proposition 3.2] (see also [11, Theorem
6.2.7]).

Theorem 7.4. If A is a unital, separable C∗-algebra and τ is a tracial state on A, the
following are equivalent:

(i) τ is an amenable tracial state;
(ii) the linear functional ϕ : A⊗Aop → C with ϕ(a⊗bop) = τ(ab) is bounded with respect

to the minimal tensor norm.

Theorem 7.5. Let G = (V,E) be a contextuality scenario and p ∈ G(G,G). The following
are equivalent:

(i) p ∈ Qc
qc(G);

(ii) there exists a tracial state τ : C∗(G) → C such that

p(x, y) = τ(pxpy), x, y ∈ V. (7.1)

Moreover,

(a) p ∈ Qc
qa(G) if and only if τ in (7.1) can be chosen to be amenable;

(b) p ∈ Qc
q(G) if and only if τ in (7.1) can be chosen of the form τ = τ0 ◦ π0, where π0

is a ∗-representation of C∗(G) such that ran(π0) is finite-dimensional, and τ0 is a
tracial state on ran(π0);

(c) p ∈ Cc(G) if and only if τ in (7.1) can be chosen of the form τ = τ0◦π0, where π0 is a
∗-representation of C∗(G) such that ran(π0) is abelian, and τ0 is a state on ran(π0).

Proof. (i) ⇒ (ii) We write A = C∗(G) for brevity. By Theorem 6.4, there exists a state
s : A⊗max A → C such that p(x, y) = s(px ⊗ py), x, y ∈ V . Fix x ∈ V and let e ∈ E be
such that x ∈ e. Since p is coherent,

s(px ⊗ 1) =
∑
y∈e

s(px ⊗ py) = s(px ⊗ px) =
∑
y∈e

s(py ⊗ px) = s(1⊗ px). (7.2)

Letting hx = px⊗ 1− 1⊗ px, (7.2) implies that s(h2x) = 0 which, by the Cauchy–Schwarz
inequality, shows that s(hxu) = s(uhx) = 0, u ∈ A⊗max A. Thus

s(zpx ⊗ 1) = s(z ⊗ px) = s(pxz ⊗ 1), z ∈ A. (7.3)

Assume that s(zw ⊗ 1) = s(wz ⊗ 1) for every z ∈ A and every word w on the set
{px : x ∈ V } of length at most n. Letting w be a word on {px : x ∈ V } of length n+ 1,
write w = w0px for some x ∈ V and a word w0 on {px : x ∈ V } of length n. Using (7.3),
we then have

s(zw ⊗ 1) = s(zw0px ⊗ 1) = s(pxzw0 ⊗ 1) = s(w0pxz ⊗ 1) = s(wz ⊗ 1).

Thus, the functional τ on A given by τ(z) = s(z ⊗ 1) is a tracial state. Finally, (7.3)
implies that

p(x, y) = s(px ⊗ py) = τ(pxpy), x, y ∈ V.
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(ii)⇒(i) The functional s̃ : A ⊗max Aop → C given by s̃(u ⊗ vop) = τ(uv), u, v ∈ A,
is a (well-defined) state. By Lemma 7.3, the functional s : A ⊗max A → C given by
s̃(u ⊗ v) = τ(uv), u, v ∈ A, is a (well-defined) state. Applying the GNS construction to
s yields PR’s and a unit vector in the corresponding GNS Hilbert space, implementing
the probabilistic model p.

(a) Now let p ∈ Qc
qa(G). By Theorem 6.4, there exists a state s : C∗(G) ⊗min C

∗(G)

→ C such that p(x, y) = s(px ⊗ py), x, y ∈ V . The arguments from the first part of the
proof show that the state τ on C∗(G) given by τ(a) = s(a⊗1), is tracial. By Lemma 7.3,
the state s̃ : C∗(G) ⊗max C

∗(G)op → C given by s̃(a ⊗ bop) = τ(ab), is bounded in the
minimal norm. By Theorem 7.4, the trace τ is amenable. As in the first part of the proof,
p(x, y) = τ(pxpy), x, y ∈ V .

Conversely, let τ on C∗(G) be an amenable trace. By the first part of the proof,
the assignment p : V × V → R+ given by p(x, y) = τ(pxpy), x, y ∈ V , is a quantum
commuting coherent model. By Theorem 7.4, the functional ϕ : C∗(G) ⊗ C∗(G)op → C
with

ϕ(a⊗ bop) = τ(ab)

is bounded with the minimal tensor norm, and hence extends to a state on C∗(G)⊗min

C∗(G)op, which we still denote by ϕ. We identify C∗(G) = C∗(G)op (Lemma 7.3) and
invoke Theorem 6.4 to obtain a probabilistic model p′ ∈ Qqa(G,G) such that ϕ(px⊗py) =
p′(x, y), x, y ∈ V . It is straightforward that p = p′ and hence p is approximately quantum.

(b) Assume that p ∈ Qc
q(G) and, using the universal property of C∗(G), write

p(x, y) = ⟨π1(px) ⊗ π2(py)ξ, ξ)⟩, where π1, π2 are representations of C∗(G) on some
finite-dimensional Hilbert spaces H1,H2 respectively. Consider the map s0 to be the re-
striction of the vector state ωξ on ran(π1) ⊗min ran(π2). Then s0 is a state such that
s0(π1(px) ⊗ π2(py)) = p(x, y) for all x ∈ V , y ∈ W . Using the fact that p is coherent
and following the arguments in the first part of the proof, one can show that the func-
tional τ0 on ran(π1) defined by τ0(π1(z)) = s0(π1(z) ⊗ 1) is a tracial state such that
(τ0 ◦ π1)(pxpy) = p(x, y), x ∈ V , y ∈W . The converse statement is straightforward.

(c) follows using similar arguments to those in (b) and the details are omitted.

8. Equivalences with the Connes Embedding Problem

In this section we establish equivalences of the Connes Embedding Problem (CEP) [16] in
terms of properties of the operator systems SG and TG, and their C∗-covers BG and C∗(G).
We stress that, in view of the negative answer to the Connes Embedding Problem obtained
in [27], there exist counterexamples to the equivalent statements in Theorem 8.3 and
Proposition 8.5. The main value of these results resides in providing possible alternative
ways to arrive at the aforementioned resolution.

We start by recalling some basics on the CEP and associated approximation proper-
ties. We will use the Kirchberg formulation of CEP [46, Chapter 14], namely, the equality

C∗(F2)⊗min C
∗(F2) = C∗(F2)⊗max C

∗(F2),
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where C∗(F2) is the full group C∗-algebra of the free group F2 on two generators. We
let g1, g2 denote the generators of F2, and set S2 = span {e, g1, g2, g∗1 , g∗2}, viewed as an
operator subsystem of C∗(F2).

Let S be an operator system. We say that S possesses the operator system lifting
property (OSLP) if, whenever A is a unital C∗-algebra and J ⊆ A is a closed ideal,
for every unital completely positive map ϕ : S → A/J there exists a unital completely
positive map ψ : S → A such that ϕ = q◦ψ (where q : A → A/J is the quotient map). We
say that S possesses the operator system local lifting property (OSLLP) if every finite-
dimensional operator subsystem of S possesses OSLP. If S is a unital C∗-algebra, we
simply refer to these properties as LP and LLP, respectively. We further recall that a
unital C∗-algebra A is said to

(i) be projective if, given any unital C∗-algebra B and a closed ideal J ⊆ B, for every
unital ∗-homomorphism π : A → B /J there exists a unital ∗-homomorphism ψ :

A → B such that π = q ◦ ψ;
(ii) be residually finite-dimensional (RFD) if, whenever a ∈ A is non-zero, there exists a

finite-dimensional Hilbert space H and a ∗-representation π : A → B(H) such that
π(a) ̸= 0;

(iii) have the weak expectation property (WEP) if A⊗min C
∗(F2) = A⊗max C

∗(F2).

Let S and T be operator systems with dimS <∞. Given an element u ∈ S ⊗T , say,
u =

∑k
i=1 si ⊗ ti, let ϕu : Sd → T be the (linear) map given by ϕu(f) =

∑
i f(si)ti,

f ∈ Sd. By [31, Lemma 8.4], the correspondence

(S ⊗min T )+ → CP(Sd, T ), u 7→ ϕu, (8.1)

is a well-defined bijection.
The next proposition collects several facts that will be needed in the proof of Theo-

rem 8.3. We point out that item (i) can be deduced using deeper functoriality properties
involving exactness and OSLLP [31, 30]; the elementary proof given here follows closely
the proof of [48, Proposition 8.4], and we include it for the convenience of the reader.

Proposition 8.1. Let G be a contextuality scenario. The following hold true:

(i) the operator system SG has the OSLLP;
(ii) if G is dilating then the C∗-algebra C∗(G) has the LLP;
(iii) the C∗-algebra BG is projective.

Proof. (i) We will prove that SG ⊗min B(H) = SG ⊗max B(H) for every Hilbert space H,
which, by [31, Theorem 8.6], is equivalent to SG having the OSLLP. To this end, it suffices
to show that

(SG ⊗min B(H))+ ⊆ (SG ⊗max B(H))+

for every Hilbert space H.
Fix a Hilbert space H, let u ∈ (SG ⊗min B(H))+ and let ϕu : Sd

G → B(H) be the com-
pletely positive map arising according to (8.1). Note that Sd

G is an operator subsystem of
the operator abelian (hence nuclear) C∗-algebra S =

⊕
e∈E ℓ

∞
e . By Arveson’s Extension

Theorem, there exists a completely positive map ψ : S → B(H) extending ϕu. By the
correspondence (8.1), there exists a v ∈ (S ⊗min B(H))+ such that ψ = ϕv. The nuclearity
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of S implies that v ∈ (S ⊗max B(H))+ and thus w := (q ⊗ id)(v) ∈ (SG ⊗max B(H))+,
where q : S → SG is the canonical quotient map. The fact that w = u is now straightfor-
ward.

(ii) Theorem 4.3 and the fact that G is assumed to be dilating imply that SG = T G;
by (i), T G has the OSLLP. In particular, using [29, Theorem 6.6], we have

T G ⊗min B(H) = T G ⊗max B(H) = T G ⊗c B(H).

By Lemma 3.17, T G contains enough unitaries in C∗(G), so [30, Corollary 5.8] implies
that

C∗(G)⊗min B(H) = C∗(G)⊗max B(H)

for every Hilbert space H, which again is equivalent to C∗(G) having LLP.
(iii) Let B be a unital C∗-algebra, J ⊆ B be a closed ideal and π : BG → B /J be a ∗-

homomorphism. Write q : B → B /J for the quotient map. By (i) and [30, Theorem 6.10],
BG has the LLP. Thus, there exists a unital completely positive map ψ : SG → B such that
π|SG = q ◦ ψ. By the universal property of BG (see Corollary 5.6), the map ψ extends to
a unital ∗-homomorphism ρ : BG → B. Therefore, π|SG = q ◦ ρ|SG ; since SG generates BG
as a C∗-algebra, we conclude that π = q ◦ ρ.

Remark 8.2. By [11, Corollary 13.1.4], a unital C∗-algebra A has the LP if and only if
every unital ∗-homomorphism θ : A → B /J into a quotient C∗-algebra admits a unital
completely positive lift to a map into B. By Proposition 8.1(iii), BG has the LP. Since
BG is separable and projective, it is RFD and has no non-trivial projections (see [35,
Theorem 11.2.1], [17, Proposition 4.5]).

Theorem 8.3. The following statements are equivalent:

(i) CEP has an affirmative answer;
(ii) Qqa(G,G) = Qqc(G,G) for every dilating contextuality scenario G;
(iii) C∗(G) ⊗min C

∗(G) = C∗(G) ⊗max C
∗(G) for every dilating contextuality scenario

G;
(iv) T G ⊗min T G = T G ⊗c T G for every dilating contextuality scenario G;
(v) Q̃qa(G,G) = Q̃qc(G,G) for every contextuality scenario G;
(vi) BG ⊗min BG = BG ⊗max BG for every contextuality scenario G;
(vii) SG ⊗min SG = SG ⊗c SG for every contextuality scenario G;
(viii) BG ⊗max BG is RFD for every contextuality scenario G;
(ix) Qc

qa(G) = Qc
qc(G) for every dilating contextuality scenario G;

(x) C∗(G) has the WEP for every dilating contextuality scenario G;
(xi) T G ⊗min S2 = T G ⊗c S2 for every dilating contextuality scenario G.

Proof. (ii)⇒(i) follows by letting G vary over all Bell scenarios BX,A, after recalling that
BX,A are dilating (Remark 4.13) and using the equivalence between the Tsirelson Problem
and CEP [40, 28].

(i)⇒(iii) By Proposition 8.1, if G is dilating then C∗(G) has the LLP. Hence, it
also possesses the WEP (see e.g. [46, Proposition 13.1]), which implies that C∗(G)⊗min

C∗(G) = C∗(G) ⊗max C
∗(G) by the generalised Kirchberg theorem (see [46, Corol-

lary 9.40]).
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(iii)⇒(ii) follows by the characterisation of probabilistic models in terms of states
given in Theorem 6.4.

(iv)⇒(iii) follows from Lemma 3.17 and [30, Corollary 5.8].
(i)⇒(iv) Assume CEP has an affirmative answer. By Theorem 4.3, T G = SG up to a

(canonical) unital order isomorphism; thus, by Proposition 8.1, T G has the OSLPP. By
[31, Theorem 9.1], T G ⊗min T G = T G ⊗c T G.

(v)⇒(i) follows again by letting G vary over all Bell scenarios.
(i)⇒(vi) By (the proof of) Proposition 8.1, BG has LLP; by the assumption and [46,

Proposition 13.1], it has WEP, and (vi) follows.
(vi)⇒(vii)⇒(v) follows from Theorem 6.3.
(vi)⇒(viii) Since BG is RFD (Remark 8.2), BG ⊗min BG is also RFD; by the assump-

tion, BG ⊗max BG is RFD.
(viii)⇒(vi) can be proved in a similar fashion to [39, Proposition 3.19], using the fact

that the C∗-algebra BG has the lifting property (see also [46, Proposition 13.1]).
(ii)⇒(ix) is straightforward from the fact that Qc

qa(G) ⊆ Qqa(G) and Qc
qc(G) ⊆

Qqc(G).
(ix)⇒(i) Applied to the case where G is the Bell scenario, the assumption shows

that the class of synchronous quantum approximate correlations coincides with that of
synchronous quantum commuting ones, and the conclusion follows from [32].

(i)⇒(x) Assume CEP has an affirmative answer. By Proposition 8.1, if G is dilating
then C∗(G) has the LLP. By [46, Proposition 13.1], C∗(G) has the WEP.

(x)⇒(iii) follows from the generalised Kirchberg’s Theorem (see [46, Corollary 9.40]).
(xi)⇒(x) is immediate from [30, Corollary 5.8] and the fact that TG and S2 contain

enough unitaries (see Lemma 3.17).
(x)⇒(xi) By [30, Theorem 5.9], the assumption that C∗(G) has the WEP is equiva-

lent to the identity C∗(G) ⊗min S2 = C∗(G) ⊗max S2. By the injectivity of the minimal
tensor product, T G ⊗min S2 ⊆ C∗(G) ⊗min S2 canonically. By Lemma 3.17 and the def-
inition of the left injective operator system tensor product el [31], we have T G ⊗el S2 ⊆
C∗(G) ⊗max S2. Thus T G ⊗min S2 = T G ⊗el S2. On the other hand, the assumption
is equivalent to CEP, and now [31, Theorem 9.1] implies that the operator systems
with the OSLLP possess the DCEP which, by [31, Theorem 7.3], is equivalent to (el,c)-
nuclearity. Recalling that TG possesses OSLLP (Proposition 8.1), we now conclude that
T G ⊗min S2 = T G ⊗el S2 = T G ⊗c S2.

Remark 8.4. Proposition 6.7, together with the proofs of [39, Proposition 3.19] and
[46, Proposition 13.1], shows that the statements in Theorem 8.3 are equivalent to the
existence of a faithful tracial state on the C∗-algebra C∗(G⊗G) for every dilating con-
textuality scenario G.

We conclude with a discussion of a particular contextuality scenario, motivated by
T. Fritz’s results [25] that the (full) group C∗-algebra C∗((Z2 ∗ Z3) × (Z2 ∗ Z3)) is a
free hypergraph C∗-algebra, and that CEP has an affirmative answer if and only if the
latter C∗-algebra is RFD. Let G2,3 be the hypergraph with two disjoint edges having
two and three vertices, respectively. By Theorem 4.12, G2,3 is dilating, and hence, by
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Theorems 4.3 and 4.12,

T G2,3
= SG2,3

= ℓ∞([2])⊕1 ℓ
∞([3]).

Proposition 8.5. The following are equivalent:

(i) CEP has an affirmative answer;
(ii) T G2,3

⊗min T G2,3
= T G2,3 ⊗G2,3

;
(iii) C∗(G2,3)⊗min C

∗(G2,3) = C∗(G2,3)⊗max C
∗(G2,3).

Further, any of these conditions implies that Qqa(G2,3,G2,3) = Qqc(G2,3,G2,3).

Proof. (i)⇒(ii) follows from Theorem 8.3 and the fact that G2,3 is dilating.
(iii)⇒(i) We have C∗(G2,3) = C∗(Z2 ∗Z3). Thus, by the assumption, the C∗-algebra

C∗((Z2 ∗ Z3)× (Z2 ∗ Z3)) is RFD. By [25], CEP has an affirmative answer.
(ii)⇔(iii) By Proposition 6.7, C∗(G2,3) ⊗max C

∗(G2,3) = C∗(G2,3 ⊗G2,3). Thus, by
[30, Proposition 5.7] the equality T G2,3 ⊗min T G2,3 = T G2,3 ⊗G2,3 implies the equality
C∗(G2,3)⊗min C

∗(G2,3) = C∗(G2,3)⊗max C
∗(G2,3).

Remark 8.6. There exist a contextuality scenario G0 such that

Qqa(G0,G0) ̸= Qqc(G0,G0).

Indeed, using [25, Theorem 3.5], let G0 be a contextuality scenario that has only infinite-
dimensional representations. Since there are no finite-dimensional unital representations
of C∗(G0), there are also no finite-dimensional representations of C∗(G0) ⊗min C

∗(G0).
By Theorem 6.4, Qqa(G0,G0) = ∅ while, on the other hand, Qqc(G0,G0) ̸= ∅.

9. Summary and outlook

In this section we summarise the main contributions and indicate the limitations of our
framework. We develop an operator-system approach to contextuality scenarios, providing
a general setting that specialises to nonlocality. For any scenario G, the central objects
are the universal operator system SG, encoding POR’s, and the companion system T G ⊆
C∗(G), encoding precisely those POR’s that dilate to PR’s. Equivalently, a scenario is
dilating iff SG = T G. Unlike other cases (e.g. graph operator systems), SG is not a faithful
invariant of the underlying hypergraph.

After realising SG as a universal quotient, we show that the natural matrix-order
cones need not be proper (Fig. 3). We repair this by passing to the canonical normalisa-
tion/Archimedean quotient and by isolating a natural combinatorial class–uniformisable
scenarios–for which the quotient kernel is a null subspace and properness is guaranteed.
This quotient perspective also allows us to identify the dual as a function system, which
later plays a role in establishing the LLP for SG and its associated C∗-algebras.

We further demonstrate that not every scenario is dilating, which justifies the in-
troduction of SG. Already the trivial instance (Fig. 2) fails to dilate; the scenario G0

(Fig. 5) provides a structured obstruction, captured by a practical test for dilatability
(Proposition 4.14), and the quantum magic-square family yields additional robust coun-
terexamples (Corollary 4.11). The operator system T G, typically distinct from SG, is the
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canonical subsystem of C∗(G). The latter C∗-algebra is its C∗-envelope and can be re-
alised as a quotient of a free product of ℓ∞-spaces determined by the edge sizes. We note,
however, that a hypergraph analogue of Boca’s theorem cannot hold in full generality,
as it would imply dilatability for all scenarios. In light of these obstructions, we isolate a
natural class of dilatable scenarios (Fig. 4).

Beyond these structural considerations, we identify the maximal C∗-cover of SG via
a canonical TRO generated by G-stochastic operator matrices, characterise no-signalling
classes as states on suitable operator-system tensor products, and introduce coherent
models, which we classify through traces on the hypergraph C∗(G). These results yield
new reformulations of the Connes and Tsirelson problems within the hypergraph setting.

10. Questions

In this section, we collect several questions related to this work. In Corollary 6.6, we
showed that, if G and H are dilating contextuality scenarios then Q̃q(G,H) = Qq(G,H)

and Q̃qa(G,H) = Qqa(G,H). The quantum commuting case is outstanding:

Question 10.1. Let G and H be dilating contextuality scenarios. Is it true that Q̃qc(G,H)

= Qqc(G,H)?

Under the assumption that G and H are dilating, one can show that every element p
of Q̃qc(G,H) arises from a state on the commuting tensor product TG⊗c TH; on the other
hand, the elements of Qqc(G,H) arise, by Theorem 6.4, from the states on the enveloping
tensor product TG⊗e TH. Thus, an affirmative answer to the following question will imply
an affirmative answer to Question 10.1:

Question 10.2. Let G and H be contextuality scenarios. Is it true that T G ⊗c T H =

T G ⊗e T H? Does the equality hold when G and H are dilating?

We note that the equality in Question 10.2 is equivalent to the validity of a canonical
complete order inclusion T G ⊗c T H ⊆ C∗(G)⊗max C

∗(H).

Question 10.3. (i) Is it true that CEP implies (and is hence equivalent to) the equality
Qqa(G,G) = Qqc(G,G) for all contextuality scenarios G?

(ii) Is it true that CEP implies the equality Qc
qa(G,G) = Qc

qc(G,G) for all contextu-
ality scenarios G?

We note that if Question 10.3(i) has an affirmative answer then the scenario in Re-
mark 8.6 would witness the negative answer to the CEP. We also point out that Ques-
tion 10.3(ii) is a hypergraph version of the problem of whether an inequality between
the classes of quantum commuting and quantum approximate bisynchronous correlations
witnesses the negative answer to CEP [42].

Question 10.4. Is it true that C∗(G) has LLP and that T G has OSLLP?

We note that an affirmative answer to Question 10.4 implies an affirmative answer to
Question 10.3. Indeed, if CEP holds true then the LLP of the C∗-algebra C∗(G) implies



48 M. Anoussis, A. Chatzinikolaou and I. G. Todorov

the equality C∗(G) ⊗min C
∗(G) = C∗(G) ⊗max C

∗(G), and by Theorem 6.4 we deduce
that Qqa(G,G) = Qqc(G,G).

The next question is of combinatorial nature; indeed, we were only able to explicitly
identify the dual of the operator system SG in case the hypergraph G is uniform. Note
that the question is related to the problem of whether the subspace JG is in fact an
operator system kernel (see Section 3).

Question 10.5. Can one provide an explicit identification of the dual Sd
G of SG in the

case where G is not uniform? Is the subspace JG always a kernel?

While we have a sufficiently concrete description of the maximal C∗-cover of the
operator system SG (see Section 5), we do not know what its C∗-envelope looks like,
except in the cases of dilating scenarios G (when it coincides with C∗(G)):

Question 10.6. Can C∗
e (SG) be explicitly identified?

A satisfactory answer to Question 10.6 will lead to more economical descriptions of
no-signalling probabilistic models and would allow the addition of new equivalences of
CEP in Theorem 8.3.

It would be of interest to provide classes of examples of both dilating and non-dilating
contextuality scenarios. As a test question, we mention the following:

Question 10.7. Is the Kochen–Specker scenario GKS dilating?

An affirmative answer to Question 10.7 would imply an affirmative answer to the
question, posed in [1], of whether all probabilistic models of the Kochen–Specker scenario
are quantum.
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