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Abstract

We introduce an operator system, universal for the probabilistic models of a contextuality sce-
nario, and identify its maximal C*-cover via the right C*-algebra of a canonical ternary ring of
operators, arising from a hypergraph version of stochastic operator matrices. We study dilat-
ing contextuality scenarios, which have the property that each positive operator representation
thereof admits a dilation to a projective representation on a larger Hilbert space, and characterise
them via the equality of the aforementioned universal operator system and the operator system
arising from the canonical generators of the respective hypergraph C*-algebra. We characterise
the no-signalling probabilistic models over a pair of contextuality scenarios of different types,
which arise from either the positive operator representations or from the projective representa-
tions of these scenarios, in terms of states on operator system tensor products. Generalising the
notion of a synchronous no-signalling correlation to the hypergraph framework, we define coher-
ent probabilistic models associated with a given contextuality scenario and characterise various
classes thereof via different types of traces of the hypergraph C*-algebra, associated with the
scenario. We establish several equivalent formulations of the Connes Embedding Problem in
terms of no-signalling probabilistic models and hypergraph operator systems.
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1. Introduction

The interactions between operator algebras and quantum information theory have in
the past decade undergone a phase of vibrant development. Arguably the most striking
examples in this respect are the proof of the equivalence [24], 28] [40] between the Connes
Embedding Problem in von Neumann algebra theory [I6] and the Tsirelson Problem in
quantum physics [49], and the resolution of these problems (in the negative) in [27]. At
the core of the aforementioned equivalence is Kirchberg’s reformulation of the Connes
Embedding Problem in terms of the equality between tensor products of free group C*-
algebras [33] and a hierarchy of classes of no-signalling correlations whose prototype is
the fundamental Bell Theorem on non-locality [6].

More specifically, the correlated behaviour of two parties participating in a quantum
mechanical experiment may be governed, depending on the resources they use, by several
main, successively coarser, correlation types; this hierarchy is mathematically captured
by a chain of inclusions of classes of conditional probability distributions,

Cloc - Cq c an - ch - Cns~ (11)

Here, the class Cjo. corresponds to the use of classical physical resources (determinism
and shared randomness), Cq to finite-dimensional entanglement, Cq, to liminal entan-
glement (in that the class Cga is the closure of the class Cq), Cqc to the employment
of the commuting operator model of quantum mechanics, while Cy5 is the most general
class, corresponding to generalised probabilistic theories. Strict inclusions occur at all
points of the hierarchy — the inequality Cioc 7# Cq is a reformulation of Bell’s The-
orem [0], Cq # Cqa is due to the work of Slofstra [47] (see also [20] [38]), Cqa # Cqc is
due to the aforementioned groundbreaking work [27], while the last inequality, Cyc # Cus,
is due to Tsirelson (see [49, 2I]). The operator algebraic approach to the study of the
hierarchy consists in the description of the elements of each one of its terms via
states on tensor products of C*-algebras [24] and operator systems [36], or via traces on
C*-algebras [43] [32].

Non-locality in quantum mechanics is often considered along with another of its fun-
damental features, contextuality. Although formally non-locality can be expressed as a
special case of contextuality, the latter is usually studied in parallel with the former,
and resides in the impossibility to make coherent assignments for outcomes of quantum
mechanical experiments, independently of the utilised measurement devices, often mod-
elled by sets of projective measurements. The latter viewpoint is used in [I], where the
notion of a contertuality scenario is introduced; mathematically, this concept amounts to
a hypergraph, whose vertices represent possible outcomes of an experiment, and whose
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6 M. Anoussis, A. Chatzinikolaou and I. G. Todorov

hyperedges represent sets of outcomes that can be measured simultaneously. The prod-
ucts of contextuality scenarios with mutually disjoint edges assumed to have the same
cardinality (called Bell scenarios in [I]) lead to the hierarchy (1.1), as positive operator
valued measures (POVM’s) can be simultaneously dilated to projection-valued measures.

However, not all contextuality scenarios enjoy such a dilatability property. Indeed, it
was proved in [I9] that (finite-dimensionally acting) quantum magic squares do not nec-
essarily dilate to finite-dimensional quantum permutation matrices, and the argument is
extendable (as we show herein), allowing to conclude that a dilation in infinite dimensions
does not either always exist. Thus, while sufficient for Bell scenarios, projective repre-
sentations of contextuality scenarios (that is, coherent projective measurements of the
simultaneously measurable outcomes) do not capture the interplay between non-locality
and contextuality in its full generality.

This is the starting point of the current investigation. Along with projective rep-
resentations (PR’s) of contextuality scenarios, studied in [I], here we consider positive
operator representations (POR’s), that is, collections of positive operators acting on a
Hilbert space, which define a POVM over every edge of the underlying hypergraph. (We
note that connections of POR’s with convex polytopes were recently explored in [g].)
Given a non-trivial contextuality scenario G, we construct an operator system Sg with
the (universal) property that the unital completely positive maps from Sg correspond
precisely to POR’s of G. We further identify an operator system 7g (as an operator
subsystem of the hypergraph C*-algebra C*(G) associated to G [1]) with the (universal)
property that the unital completely positive maps from Sg correspond precisely to POR’s
of G that can be dilated to PR’s of G. This allows us to equivalently express the property
that every POR of a contextuality scenario can be dilated to a PR via the equality be-
tween Sg and 7¢ in the operator system category (such contextuality scenarios are called
dilating herein).

The operator system 7Tg lives inside a natural C*-cover, namely C*(G); we show
that C*(G) is in fact the C*-envelope of 7g. In contrast, the operator system Sg is
not a priori given as an operator subsystem of a C*-algebra. We construct explicitly its
universal (also known as maximal) C*-cover, showing that it is *-isomorphic to the right
C*-algebra of a ternary ring of operators generated by G-stochastic operator matrices.
The latter notion is a generalisation of stochastic and bistochastic operator matrices,
studied in [48] and [10], respectively. The identification of the C*-envelope of Sg, in the
cases where G is not dilating, remains an open question.

A natural contextuality scenario counterpart of the notion of a no-signalling correla-
tion was introduced in [I]; for Bell scenarios, no-signalling in the contextuality paradigm
reduces to the classical concept. The existence of non-dilating contextuality scenarios
leads to the necessity to consider (at least) two versions of the hierarchy , in which
correlations are defined using PR’s or POR’s, respectively, uncovering a new level of gen-
erality that allows to study non-locality and contextuality within the same setup. We
characterise the main types of no-signalling correlations via states on tensor products of
the operator systems of the form Sg (resp. 7). These results extend to the contextuality
paradigm the operator representation results for the correlation types established
in [44] and [36].
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An important source of motivation for the study of no-signalling correlations and the
associated hierarchy is their connection with non-local games. These are cooperative
games, played by two players against a verifier, under the condition that no communica-
tion takes places between the players and they are limited to the use of physical resources
of certain chosen type. Synchronous games, whose study was initiated in [43], are char-
acterised by the requirement that the players’ outputs should be perfectly correlated,
provided that the inputs are so. The latter class of games include a plethora of important
examples, such as graph homomorphism/isomorphism games [37, B] and linear binary
constraint system games [32]. Its associated perfect strategies are synchronous correla-
tions [43]. We define the notion of a coherent no-signalling probabilistic model over a
given contextuality scenario G, which reduces to the notion of a synchronous correlation
in the case where G is a Bell scenario. One of the cornerstone operator algebraic result
in non-local game theory is the expression of synchronous correlations in terms of traces
of a canonical group C*-algebra [43]. We provide a contextuality scenario version of this
result, showing that coherent correlations of quantum commuting type over G (that is,
the hypergraph counterpart of the term Cgy. in the correlation chain ) correspond to
traces on the hypergraph C*-algebra C*(G). Similarly to the Bell scenario case, the ap-
proximate quantum type (the analogue of the class Cqa) is described by amenable traces
of the C*-algebra C*(G).

Finally, we provide new equivalences of the Connes Embedding and the Tsirelson
Problems in the setup of no-signalling probabilistic models over general contextuality
scenarios. These results inscribe in a more general effort to identify an operator theoretic
approach to the latter problems, in light of the fact that the proof available currently [27]
relies on complexity theory methods. We show that the Connes Embedding Problem is
equivalent to the equality of appropriate tensor products between the operator systems
of the form Sg and Tg, as well as to the equality between the classes of quantum ap-
proximate and quantum commuting probabilistic models over general hypergraphs. This
substantially enlarges the pool of tentative counterexamples, reducing the solution of
the problem to the identification of a single hypergraph with distinct quantum approxi-
mate and quantum commuting correlation classes (in either the positive operator or the
projective framework).

We now describe the organisation of the paper in more detail. After collecting some
necessary preliminaries in Section [2] in Section [3] we define and examine the universal
operator system Sg of general probabilistic models of a (non-trivial) contextuality sce-
nario G. The operator system Sg is constructed as a quotient of a finite-dimensional
abelian C*-algebra; this allows the identification of its dual operator system as a matri-
cial operator system if the underlying hypergraph is uniform. The description of Sg is
made concrete in the case the underlying hypergraph is uniformisable, in that the kernel
with respect to which the quotient is taken is described explicitly as a subspace with
canonical generators (see Proposition . The universal operator systems 7g (resp. Rg)
of quantum (respectively classical) probabilistic models of G are also defined, and the
equality between different classes of probabilistic models of G is characterised via the
equality of different operator system structures on the linear space, underlying all three
operator systems Sg, Tg and Rg (Theorem [3.20)).
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In Section [4] we examine the property of a contextuality scenario being dilating. We
show that the scenario giving rise to quantum magic squares [19] is not dilating and
exhibit both necessary and sufficient conditions for dilatability. This allows us to realise,
in a particular special case, the operator system Sg as a modular co-product in the sense
of [T4]. A further, C*-algebraic, characterisation of dilating contextuality scenarios is
given in Section [5| (see Corollary , after examining stochastic operator matrices rela-
tive to a hypergraph, and their universal ternary rings of operators. The latter operator
matrices reduce to stochastic operator matrices in the sense of [48] when the hypergraph
is a Bell scenario, and to bistochastic operator matrices [I0] in the case of magic square
hypergraphs; in these two cases, they lie at the base of the quantum analogues of the
correlation chain studied in [48] and [I0].

In Section [f] we examine no-signalling probabilistic models, defined over a given pair
of contextuality scenarios. We distinguish probabilistic models arising from employing
projective or general positive operator representations. We show that in the case where
the contextuality scenario is dilating, these two paradigms lead to the same probabilistic
models of quantum and approximately quantum types. The main results in this section
are the operator algebraic characterisations, contained in Theorems [6.2] [6.3] and [6.4]

In Section [7] we define coherent probabilistic models, and provide a tracial character-
isation of the quantum commuting, the approximately quantum, the quantum and the
local class in terms of traces on the hypergraph C*-algebra of different kind. Finally, Sec-
tion[§]is dedicated to the aforementioned equivalences of the Connes Embedding Problem
in terms of contextuality scenarios and their probabilistc models.

We finish this section with setting basic notation. For a Hilbert space H, denote by
B(H) the C*-algebra of all bounded linear operators on H. We write B(H)" for the
cone of positive operators in B(H), denote by I3 the identity operator on H, and write
I = I3; when H is understood from the context. We write 7 () for the ideal of trace class
operators on H, and T (H)" for its canonical positive cone. We use (-, ) to denote both
the inner product of a Hilbert space (assumed to be linear in the first variable) and the
duality between B(H) and T (), arising from the canonical identification 7 (H)* = B(H)
in the Banach space sense. If £, € H, we let £én* be the rank one operator given by
En*)(Q) = (¢, m)§. We let M, ,,, denote the space of all n by m complex matrices, and
write M,, = M, ,. Making the natural identification M, = B(C"), we write I,, = Icn.
For A € M,,, we let Tr(A) be the (non-normalised) trace of A. If V is a finite set, we set
cV =clVl,RY =RVl and My = My, and let (;),ev the canonical orthonormal basis
of CV; thus, (0,6%)s. is the canonical matrix unit system in My. We denote by X9 the
dual of a normed space X; in case X' is an operator system, X9 is equipped with the
canonical dual matrix ordering.

2. Preliminaries
A hypergraph is a pair G = (V, E), where V is a finite set and F is a non-empty set

of subsets of V. The elements of V are called vertices and the elements of E, hyper-
edges (or simply edges). A conteztuality scenario [1] is a hypergraph G = (V, E) such
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Fig. 1. A scenario without a probabilistic model [I]

that | J,.pe = V. Given a contextuality scenario G = (V, E), its vertices will be called
outcomes and its edges — measurements.
Let G = (V, E) be a contextuality scenario. A probabilistic model of G is an assignment
p:V —[0,1] such that
Zp(x) =1 foreveryecE.
TEe
The set of all probabilistic models of G will be denoted by G(G). Note that not every
contextuality scenario admits a probabilistic model (see Figure . So, G(G) is a convex,
possibly empty, subset of RY.
A contextuality scenario that admits a probabilistic model will be called non-trivial;
all contextuality scenarios in the paper will be assumed to be non-trivial. Let G = (V, E)
be a contextuality scenario. A positive operator representation (POR) of G on a Hilbert
space H is a collection (Ay)zey € B(H)T such that

ZAQU =1y foreveryee E.

xrEe
A POR of G will be called a projective representation (PR) if A, is a projection for
every x € V, finite-dimensional if H is finite-dimensional, and classical if A, A, = A, A,
z,y €V.

We note that any probabilistic model on a contextuality scenario G is a POR on the
one dimensional Hilbert space C. Conversely, if H is a Hilbert space, (4;).cv is a POR
of G and ¢ € H is a unit vector, then the assignment p(z) = (A9, ¢), x € V, is a
probabilistic model of G.

Let (A;)zev and (B;)zev be POR’s of the contextuality scenario G = (V, E), acting
on Hilbert spaces H and K, respectively. We say that (B, ).cv is a dilation of (Az)zex
if there exists an isometry V : H — K such that A, = V*B,V for all z € V. A POR
(Ay)zev of G is called dilatable if it admits a dilation to a PR of G. We note that there
exist contextuality scenarios that admit a POR but not a PR. An example is furnished
by the contextuality scenario G; on Figure [2} given a Hilbert space H, the scenario G;
admits a unique POR (4;)?_, on H, given by A; = Ay = A3 = 11, In particular, none
of the POR’s of G; admits a dilation to a PR.
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Fig. 2. A scenario G; with no projective representation [I]

Let G = (V, E) be a contextuality scenario. A probabilistic model p € G(G) is called
determianistic if p(z) € {0,1} for every x € V', and classical if it is a convex combination
of deterministic models, that is, if there exist an integer k > 0, deterministic models p;
and scalars \; € [0,1], ¢ € [£], such that Zle A =1 and

k
pa) =" Nipi(x), w€V.
i=1

We denote the set of all classical probabilistic models of G, by C(G), and note that it is a
convex polytope. An application of Carathéodory’s Theorem shows that C(G) is closed.

A probabilistic model p of the contextuality scenario G = (V, E) is called quantum
if there exists a Hilbert space H, a PR (P,)sev of G on a Hilbert space H and a unit
vector 1 € H such that

p(x) = <Pz1/),1/)>a zeV.

The set of all quantum models on G is denoted by Q(G). We note that the elements
of Q(G) can equivalently be defined using an arbitrary normal state instead of a vector
state, that is, letting p(x) = (Py,w), where w € T(H)™ has trace one; this follows from
considering the purification of w in the Hilbert space H ® ¢2.

By [1l Proposition 5.1.2], Q(G) is convex; we have the inclusions

C(G) C Q(G) C G(G). (2.1)

The first inclusion in can be strict; indeed, by a reformulation of the Kochen—
Specker Theorem in the context of hypergraphs [13, 12, [I], there exists a contextuality
scenario G g such that C(Ggxg) = 0, while Q(Ggg) # 0. We note that it is not known if
9Q(Gks) = G(Gks) and, more generally, if there exists a contextuality scenario G such
that C(G) = 0 while Q(G) = G(G) # 0. Further, a contextuality scenario for which the
second inclusion in is strict is displayed in Figure 2] where Q(G1) = 0, while G(G1)
is a singleton.

We recall some basic facts and notions related to operator systems, and refer the
reader to [41] for details. An operator space is a subspace S C B(H) for some Hilbert
space H. We let M,,(S) be the subspace of all n by n matrices with entries in S; we note
that M, (S) can be viewed as a subspace of B(H") identifying M,,(B(H)) with B(H"). If S
and 7 are operator spaces and ¢ : S — T is a linear map, we let ¢ : M, (S) — M, (T)
be the (linear) map, given by ¢™ ([a; ;i.;) = [¢(ai;)]i;- A (concrete) operator system is
an operator space S C B(H) such that I; € S and A € § = A* € S. Every operator
system S is an abstract operator system in the sense that (a) S is a linear *-space;
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(b) the real vector space M,(S)y of all hermitian elements in the *-space M,(S) of
all n by n matrices with entries in S is equipped with a proper cone M,(S)" in that
M, (S)t N (=M,(S)") = {0}, n € N, and (c) the family (M, (S)")nen is a matriz
ordering in that T* M, (S)*T C M,,(S)" for all n,m € N and all T € M,,,,, which
admits an Archimedean order unit. If S and T are abstract operator systems, a linear map
¢ : S — T is called positive if ¢(ST) C T+, completely positive if (" is positive for every
n € N, unital if ¢(I) = I, and a complete order isomorphism if ¢ is completely positive,
bijective, and its inverse ¢! is completely positive. By virtue of the Choi-Effros Theorem
[41, Theorem 13.1], every abstract operator system is completely order isomorphic to an
operator system. A state of an operator system S is a positive unital linear functional;
we denote by S(S) the (convex) set of all states of S. By [I5, Corollary 4.5], if S is
a finite-dimensional operator system then its (matrix ordered) dual S¢ is an operator
system.

Recall that a C*-cover of an operator system S is a pair (A, ¢), where A is a unital C*-
algebra and ¢ : § — A is a unital complete order isomorphism such that ¢(S) generates A
as a C*-algebra. The C*-envelope (CZ(S), to) of S is the C*-cover with the property that
if (A,¢) is a C*-cover of S then there exists a *-epimorphism 7 : A — CZ(S) such that
T oL =L (see e.g. [41, Chapter 15]).

A kernel [3I] of an operator system § is a subspace J C S of the form J = ker(¢)
for some completely positive map ¢ defined on S; a subspace J C S is a kernel if and
only if there exists a family {f,}aca of states of S such that J = Ngea ker(fy) [B1L
Proposition 3.1]. If J is a kernel in S, the linear quotient S/ J admits a natural operator
system structure [3I] with the (universal) property that, for every operator system 7 and
every completely positive map ¢ : § — T with J C ker(¢), the naturally induced map
é :§/J — T is completely positive.

Let & be an operator system. Given a linear subspace J C S, we define its kernel
cover J by letting

J = ﬂ {ker(¢) : ¢ a state of S with J C ker(¢)}.

By [31], Proposition 3.1|, J is a kernel in S. We will denote by g7 the canonical quotient
map from an operator system S onto its quotient §/J. The following statement will be
used in Section [3

PROPOSITION 2.1. Let S be an operator system, J C S be a linear subspace and J be its
kernel cover. If J # S, then §/J is the unique, up to a complete order isomorphism,
operator system such that, whenever T is an operator system and ¢ : S — T is a unital
completely positive map with J C ker(¢) then there exists a unital completely positive

map v : S)/T — T such that ¢p(a) = ¥(q7(a)), a € S.

Proof. Set §=8 /J . We first show that S has the stated universal property. Suppose that
T is an operator system and ¢ : S — T is a completely positive map with J C ker(¢).
We show that J C ker(¢). Let x € J. In order to show that ¢(x) = 0, it suffices to
show that t(¢(z)) = 0 for every state t : T — C; indeed, since every #' € T4 is a linear
combination of four states, this would imply that ¢'(¢(z)) = 0 for every ¢’ € T¢, and
hence that ¢(x) = 0. Let, therefore, ¢ € S(T). Then t o ¢ is a positive functional on S
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that annihilates J. Thus (t o ¢)(z) = 0 as desired. Now the universal property of the
quotient [3T] implies that there exists a (unique) completely positive map ¢ : S — T
such that ¢(a) = (g7 (a)), a € S.

Suppose that R is a quotient operator system of S, with a corresponding quotient
map qr whose kernel contains J, such that if ¢ : S — 7T is a completely positive map
with J C ker(¢) then there exists a completely positive map ¢ : R — T such that
#(a) = P(gr(a)), a € S. Taking T = S, we obtain a unital completely positive map
¥ : R = S such that gr(a) = ¥(gs(a)), a € S. On the other hand, taking 7 = R,
by the previous paragraph, there exists a unital completely positive map 6 : S—> R
such that ¢7(a) = 0(gr(a)), a € S. It is now clear that 6 is a (unital) complete order
isomorphism. m

3. Operator systems from hypergraphs

In this section, we introduce operator systems, universal for the different types of opera-
tor representations of a contextuality scenario in that the latter correspond precisely to
the unital completely positive maps defined on them. This allows us to express properties
such as dilatability in terms of operator system equalities. The results will be used sub-
sequently to provide operator representations of no-signalling correlations over product
contextuality scenarios.

3.1. The universal operator system of a positive operator representation. We
fix a contextuality scenario G = (V, E), and we write E = {ej,...,eq}. For each e € E,
we denote by £2° a copy of £, and set

el
S=L2@ B,

For x € V, we denote by d5 the element of ¢2° whose z-th entry is 1, and the remaining
entries are zero. For 4, j € [d] with ¢ < j, and = € e; Ne;, we set

;1606 - a0ala0a - &0

d terms

where the entry —1 occupies the j-th coordinate, and

2 =00 0BT DB 0D -0 B0D-- B0,

d terms

where the term 6 (resp. —dy’) is at the i-th (resp. j-th) coordinate. Define
J :=span{ay, By i,j €[d], i < jand v € e; Nej} (3.1)

and set
J={ueS:(pu)y=0, pegG(G)}

<p7 u> = Z Zp(x)uia U= @ (ui)mee-

ecE x€e eck

where
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Let also

Lo ={(\eee, @+ & O\aec, 3 Mo = DN

xree; xrEe;

and \. = X for all z € e;Nej, i,j € [d]}, (3.2)

viewed as a selfadjont subspace of S. It is straightforward to check that J' = Lg.
Thus, if f: S — C is a positive functional that annihilates J then f € EE . It follows
that f annihilates 7, and hence J coincides with the kernel cover of J in the sense of

Proposition Set Sg =S/J.

REMARK 3.1. If the hyperedges of G are mutually disjoint then no elements of the
form 7 appear on the right hand side of . It follows [22] that J is a kernel in S and
that the quotient Sg coincides with the coproduct £27 @1 €25 @1 - - - D1 £2; of the operator
systems £2°, 02 ... (> ag defined in [22].

er’r ez’ yveq

REMARK 3.2. We will shortly exhibit examples of contextuality scenarios G, for which
the subspace J is a null subspace [30], that is, it does not contain non-zero positive
elements. In this case, J is a completely proximinal kernel [3I]; in particular, Sg =S/ J
completely order isomorphically and

Mn(S/j)+ = {[uw- + j} € Mn(S/j) = /{ii,j € J with [uw- + k‘i,j] S Mn(8)+}

Let G = (V, E) be a contextuality scenario. For e € E, let . : (g° — ©repl{ be the
natural embedding and, recalling that ¢ : S — S/ J is the quotient map, let i, : e — S
be the map given by

ie(u) = |E|(qote)(u), ueLlr. (3.3)

To ease the notation, we set

a; :=1.(0%), xz €V,

and note that a, only depends on 2z € V and not on e € E. We see that Sg = span{a, :
x € V}. The next statement shows that Sg is the universal operator system for positive
operator representations of G.

THEOREM 3.3. Let G = (V,E) be a non-trivial contextuality scenario. If ® : Sg —
B(H) is a unital completely positive map then (®(az))zev is a POR of G. Conversely,
if (Az)zev C B(H) is a POR of G then there exists a unique unital completely positive
map ® : S¢ — B(H) such that ®(a,) = Ay, z € V.

Suppose that R is an operator system and re : £2° — R are unital completely positive
maps, e € E, with the property that for every POR (A,).cv of G there exists a unique
unital completely positive map ¥ : R — B(H) with ¥(r.(85)) = Ay, @ € V. Then there
exists a unital complete order isomorphism 0 : R — Sg such that 6 or, =i., e € E.

Proof. The first statement follows from the fact that a, € Sg ,veViand ) o oa, =1,
e € E. Let (Az)zev C B(H) be a positive operator representation of G. For each e € E,
the family (A;)zee is @ POVM, and hence the linear map ¢, : £° — B(H), given by
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¢c(0%) = A,, is unital and completely positive. Define &g : S — B(H) by letting

Do ((ue)ecr) = |fll S o), ()ecn €S,
eckE

and note that ®( is unital, completely positive, and J C ker &;,. We see that J C

ker ®4; hence, by Proposition there exist a unique unital completely positive map P :

S/ J — B(H) such that ®((ue)eep+T) = o ((te)ecr). Note that ®(a,) = de(65) = A,,

zeV.

Let R and re, e € FE, be as stated. Without loss of generality, assume that Sg C B(H)
for some Hilbert space H. As (a;).cy is a positive operator representation of G, there
exists a unital completely positive map 6 : R — Sg such that U(r.(05)) = az, x € V.
Swapping the roles of R and Sg and using the universal property of Sg established in
the previous paragraphs, we deduce that there exists a unital completely positive map
® : S¢g — R such that ®(a;) = r.(d%), z € e. Finally, note that (0 o ®)(a;) = a, and
(®o0)(re(d8)) =re(02) for all x € e, e € E. By uniqueness, $of = idg and §o ® = ids,.
It follows that 6 is a unital complete order isomorphism. m

Our next aim is to provide a concrete description of the matricial order structure of
the operator system Sg. We make the identification M, (P,c 5 ) = Pecr Prce Mn,
so that an element u € M, (P, . ) is written as u = @, x(us)zece, Where ug € M,
e € E, z € e. To ease notation, we will often write ui = uS, i € [d]. We call an element
B.cr(us)ace of My (B.cp ) consistent if ué = ul whenever e, f € E and z € eN f.

For T € M}, let
L,(T) = {A = @ (A2)gee : A >0, A is consistent and ZAi =T,ee€ E},

eclE TE€E
and set L, = Upcp+ L£n(T), considered as a subset of the direct sum P . D, c. Mn-
An element A € £,, gives rise to a map (denoted in the same way) A : V — M, given
by A(z) = AS, for x € e; we thus have an identification between L, (I) and the set of all
POR’s of G on the Hilbert space C". For A € £,, and u € M, (P, . £), let
(Au) = > Tr(ug(A)");
ecE xz€e

we thus further view A as a linear functional (denoted in the same way) on M, (P, 5 £°)-
Note that if A € £,,(T), then

(A T) =) "> Tr(AS) =Y Te(T) = dTe(T);

ecE xce ecE
thus, if A € £,(1,,) then A is a state on M, (D, (). We have
£(1) = 6(G), (3.4)

and that, if p € £; and u = P 5(u)ree € S, then

(pouy =Y plx)us.

ecE xz€e

We note the canonical identification M, (S /J) = M, (S)/M,(J), which will be used
in the sequel. Since J is a selfadjoint subspace of S, the involution on § induces an
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involution on &/ J which, in turn, induces a canonical involution on the real vector
space M, (S / J)n of hermitian elements of M, (S /7).

PROPOSITION 3.4. Let G = (V, E) be a contextuality scenario and
Cp ={u+ M, (T) e M,(S/T)n:{Au)y>0,AeL,}, neN.

Then the family (Cp,)nen s a matriz ordering for the *-vector space S | J with Archimed-
ean matrixz order unit 1 + 7.

Proof. Let T € M, and A € L, (T), and note that A = @5 P, . A, where A =
[AS(4,5)17 j=1 € M, Since 37 . A5 =T, e € E, we have

ZAG i,j) = (Tej,e;), 1i,j€[n],ecE. (3.5)
TEe
Write A = [A(i,))]7j=1 € Mn(Decp (), where A(i, j) = Decp (AL(6: 7)) pee
Let v = [v(i, )]} ;21 € Mn(J), where v(i, j) = D cp(v5(5,5))zee € T. We have

V) = DO NG G), v 0) = DD Y Y AL 4)S (i, ). (3.6)
i=1 j=1 i=1 j=1ecFE z€e

We claim that (A, W) = 0 whenever W € M,,(J). Writing W = [w; ;]',_, we see that it
suffices to verify that (A(Z,j),w) = 0 for each of the generators w € J and all 4,5 € [n].
Let p,q € [d] with p # ¢ and w = @4 — ay; thus, w has the element 1 in the direct
summand corresponding to e, € E, the element —1 corresponding to e, € E, and zeros
anywhere else. Setting e/ = e, and €’/ = e,, we find that w¢ =1 for all z € ¢/, w¢ = —1
for all x € €”, while wé =0 for all e & {¢/,¢"}. By and (3.6)),

= Y AL G )wE + Y AL (6w

x€e’ x€e!
= Z Ai’ (7’7.7) - Z A; (17]) =0.
xce’ xce
Further, if w = 8y, where y € ¢’ N e”, then, by the definition of £,,, we have
wy =Y AL (L gws + Y AL (s = AL (i,5) — AL (i, 5) = 0.
rce’ x€e’

Hence £,, annihilates every element of M, (J), in other words, 0 + M, (J) € C,, n € N.

It is clear that C,, is a cone for each n € N. We claim that the family (Cy)nen is
compatible. Let a € M,, y, u+ M, (J) € Cy, and A € L,,(T); then a**Aa* € L,,(a**Ta")
and hence (A, a*ua) = (a**Aa®,u) > 0.

Finally, we check that 1 4+ J is an Archimedean matrix order unit for the family
(Crn)nen. Let [u; j + TI7 2y € Myu(S /T )n, and set u = [u; 4]7;—y € M, (S). Since I,, ® 1
is an order unit for M, (S), there exists an r > 0 such that r(I, ® 1) —u > 0. So,

r(In @ (14 J)) = [uij + T = (r(In @ 1) + M (T)) = (u+ Mn(T))
=(r(ln®1) —u) + Mp(J) € Cy,
since M, (S)T + M, (J) C C,,. Thus 1 + 7 is a matrix order unit. Suppose that

(rlp @) +uw)+ M, (J)=r(L, @A+ 7))+ [u; + T €Cp forallr>0;
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this implies
rTe(T) + (Au) = (A r(L, ®1) +u) 20, A€ Ly(T), T €My, r>0.

We conclude that (A,u) > 0 for every A € L,,, that is, u + M,,(J) € C,, and thus the
unit is Archimedean. =

By Proposition if the cones C,, are proper, that is, if C,, N =C,, = {0}, n € N,
then (S/J,(Cp)nen, 1+ J) is an operator system. However, as we will see this is not
always the case; thus, in order to obtain a canonical operator system from the matrix
ordering (C),)nen, we define N := C; N —C1, and set

Cr = {(uij + N) € Mu((S/ T)/N) : [ui] € Cn}.

By [2, Proposition 4.4.], the quotient Sg of S/J by N is an operator system, when
equipped with the induced cones {C,, },,. The next proposition provides a more straight-
forward description of Sg.

PROPOSITION 3.5. Let G = (V,E) be a contextuality scenario. Then Sg = Sg, up to a
canonical complete order isomorphism.

Proof. We show that Sg satisfies the universal property of Sg. Let (Az)zev C B(H) be
a POR of G, and let ¢, : £2° — B(#H) be the unital completely positive maps given by
¢e(0S) = A, x € e, e € E. Define the map <I>0 : S — B(H) by letting

cI)O((“e eEE |E‘ Z(be ue
eeE
and note that J C ker®y. Let ®; : §/J — B(H) be the induced map given by
Q1 (u+J) = Po(u), u€S.

We claim that A C ker ®;. Indeed, let u+J € N, thatis, u+J € C; and u+J € —C4.
This implies that (p,u) = 0 for all p € £;. We will show that UETI Y ecr Pe(ue) = 0. Let
s : B(H) — C be a state; then the states so ¢, : £° — C, e € E, form a compatible
family in the sense that if z € e N € for some e, e’ € E then (s 0 ¢.)(62) = (s 0 ¢c)(6 ).
Hence, p := @, . (50 ¢e(05))zce defines an element in £; and thus

(i Zee0) = g S oo = =0

ecE ecE

and since s was arbitrary, we conclude that N' C ker ®;.

Let @ : Sg — B(H) be the map given by ®((u+.J)+N) = ®o(u). Note that ® is unital;
we will show that it is completely positive. For an element [u; ; + J1i.j + M (N) € Cy,
we can ensure that [u; ; +7);; € C,, which implies that (A, [u; ;]) > 0 for all A € £,,. We
will show that [®g(u; ;)] € M,(B(H))*", equivalently that f([®o(u;;)]i,;) > 0 for every
state f on M, (B(H)). Pick such a state f and write the element u = [u; ;]; ; € M, (S) as
u=P,cpD,c.lus(i, 7)), using the identification M, (P, cple°) = Pocr Poce Mn-

Then
[@0(7%,] i — | ZZ Z ] ¢e }2 7

ecE xz€e
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L2

Fig. 3. A contextuality scenario for which the cones in Proposition are not proper

equivalently,

ol ey = | oy 3 el = o 3o ([0
eck v ecE
where ue(?,7) = (uS(4,7))wee. Let fi;j : B(H) — C be the map given by f; ;(T) =
flei; @ T) (here {e;;}7;_; is the canonical matrix unit system in M,). We note that
fo ¢>§”> : M, (£°) — C are compatible states that give rise to an element A = (A;)zev
€ L,, where A, = [f; j(Az)]i ;- Thus,

(f o 5" )(u) = ﬁ S (F 0 ) (e (i )i ) = (Ayu) > 0.

ecE

The proof is complete. m

Now we demostrate a hypergraph for which the cones C; introduced in Proposition
are not proper, equivalently the subspace J defined in (3.1)) is not a kernel.

ExXAMPLE 3.6. Let G = (V, E) be the hypergraph in Figure [3| with V' = {z1, 22, x3,
xz4,25} and E = {e1,e9,e3,e4} for e; = {x1, 22}, €2 = {x9,23}, e3 = {21,220, 23}, €4 =
{z2, x4, z5}. We note that this scenario has a unique probabilistic model, namely p € G(G)
with p(ze) =1 and p(x;) = 0 for all ¢ # 2. Pick the vector u = @?:1(11;3 )z,ev € S that
has u3* = 1 and zero elsewhere. Then (p,u) = 0 for all models p (there is only one), and
thus for all elements of £1. Thus u € C1 N —C}. Note however that u ¢ J because if not,
then u would be a linear combination of the elements «; and 3; as in and only ey
contains 4, r5. This means that u5* = ug in this decomposition yielding a contradiction.
REMARK 3.7. As a composition of completely positive maps, the maps i, defined in (3.3
are completely positive. Note also that i. is unital. The maps i, may however fail to
be (complete) order embeddings. Consider the contextuality scenario G; = (V| E) of
Figure that is, V = {x1, 29,23} and E = {e, e, e3} with e; = {z1, 22}, ea = {@9, 23}
and e3 = {x1,z3}. It can be easily shown that the space J defined in is a null
subspace, and so Sg, = £ © L DL/ T. Let u = (_21 ), considered as an element of

£ then
e, () = 3 (_21> & (8) ® (8) L 7.

ey’
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If p € G(Gy) is the (only) probabilistic model of Gy, that is, p(z;) = 3, i = 1,2, 3, then
1 1 3
] =3.-. (=)= = >
<p’261(u)> 3 2 2+3 2 ( 1) 2 - 07
which implies (see corollary that f(ie, (u)) > 0 for every state f of Sg,. Hence
ie,(u) € (§/J)". Nevertheless, u is not a positive element in £2°. Thus, the spaces £2°
cannot in general be canonically identified with operator subsystems of Sg.

In the rest of this section, we will require some standard notions from hypergraph
theory. If r € N, we say that a hypergraph G = (V, E) is r-uniform is every edge
contains precisely r vertices and wniform if it is r-uniform for some r € N. (We note
that the Kochen—Specker scenario (see [I, Fig. 2]) is 4-uniform.) Let x € V and A € N.
The hypergraph that is obtained from G by multiplying x by X [7] arises by replacing the
vertex x € V with the vertices (z,1), ..., (z, A) and every hyperedge e € F that contains x
with the hyperedge (e \ {z}) U{(z,1),...,(x,A\)}. Let h : V — N be a function. The h-
multiplication G = (VM EM) of G is the hypergraph obtained by multiplying each
vertex © € V by h(z). A hypergraph G = (V, E) is called uniformisable [5] if there exists
a function h : V — N such that G™ uniform. Clearly, any uniform hypergraph G is
uniformisable with h(x) =1, z € V.

COROLLARY 3.8. Let G be a contextuality scenario. The following are equivalent for a
functionp:V — [0,1]:

(i) peG(G);
(ii) there is a state s : Sg — C such that s(ay) = p(x), z € V.

Moreover, the following are equivalent:

(a) the hypergraph G is uniform;
(b) Lg is an operator subsystem of S.

If G is uniform then S(Id;, = Lg up to a canonical complete order isomorphism.

Proof. The equivalence (i)« (ii) follows from Theorem [3.3|and the fact that the elements
of G(G) are POR’s of G on C.

Since Lg is a selfadjoint subspace of S, it is an operator subsystem of S if and only
if it contains the unit of S, which is satisfied if and only if G is uniform, that is, we have
the equivalence (a)<(b).

Suppose that G is uniform. We show that 7 = 7. As the inclusion J C J is trivial, is
suffices to show that J C 7. To this end, let u € J; then p(u) = 0 for every p € E[[J;f. Since
Lg is an operator subsystem of S, we know that L£g = span(L{). Thus, f(u) = 0 for every
f € Lg, that is, u € J. Now, the quotient map ¢ : § — S /J dualises to a complete order
embedding ¢¢ : S — s [23, Proposition 1.15]. As 8% = S up to a canonical complete
order isomorphism, the map ¢¢ gives rise to a complete order embedding (denoted in
the same way) ¢¢ : S& — S. It remains to observe that the image of ¢¢ in S coincides
with Lg. =

It follows from (the proof of) Corollary [3.§] that if G is uniform then the space J is a
kernel in S. In the sequel, we will strengthen this result by both weakening the assumption
on the uniformity of G and strengthening the conclusion to J being a null space in S
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(see Remark . We establish some notation first. We fix a hypergraph G = (V, E), and
write V = {z1,...,z,} and, as before, E = {e;,...,eq} (note that |e;| < m, i € [d]).
For e € E, let Ce = {(xe(®i)pi)1 : i € C} be the unital C*-algebra, considered as a
subspace of C™, with unit 1 = (x.(z;))™,, and note that C. isomorphic to £°. Here, X, is
the characteristic function of the subset e C [m]. Thus C. consists of vectors of length m,
with non-zero entries only in the i-th coordinates for which x; € e. After identifying
C. = (2°, we consider the elements of @, £° as families of d vectors in C™; an element

eckE e
u € @P,cp 2 thus has the form u = ((ul )y, -+, (ud )2y), or
(uipuilv"' 7ugl)
(U}U27U32, e 7“%2)
u =
(unlcmv uim’ e 7ugm)
Setting ug, = (u) ,...,ul ), i =1,...,m, we thus have u = (ug,); in other words, we

have performed the canonical shuffle
((Ui)xee)eeE - ((Ui)eeE)weV~
PROPOSITION 3.9. If G = (V, E) is a uniformisable hypergraph then J is a null subspace.

Proof. We assume first that G is r-uniform. Fix an element u = ((u$)zee)oecp of T C S,
where (u¢),c. € £2°. Recalling (3.1]), write

u_Z@ 1%—1—22/\ i (k)BE (3.7)

k=11i<g

more concretely,
u:§1(1 _1@"'@0)+"'+§d—1(1@0@"'@_1)

+Z (A (R)(O & =62 @ @0)+ -+ N (k)6 B 0@ & —05)

3.8
+A§(k)(0@5§§ B0 @ ®0) -+ N _H(k) (0D 032 & -~ & —057) &%)

AT R0 @ @ —o5)),

where, if 2y, € e; Nej, we have set A\i(k) = 0if i + 1 > d. It will sometimes be convenient
to write {7 (z1,) = A\ (k), k € [m].

Write
@ er Zfl 105
ecE
and
@ IEP - Z Z )\ 7]7
ecE k=11<j
so that

u = @ meg + @ zEe (39)

eckE eckE
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Since G is assumed to be r-uniform, £5° = ¢°°([r]), e € E, and
Zng =0 and ZZw; =
ecE x€e ecE z€e
(we note that, without this assumption, the first sum need not be zero). Applying the
canonical shuffle, discussed before the formulation of the proposition, we write u =
(g, )y, Where ug, = (ul ,---,ul),i=1,...,m
Now assume that u € JNSY; this means that uJ € RY for all i € [m] and all
j € [d]. We will show that u = 0, equivalently, that u, = 0 for all x € V. Fix z € V
and enumerate the vertices and the edges in such a way that x belongs in the k first
hyperedges, that is, v € e;, 7 =1,...,k, where 1 < k < d.

In the case that 1 < k < d,

d—1
(Zfz ZA A AL —gk_l,o,...,o), (3.10)

where only the k ﬁrst entrles are possibly non-zero. Recalling that uj > 0, we note that
every entry on the right-hand side of (3.10) - is a non-negative real number. Summing the
entries gives

Zﬁz > 0. (3.11)

We claim that equality holds in It Wlll then follow from the non-negativity of
the entries on the right-hand s1de of that ) = 0 for every i = 1,...,d. As

ZzEVZ] Lul =0, we have

d d d—1

DD =y uh == &
o' # j=1 j=1 i=k

and since u/, > 0 for all x and all j, we conclude that Zf:_kl & =0 by . The case

k =1 follows by the same arguments except that in all A} are zero.

Now relax the assumption that the hypergraph G is uniform, and assume instead that
it is uniformisable. Thus, there exists a function h : V' — N such that the hA-multiplication
G™ of G is uniform. Note that any of the multiplied vertices (x,1),..., (2, h(x)) will
participate in precisely the same hyperedges as z. Let v : @ . 0e° — EBfeE(h> (5 be
the map which takes an element u = (u;)zev to the element v = (v,),cym with v, = u,
for all y = (x,1),..., (x, h(z)). It is clear that v is a (linear) order embedding. Further,
denoting temporarily by 7 ;(H) and o, (H) the canonical generators of Jy, we find that

¥(0;(G)) = a;(G™) and
Zﬁx @My, zeV,ijeld,i<j

It follows that v(J¢) C Jgm. Soifu € jg, then y(u) € jg(h) and since G is uniform,
Jgm is a null subspace by the first part of the proof, forcing v(u) = 0 and thus also
u = 0. Therefore, J¢ is a null subspace. m

We give examples of non-uniformisable hypergraphs such that the corresponding sub-
space J is not a null subspace.
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EXAMPLE 3.10. Let V = {z,y} and E = {e1,ea} where e; = {z},e2 = {z,y}. Then
(V, E) is not uniformisable. The space J is a kernel, but not a null subspace. Indeed, we
have

S=(*1]al 2] =Ca (CaC)

and so J is the linear span of (1, (0,0)) — (0, (1,1)) and §¢* — 22 = (1,(0,0)) — (0, (1,0)).
Thus

J = span{(1,(-1,0)), ((1,(=1,-1))} = span{(1,(-1,0)), ((0,(0,1))}
={a(1,(-1,0)) +6(0,(0,1)) : a,b € C} = {(a, (—a,b)) : a,b € C}.

It follows that J = ker ¢, where
o((z,(y,2) = 5(z +y), (z,(y,2) €.

Since the map ¢ is clearly (completely) positive and unital, J is a kernel. However, J is
not a null subspace since ((0,(0,1)) € 7 NST.

EXAMPLE 3.11. Let G = (V,E) with V = {xy,...,25} and E = {ej,...,es} where
e1 = {x1,22}, ea = {x3, 24}, e3 = {xo2, w3, 25} and eq = {x1,24,25}} (see Figure |));
then J contains a non-zero positive element. Moreover, G is not uniformisable. Indeed,
S= @?21 £g7. The element u = (ug,;)?_; with ug, = (0,0,1,1) and zero elsewhere belongs
in J and is clearly positive.

It is natural to ask whether the operator systems Sg remember the underlying hy-
pergraphs G; in other words, if G, H are hypergraphs such that Sg = Sy up to a unital
complete order isomorphism, does it follow that G is isomorphic to H? We recall here
that the hypergraphs G = (V, E) and H = (W, F) are called isomorphic if there is a
bijection g : V' — W such that for every set X C W, g~1(X) € E if and only if X € F.
We point out that there are infinitely many hypergraphs for which this is not the case.

REMARK 3.12. For each n > 3, consider the hypergraphs H,, = (W, F,,) with W,, =
{z1,...,zn} and F,, = {{z1, 22}, {w2, 23}, ..., {zn—1, 20}, {@n, z1}} (the case n = 3 is
given in Figure [2). Then G(H,) = {p,}, where p,(z)) = 3 for all k € [n]. This im-
plies (Corollary l that SI?H" = C and hence Sy, are all one-dimensional. However the
hypergraphs H,,, H,,, are clearly not isomorphic for n # m.

3.2. The operator system of quantum models. In this subsection, we introduce
an operator system, universal for quantum models of a contextuality scenario. Recall [I]
that, given a non-trivial contextuality scenario G, the free hypergraph C*-algebra C*(G)
is the universal C*-algebra generated by orthogonal projections p,, x € V, satisfying the
relations 7 .. p, = 1, e € E; thus, the *-representations 7 : C*(G) — B(H) of C*(G)
correspond precisely to PR’s (P;)zev of G on the Hilbert space H via the assignment
w(py) = P,z €V.

REMARK 3.13. Let Fg be the algebraic free product *.cgfS°, amalgamated over the
units 1¢ of £2°, e € E, and

I:(é;—dzl ce,d € E,xeenc),
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as a two-sided ideal, where 62 are the canonical generators of £2°. Denote by *¢f2° the C*-
completion of the quotient Fg/Z. It follows that the *-representations of *¢£2° correspond
precisely to PR’s of the hypergraph G; thus, up to a canonical *-isomorphism, *gf2°
= C*(G).
Let
T :=span{p, : x € V},

viewed as an operator subsystem of C*(G), and note that, up to a canonical complete
order isomorphism,
Te=span{dl:x €e,ec E}

as an operator subsystem of *gf2°. We do not know if the canonical *-homomorphism
Fi /T — xgl2° is necessarily injective.

REMARK 3.14. One could ask if a hypergraph variant of Boca’s theorem [9] holds true,
that is, whether, given a hypergraph G = (V| E), a Hilbert space H and unital completely
positive maps ¢, : £° — B(H), e € E, such that ¢.(0%) = ¢o/(3¢), z € eNe’, there exists
a unital completely positive map ® : xg¢>® — B(#H) such that ® o 7, = ¢., e € E. Here
e 1 £3° — xgl2°, e € E, denote the canonical *~homomorphisms. This is not the case:
the validity of the statement would imply that T ¢ = Sg, which in turn would imply that
all positive operator representations always dilate into projective representations, which

does not hold in general (an explicit example is given in Figure see also Corollary |4.11)).

THEOREM 3.15. Let G = (V, E) be a conteztuality scenario. If & : Tg — B(H) is a
unital completely positive map then (P(p.))zev is a dilatable POR of G. Conversely, if
(Ay)zev C B(H) is a dilatable POR of G then there exist a unique unital completely posi-
tive map @ : Tg — B(H) such that ®(py) = Ay, x € V. Up to a canonical complete order
isomorphism, T is the unique operator system satisfying the latter universal property.

Proof. Let (Ay)zev C B(H) be a dilatable POR of G, and let (P,.).cv C B(K) be a PR of
Gand V : H — K be an isometry such that A, = V*P,V,x € V. Let 7 : C*(G) — B(K)
be the *-representation such that 7(p,) = Py, x € V. The map ® : T¢ — B(H), given by
®(a) =V*r(a)V, a € Tg, is unital, completely positive, and ®(p,) = A,, x € V.

Conversely, suppose that ® : Tg — B(H) is a unital completely positive map. Applying
Arveson’s Extension Theorem, let ® : C*(G) — B(H) be a unital completely positive
extension. Letting ® = V*x(-)V be a Stinespring dilation of ®, we find that (7(ps))scv
is a PR that is a dilation of (®(pz))zcv-

The uniqueness of the operator system with the stated universal property is stan-
dard. =

For a linear functional s : Tg — C, write p* : V' — C for the map given by p*(z) =
$(pz), z €V.

COROLLARY 3.16. Let G = (V, E) be a contextuality scenario and p € G(G) be a proba-
bilistic model. The following are equivalent:

(i) p € Q(G);
(i) there is a state s : Tg — C such that p = p°.
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Moreover, the correspondence s — p°® is an affine homeomorphism between the state
space of Tg, equipped with the weak™ topology, and the set of quantum models Q(G). In
particular, the set Q(G) is closed.

Proof. The equivalence (i)<(ii) follows from Theorem and the fact that the ele-
ments of Q(G) are the dilatable POR’s of G on C. The remaining statements are now
straightforward. m

Let S be an operator system and (A, ¢) be a C*-cover of S. We say that [31] Defini-
tion 9.2] S contains enough unitaries in A, if the elements in S that are unitaries in A,
generate A as a C*-algebra. We recall that [30, Proposition 5.6] if an operator system S
has enough unitaries in its C*-cover A, then A = C(S).

LEMMA 3.17. Let G be a contextuality scenario. Then T contains enough unitaries in

C*(G) and thus C*(G) = C*(Tg).-

Proof. For every x € V, the element 2p, — 1 is a unitary in C*(G). It follows that the
operator system T g contains enough unitaries in C*(G). The result now follows from [30,
Proposition 5.6]. =

3.3. The operator system of classical models. Let G = (V, E) be a contextuality
scenario with |E| = d. Consider the unital abelian C*-algebra D = £ ® --- ® £2°, and

let 7. : £2° — D be the natural unital embedding. Let Z be the two-sided ideal generated
by the elements

lei(07') — e, (677), we€eNey,i,jeld]
The quotient D¢ := D/Z is a unital abelian C*-algebra; we let
dy =1®- ®6®---@1+Z, z€V

(note that d, is well-defined). Note that (Dg)¢ = (D/Z)? = T+ completely isometrically
via the dual of the quotient map ¢ : (D/Z)? — D9, and that a character on Dg is a
character on D that vanishes on Z; thus, the pure states of D¢ can be identified with the
pure states of D that vanish on Z.

Since D = C(e; X --- X e,), its pure states are the evaluations at the points of
e1 X -+ X ep,. Thus, for a pure state s on Dg, the assignment p(z) = s(d,), x € V, is a
deterministic model of G. Set

Reg :=span{d, : x € V}, (3.12)
viewed as an operator subsystem of Dg.

PROPOSITION 3.18. Let G = (V, E) be a contextuality scenario and p € G(G) be a prob-
abilistic model. The following are equivalent:

(i) peC(G);
(i) there is a state s : Rg — C such that p(x) = s(dy), v € V.

Moreover, the correspondence s — p° is an affine homeomorphism between S(R¢g) and
C(G), carrying the set of pure states of Rg onto the set of deterministic models of G.
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Proof. (i)=(ii) Let p € C(G) be a classical model, and write
2 =Y Apila), weV,

where k € N, \; € [0,1], ZZ 1 A: = 1 and p; is a deterministic model, ¢ € [k]. Set
si(dy) :=pi(x), z € V, i € [k], and note that each s; defines a state on Rg by extending
linearly to the whole space. As a consequence, s := Z]?_ Ais; is a state on Rg with

Z)\s Z)"pl (), zeV.

(ii)=(i) Let s: Rg — C be a state. Since Dg is a unital C*-algebra, its state space is
the closed convex hull of the pure states. Extend s to a state s on Dg. Then, since Dg is
finite-dimensional abelian C*-algebra, § = Zle A:8; as a convex combination, for some
pure states s;, ¢ € [k]. By the paragraph before the formulation of the proposition the
assignment p;(x) = s;(d;), v € V, is a deterministic model of G. As p(z) = ZZ 1 Aipi(z),
x € V, we conclude that p € C(G). m

Let (Az)zev C B(H) be a POR. We say that (A;)zev is classically dilatable if there
exists a Hilbert space K, an isometry V : H — K, and a PR (P,)zey with commuting
entries such that A, = V*P,V,z € V.

The next proposition complements Theorem [3:15} as the proof is similar, it is omitted.

PROPOSITION 3.19. Let G = (V, E) be a contextuality scenario and (Ay)zev be a POR
on a Hilbert space H. Then the following are equivalent:

(i) (Az)zev is classically dilatable;
(i) there exists a unital completely positive map ¢ : Rg — B(H) such that ¢(d,) = A,,
zeV.

We recall the minimal operator system structure from [45], which will be used here-
after. Given an ordered vector *-space V with an Archimedean order unit e, there exists a
family (C™1),, oy of matricial cones over V such that the triple (V, (C™1),,cn, €) is an op-
erator system, denoted OMIN(V'), and that, for every operator system 7T, every positive
map ¢ : T — V is automatically completely positive. The operator system equalities in
the next proposition are understood up to a canonical unital complete order isomorphism.

THEOREM 3.20. Let G = (V, E) be a contextuality scenario. Then

(i) 6(G) = Q(G) if and only if OMIN(Sg) = OMIN(Tg);
(ii)) Q(G) = C(G) if and only if OMIN(T¢) = Rg;
(iii) C(G) = G(G) if and only if Rz = OMIN(Sg)

Proof. (i) Note first that by [45, Theorem 3.2], if V' is an AOU space then OMIN(V') can
be identified as an operator subsystem of C(S(V)) (here, the state space S(V) of V is
equipped with the weak* topology).

By Corollaries [3.8] and Q(G) = G(G) if and only if S(
homeomorphic to S(7g); if this happens, let h : S(Tg) — S(

G) is canonically affinely
) be the corresponding

S
S
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homeomorphism. It follows that the map 7 : C'(S(Sg)) = C(S(T¢)) given by w(f) = foh
is a *-isomorphism. For z € V', we have

(m(ag),t) = h(t)(ic(67)) = t(pe) = (Pe;t), T €S5(Tg).
Hence, 7(a,) = p, and since 7 is a C*-algebra isomorphism, in view of the first paragraph,
its restriction 7|omin(ss) = P is a unital complete order isomorphism onto OMIN(7¢).

Conversely, assume that the linear map ® : OMIN(Sg) — OMIN(T¢) given by
®(a,) = p, is a unital complete order isomorphism. Then ® is a unital order isomor-
phism between Sg and Tg. Let h : S(Tg) — S(Sg) be the map given by h(t) =t o ;
we have that h is an affine bijection and a homeomorphism. Now let p € G(G). By Corol-
lary there exists a state s on Sg such that p(z) = s(a;), z € V. The state t := h™=1(s)
of T has the property

s(az) =t(pz), w€V.
By Proposition (t(pz))zev is a quantum model. Hence, p € Q(G), and so G(G)
= 9(G).

(ii) The operator system structure of an operator system R of the form R = OMIN(R)
is uniquely determined by the state space S(R) [45]. By Corollary the operator system
OMIN(Sg) is determined uniquely by G(G). Since R¢ is an operator subsystem of an
abelian C*-algebra, we conclude that Rg = OMIN(Rg). The statement follows.

(iii) The proof is similar to that of (ii), and is omitted. m

4. Dilating contextuality scenarios

In this section, we examine dilations of POR’s of a contextuality scenario, and characterise
the scenarios whose POR’s always admit a dilation to a PR in terms of equality of
canonical operator systems.

DEFINITION 4.1. We say that a contextuality scenario G is dilating (resp. classically
dilating) if every POR of G dilates to a PR of G (resp. PR of G with commuting entries).

REMARK 4.2. Recall the operator system R¢ (resp. the C*-algebra Dg) defined in Sec-
tion [3.3] and note that the elements d,, x € V, defined therein, are projections in Dg
such that > .
C*-algebra, there exists a unital *~homomorphism 7 : C*(G) — Dg such that 7(p;) = d,
x € V. The restriction of 7 to T is a unital completely positive map ¥ : T¢g — Rg
such that U(p,) = d,, € V. Similarly, by the universal property of Sg, there is a
unital completely positive map ® : Sg¢ — T such that ®(a,) = p,, x € V. We have the
following diagram:

d, =1, for each e € F. By the universal property of the free hypergraph

Se 5 Te 5 Re.
The maps ® and U, defined in Remark [£.2] will be used subsequently without further
mention.
THEOREM 4.3. Let G = (V, E) be a conteztuality scenario. The following are equivalent:
(i) G is dilating;
(ii) the map ® : Sg — T is a complete order isomorphism.
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Proof. (i)=-(ii) Assume, without loss of generality, that S¢ C B(#) as an operator sub-
system, for some Hilbert space H. Since G is assumed to be dilating, there exist a Hilbert
space K an isometry W : H — K and a PR (P,)zecv of G on K such that a, = W*P, W,
x € V. Let m: C*(G) — B(K) be the (unique) *-homomorphism such that 7(p,) = Py,
x € V, whose existence is ensured by the universal property of C*(G). We notice that
& Y(p,) = W*n(p, )W, x € V; thus, @1 is completely positive.

(ii)=(i) Let H be a Hilbert space and (A;)zev € B(H) be a POR of G. By the
universal property of S (see Theorem and the assumption that Sg = 7g, there
exists a unital completely positive map ¢ : Tg — B(H) such that ¢(p,) = A, for all
x € V. By Theorem m (Az)zev admits a dilation to a PR. =

COROLLARY 4.4. If G is a dilating contextuality scenario then G(G) = Q(G).
Proof. The statement follows from Theorem and Theorem n

The following corollary provides a characterisation of dilatability in terms of the
generators in Sg and will be useful in the sequel.

COROLLARY 4.5. Let G be a contextuality scenario. The following are equivalent:

(i) G is dilating;
(i) there exists a C*-cover (A,t) of Sg such that t(ay) is a projection, v € V;
(iii) te(ag) is a projection in C¥(Sg), z € V.

Proof. (i)=(ii) By Theorem the map ® : Sg¢ — T is a completely order isomor-
phism; thus, (ii) is fulfilled with A = C*(G) and ¢ = vg o ®, where o : Tg — C*(G) is
the inclusion.
(ii)=-(iii) Letting 7 : A — C¥(Sg) be the *-epimorphism, arising from the extremal
property of C*(Sg), we deduce that t(a;) = 7(t(ps)) is a projection for z € V.
(iii)=(i) follows by a standard application of Arveson’s and Stinespring’s theorems
(see the proof of Theorem [£.3)). m

REMARK 4.6. Let G = (V, E) be a contextuality scenario, H be a finite-dimensional
Hilbert space, and A = (A;)zev € B(H) be a POR of G. If A is classically dilatable,
then it admits a dilation acting on a finite-dimensional Hilbert space. Indeed, by Proposi-
tion there exists a unital completely positive map ¢ : Rg — B(H) with ¢(d,) = A,,
x € V. Note that Rg is an operator subsystem in Dg, and Dg is an abelian finite-
dimensional C*-algebra. By Arveson’s and Stinespring’s theorems, A dilates into a PR
with commuting entries acting on a finite-dimensional space.

EXAMPLE 4.7. Let n € N. A quantum magic square (QMS) of size n x n is a matrix
lak j]i j=1 With entries in B(H)* for some Hilbert space H such that

n n
Zai,k = Zak,j =1Iy, i,j€[nl.
k=1 =1

A QMS is called a quantum permutation matriz (QPM) if its entries are projections. Let
G, = (V,E), where V = [n] x [n] and E = {{i} x [n],[n] x {j} : ¢,5 € [n]}; we call G,
the QMS scenario. It is clear that quantum magic squares (resp. quantum permutation
matrices) are precisely the positive operator (resp. projective) representations of G,.
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The universal property of the operator system Sg, (see Theorem implies that
Sg,, is canonically completely order isomorphic to the operator system Sx defined before
[10, Theorem 4.1] (for X = [n]). Note that the C*-algebra C*(G,,) coincides with the the
quantum permutation group C(S%) [50]; in view of Theorem T, is canonically
completely order isomorphic to the operator system Py (see the discussion before [10
Proposition 4.4]). We finally note that the Birkhoff-von Neumann theorem implies that
C(G,) = 9(G,) = G(G,,) and hence, by virtue of Theorem [3.20] Rg, = OMIN(Tg,) =
OMIN(S¢, ) up to canonical complete order isomorphisms.

Let S, be the permutation group of n elements. A quantum magic square A €
M, (B(¢3([s]))) is called semiclassical, if A=Y g Pr® gy, where P; € M, are permu-
tation matrices and {q,} C B(¢*([s])) is a POVM. It was shown in [I9, Theorem 12| that
a quantum magic square acting on a finite-dimensional Hilbert space is semiclassical if
and only if it admits a dilation to a quantum permutation matrix with commuting en-
tries, acting on a finite-dimensional Hilbert space. It thus follows from Proposition [3.19
Proposition and [32] Theorem 12] that, for a linear map ¢ : Rg, — Mj, the following
are equivalent:

(i) ¢ : Rg, — M, is a unital completely positive map;
(it) [p(di )]} j=1 € Mn(B(£?([s]))) is a semiclassical quantum magic square.

It was shown in [I9, Theorem 19] that there exists a quantum magic square with n > 3
(acting on a finite-dimensional Hilbert space) that does not admit a dilation to a quantum
permutation matrix acting on a finite-dimensional Hilbert space. In the sequel we will
strengthen this result and note its consequences for the operator systems examined in
Section [Bl

COROLLARY 4.8. The QMS scenario G,, is not classically dilating if n > 3. In particular,
the scenario Gs is not dilating, and hence the operator systems Sg, and Tg, are not
completely order isomorphic.

Proof. Assume that G, for n > 3 is classically dilating. By Remark any finite-
dimensional POR of G,,, that is, any quantum magic square of size n x n, admits a
dilation into a finite-dimensional quantum permutation matrix with commuting entries.
However, by [32, Theorem 12] these matrices are exactly the semiclassical quantum magic
squares and for any n > 3 and s > 2, we can find a QMS A € M, (B(¢?([s]))) that is not
semiclassical [32], Corollary 15], a contradiction.

Note that, for n < 3, the quantum permutation group C*(G,,) = C(S;") is the abelian
C*-algebra C(S,,) [4] which coincides with D¢, . In particular, if G3 were dilating, it would
be classically dilating which, by the previous paragraph, does not hold true. =

We next strengthen Corollary by extending some of the considerations of [32]. Let
n € N. Denote by M{™ the set of quantum magic squares A = [4;]i; € M, (B(¢3(s))),
for an arbitrary cardinal s. Similarly, let P§”> denote the set of nxn quantum permutation
matrices acting on £2(s). Let M™ := LI, M™ and P = LI, P (disjoint unions).
Finally, denote by ncconv(P™) . the set of dilatable quantum magic squares in MM,
We write M, = B(¢?([s])) and view the elements of M, as s x § matrices.
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For A=[A,,] € M| define

COI(A) = Z e; ® €; ® Ai,j ceCteC” ®M5,

i,j=1

diag(A) = Y E;i; ® E;; ® A;j € M, ® M, @ M,

ij=1
and let ¢ : ./\/lg") — (M, ® M, ® My)sa be the mapping given by
$(A) = diag(A) — col(A)col(A)*, Ae MM,

Finally, we let Z(™ denote the vector space of all matrices in M,, with zero diagonal.

We say that an element A € Mg”) can be positively perturbed if there exists an
X € (2™ ® 2" @ M,)s, such that ¢(A) + X > 0. The following is a generalisation of
[32, Proposition 21(ii)] in infinite dimensions.

LEMMA 4.9. Every A € ncconV(P(")) can be positively perturbed.

S

Proof. Let A € ncconv(P(n))5 and write H = ¢%(s). Thus, there exists a Hilbert space K
containing H and a QPM P = [P, ;]!',_; € M, (B(K)) such that, if Q4 is the projection
onto H, then A; ; = Qu P, j|l. With respect to the decomposition K = H & H we may
write

A, . B*.
-Pi,' = |: " Z’j:| )
7 |Biy Ci
where B; ; € B(H,H") and C;; € B(H™). Since P is a QPM, we know that P?; =Py,
P; jP; i =0 and P;; P ; =0, whenever j # k. Hence,
BfBij=Ai;—A};, BiBij=—AirAi B} By = —AjiAk.

Letting D = EZ]’ZI e; ®e; ® B ; and X = DD* — ¢(A), we conclude that ¢(A4) + X =
DD*>0. m

WA

PROPOSITION 4.10. For every n € N, n > 3 there is a cardinal § and a QMS A € Mg")
that cannot be positively perturbed. In particular, A does not admit a dilation into a QPM.

Proof. We use induction on n. By [32], Proposition 23|, there exist a finite cardinal s and
an element A € MS’) that cannot be positively perturbed; in other words, the claim holds
for n = 3. Suppose that the claim holds true for n = k, where k > 3, and let A € Mgk)
be such that

P(A)+X £0, Xe(2Wez® e M,),.

Set A’ = A® I, viewed as an element of Mg’”‘l). Let V = [Ig] (viewed as an element
of My11£(C)), and X’ € (2D @ Z-+D) @ M,)s,. Then

X:=(VeoVeL)X'Vevel)c(2®ez® e M),

and
(VoVeL)(¢A)+ XNVeVel)=d¢A +X #£0,
which implies that ¢(A’) + X’ # 0. The proof is complete. =
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The following corollary is an immediate consequence of Theorem and Proposi-
tion 4.10

COROLLARY 4.11. The operator systems Sg, and Tg, are not completely order isomor-
phic if n > 3.

We next single out a class of dilating contextuality scenarios. Let S be an operator sys-
tem, e denote its unit and A be a unital C*-algebra. We call S an operator A-system [41] if
S is an A-bimodule such that (a-s)* = s*-a*, a-e = e-a and [a; ;]-[s; j]-[ai ;]* € M, (S)* for
all [a; ;] € My m(A), [si;] € M (S)", s € Sand a € A. A faithful operator A-system [14]
is an operator A-system S such that a-e # 0 for all a # 0 in A.

Let S and T be two operator A-systems. A linear map ¢ : S — 7T is called an A-
bimodule map, if for every s € S and ay1,a2 € A, ¢(a; - s-a2) = a1 - ¢(s) - as. Let Sy
and Sy be two faithful operator A-systems. The amalgamated coproduct of S; and So
[14, Definition 3.5| is the unique faithful operator A-system S; &4 Sa, along with unital
complete order embeddings ¢; : S; — S1 @4 S2, @ = 1,2 that are also .A-bimodule maps,
such that the following universal property holds: For every operator A-system R and
unital completely positive A-bimodule maps v; : S; = R, i = 1,2, there exists a unique
unital completely positive A-bimodule map ¥ : S; 4 S2 — R such that ¥ o ¢; = 9; for
1=1,2.

We will show that, if the edges of G have the same pairwise intersections then G
is dilating. In fact, we will prove that Sg is in this case an amalgamated coproduct of
operator A-systems.

THEOREM 4.12. Let G = (V, E) be a contextuality scenario such that e'Ne” =, cpe # 0
for all €,¢" € E with ¢ # ¢". Then G is dilating. In particular, there exists a unital
abelian C*-algebra A such that Sg = @ 4 (e and the subspace J in is a completely
proximinal kernel.

Proof. Suppose that G = (V,E) has V = {x1,...,2»} and F = {e1,...,eq} (so that
lej| < m for each j € [d]). We identify £2° with the unital C*-algebra

Cep i=A{(xe, (i) pa)iZy : i € C},
where X, is the characteristic function of e;. We view the algebras Eg;’ as linear subspaces
of C™. Set f =[),cpe and define

A= Ol (g (i) )iz = i € CF C£7([m]),
where 1,, is the unit in £°°([m]); thus, A is generated by 1,, and only those canonical basis
elements §7" of C™ that satisfy z € f. Clearly, A is a unital C*-subalgebra of £>°([m]).
We now prove that G is dilating. Let (A;,)™; C B(H) beaPOR.Foreachj=1,...,d,
define the maps €; : A — C,, by letting

gi(xr(@)pm)izy = (Xf(@)pa)iZe, €j(Im) = Le;.
We note the maps ¢; are injective unital *-homomorphisms between C*-algebras. Define
the maps ¢, : Ce, — B(H) by letting ¢, (6;") = A, and the linear map L : A — B(H) by
letting L(1,,) = I3y and L(6}') = A, for x € f. We note that ¢., are unital completely
positive maps on C., that restrict to a common linear map of A, namely L. By [IS]
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Fig. 4. A dilating contextuality scenario

Theorem 3.2, there exists a unital completely positive map ® : x4C.;, — B(H) such
that (I)|Cej = ¢e,;, j € [d] (here x4 C., denotes the free product of the C*-algebras Ce,,
amalgamated over the unital C*-algebra A, see [I8]). Noting that the basis elements &y’
of C, are projections, a standard application of Stinespring’s Dilation Theorem shows
the existence of a dilation and completes the first part of the proof.

Now note that C, is a faithful operator A-system for every j € [d] with module action
Ce; x A — C.; given by pointwise multiplication,

(Xe, (@a)pa)ily - (g (@a)va)ily = O (@s)pava)ily.-
Also, (Xe; (i) 1s)i21 - Im = (Xe, (i) pi)j~, - For faithfulness, simply note that the unit of C,
is 1e; := (Xe, (%3))iLy; so letting (xr(2i)vi)ity € A we have (xe, (2:))i%y - (xs(2i)vi)iZy =
(Xf(i)vi)ity.

Using [14, Theorem 3.3], we form the operator A-system coproduct @ 4 ng. It is
straightforward to verify that @ 4 (Zf satisfies the universal property of Sg and thus, by
Proposition Sc=@,4 ESJO, completely order isomorphically. Finally, the claim that J
is a completely proximinal kernel follows from [I4] Proposition 3.6]. m

An example of a contextuality scenario satisfying the assumptions of Theorem
in particular, of a dilating scenario, is given in Figure [4

REMARK 4.13. Let X, A be finite sets and Bx 4 be the Bell scenario [I], that is, Bx 4 =
(V,E), where V=X x Aand E = {{z} x A: z € X}. We note that Bell scenarios Bx 4
are dilating. Indeed, in this case, ¢'Ne” = (| cpe =0 for all ¢/, ¢” € E, and hence a POR
E = (Eg,q)(z,a)exxa of Bx 4 is in fact a family of POVM’s; Theorem now implies
that any family of POVM’s admits a dilation to a family of PVM’s. In particular, A = C
and the same arguments show that the operator system Sg, , is unitally completely order
isomorphic to the unital coproduct ¢% @1 --- &1 £ (| X | summands) (see also [44] 36]).

We conclude this section by giving a necessary condition for a contextuality scenario
to be dilating.

PROPOSITION 4.14. Let G = (V, E) be a dilating contextuality scenario. For every x € V
there exists a probabilistic model p € G(G) such that p(x) = 1.

Proof. Since G is dilating, by Proposition the generators (as;)zcy of the operator
system Sg are projections in the C*-envelope CX(Sg). It follows that |la,|| = 1 for all
x € V. By Corollary there exists a probabilistic model of G such that p(z) =1. =
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Fig. 5. A non-dilating contextuality scenario

REMARK 4.15. Note that for the contextuality scenario Gy of Figure [5] there is no
probabilistic model p such that p(z5) = 1. Indeed, if there were such a model, we would
have p(z;) = 0 for all i = 1,2,3,4, contradicting the fact that {x3, 24} is a hyperedge.
Thus, according to our test in Proposition this contextuality scenario is not dilating;
in particular, Sg, # T g,-

5. The universal C*-cover of Sg

Let G = (V,E) be a non-trivial contextuality scenario. Extending the concepts of a
stochastic operator matrix and of a quantum magic square, in this section we define the
notion of a G-stochastic operator matrix, which allows us to obtain a natural C*-cover
for the operator system Sg defined in Section

DEFINITION 5.1. A G-stochastic operator matriz over a contextuality scenario G = (V, E)
is a positive operator A = [Ay 4]uwrev in My (B(H)) such that >
ec k.

REMARK 5.2. If (A;)zev € B(H) is a POR of G, then the assignment A, ;= 0.0 Ay
defines a (diagonal) G-stochastic operator matrix. Conversely, the diagonal of any G-
stochastic operator matrix determines a POR of G.

REMARK 5.3. Let X, A be finite sets and Bx 4 be the Bell scenario, that is, Bx 4 = (V, E),
where V=X x A and E = {{z} x A: 2z € X}. The Bx 4-stochastic matrices coincide
with the stochastic operator matrices over (X, A) introduced in [48], Section 5]. Further,
recalling the contextuality scenario G,, of the magic square, introduced in Example [£.7]
the G, -stochastic matrices are precisely the bistochastic operator matrices of size n x n,
defined in [I0] Section 3].

vee Az,e = I for every

The next proposition is a hypergraph analogue of [48, Theorem 3.1].

PROPOSITION 5.4. Let G = (V, E) be a contextuality scenario and A € My (B(H))™. The
following are equivalent:

(i) A is a G-stochastic operator matriz;
(ii) there exist a Hilbert space K and a family (Uy)zev C B(H,K) such that >
Ic,e€E, and Ay o =UUy, z,2' €V,

UrU, =

ree
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Proof. (1)=(ii) Let A = [A; ] € My(B(H)) be a G-stochastic operator matrix. Let
Oy : My — B(H) be the map given by ®4(8,0%) = Ay, xz,2° € V. By Choi’s
theorem, ® 4 is completely positive. By Stinespring’s Dilation Theorem, there exists a
Hilbert space K1, a unital *~homomorphism 7 : My — B(K;) and a bounded operator
U € B(H, K1) with |U]|?> = ||®4(1)|| such that

QA(T)=Un(THU, T € B(H).
Up to unitary equivalence, we write K1 = CY ® K, where K is a Hilbert space and

n(T) =T ® Ix, T € My. Further, write U(§) = > oy 02 ® Ug(§), where U, : H — K is
a bounded operator, x € V. Let £, € H and note that, if z,2’ € V, then

(Arartn) = (@a(8:00)6,m) = (U (82000, m) = (628 © Le)UE, Un)
= {005 0 1) (Y00 0.9), (3 dw @ Uum) )
z€V weV

= (8 0 Un(§). Y 80 @ Uun)) = (U (), Ualm)) = UV ).
weV
It follows that A, v = UrU,s, z, 2’ € V.
(il)=(i) is straightforward. =

Recall that a ternary ring of operators (TRO) is a closed subspace U C B(H,K),
where H and K are Hilbert spaces, such that S,T, R € U = ST*R € U. Our next aim is
to identify a TRO, universal for G-stochastic matrices. Its construction follows the steps
from [48, Section 5]; for the convenience of the reader, we provide the basic details. Let V
be the ternary ring [26, [5I] generated by elements (v,).ev, satisfying the relations

Z[vwf,vx,vx]:vxl, 2 eV,ecE. (5.1)
xree
The non-degenerate ternary representations 6 : V — B(H, K) are in bijective correspon-
dence with the families (U, )zev C B(H, K) such that

Y U;U, =Iy, e€E, (5.2)

rEe
via the assignment 0(v,) = U,, € V. Since the contextuality scenario G is assumed to
be non-trivial, the collection F of all non-degenerate ternary representations of V is non-
empty. Let 6 := @Dycr 0 be the direct sum of all (equivalence classes) of non-degenerate
ternary representations of V on Hilbert spaces of dimension bounded by the cardinallity
of V, define ||ulo := [|f(w)|, and note that ||ulo < oo for every u € V. Indeed, let 6 € F
and set U, := 0(v,), = € V. Note that for every x € V, there exists an e € E such that
x € e. So, for x € V, relation implies that

U;Ux < Z U;’Um’ =1,

z'€e
hence, ||(v,)|| = ||U.|| < I. This implies that ||0(v,)|| = supger [|0(vs)|| < 1 for every
x € V. Since (v;)zev are the generators of V, we have |ullp := ||0(u)| < oo for every

u € V.
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Let N = {u € V : ||ul|o = 0} and note that N is a ternary ideal of V. Now || - |,
induces a norm on V /A denoted by || - ||, and the completion with respect to this norm
gives rise to a TRO, which we denote by Vg. We note that every ternary representation 6
of V gives rise to a canonical ternary representation of Vg onto a concrete TRO and
|l = ||0(u)|| continues to hold for every u € V. So, § induces a faithful (isometric)
representation of Vg as a concrete TRO in B(H, K) for some Hilbert spaces H and K.
Identify Vg with its image under 6 and let Cg be the the right C*-algebra of Vg, that is,

Cg =span{S*T:S,T € Vg}.
Let gy o := vivyr, x,2" € V, viewed as elements of Cg, and
Pg = span{g, . : z,2’ € V}, (5.3)
viewed as an operator subsystem of Cg; note that
ng =1, e€E. (5.4)
rEe
THEOREM 5.5. Let ¢ : Pg — B(H) be a linear map. The following are equivalent
(i) ¢ is unital and completely positive;
(ii) [@(9z,a')]z,arev is a G-stochastic operator matriz;
(iii) there exists a representation w : Cg — B(H) such that w|p, = ¢.
Proof. (i)=-(ii) We claim that the matrix [g; 4]z .2ev IS a positive element of M, (Pg).
To see this, assume that Cg C B(K) as a unital C*-subalgebra, for some Hilbert space K,
and let 6 : Vg — B(K,K’) be a ternary representation, for a suitable Hilbert space K,
such that Cg = span(d(Vg)*0(Vg)). Writing V' = {z1,..., 2} and T; = 0(vy,), i € [m],

we have .

_ [Tl Tm] .[Tl Tm]
z,x’ |z, €V O O )

and hence [gy 4]z0ev € My (B(K))*. Since Pg C B(K) as an operator subsystem, we
see that [gs.4/]z,07ev € My (Pg) ™. As ¢ is completely positive, the matrix [¢(gy,27 )],z ev
is positive; as ¢ is unital, by , Yonce P(Gre) = (1) = Iy, e € E.

(il)=(iii) By Proposition there exist a Hilbert space K and operators U, €
B(H,K), z €V, with > __ UxU, = Iy, e € E, such that

d(vivg) =UrUy, xa' €V.

reEe

The family (U,).cv yields a non-degenerate representation 6 of Vg, which in turn gives
rise to a unital *-representation 7 of Cg via the assignment

w(S*T) =0(S)"0(T), S,T€Cg;

so, T extends ¢.
(iii)=(i) ¢ is the restriction of a unital *-homomorphism, hence it is unital and com-
pletely positive. m

We recall that the universal C*-cover of an operator system S is a C*-cover (C(S), ty)
of § with the property that, if H is a Hilbert space and ¢ : & — B(H) is a unital
completely positive map then there exists a unique *-representation 7 : C;i(S) — B(H)
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such that 7o 1y, = ¢. We let Bg be the C*-subalgebra of Cg, generated by the elements
oz, T € V.

COROLLARY 5.6. The following hold true:

(i) Sg¢ € Pg up to a canonical complete order embedding;
(ii) C(Pg) is canonically *-isomorphic to Cg;
(i) C(Sg) is is canonically *-isomorphic to Bg.

Proof. (ii) is immediate from Theorem and the universal property of C(Pg).

(iii) Write A for the C*-subalgebra of Cg, generated by the set {g; . : * € V}.
Let H be a Hilbert space and ¢ : Sg — B(#H) be a unital completely positive map. Set
Ay oy = 00,0 (Gs,2), x, 2" € V. By Remark the matrix (Ag 4 )g,0ev is G-stochastic.
By Theorem there exists a *-representation 7 : Cg — B(#) such that (g, /) = Az o,
x, 2" € V. The restriction of 7 to A is a *~homomorphism that extends ¢. By the universal
property of C(Sg), it is *-isomorphic to A.

(i) The claim follows from (ii), (iii), and the facts that Pg C Ci(Pg) and Sg C
Ci(Sg). =

COROLLARY 5.7. Let G be a non-trivial contextuality scenario. The following are equiv-
alent:

(i) G is dilating;
(ii) there exists a unital completely positive map ¢ : C*(G) — Cg such that ¥(ps) = gu.z;
zelV.

Proof. (i)=-(ii) Assume, without loss of generality, that Cg¢ C B(H) as a unital C*-
subalgebra, for some Hilbert space H. Using the fact that G is dilating, let (P,).ecv be
a PR of G on a Hilbert space K that dilates (g5 4)zev. Let p : C*(G) — B(K) the *-
homomorphism such that p(p,) = P, x € V. We can take ¢ to be the compression of p
to H.

(ii)=(i) Suppose that (A;)zev is a POR of G. By Theorem there exists a
canonical *-homomorphism 7 : Cg — B(#) such that 7(gy.) = A, * € V. Thus,
Pom: C*(G) — B(H) is unital and completely positive; an application of Stinespring’s
Theorem yields a dilation of (A;)zecy that is a PR of G. =

6. No-signalling probabilistic models

In this section, we examine no-signalling probabilistic models, defined over the product
of two contextuality scenarios, from the viewpoint of operator systems, characterising
different types of no-signalling models via states on operator system tensor products. We
start with some definitions.

Let G = (V,E) and H = (W, F) be two contextuality scenarios. Writing ExXF =
{ex f:e€ E,f € F}, we call the contextuality scenario G x H = (V x W, ExF) the
product of G and H. We set G(G,H) := G(G x H) (and write § = G(G,H) when no
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confusion arises). A probabilistic model p of G x H is called no-signalling [1] if

> plzy) = plz,y), yeW ee €k,

z€e rce’
and

> plzy) =Y pla,y), zeV, f [ €F.

yef yef’
We let G,s(G, H) be the set of all no-signalling probabilistic models of G x H (and write
Gns = Gns(G,H) in case no confusion arises). It is straightforward that the notion of a
no-signalling probabilistic model reduces to the notion of a no-signalling correlation in
the case where G and H are Bell scenarios (see Remark .

We note that the inclusion G,s C G can be strict. Indeed, let G = (V, E), where

V = {x1,29,23}, and E = {ej,e2} with e = {x1,22} and es = {x2,25}. By the
discussion after [I, Definition 3.1.2], G x G admits a probabilistic model that fails to be
no-signalling.

DEFINITION 6.1. Let G = (V,E) and H = (W, F) be contextuality scenarios. A no-
signalling probabilistic model p of G x H is called

(i) deterministic if p(z,y) € {0,1} for all (z,y) € V x W;
(ii) classical if there exist an m € N and deterministic probabilistic models p} of G and
p? of H, i =1,...,m, such that

ple,y) =D Aipi(@)pi(y), ze€V,yeW,
i=1

as a convex combination;

(iil) a commuting probabilistic model (resp. a generalised commuting probabilistic model)
if there exist a Hilbert space H, a unit vector £ € H and PR’s (resp. POR’S) (4;)zev
and (By)yew of G and H respectively such that A, B, = B, A, for every x € V and
y € W and

p(as,y) = <A:cBy§7€>’ (Z‘,y) eV xW; (61)

(iv) a tensor probabilistic model (resp. generalised tensor probabilistic model) if there
exist Hilbert spaces Hg and Hy, and PR’s (resp. POR’s) (A)).cv C B(Hg) and
(B;)yew € B(Hu) of G and H respectively such that is fulfilled with H =
He @ Hu, Az = A, ® Iy, and By = I, @ B,z €V, ycW.

The set of all classical no-signalling probabilistic models of G x H will be denoted by
C(G,H); it is clear that C(G, H) is a convex polytope. We let Qus(G, H) (resp. Qs (G, H))
the set of all tensor probabilistic models (resp. generalised tensor probabilistic models) of
G x H. We further denote by Q4(G,H) (resp. Qq(G, H)) the set of all tensor probabilistic
models (resp. generalised tensor probabilistic models) such that the Hilbert spaces Hg
and Hp can be chosen to be finite-dimensional. We denote the closure of Q4(G, H) (resp.
Q4 (G, H)) by Qua(G, H) (resp. Qqa(G, H)). The set of all commuting probabilistic models
(resp. generalised commuting probabilistic models) will be denoted by Qqc(G,H) (resp.
Qqc (G,H)). We drop the dependence on G and H in case no confusion arises, and note
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the inclusions
CCQiC0sC 90 C 0 C0nCG 9yC 9 C QO and Que € Qye-  (6.2)

As we saw in Corollary for a non-trivial contextuality scenario G, the states of
the universal operator system Sg are in bijective correspondence to the probabilistic
models of G. We next relate the no-signalling models of a product scenario G x H with
states on operator system tensor products. We fix contextuality scenarios G = (V, E)
and H = (W, F) and recall that S¢ and Sy denote their universal operator systems (see
Section. Recall, further, that 6% denotes the respective canonical basis element of the
e-th summand £2° in the quotient Sg = @, £°/ J¢, and that a, stands for its image
in Sg under the quotient map. Similarly, we denote by (55 the corresponding element
of (5, and let by be its image in Sy = @ ;cp €7/ JH.

For a linear functional s : Sg ® Sy — C, let

pi(z,y) :==s(a, ®by), zx€e,ycf

THEOREM 6.2. Let G and H be contextuality scenarios and p € G(G,H) be a probabilistic
model. The following are equivalent:

(i) p € Gus(G,H);
(ii) there exists a state s on Sg @max Su such that p = p®.

Moreover, the map s — p® is an affine isomorphism between the states of Sg @max Su
and Gus(G, H).

Proof. (ii)=(i) The fact that p® has non-negative values is a consequence of the fact that
ay @by € (86 Omax Su)T, x €V, y € W. For e,e’ € E, we have

Zps(x,y) = s((Zaz) ® by> =s(1®by)

xrce rEe
= s(Z ay ® by) = p(x,y);
rce’ rce’

similarly, we see that

Y opwy) =Y p(xy), =€V, f [ €eF

yef yer!
(1)=(ii) Recall that S = P g €°, and write T = @ p (7. Let g5 : S — Sg and

qu : T — Su be the quotient maps. We know that ¢& : S — 89 and ¢ : 8§ — 74
are complete order embeddings; identifying S (resp. T9) with S (resp. T'), we consider
Sd (resp. Sg) as an operator system in S (resp. T). Further, by [23, Proposition 1.16],
(8¢ Omax SH)? = S(g @min S3, and thus (Sg @max Su)? can be viewed as an operator
system in S ®uin T

Write s : S®max T — C for the positive linear functional given by s(05 ®d}) = p(z, y);
since 0% ® 6{;, reV,yeW,e€ E, f € F, form a linear basis of S ® T, the element
5 € (S @max T)? is well-defined. We show that, in fact, s € S(g Qmin Sﬁl. To this end, it
suffices to show that, for all z € V and y € W, the slices L*(s) and L (s) of s, viewed as
elements of S and T, respectively, belong to S& and Sﬁl, respectively.
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Fix y € W. By the no-signalling assumption, L,(s) annihilates the space Jg. Since
L,(s) is a positive functional, it annihilates the kernel cover of J, namely Js, and hence
Ly(s) € S&. By symmetry, the slices along vertices x € V belong to S&. We have thus
shown that s € S& QRmin Sﬁr By the definition of s, we have p = p*, and the proof is
completed using the first paragraph of the proof of this implication. m

THEOREM 6.3. Let G and H be contextuality scenarios and p € G(G,H) be a probabilistic
model. Then the following are equivalent:

(1) p € Que(G, H) (resp. p € Qqa(G, H));
(i) there exists a state s on Sg ®c Sy (resp. SG Omin Su) such that p = p*;
(iil) there exists a state s on Bg Qmax Bu (resp. Bg @min Bu) such that p = p®.

Moreover, the map s — p°® is an affine isomorphism between the state space of Sg ®. Su
(resp. S @min Su) and Qqc(G, H) (resp. Qqc(G, H)).

Proof. (i)=(ii) Let p € Qqc; by definition, there exist a Hilbert space H, a unit vec-
tor & € M and positive operator representations (Ay)zev and (By)yew of G and H
respectively such that A,B, = ByA, for all z,y, and p(z,y) = (AzBy,§), © € V,
y € W. By Theorem there exist unital completely positive maps ¢ : Sg — B(H),
and ¢ : Sy — B(H), with ¢(a;) = Ay and ¢(by) = By, v € V, y € W. We see that ¢
and ¢ have commuting ranges. Let s : Sg ® Sy — C be the linear functional given by

s(az @ by) = (p(az)Y(by)E,6), weV,yeW;

then s a state on Sg ®. Sy. It is straightforward that p = p°.
(i)« (iii) By Corollary Bg = C#(Sg), and now the statement follows from the
complete order embedding [29, Theorem 6.4]

SG Qc SH - BG Qmax BH- (63)

(ii)=(i) Suppose that s is a state on Sg ®. Sy such that p = p*. Using , ex-
tend s to a state § on Bg ®max Bu. Now the GNS representation of § produces unital
*-representations m and p of Bg and By, respectively, on a Hilbert space H, with com-
muting ranges, and a unit vector £ € H such that

S(u@w) = (r(u)p(v)§, ), ue Bg, v e By

It follows that (7(ag))zev and (p(by))yew are operator representations of G and H re-
spectively, and thus p € QqC(G, H).

The characterisations of the elements of Qqa(({}, H) can be proved using a direct mod-
ification of the proof of [44, Theorem 2.8|; the detailed arguments are omitted. m

Let G = (V, E) and H = (W, F') be contextuality scenarios. We write ¢,, y € W, for the
canonical generators of C*(H), and recall that the spaces Tg = span{l,p, : z € V} and
Tu =span{l,q, : y € W} are operator systems in C*(G) and C*(H) respectively. Recall,
further, that the enveloping tensor product S®.T of two operator systems S and 7T is the
operator system tensor product arising from the inclusion S® 7 C C*(S) @maxCa (T) [29].
For a linear functional s : Tg ®.Tu — C, let p* : V. x W — C be given by p*(z,y) =
s(pe ®qy), z €V, yeW.
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THEOREM 6.4. Let G and H be contextuality scenarios and p € G(G,H) is a probabilistic
model. The following are equivalent:

(i) p € Qqe(G, H) (resp. p € Qqa(G,H));
(ii) there exists a state s on T Qe T (resp. T @min Tu) such that p = p°;
(iii) there exists a state s on C*(G) @max C*(H) (resp. C*(G) Qmin C*(H)) such that

NS

p=p.

Moreover, the map s — p° is an affine isomorphism between the state space of Tg Qe TH
(resp. TG @min Tu) and Quc(G, H) (resp. Qqa(G, H)).

Proof. (i)« (iii) By definition, p € Qqc if and only if there exist a Hilbert space H, a unit
vector { € H and commuting PR’s (P,)zcv and (Qy)yew of G and H respectively, on H
such that p(z,y) = (P,Q,&,&), x € V, y € W. The claim follows from the fact that such
commuting PR’s give rise to *-representations of C*(G) ®@max C*(H), and vice versa.
(i) (iii) follows from the fact that C*(G) = C?(T¢) (Lemma [3.17).
The characterisations of the elements of Qg (G, H) can again be proved using a direct
modification of the proof of [44, Theorem 2.8]. m

The following characterisation of the classical probabilistic models follows easily from
Proposition the proof is omitted.

THEOREM 6.5. Let G and H be two contextuality scenarios and p € G(G,H) is a proba-
bilistic model. The following are equivalent

(i) p € C(G,H);
(i) there exists a state s on Dg @min Pu such that p(x,y) = s(dy; @ dy), z €V, y € W;
(iil) there exists a state s on Rg Qmin Ru such that p(x,y) = s(d, @dy), x €V, y e W.

Moreover, the map s — p° is an affine isomorphism between C(G,H) and the state space
Of RG @min RH

COROLLARY 6.6. Let G = (V,E) and H = (W, F) be dilating contextuality scenarios.
Then Qq(G,H) = Q4(G,H) and Qqa(G,H) = Qqa (G, H).

Proof. The equality Qua(G, H) = Qqa(G, H) is a direct consequence of Theorems u .
and . Assume that p € Qq(G,H) and let (A,)zev (vesp. (By)yew) be a POR of G
(resp. H) on a finite-dimensional Hilbert space H (resp. K), and £ € H ® K be a unit
vector such that p(z,y) = (A ®By)E, &),z € V,y € W. Let (Py)zex (resp. (Qy)yew) be
a PR of G (resp. H) on a Hilbert space H (resp. K) and Ug : H — H (resp. Uy : K — K)
be an isometry such that A, = UiP,Ug, z € V (resp By = UjQ,Un, y € W). Setting
f (Ug ® Up)E, we find that f is a unit vector in H @ K and

p(z,y) = (P ® Qy)E.,§), x€V,yeW.

Thus, p € Qq(G,H). We have shown that Qu(G,H) € Q,(G,H) and since the reverse
inclusion is trivial, we conclude that Q4(G,H) = Q4(G,H). =

Let G = (V,E) and H = (W, F) be contextuality scenarios. Recall that the Foulis-
Randall product GRH of G and H is the hypergraph with the properties that G(G ® H)
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coincides with the set of no-signalling models of G x H and that the projective represen-
tations of G ® H necessarily satisfy the respective no-signalling conditions [I]. Consider
the following universal C*-algebra given by generators and relations:

* 2
-AG,H = <(pw7y)wEV,yEW ’ Pry = DPgy = Pzys

Z pmy—leeE f € F, szy sz yyzpzy szy> (64)

(z,y)€ex f r€e z’' e’ yef y'ef’
It is easy to see that, if Z is the closed ideal of C*(G x H) generated by the elements
pr,y - Z Pz’ y» pr,y - Z Py’
r€e ' e’ yef y'ef’
then Agw = C*(G x H)/Z. By the arguments in [I, Proposition 5.2.1] and the universal
property of Agm, we find that Agmw = C*(G®H). In the next proposition, we pro-
vide a concrete C*-algebraic visualisation of G ® H and of the enveloping tensor product
T ®e T, appearing in the description of the class Quo(G, H) in Theorem

PROPOSITION 6.7. Let G = (V,E) and H = (W, F) be contextuality scenarios. Then
C*(G®H) = C*(G) ®max C*(H), up to a canonical *-isomorphism. In particular, Tggn
=T¢®eTw, up to a canonical unital complete order isomorphism.

Proof. Let H be a Hilbert space and (Py y)zev,yew € B(H) be a projective representation
that satisfies the no-signalling conditions

YOI SYIES ST SE o
z€e z'€e’ yef y'ef
forallz e V,ye W, e,e € Eand f, f' € F. Set
P, ::ZPJW and  Qy ::ZPQW, rzeViyeW
yef z€e

(here e € E and f € F are arbitrarily chosen). Then (P,),cv (resp. (Qy)yew) is a projec-
tive representation of G (resp. H); let 7g; (resp. 7y ) be the corresponding *-representation
of C*(G) (resp. C*(H)). If x € V and y € W, then

PzQy:<ZPx,y/>(ZPm’,y): Z sz'PﬂC Wy Qy
y'ef z'ce y'ef,a’€e
Thus, ng and 7y have commuting ranges and therefore give rise to a *-representation
e X T : C*(G) @max C*(H) — B(H) such that
(ﬁGXWH)(meQQy):Px,w xEV,yEW
The first claim now follows from the the universal property of C*(G ®H). The sec-

ond claim follows from the first one, the definition of the tensor product 7g ®. 7w and
Lemma [3.17 =

REMARK 6.8. It follows from Theorem and Proposition that the following are
equivalent:

(i) p € Qqe(G, H);
(ii) there exists a state s on Tggu such that p(z,y) = s(pyy), z €V, y e W.
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7. Coherent probabilistic models

In this section, we define coherent probabilistic models, which generalise synchronous
no-signalling correlations and show that, similarly to the latter ones, the former can be
described in terms of tracial states on universal C*-algebras. For a hypergraph G = (V, E),
we write x ~ y, if  # y and there exists a e € E such that z,y € e.

DEFINITION 7.1. Let G = (V,E) be a contextuality scenario. A probabilistic model
p € G(G,G) is called coherent if p(z,y) = 0 whenever = ~ y.

We denote the set of coherent probabilistic models by G°(G). Similarly, we let G (G)

(resp. Qgs(G), Qqc(G)) denote the set of all no-signalling coherent probabilistic models
(resp. tensor coherent probabilistic models, quantum commuting coherent models).

REMARK 7.2. Let X and A be finite sets. Recall that a no-signalling correlation p =
{(p(a,b|z,y))apea : =,y € X} is called synchronous (resp. bisynchronous) [43] (resp.
[42]), if p(a,b|xz,z) = 0 whenever a # b (resp. p(a,b|x,z) = 0 whenever a # b and
p(a,a|z,y) = 0 whenever x # y).

Let Bx, 4 be the Bell scenario (see Remark. It is straightforward to check that a
no-signalling probabilistic model p of Bx 4 is coherent if and only if p is a synchronous
no-signalling correlation. Further, it is straightforward to verify that a no-signalling prob-
abilistic model p of the QMS scenario G,, (see Example is coherent if and only if it is
a bisynchronous no-signalling correlation. Thus, coherency can be viewed as a contextual
version of synchronicity and bisynchronicity.

For a unital C*-algebra A, we write A°P for the opposite C*-algebra; recall that A°P
has the same underlying vector space with 4, the same involution and norm, and multi-
plication given by a®Pb°P = (ba)°P, where by a°P, for a € A, we denote the corresponding
elements of A°P.

Let H, K be two Hilbert spaces. We denote by H? the Banach space dual of H (sim-
ilarly for K). For T € B(H,K), we denote by T4 € B(K,H?) the dual operator of T
note that

TY(g) =goT, gekd,

and (T9)* = (T*)4. A *-representation 7 : A — B(H) of a C*-algebra A induces a
representation 7 : A°? — B(HY) of A°P by letting 7°P(a®) = m(a)d.

LEMMA 7.3. Let G = (V,E) be a hypergraph. There is a *-isomorphism 6 : C*(G)
— C*(G)°P such that 0(py) = pSP.

Proof. We show that C*(G)°P satisfies the universal property of C*(G). To this end, let
(P.)zev € B(K) be a PR of G. A direct verification shows that (PJ),cy is a PR of G on
the Hilbert space K. By the universal property of the C*-algebra C*(G), there exists a
(unital) *-representation p : C*(G) — B(K?) such that p(p,) = PJ, z € V. It follows that
the map p°P : C*(G)°? — B(K) is a *-representation satisfying p°P(p°P) = P,, x € V.
The proof is complete. m

In view of Remark [7.2] the following results are generalisations of the classical char-
acterisations obtained in [43], [42] and [32]. We recall that a trace 7 of a C*-algebra A is



Operator systems, contextuality and non-locality 41

called amenable if there is a sequence of completely positive, contractive maps ¢y : A —
Mg, such that

lpx(ab) — pr(a)pr(d)lle = 0 and  Trg, (px(a)) — 7(a).

The following result is due to Kirchberg [34, Proposition 3.2] (see also [II, Theorem
6.2.7]).

THEOREM 7.4. If A is a unital, separable C*-algebra and 7 is a tracial state on A, the
following are equivalent:

(i) 7 is an amenable tracial state;
(i) the linear functional ¢ : AQ A°® — C with ¢(a@b°P) = 7(ab) is bounded with respect
to the minimal tensor norm.

THEOREM 7.5. Let G = (V, E) be a contextuality scenario and p € G(G,G). The following
are equivalent:

(i) p € Q.(G);
(i) there exists a tracial state T : C*(G) — C such that

p(@,y) = 7(papy), T,y EV. (7.1)

Moreover,

(a) p € Qqa(G) if and only if 7 in (7.1)) can be chosen to be amenable;

(b) p € Qu(G) if and only if T in (7.1) can be chosen of the form T = 1o o my, where mo
is a *-representation of C*(G) such that ran(my) is finite-dimensional, and 79 is a
tracial state on ran(mg);

(¢) p € CG) if and only if T in (7.1) can be chosen of the form T = Tgomy, where 7y s a

*-representation of C*(G) such that ran(mg) is abelian, and 1o is a state on ran(my).

Proof. (i) = (ii) We write A = C*(G) for brevity. By Theorem there exists a state
5+ A @max A — C such that p(z,y) = s(p. @py), 2,y € V. Fix x € V and let e € E be
such that x € e. Since p is coherent,

s(pr®1) =D 8o ®@py) = 5(pe @ps) = Y 5(py @ps) =s(1@ps).  (7.2)
yeEe yeEe
Letting h, = p, ® 1 —1®p,, (7.2) implies that s(h2) = 0 which, by the Cauchy—Schwarz
inequality, shows that s(h,u) = s(uh;) =0, u € A @mpax A. Thus
$(zpe ®1) =s(2Q@pz) =s(pez®1), z€A (7.3)

Assume that s(zw ® 1) = s(wz ® 1) for every z € A and every word w on the set
{psz : * € V'} of length at most n. Letting w be a word on {p, : * € V'} of length n + 1,
write w = wop, for some x € V and a word wg on {p, : x € V'} of length n. Using ,
we then have

s(zw @ 1) = s(zweps @ 1) = s(przwo @ 1) = s(weprz @ 1) = s(wz @ 1).

Thus, the functional 7 on A given by 7(z) = s(z ® 1) is a tracial state. Finally, (7.3)
implies that

p(z,y) = 5(px @ py) = T(P2py), x,y€V.
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(if)=-(i) The functional § : A @max A°® — C given by §(u @ v°P) = 7(uv), u,v € A,
is a (well-defined) state. By Lemma the functional s : A ®pax A — C given by
5(u®v) = 7(uwv), u,v € A, is a (well-defined) state. Applying the GNS construction to
s yields PR’s and a unit vector in the corresponding GNS Hilbert space, implementing
the probabilistic model p.

(a) Now let p € Qg,(G). By Theorem there exists a state s : C*(G) ®@min C*(G)
— C such that p(z,y) = s(ps @ py), z,y € V. The arguments from the first part of the
proof show that the state 7 on C*(G) given by 7(a) = s(a®1), is tracial. By Lemma 7.3
the state 5§ : C*(G) @max C*(G)°? — C given by 5(a ® b°P) = 7(ab), is bounded in the
minimal norm. By Theorem [7.4] the trace 7 is amenable. As in the first part of the proof,
p(x,y) = 7(papy), T,y € V.

Conversely, let 7 on C*(G) be an amenable trace. By the first part of the proof,
the assignment p : V x V. — Ry given by p(z,y) = 7(pspy), ¢,y € V, is a quantum
commuting coherent model. By Theorem the functional ¢ : C*(G) ® C*(G)°? — C
with

¢(a ®b°P) = 7(ab)

is bounded with the minimal tensor norm, and hence extends to a state on C*(G) ®min
C*(G)°P, which we still denote by ¢. We identify C*(G) = C*(G)°? (Lemma and
invoke Theoremto obtain a probabilistic model p’ € Qqa(G, G) such that ¢(p, ®@p,) =
P (z,y), z,y € V.1t is straightforward that p = p’ and hence p is approximately quantum.

(b) Assume that p € Qg(G) and, using the universal property of C*(G), write
p(x,y) = (m(ps) @ m2(py)&, §)), where m, mo are representations of C*(G) on some
finite-dimensional Hilbert spaces H1, Ho respectively. Consider the map sy to be the re-
striction of the vector state we on ran(m) ®min ran(me). Then sg is a state such that
so(m1(pz) @ m2(py)) = p(x,y) for all x € V, y € W. Using the fact that p is coherent
and following the arguments in the first part of the proof, one can show that the func-
tional 79 on ran(m) defined by 7o(m1(2)) = so(m1(2) ® 1) is a tracial state such that
(10 o m1)(p2py) = p(z,y), x € V, y € W. The converse statement is straightforward.

(c) follows using similar arguments to those in (b) and the details are omitted. m

8. Equivalences with the Connes Embedding Problem

In this section we establish equivalences of the Connes Embedding Problem (CEP) [16] in
terms of properties of the operator systems Sg and 7g, and their C*-covers Bg and C*(G).
We stress that, in view of the negative answer to the Connes Embedding Problem obtained
in [27], there exist counterexamples to the equivalent statements in Theorem and
Proposition 8.5} The main value of these results resides in providing possible alternative
ways to arrive at the aforementioned resolution.

We start by recalling some basics on the CEP and associated approximation proper-
ties. We will use the Kirchberg formulation of CEP [46], Chapter 14], namely, the equality

cr (]FQ) ®min C* (FQ) - C* (]FZ) Qmax C* (F2)7
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where C*(Fy) is the full group C*-algebra of the free group Fy on two generators. We
let g1, g2 denote the generators of Fa, and set So = span {e, g1, g2, 97, g3 }, viewed as an
operator subsystem of C*(Fy).

Let S be an operator system. We say that S possesses the operator system lifting
property (OSLP) if, whenever A is a unital C*-algebra and J C A is a closed ideal,
for every unital completely positive map ¢ : S — A/J there exists a unital completely
positive map ¢ : § — A such that ¢ = got) (where ¢ : A — A/J is the quotient map). We
say that S possesses the operator system local lifting property (OSLLP) if every finite-
dimensional operator subsystem of S possesses OSLP. If S is a unital C*-algebra, we
simply refer to these properties as LP and LLP, respectively. We further recall that a
unital C*-algebra A is said to

(i) be projective if, given any unital C*-algebra B and a closed ideal J C B, for every
unital *-homomorphism 7 : A — B /J there exists a unital *~homomorphism ) :
A — B such that 7 = ¢ o ¢;

(ii) be residually finite-dimensional (RFD) if, whenever a € A is non-zero, there exists a
finite-dimensional Hilbert space H and a *-representation 7 : A — B(H) such that
m(a) # 0;

(iii) have the weak expectation property (WEP) if A @min C*(F2) = A Qmax C*(F2).

Let S and T be operator systems with dim S < co. Given an element © € S® T, say,
u = Zle si @ ti, let ¢, : ST — T be the (linear) map given by ¢.(f) = >, f(si)ti,
fest By [31, Lemma 8.4], the correspondence

(S Pmin T)T = CP(SY,T),  ur— ¢y, (8.1)

is a well-defined bijection.

The next proposition collects several facts that will be needed in the proof of Theo-
rem We point out that item (i) can be deduced using deeper functoriality properties
involving exactness and OSLLP [31] [30]; the elementary proof given here follows closely
the proof of [48] Proposition 8.4], and we include it for the convenience of the reader.

PROPOSITION 8.1. Let G be a contextuality scenario. The following hold true:

(i) the operator system Sg has the OSLLP;
(ii) of G is dilating then the C*-algebra C*(G) has the LLP;
(iii) the C*-algebra Bg is projective.

Proof. (i) We will prove that Sg ®min B(H) = Sg ®@max B(H) for every Hilbert space H,
which, by [31, Theorem 8.6], is equivalent to Sg having the OSLLP. To this end, it suffices
to show that

(86 @min B(H))" C (St @max B(H))*

for every Hilbert space H.

Fix a Hilbert space H, let u € (Sg @min B(H))T and let ¢, : S& — B(H) be the com-
pletely positive map arising according to . Note that Sg is an operator subsystem of
the operator abelian (hence nuclear) C*-algebra S = @, £2°. By Arveson’s Extension
Theorem, there exists a completely positive map ¢ : S — B(H) extending ¢,,. By the
correspondence (8.1), there exists a v € (S ®@min B(H))T such that ¢ = ¢,. The nuclearity
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of S implies that v € (S @max B(H))" and thus w := (¢ ® id)(v) € (Sg Omax B(H)) T,
where ¢ : § — Sg is the canonical quotient map. The fact that w = u is now straightfor-
ward.

(ii) Theorem and the fact that G is assumed to be dilating imply that Sg = Tg;
by (i), T has the OSLLP. In particular, using |29, Theorem 6.6], we have

TG ®min B(H) = T(G ®max B(H) = TG ®C B(H)

By Lemma T contains enough unitaries in C*(G), so [30, Corollary 5.8] implies
that
C* (G) ®min B(H) =C" (G) O max B(H)

for every Hilbert space H, which again is equivalent to C*(G) having LLP.

(iii) Let B be a unital C*-algebra, J C B be a closed ideal and 7 : Bg — B/ J be a *-
homomorphism. Write ¢ : B — B/ J for the quotient map. By (i) and [30, Theorem 6.10],
Bg has the LLP. Thus, there exists a unital completely positive map ¥ : Sg — B such that
7|ss = q © . By the universal property of Bg (see Corollary , the map 1 extends to
a unital *-homomorphism p : Bg — B. Therefore, 7|s, = q o p|s,; since Sg generates Bg
as a C*-algebra, we conclude that T =qgop.

REMARK 8.2. By [I1l Corollary 13.1.4], a unital C*-algebra A has the LP if and only if
every unital *~homomorphism 6 : 4 — B /7 into a quotient C*-algebra admits a unital
completely positive lift to a map into B. By Proposition (iii)7 Bg has the LP. Since
Bg is separable and projective, it is RFD and has no non-trivial projections (see [35]
Theorem 11.2.1], [I7, Proposition 4.5]).

THEOREM 8.3. The following statements are equivalent:

(i) CEP has an affirmative answer;
(ii) Qua(G,G) = Qqc(G,G) for every dilating contextuality scenario G;
(iii) C*(G) ®min C*(G) = C*(G) @max C*(G) for every dilating contextuality scenario
G;
) T6®minTe =T ®: T for every dilating contextuality scenario G;
) Q4a(G,G) = Que(G, G) for every contextuality scenario G;
) Bg ®min Be = Bg ®@max Bg for every contextuality scenario G;
(vil) 8¢ ®min Sg = Sg ® S for every contextuality scenario G;
i) Bg ®max Bg is RFD for every contextuality scenario G;
) Q4a(G) = QG (G) for every dilating contextuality scenario G;
) C*(G) has the WEP for every dilating contextuality scenario G;
(xi) TG ®minS2 =T ®:Sa for every dilating conteztuality scenario G.

Proof. (ii)=(i) follows by letting G vary over all Bell scenarios Bx 4, after recalling that
Bx, 4 are dilating (Remark and using the equivalence between the Tsirelson Problem
and CEP [40), 25).

(i)=(iii) By Proposition if G is dilating then C*(G) has the LLP. Hence, it
also possesses the WEP (see e.g. [46, Proposition 13.1]), which implies that C*(G) ®muin
C*(G) = C*(G) ®max C*(G) by the generalised Kirchberg theorem (see [46, Corol-
lary 9.40]).
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(iii)=(ii) follows by the characterisation of probabilistic models in terms of states
given in Theorem

(iv)=-(iii) follows from Lemma and [30, Corollary 5.8].

(i)=(iv) Assume CEP has an affirmative answer. By Theorem Tg=S8c uptoa
(canonical) unital order isomorphism; thus, by Proposition T has the OSLPP. By
[31, Theorem 9.1], T¢ ®min Te = T ®c T -

(v)=(i) follows again by letting G vary over all Bell scenarios.

(i)=(vi) By (the proof of) Proposition Bg has LLP; by the assumption and [46]
Proposition 13.1], it has WEP, and (vi) follows.

(vi)=(vii)=(v) follows from Theorem [6.3

(vi)=(viii) Since Bg is RFD (Remark, Bg ®min Bg is also RFD; by the assump-
tion, Bg ®max Bg is RFD.

(viii)=(vi) can be proved in a similar fashion to [39, Proposition 3.19], using the fact
that the C*-algebra Bg has the lifting property (see also [46l, Proposition 13.1]).

(ii)=(ix) is straightforward from the fact that Qg,(G) C Qqa(G) and Qg.(G) C
0,:(G).

(ix)=-(i) Applied to the case where G is the Bell scenario, the assumption shows
that the class of synchronous quantum approximate correlations coincides with that of
synchronous quantum commuting ones, and the conclusion follows from [32].

(i)=(x) Assume CEP has an affirmative answer. By Proposition if G is dilating
then C*(G) has the LLP. By [46], Proposition 13.1], C*(G) has the WEP.

(x)=(iil) follows from the generalised Kirchberg’s Theorem (see [46, Corollary 9.40]).

(xi)=(x) is immediate from [30, Corollary 5.8] and the fact that 7g and S contain
enough unitaries (see Lemma [3.17).

(x)=(xi) By [0, Theorem 5.9], the assumption that C*(G) has the WEP is equiva-
lent to the identity C*(G) @min S2 = C*(G) @max S2. By the injectivity of the minimal
tensor product, TG ®min S2 € C*(G) ®min S2 canonically. By Lemma and the def-
inition of the left injective operator system tensor product el [31], we have T ®c Sa C
C*(G) ®max S2. Thus TG ®min S2 = TG ®e S2. On the other hand, the assumption
is equivalent to CEP, and now [3I, Theorem 9.1] implies that the operator systems
with the OSLLP possess the DCEP which, by [3T, Theorem 7.3|, is equivalent to (el,c)-
nuclearity. Recalling that 7 possesses OSLLP (Proposition , we now conclude that
TeOminS2 =Tg®e1S2=Tg®:S2. m

REMARK 8.4. Proposition together with the proofs of [39, Proposition 3.19] and
[46, Proposition 13.1], shows that the statements in Theorem are equivalent to the
existence of a faithful tracial state on the C*-algebra C*(G ® G) for every dilating con-
textuality scenario G.

We conclude with a discussion of a particular contextuality scenario, motivated by
T. Fritz’s results [25] that the (full) group C*-algebra C*((Zg * Zs) X (Z2 * Z3)) is a
free hypergraph C*-algebra, and that CEP has an affirmative answer if and only if the
latter C*-algebra is RFD. Let Gz 3 be the hypergraph with two disjoint edges having
two and three vertices, respectively. By Theorem f.12] Gy 3 is dilating, and hence, by
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Theorems [£.3] and
TG2.3 = SG2,3 = EOO([ZD D1 EOO(BD
PROPOSITION 8.5. The following are equivalent:

(i) CEP has an affirmative answer;
(11) TGz,s @min TG2,3 = TG2,3 ®Ga,37
(i) C*(G2,3) @min C*(G2,3) = C*(G2,3) Qmax C*(Ga,3).
Further, any of these conditions implies that Qqa(G2 3, G2,3) = Qqc(Ga,3,G23).

Proof. (i)=(ii) follows from Theorem and the fact that Gy 3 is dilating.

(iii)=(1) We have C*(Ga3) = C*(Z2 * Z3). Thus, by the assumption, the C*-algebra
C*((Zg * Zs3) x (Za x Z3)) is RFD. By [25], CEP has an affirmative answer.

(ii)<(iii) By Proposition C*(G2,3) ®@max C* (G2 3) = C*(G2,3® Gy 3). Thus, by
[30, Proposition 5.7] the equality T, , ®min TGos = TGos @G5 implies the equality
C*(G2,3) @min C*(Go,3) = C*(G2,3) @max C*(G2,3). =

REMARK 8.6. There exist a contextuality scenario Gy such that
Qqa(GovGO) ?é QqC(GovGO)~

Indeed, using [25, Theorem 3.5], let Gg be a contextuality scenario that has only infinite-
dimensional representations. Since there are no finite-dimensional unital representations
of C*(Gy), there are also no finite-dimensional representations of C*(Gg) @min C*(Go).
By Theorem Q4a(Go, Gg) = 0 while, on the other hand, Qqc(Go, Go) # 0.

9. Summary and outlook

In this section we summarise the main contributions and indicate the limitations of our
framework. We develop an operator-system approach to contextuality scenarios, providing
a general setting that specialises to nonlocality. For any scenario G, the central objects
are the universal operator system Sg, encoding POR’s, and the companion system 7 ¢ C
C*(G), encoding precisely those POR’s that dilate to PR’s. Equivalently, a scenario is
dilating iff Sg = T . Unlike other cases (e.g. graph operator systems), Sg is not a faithful
invariant of the underlying hypergraph.

After realising Sg as a universal quotient, we show that the natural matrix-order
cones need not be proper (Fig. . We repair this by passing to the canonical normalisa-
tion/Archimedean quotient and by isolating a natural combinatorial class—uniformisable
scenarios—for which the quotient kernel is a null subspace and properness is guaranteed.
This quotient perspective also allows us to identify the dual as a function system, which
later plays a role in establishing the LLP for Sg and its associated C*-algebras.

We further demonstrate that not every scenario is dilating, which justifies the in-
troduction of Sg. Already the trivial instance (Fig. [2]) fails to dilate; the scenario Gg
(Fig. p) provides a structured obstruction, captured by a practical test for dilatability
(Proposition [£.14), and the quantum magic-square family yields additional robust coun-
terexamples (Corollary . The operator system T g, typically distinct from Sg, is the
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canonical subsystem of C*(G). The latter C*-algebra is its C*-envelope and can be re-
alised as a quotient of a free product of /*°-spaces determined by the edge sizes. We note,
however, that a hypergraph analogue of Boca’s theorem cannot hold in full generality,
as it would imply dilatability for all scenarios. In light of these obstructions, we isolate a
natural class of dilatable scenarios (Fig. [4)).

Beyond these structural considerations, we identify the maximal C*-cover of Sg via
a canonical TRO generated by G-stochastic operator matrices, characterise no-signalling
classes as states on suitable operator-system tensor products, and introduce coherent
models, which we classify through traces on the hypergraph C*(G). These results yield
new reformulations of the Connes and Tsirelson problems within the hypergraph setting.

10. Questions

In this section, we collect several questions related to this work. In Corollary [6.6] we
showed that, if G and H are dilating contextuality scenarios then Qq4(G,H) = Q4(G, H)
and Qqa(G,H) = Qqa(G, H). The quantum commuting case is outstanding:

QUESTION 10.1. Let G and H be dilating contextuality scenarios. Is it true that QqC(G, H)
= Quc(G,H)?

Under the assumption that G and H are dilating, one can show that every element p
of QqC(G, H) arises from a state on the commuting tensor product 7g ®. Tg; on the other
hand, the elements of Qq.(G, H) arise, by Theorem from the states on the enveloping
tensor product 7g ® Ta. Thus, an affirmative answer to the following question will imply
an affirmative answer to Question [I0.1}

QUESTION 10.2. Let G and H be contextuality scenarios. Is it true that T¢ ®. Tu =
T ®c Tu? Does the equality hold when G and H are dilating?

We note that the equality in Question [10.2]is equivalent to the validity of a canonical
complete order inclusion Tg ®. Ty C C*(G) ®max C*(H).

QUESTION 10.3. (i) Is it true that CEP implies (and is hence equivalent to) the equality
Q4a(G, G) = Quc(G, G) for all contextuality scenarios G?

(ii) Is it true that CEP implies the equality Q. (G,G) = Qg.(G,G) for all contextu-
ality scenarios G7

We note that if Question [10.3|(i) has an affirmative answer then the scenario in Re-
mark [8.6] would witness the negative answer to the CEP. We also point out that Ques-
tion ii) is a hypergraph version of the problem of whether an inequality between
the classes of quantum commuting and quantum approximate bisynchronous correlations
witnesses the negative answer to CEP [42].

QUESTION 10.4. Is it true that C*(G) has LLP and that 7 has OSLLP?

We note that an affirmative answer to Question [10.4] implies an affirmative answer to
Question Indeed, if CEP holds true then the LLP of the C*-algebra C*(G) implies
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the equality C*(G) @min C*(G) = C*(G) @max C*(G), and by Theorem we deduce
that Qua(G, G) = Quc(G, G).

The next question is of combinatorial nature; indeed, we were only able to explicitly
identify the dual of the operator system Sg in case the hypergraph G is uniform. Note
that the question is related to the problem of whether the subspace Jg is in fact an
operator system kernel (see Section .

QUESTION 10.5. Can one provide an explicit identification of the dual S(d; of Sg in the
case where G is not uniform? Is the subspace Jg always a kernel?

While we have a sufficiently concrete description of the maximal C*-cover of the
operator system Sg (see Section , we do not know what its C*-envelope looks like,
except in the cases of dilating scenarios G (when it coincides with C*(G)):

QUESTION 10.6. Can C*(Sg) be explicitly identified?

A satisfactory answer to Question [10.6] will lead to more economical descriptions of
no-signalling probabilistic models and would allow the addition of new equivalences of
CEP in Theorem R3]

It would be of interest to provide classes of examples of both dilating and non-dilating
contextuality scenarios. As a test question, we mention the following:

QUESTION 10.7. Is the Kochen—Specker scenario Ggg dilating?

An affirmative answer to Question [10.7] would imply an affirmative answer to the
question, posed in [1], of whether all probabilistic models of the Kochen—Specker scenario
are quantum.
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