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ARITHMETIC PROPERTIES OF THE DSOME FUNCTION

BY

NAYANDEEP DEKA BARUAH and PANKAJ GOGOI

Abstract. Recently, Andrews and Ghosh Dastidar [Ramanujan J. 69 (2026), art. 26|
studied two interesting functions SOME(n) and DSOME(n), where SOME(n) is the sum of
all the odd parts in the partitions of n minus the sum of all the even parts, and DSOME(n)
is the sum of all the odd parts in the partitions of n into distinct parts minus the sum of
all the even parts. They expressed the generating functions of SOME(n) and DSOME(n)
in terms of g-series and found several interesting congruences modulo 4 and 5. In this
paper, we express the generating function of DSOME(n) in closed form, which allows us
to find some new congruences and internal congruences modulo 4 and 8 for DSOME(n).

1. Introduction. For complex numbers a and ¢ with |g| < 1, define the
standard ¢-products

n—1
(@ qo:=1, (a;q)n:=[] (1 —-ad"), (a;0)0 = Jim (a; g)n-
k=0

In the sequel, we set f,, := (¢";¢")o for integers n > 1.

A partition X := (A\1,..., ;) of a positive integer n is a finite non-
increasing sequence of positive integers such that A\ + --- + Ay = n. The
partition function p(n) is defined as the number of partitions of n. It is well
known that the generating function of p(n) is given by

) n 1

where by convention, we set p(0) = 1. The arithmetic properties of the
partition function have been studied extensively after Ramanujan [SR19]
found his famous congruences modulo 5, 7 and 11, namely

p(5n+4) =0 (mod 5),
p(Tn +5) =0 (mod 7),
p(11n +6) =0 (mod 11).

2020 Mathematics Subject Classification: Primary 11P83; Secondary 05A17.
Key words and phrases: integer partition, congruence, DSOME function.
Received 19 January 2026; revised 8 June 2026.

Published online 6 November 2026.

DOI: 10.4064/cm9783-7-2026 [1] © Instytut Matematyczny PAN, 2026



2 N. D. BARUAH AND P. GOGOI

Recently, Andrews and Ghosh Dastidar [AG206] studied two interesting
functions related to partitions, namely, SOME(n) and DSOME(n), where
SOME(n) is the sum of all the odd parts in the partitions of n minus the
sum of all the even parts, and DSOME(n) is the sum of all the odd parts in
the partitions of n into distinct parts minus the sum of all the even parts.
They found that the generating functions of SOME(n) and DSOME(n) can
be expressed as

m

SOME(n)q" =
,;) = e ng (14qm)?

and
[e%S) . ‘ (_1)m—1qm
(1.1) ZDSOME(n)q = (—¢ @)oo Z TRV E
~ = (L+am)
g S (Brm e 2n)e
*( CLq)oo;( 1+q2n—1 T;)l_i_an :

They also proved the following beautiful congruences. For n > 0,
SOME(5n +2) =0 (mod 5),
SOME(5n +4) =0 (mod 5),
SOME(4n) = 0 (mod 4),
DSOME(4n) = 0 (mod 4).
Moreover, they also conjectured that if 24\ = 1 (mod 5%), then
SOME(A) =0 (mod 5%).
In this paper, we express the generating function of DSOME(n)
in closed form (see Theorem below). That allows us to find some new

congruences and internal congruences for DSOME(n) modulo 4 and 8. We
present the main results in the following four theorems.

THEOREM 1.1. We have

(1.2) > DSOME(n)q" = ;(h — fl?).

n>0 v f3

THEOREM 1.2. For alln >0 and 1 <r <4, we have

DSOME(25n + 5r + 1) = 0 (mod 4).
THEOREM 1.3. For alln >0 and 1 <r <4, we have

DSOME(625n + 1257 4+ 26) = 0 (mod 8).
THEOREM 1.4. For alln >0 and 1 <r <4, we have
DSOME(15625n + 651) = 5DSOME(25n 4 1) + DSOME(625n + 26)
— 5DSOME(n) (mod 8)
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and
DSOME(15625n + 3125r 4+ 651) = 5DSOME(25n + 57 + 1)
+ DSOME(625n + 1257 + 26) (mod 8).

We organize the paper in the following way. In Section [2, we present
some preliminary definitions and lemmas that are useful for proving our
theorems. In Section [3] we prove Theorems 1.4 In the final section, we
propose some conjectural congruences for DSOME(n) modulo 8 and 16.

2. Preliminary definitions and lemmas. The Rogers—Ramanujan
identities are given by

B o0 qn2 B 1
21 Gla)y= nz_% (@G Dn (@ P)oolah; )0’
0 qn2+n 1
(22) g =3 L o

(@D (0% °)oo(@®; ¢°)o
where G(q) and H(q) are called the Rogers—Ramanujan functions. Recall
from |[LR94] that

H{(q)

R(q) = ¢'/5 52,

W=

where R(q) is the famous Rogers—Ramanujan continued fraction defined by
1/5 2
q q d
= = = 1.
Rlg) =" 9,740 ld<

Some useful results are presented in the following lemmas. For the first
two lemmas, we set

1/5 G
q Glg)
(2.3) T() = 4
R(q) ~ H(q)
LEMMA 2.1 (Baruah and Begum [BBI18)). If z := T(q) and y := T(¢?),
then )
q
(2.4) zy? — ke K,
a? oy 4
2.5 —— ===
( ) y 2 K’
3 2
Yy 2T 4q
2 2
q 4q
2. 3 — =K+ —+2
(2.7) xy—l—x3y +K+q,
2
q f1
(2.8) x® — + 11g,
x> f8

where K = f2f§’/(f1f150)
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In the next lemma, we present two well-known 5-dissections of f; and 1/ f;.
LEMMA 2.2 (|B06l p. 165]). We have

2
(2.9) fi=fas <T(q5) —q— T?q5))a
L _fs

(210) 4 = 0 <T(q5)4 +4qT(¢°)° + 2¢°T(¢°)* + 3¢°T(¢°) + 5¢"
3¢ 2" 4 ¢ >
T T2 TP T

The following gives 2-dissections of G(q) and H(g) due to Watson
[W33, p. 60].

LEMMA 2.3. We have

(2.11) Glg) = jﬁj(a<q16> L gH(—q"),
(2.12) H(q) = "> (G(—¢") + ¢*H(¢"%)).

f2

We use the identities of the following lemma quite frequently in the next
sections.

LEMMA 2.4 (Baruah and Begum [BBI18| (2.6) and (2.7)]).

R ol o

fiffe fiho T
BBt
R R TR

We conclude this section by proving another useful result.

(2.13)

(2.14)

LEMMA 2.5. We have
1

(2.15) G(q9)G(¢") + qH(q)H(q") = 7, (mod 2).

Proof. One of Ramanujan’s famous forty identities for G(q) and H(q)
(See [BCO7] for more details) is given by

fio
2.16) G(q)G(q*) — qH(q)H(¢") = :
( (@G ) f212 f3
However, by the binomial theorem, for positive integers k and ¢, it can
be easily shown that
(2.17) ,38 = 22,?1 (mod 2°).

In particular,

fi=fo(mod2) and f2= fio (mod 2).
Thus, (2.15) readily follows from ([2.16)). =
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REMARK 2.6. We will frequently use (2.17)) without further reference.

3. Proofs of Theorems [L.HI.4
Proof of Theorem[1.1 We recall from [B06, p. 61, (3.3.6)] that

(q’ 2n _ 1 2n—1 2nq2n
-8 — .
Z 1+ q2n 1 7;) 1+ q2n

(~4 9%

Employing the above identity in (1.1]), we have

. o2n — 1)g> 1 2ng*"
ZDSOME(H)Q = (_Q; q)oo(Z (1‘f‘(12)n_:l B Z 14+ q2n>

n>0 n>0

Senan(i- E25) 152

R
fl f2 7
which is . "
Proof of Theorem- From and ( -7
3" DSOME(m)g" = 22 - <f1 f3 4 dt f10>

o 8f1 I
. f2 fafs 3 q( .3 f1f160
=8f 8<f1ff0 - 4C]f5f10> + 2<f5flo —4q f2f52)
2SS 5. o oflofi
T spsh, e e
which, by and , can be recast as
(3.1) ) _DSOME(n)q"
n=0
5 8 4
= f2;§50 (é - 8“’%}) (T(qlo) —¢’ - T(qqlo)> <T4(q5) +4T%(¢”) +24T%(¢")
35 4 ¢ q° q ¢
o) ‘3T<q5>”T2<q5> ) ) T

2 2f25f50 (T(q )_ T > T4 10 —|—qT3(q )+2q2T2( 10)
0

13
q

+3¢°T(¢"°) +5¢° — 3 : +2 ¢ — ¢ + ¢ )
T(q'%) ~T%q'%) T3%(¢") T*(¢")
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Extracting the terms involving ¢°"*! from both sides of (3.1]), dividing by ¢
and then replacing ¢° by ¢, we find that
o

> DSOME(5n + 1)¢"
n=0
L 2\ f2 fo q? 2y
3 1 5 3
= S ) V7] . R
ﬁﬁ+<8 %9 75\ YT ey T2y ) T

o fo /i q° Y s
(2|2’ - =5 | —al =+ 5 ) -5 ),
fl zy x y
which by ([2.4)—(2.7) can be recast as

(32) > DSOME(5n + 1)q"
n=0

3 1 f1 f55f10 4q f5fir’o 4q

<t g (1 i) B (- sa) P (e G o).
Now, by (2.13) and (2.14)), we have

2
o = msa= o (1-2) = (25 +0) (- )
AR S BB
o Bl By

Employing in , we have

_ L3 1S 31
(34) ,;)DSOME(5n+1)q f1f2+8 fifio 8 f3fo e fs

Applying (2.13)), we find that

(35) > DSOME(5n + 1)q"
n=0

= ffa+ < (J;lo + 4 ’;21];%) (ﬁ) _ 4qf1f;22f120> _ quffif’o
— 3+ 1-7;}0 L4 <J;J20 4 g f{1;5> B 8?10 N g flf;Qflo f%fifo
Therefore,
iDSOME(m 1)
!
:££)+ff’fz+qﬁﬁf% f2f£1°+2 2%%357 (mod 4),
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which by ([2.14) yields

> DSOME(5n + 1)q"

n=0
_fo <f§’f5 f5>_2f2f10 i
8fs  8fi thkt Afio fio G i fif]
_fio 9 f fafty 2 f5.f70
:8705—§f—%+2f1f4+2q a +2q 7 (mod 4).
Employing (2.9) and ( , we have
(3.6) ZDSOME(5n+1)q”
n=0
_ S 9 g 20 4 ¢°
=85 8 f5 + 225 f100 <T (q5)> (T(q )—q" — T(q20)>
f10f100< 20 4 _ ¢° ) f5f10f5o< 4010
P T gy ) PR AT @
10 12

23/ 10 42/ .10 6 10 q q
+q°T + 2¢°T + 3q°1 +5¢ -3 +2
q (q ) q (q ) q (q ) q T(qlo) T2(q10)

e 1
- g+ i) (ot 4
To derive Theorem , we need to extract the terms involving ¢°"*" for

r = 1,2,3,4 in (3.6). We treat each of the cases for r separately in the
following.

CASE r = 1. Extracting the terms involving ¢°**! from both sides
of (3.6)), dividing by ¢, and then replacing ¢® by ¢, we obtain
oo

) DSOME(25n + 6)q"
n=0

= 2f5f20 <—T(q4) + T(q)) + 2f2f2(}1 (4" +2 3f2j;:{(10 ) (mod 4),

which by 1} can be rewritten as

(3.7) Z DSOME(25n + 6)¢"
n=0

G(q* H G 5 173 (42
(500 G

G(q")
H(q*)

— 2 (G(q)G(qY) — qH (q)H(g")) + 2f1f1f20

fifiofwoH (¢*)H (g%
£G(¢*)G(q*)

(mod 4),
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where we have also used the fact that for any positive integer 7,
(3.8) G*(¢) = G(qu) (mod 2) and H?*(¢’) = H(¢¥) (mod 2).

Next, it follows from ([2.1)) and ( . ) that
(3.9) H(q)G(q) = f5/f1.
Employing (2.15)), (3.8)), and (3.9) in , we find that

o0
(3.10) ) DSOME(25n + 6)q"
n=0

8
m@% 211G qY) + 262 i fao 5534))

= 2/1f2H(9)G(q") + 2f1/sG(¢")(G(¢") + ¢’ H(q"")) (mod 4).
However, from , we have

f(() L $#H (")) (mod 2).
2

Employing (3.11)) in (3.10)), we find that

> DSOME(25n + 6)¢" = 21 faH (q)G(q*) + 2f1.f2H (9)G(g") = 0 (mod 4).
n=0

2

(3.11) H(q) =

This completes the proof of the case r = 1.

CASE r = 2. Extracting the terms involving ¢®"**2 from both sides
of (3.6)), dividing by ¢2, and then replacing ¢® by ¢, we obtain

S T(q ) f1f10 2\ _ 3¢°
nZODSOME(%nJrn)q = 2f5f20 () 5 (T 0a) T(q2)) (mod 4).

Using (2.3)), (3.8]), and (3.9]), we find that

> DSOME(25n + 11)¢"
n=0

HYa) 2 h

fifto (G(@®) | 2 H(q?)
Jo ( ))

= 2f5f20

G(¢"H(q) | . fifi <G4(q2) o H
G

= 2f1 f1H?(¢)G*(¢") + 2

= 2f1 f1H(q*)G(q%)
f1f150

LG HE)

(G(¢*)G(¢®) + ¢°H(q°)H(q®%)) (mod 4).
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Using ([2.15)) and then employing (3.9)), we obtain

2 DSOME(25n +11)q" = 2/ Ll ()G(d") +2 fzf4Gf(1f1)0 H(q®)

_ Ny 8 J1fafr0f10
=2f1f4H(¢")G(q") + 2f2f8G(q2)H(q8)
= 2/1f1H(*)G(¢%) + 2f1f1H (¢*) G (¢°)
= 4f1f1H(¢*)G(¢)

=0 (mod 4),

which completes the proof of the case r = 2.

CASE 7 = 3. We extract the terms involving ¢°"*3 from both sides
of (3.6) and then proceed as in the previous two cases. As a result, we
deduce that

ZDSOME(25n+ 16)q™ = 2qf5 f20 ) +2qf iy (T(qQ) + ’ )

= () g Ti()
L (06 )
= 20fs gy ) 2y ST )60 + 06
= 20 GV H() + 20

= 21 f2G(¢*) H(¢®) + 2qf1£1G(¢*) H(¢®) = 0 (mod 4).

CASE r = 4. For this case, we extract the terms involving ¢ from
both sides of (3.6) and then proceed as in the case of r = 1 to deduce that

Sn+4

(3.12) ) DSOME(25n + 21)¢"
n=0

5
= 2f5f20< T(((]fl)) + 2qflf2 f20 flféw T°(¢%)
4
= e (GG + af @) + 20 i g
n 2f1f10f40G( 7*)G(q")
f2H(q?)H (q*)
—o B ok 2 128 e (6)G()
f2H(q)G(q%) :

= 2f1£G(q)H(q") + 2f1 fsH(q")(G(¢"°) + qH (¢*)) (mod 4).
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Now, by (2.11]), we have

(3.13) Gla) = £(6(a") + aff(¢") (mod 1)
Using (3.13) in (3.12)), we arrive at

> DSOME(25n + 21)¢" = 4f1 f2G(q)H (g*) = 0 (mod 4).
n=0

This completes the proof. m
Proof of Theorem |1.5 - Employmg and (| - in ., and then

extracting the terms involving ¢° from the resulting identity, we find that

> DSOME(25n + 1)¢"
n=0
f: J: ?
= s (e e - ) )
1 f5f10 f1f5f10 2 Y 2 2
ey ) (o= ) (5 ) )
2 1
+2qf5’ff10+2qf29130 (1()( (.151)4_15)
1 1

where, as deﬁned in Lemma 2.1, z = T(¢q) and y = T(¢?). Employing

. and (| , we find that

Z DSOME(25n + 1)¢"

J;f;ff@K)
R
f2f{10 +10q f2 (22) +25 >
_ éf;l _ 8];1124— ;12;;50 +16 2’;];%0 —3qf§’fm+;]";%]}° +g";?1‘7;§50
+2qf2f{10 + 20g f2f5 + 250 2f219 :

We now take the congruence modulo 8 on both sides of the above and re-
peatedly use (2.13) for further simplification. As a result, we obtain
o

> DSOME(25n + 1)¢"

n=0

15 1 f2 flo . fif3 fs
fis R f2

_°J2 J1 Qf1f10
=5k sy SWhety
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9 L(f ffff’o)_ 5. 4 fifi q(ff’o fszo)
=37 8<fzf120 Wyap )~ a5t g e b s P4 s

2 2
+0afifofh + 20 P10
9f 1ff 3 fifio | a fio 34 42 o J1.12 3
=-22_ - A5 3 + +- 2246 + 4g2 15120
3 fl S f2f120 Qf5f10 qf22f5 2 ff? Qflf2f10 q f2
9 fa 1<f2f58 3 > 3 (3 f1f160> Qf150
=-="=—- —4 -3 + —4 + -5
57 s\psk qf5 fo afsfro+a\ f5f10 —4q e R
2
+oafSfash + 4TI
J2 (9 /3 3¢ .3 q fio 3p f2
=2(2_ ) = $0 o .
f1<8 Sffo 2f5f10+2f§’ qf7 fafip (mod 8)
With the use of and , we rewrite the above as
> DSOME(25n+1)g"
n=0
fsof3s (9 f3 10y _ 2 q¢* 4,5 3.5 252/ 5
= —— T —q°— T T 2q°T
75 \8 sfh (@) —q (g0 (¢°)+qT°(¢°) +2¢°T(q")

)
3¢° 245 q" ¢ 3q qfr
3 5 4 3 10
T _ _ _4 1710
T3¢T(e) +5q T(q°) - T2(¢%)  T3(¢5) " T4(q%) g 505 f2
4

—2q 70 /35 f50 (T(qw) —q* - g )

T(q'°)
5 6

Extracting the terms involving ¢°"*! from both sides of the above and then

using ([2.5)), (2.7), (2.14)) and (3.3)), we deduce that
[e.9]
> DSOME(125n + 26)q”

n=0

~ fwfpre 7 3 ¢ 2y 3 .3 1f3

=0 (5 (e 25 - ) o) -t
—2qf3 f2 f10 <w3y + ;; + 3q<z2 —~ x%) - 5q>

f f5 9 f8 42 3 1f5

(5 ) (10 = T = sa) — AR S 2 0K 0

32 1R 3 f3 4 f5

fifio 8 f3fio 2 2f2 ? fio

9
3 f§f2+ *2f12
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Now by repeated use of (2.4)) and (2.5)), we find that

(3.14) Z DSOME(125n + 26)¢"

9( fio f2ff0>_1(f57_ f1f52f120>_3<f§’f54_ f22ff’0>
8<f5+4 Trpz) Ts\p My n

(e, , f2f150>_2(ff’f2f§ f1f10>
+2<f1f4 Ry A
:2@ (flflo 4q f10 )_1f5 gflfs?f%o
T8 2 \R TRE) TR T h
§ f5 f1f5f10> f2f10_2 3£ 9 <fff§f120 f1f10>
o\, TR ) Tapgs TR\ T
_9fw0 99 hfh 1Bf L [hf3f (flO f1f10>_ 3
S5k 2Rl s U n Ta\g Tpg) R
:L flo_fg) 2<f§f§ _fg)_g 3
=s\Un ) P\ )
T AT
= <f5 ff’o 2f5 (mod 8).
It follows from the above that
DSOME(625n + 1257 + 26) =0 (mod 8), 1 <r <4.
This completes the proof of Theorem [I.3] =
Proof of Theorem n Using (1.2) in , we have
(3.15) RZ:ODSOME(I%n—i—%q 5;:0DSOME() 2?50 (mod 8),
which yields
ZDSOME(625n+26q 5ZDSOME( )q" —2? (mod 8).
1

n=0 n=0

Employing (2.9) and (2.10) and then extracting the terms involving ¢°"*!
from the resulting congruence, we find that

> DSOME(3125n + 651)q"
n>0

_ 0 of3f10 4q*
5T§)DSOME(5n+1)q 2 70 K? = —34),
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which, by (3.3), implies that

2 r3
Z DSOME(3125n + 651)¢" =5 Z DSOME(5n + 1)¢" — 2 fi 5
>0 = fi o
=5 DSOME(5n + 1)¢" — p 10 (mod 8).
= [

It follows from the above congruence and (3.15]) that

(3.16) > DSOME(3125n + 651)¢"
n>0
=5 DSOME(5n + 1)¢" + Y DSOME(125n + 26)q"

n>0 n>0
-5 Z DSOME(n)¢”" (mod 8).
n>0

Comparing the coefficients of ¢°" as well as ¢°"*"

on both sides of (3.16)), we obtain

DSOME(15625n + 651) = 5DSOME(25n 4 1) + DSOME(625n + 26)
— 5DSOME(n) (mod 8)

, where 1 <r <4 in turn,

and

DSOME(15625n + 3125 + 651) = 5DSOME(25n + 5r + 1)
+ DSOME(625n + 125r + 26) (mod 8).

Thus, we have completed the proof of Theorem .

4. Conclusion and remarks. In this paper, we have expressed the
generating function of DSOME(n), found by Andrews and Ghosh Dastidar,
in closed form. The new expression allows us to find new congruences mod-
ulo 4 and 8. It seems that far more congruences are yet to be discovered. We
propose the following conjecture based on numerical calculations.

CONJECTURE 4.1. For alln > 0,

DSOME(50n +21) = 0 (mod 8)
DSOME(100n + 71) = 0 (mod 16).
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