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Class number one problem for real quadratic fields
of a certain type
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1. Introduction. Let us consider the quadratic fields K = Q(+/d) with
class group Cl(d) of order h(d). In this paper we solve the class number
one problem for a subset of the fields K = Q(v/d) where d = (an)? + 4a
is square-free and a and n are positive odd integers. It is known that there
are only a finite number of such fields by Siegel’s theorem but as the latter
is ineffective it is not applicable to finding specific fields. For this reason
we apply the methods developed by Biré in [B1] and in his joint work with
Granville [BGJ.

We remark that the class number one problem that we consider was
suggested by Biré in [B3] as a possible generalization of his work. The
discriminant under study is of Richaud-Degert type (d = (an)? + ka for
+k € {1,2,4}) with k = 4. The class number one problem for special cases
of Richaud-Degert type is solved in [BI], [B2], [BY1] and |L] where a = 1.
However we cover a subset of Richaud—Degert type that is of positive density
and our problem depends on two parameters. What is more, we believe that
in the future we can solve the class number one problem for all the remain-
ing discriminants of Richaud-Degert type in a similar way using complex
characters and computer check as in [B1], [B2].

Under the assumption of the Generalized Riemann Hypothesis there is
a list of principal quadratic fields of Richaud-Degert type (see [M]). Here,
however, our main result is unconditional:

THEOREM 1.1. If d = (an)?+4a is square-free with a and n odd positive
integers such that 43 - 181 - 353 | n, then h(d) > 1.

In [BG] Biré and Granville give a finite formula for a partial zeta function
at 0 in the case of a general real quadratic field and a general odd Dirichlet
character. Basically we follow their method in a much simpler situation
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where the field has a specific form as in Theorem the character is real
and its conductor divides n. As could be expected, to deduce a formula in
this special case is much simpler than in the general case.

The idea of the proof of Theorem is roughly speaking the following.
By computing a partial zeta function at 0 at the principal integral ideals for
our specific discriminant, taking a real character modulo ¢ and applying the
condition h(d) = 1, we arrive at the identity

(1) an(-gi(-ad)=n(a+ (2) ) TT6* -

plq
whenever ¢ = 3 (mod 4) is square-free, (¢,a) = 1 and ¢|n. Using an ana-
logue of Fact B of [B1] to determine the value of (%) and considering the
factorization of g, we can deduce the exact power of 2 which divides the
right-hand side of . Now we explain the limitation 43 - 181 - 353 | n. In
the analysis of we can get a contradiction if we choose ¢ in such a way
that the class number h(—q) is divisible by a large power of 2. We choose
q = 43 - 181 - 353 and use the fact that h(—43 - 181 -353) = 2% -3 (e.g. in
[BUJ not only the order but also the group structure of C1(—43 - 181 - 353)
is given). Then we show that different powers of 2 divide the two sides of

(1.1), concluding the proof.

2. Notation and structure of the paper. Let y be a Dirichlet char-
acter of conductor ¢q. Consider a fractional ideal I and the zeta function
corresponding to the ideal class of I,

(2.1) Gls ) =3 X0

-~ (N

where the summation is over all integral ideals a equivalent to I in the ideal
class group Cl(d).

Let f(z,y) € Z[z,y] be a quadratic form f(z,y) = Ax? + Bay + Cy?
with discriminant D = B? — 4AC.

Denote by By(x) the Bernoulli polynomial defined by

TeTx Tn
T -1 ZBn(x)W

and introduce the generalized Gauss sum

(2.2) 90 f.B) = Y X(f(U,v))Bg<U>.

0<u,v<g—1 q
The symbol x, always denotes the real primitive Dirichlet character with
conductor ¢, i.e. x4(m) = (%) Thus we are interested in square-free g. The
notation [z] signifies the least integer not smaller than z, and (x), the
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least nonnegative residue of = (mod ¢). We denote by (a,b) the greatest
common divisor of the integers a and b. For m € Z and (m,q) = 1 we
use the notation m for the multiplicative inverse of m modulo ¢. The same
overlining will denote the agebraic conjugate @ of a € K; the meaning
should be clear from context. As usual ¢(z) and u(x) are the Euler function
and the Mo6bius function. Further, let p® ||l denote the fact that p® |l but
p®T1 4 1. We also recall that By := By(0).

Of represents the ring of integers of the quadratic field K; P(K) the
set of all nonzero principal ideals of Ok; and Pp(K) the set of all nonzero
principal fractional ideals of K. Let Ir(K) be the set of nonzero fractional
ideals of K. The norm of an integral ideal a in Ok is the index [Ok : a].
The trace of a € K is Tr(a) = a+@. For «, f € K we write a = 5 (mod q)
when (o — 3)/q € Ok. When [;,Iy € Irp(K) are represented as ratios of
two integral ideals, a; [31_1 and asby 1 we say that the ideals I; and I are
relatively prime and write (I1,I2) = 1 when (a;by,a2b2) = 1. An element
B € K is called totally positive, written 8> 0, if 3 > 0 and 3 > 0.

The structure of the paper is the following. In § ‘ 3| we compute (2.2)) for
the real character x,. We need it because in ‘l we formulate and prove
Claim for the Value of (p(k)(0,x) in terms of (2.2). The main result
there is Corollary 4f giving the value of (p(x)(0, Xxq)- Fwe establish a
lemma leading to Cla1m -, the analogue of Fact B in [B1], and at the end
of §6] we prove the main Theorem [I.1] In the Appendix, for completeness we
recall the proof of Corollary 4.2 from [BG| which we use in

3. On a generalized Gauss sum. The main statement in this section is

Cram 3.1. For (24,q) = (D, q) =1 and even £ > 2 we have

(anvaf QBKH ]-7
pla

REMARK 3.2. When 7 is odd we have By, = 0 for every ¢ > 3. Since
B,(1 — x) = (—=1)"By(z) one can easily see that g(x, f, Be) is divisible
by By, and thus equals zero unless £ = 1 and x = x4.

Proof of Claim 3.1. By (2.2 m,

9(xg 1, Be) = ZB«( )qu

Introduce r := 2Au + Bwv. Since (2A4,q) = 1 the values of r cover a full
residue system modulo ¢ when u does. Also 1?2 = 4A(f(u,v) + Dv?/4A)
so we get xq(f(u,v)) = X,(44)xq(r? — Dv?). As xq is of order 2, we have

Xq = Xq and xq(44) = x4(A). Therefore x,(f(u,v)) = Xq(A)xq(r2 — Dv?).
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Thus
q 1 q—1
(31) (XQ7f7 BZ BE< > Xq 7’ - D’U
v=0 r=0
qg—1
v
—um(2)r
v=0 q

where R :=3 o<, 1 Xq(r? — Dv?). We will show that for g = (v, q),
(3:2) R = ¢(9)u(a/9)-

Let g = [[, pi- Here no square of a prime divides g because x4 is a primitive
character modulo q of second order and (17) = 1. By the Chinese Remainder

Theorem, for any polynomial F(z,y) € Z[x,y] we have

q—1 pi—1
ZXq(F( H Z Xpl u27
u=0 i U=

Therefore it is enough to consider the sum in the definition of R for every
plg Let By =3 <,y Xp(r? — Dv?). Then R = [T, Bo
Ifplq/g,ie. (p,v) =1, we have

(=)-G)5)-6) (W;“)

because (D, p) =1, and so

(3.3) p—E:Mﬂ‘—DU < )}:M%Dr—l

If(%):—l,then{ur —1:0<r<p-1}u{r’-1:0<r<p-1}
gives us two copies of the full residue system modulo p. Thus

S owrt -+ Y wit-D=2 3 x)=0

0<r<p—1 0<r<p—1 0<r<p—-1

and therefore

me—l Zmrq <>Zmr4

Clearly when (%) =1wehave {72 —1 (modp): 0<r<p—-1}={r? -1
(mod p) : 0 <r < p—1}. We conclude that

ZMW—1<>ZMTA
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and for the sum on the right-hand side of (3.3) we can assume D = 1. So

Rp—( >( >pr7"1 pr Dxp(r +1)

p—1 p—1
— r+1
G N R B =)

0

1

r=0 r=

r#£1 r#

p—1 9 p—1
Sl 2) R

r=0 r=1

r#£1

On the other hand, if p|g, i.e. p[v, we have R, = > o, <, 1 xp(r?) =
p—1 = p(p) because ¥, is of second order. Combining R, = —1 when p|q/g

and R, = ¢(p) when p|g we get R = Ry = 11(q/g)¢(g), which is (3.2).
When we substitute the value of R in (3.1)) we get

q—1

B ol £ B = xaA) X plafa)e(o)Be( ) = xu(4) 51
v=0

Further, if V:=wv/g and Q := q/g,

2= Sutalaote) S B (%) = S nta/o)eto 3 5 ()

ola =) sla (VL
= > ula/9)e(g) T
glg

Then

- £a(t) x wo-proFall)

V=0 d|(V,Q) d|Q VF
Q/d-1
V/d
=2 ud) B (Q/d>
Q V/d=0

We make use of the following property of the Bernoulli polynomials [W)
§4.1]:

k—1 N
(3.5) By (t + k) = k=D By (kt).

N=0
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Thus
Q/d-1
> 8i(ghs) = @V B0) = @V
V/d=0 Q/d
and hence
5 =Q VB wd)d " = VB (1 p .
d|Q plQ
Now

= ula/9)e(9)BQ V[ -p

glq p|l@Q
=B V> 0lg)g" ula/g) T -1
gla pl(q/9)
=B I e = 1= p"1) = Bug I - 1)
plg plg
= Buyg H(l —p7)
plg

Substituting this in (3.4) proves the claim. =

4. Computation of a partial zeta function. The main tool used in
this section will be the following (Corollary 4.2 from [BG]):

LEMMA 4.1. Let (e, f) be a Z-basis of I € Ip(K) for any real quadratic
field K, t be a positive integer, e = e + tf, and assume that e,e* > 0.
Furthermore, let w = Ce + Df with some rational integers 0 < C, D < g,
and write c = C/q, d=D/q, 6 = (D —tC)4/q. Let

Zrwa(s) = 2(s) =Y (BB)*
BeH

with H={B € I:B=w (mod q), = Xe+Ye* with (X,Y) € Q?, X >0,
Y > 0}. Then

Z(0) :A(l—c)+;<02— —é) +d25+Tr<4ef>Bg(5)+Tr<4f>B2(d)

where A = [tc — d].

For completeness we give the proof in the Appendix.

Since d=1 (mod 4), we have O = Z[1, (v/d+1)/2]. Let a := (Vd—an)/2
be the positive root of
(4.1) 22 + (an)z —a = 0.

Then o + @ = —an and aa = —a.
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We will also come across the quadratic forms
(4.2) fi(z,y) = 2* + anzy — ay?,
(4.3) fola,y) = aa® + anay — 2,
both with discriminant d = (an)? + 4a.

Recall that P(K) is the set of all nonzero principal ideals in Ok and
define the zeta function

C Z XNCL

CLAIM 4.2. Let d = (an)? + 4a be square—free with a,n odd positive
integers with a > 1, and K = Q(v/d). If q is a positive integer such that q|n
and (q,2a) = 1, then for any odd Dirichlet character x modulo q we have

Crx) (0, x) = ang(x, f1, B2) +ng(x, f2, B2).
Proof. We know that for @ > 1 the fundamental unit of K is ¢4 =
1 —na > 1 (see [BK]). Thus €5 = ¢4 = 1 — na satisfies 0 < e < 1.
Choose I € Ip(K) with (I,q) = 1 and consider the zeta function

C}F(&X) = C&(I)(&X) = - >(<](V]\Cfl;)

where the sum is over all integral ideals of K which are equivalent to I in
the sense that a = ()] for some 3 > 0. We have Neg =1 and so

C[(Sa X) = C}i_(sv X) + C(—Z)](Sa X)
It is also clear that C(erl (s, X) = Cgl(l,l)(s, x) and
-1

G a0 = 3 A e = VT (g ) v

beP; be Py
where P = {b € Pp(K) : b = (5) for some g € I, § > 0}. We also intro-
duce V = {v (mod q) : v € I and (v,q) = 1} and P, 4 = {b € Pp(K) :
b = (B) for some 8 € I, 3 = v (mod ¢q) and § > 0}. Since ¢|n we get
eg=1—na=1 (mod q)and e =1—na =1 (mod ¢g). Thus every b € P;
given by b = () = (B8¢’,) belongs to exactly one residue class v € V. Hence

) =TS S (7 )

veV bePr, ,

If we take into account that (I,q) = 1 and therefore (NI,q) = 1, and also
Nb= (383, we get

e =W () X6

veV bGP]’U’q



288 K. Lapkova

Now assume that the Z-basis of the fractional ideal [ is of the form (e, f)
where e > 0 is a rational integer and e* = ee; = e+t f > 0. Then for every
principal ideal b € Py, 4 there is a unique 3 such that b = (8) = (8¢?,) for
any j € Z, and 63_ < B/B < 1. As g is irrational, for every 3 € K there is
a unique pair (X,Y) € Q? such that 3 = Xe+ Yee, = (X + Yey). Then
from Bei < B < B we get

(X +Yen)e? < X +Yep <X +Vey

It follows easily that X > 0 and Y > 0. Thus any b € Py, 4 can be uniquely
represented as b = () with § = e(X 4+ Yey) where X,Y are nonnegative
rationals with X > 0.

Note also that for 0 < C, D < g — 1 the elements v = Ce + Df € I give
a complete system of residues v (mod ¢q). Thus

g-1 F O I Yy
g?(07Xj — ji: Xﬁ(((7e +_1)f2;;je<+-l)f):)zh]mq(o)
C,D=0

where Z7,,4(s) is defined in Lemma

Observe that (px)(s,x) = Cok(s,x) and take I = O = Z[1,—al.
Clearly (Ok,q) = 1. Apply Lemma[d.1| with e* = e, =1+ n(—a) so t = n.
Also NOg =1 and vv = (C — Da)(C — Da) = C? — (a +@)CD + aaD =
C%+anCD—aD? = f1(C, D). Since q |t we have § = (D—tC),/q = D/q=d
and [tc — d| =tC/q = tc. Here Tr(a/4es) = Tr(—a/4) = an/4. Hence

1
Z%Mwnzmu—@+”&%ﬁ—>+m3mn

2 6 2
ng N nl an
L L LY NT
2(: + 20 26 + 5 2(d)
_nfa2_ 1) an __n an
_ 2( c+6>+ " Ba(d) = 2 Bale) + ' Ba(d)
and
ks n an
GO = Y x(€ - ap?)( -5 Bale) + G Buta))
C,D=0
q—1 q—1
n 2 2 an 2 2
=—5 Z x(C? —aD )Bg(c)—l—? Z X(C* —aD*)Ba(d).
C,D=0 C,D=0

Now in the first sum make the change of notation C' <+ D and take into
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account that x(—1) = —1. Then
-1 q—1

=}

(44) GFOx)=5 Y. X(~D*+aC?)Ba(d)+5- > x(C?—aD?)By(d)
C,D=0 C,D=0
n < ! D an ! D
D IR UACTA CARELD SRTATADIA )
C,D=0 q C,D=0 q
an
=5 —9(x, f1, B )+§9(X,f2,32)-

Next we find C(J;) ;(0,x) and we apply Lemma once more for (a)l.
Here again ((a)Ok, q) = 1, which follows from a@ = a € ()OO and (a,q) =
1. We can take O = Z[—a, —1]. Then (a)Or = Z[—a@, —a] = Zla, —a].
In this case

vv = (Ca+ D(—a))(Ca+ D(—a)) = aa(Ca+ D)(Ca+ D)
—a(—aC? — anCD + D?) = afy(C, D).
Here N((a)Ok) = |a@| =a and x (v /N ((a)I)) = x(f2(C, D)) = x(aC?— D?).
Also €* = aey = a+ an(—a) = a(l — na) so t = an. Note that again ¢|¢.
Here Tr(a/4aey) = Tr(—a/4a) = n/4 and therefore

Z(2)0x wq(0) = anc(l —c) + % <02 —c— > + 5 Ba2(d)

Thus we get

(45) ¢y (0.0) = - \(aC?=D?)By(e)+5 ¥ x(aC?~D?)By(d)

q—1
= 2906 fa B) + G (- D 3 x(aD? = C*)By(a)

n an
=590, f2, B2) + —-9(x, f1, B2)-

Note that we got the equality C}F(O,X) = C(J;)I(O,X), an equation that
holds true in general real quadratic fields with Ne = 1 and x an odd char-
acter. When we sum up the two zeta functions (4.4)) and (4.5) we obtain the
statement of the claim. m

REMARK 4.3. Here the result on the zeta function at the class of a
principal integral ideal is for any odd Dirichlet character modulo ¢. If a = 1
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we have Ne = —1. In this case (7(s, x) = (; (s, x) because for any principal
ideal there is a totally positive generator.

From ¢ odd square-free with ¢|n and (g, a) = 1 it follows that (¢,d) = 1.
Combining Claims and with By = 1/6 we arrive at

COROLLARY 4.4. Let d = (an)? + 4a be a square-free discriminant with
a,n odd positive integers with a > 1, and K = Q(v/d). If ¢ = 3 (mod 4) is
a square-free positive integer such that q|n and (q,2a) =1, then

Criao)(0,Xg) = gnla+ xq(a) [T -p7).
plg

5. Small primes are inert when h(d) = 1. In this section we will
prove the following result generalizing Fact B in [B1]:

CraM 5.1. If h(d) = 1 for the square-free discriminant d = (an)? + 4a,
then a and an®+4 are primes. What is more, for any prime r # a such that
2 <r < an/2 we then have

d
(G-
r

We defined « as the positive root of (4.1). Let @ = —(an +v/d) /2 be the
algebraic conjugate of a. We note that (1, @) form a Z-basis of O with

(-(2 ()

For the fundamental unit ¢; > 1 the system (1,€4) was used in [BI] but it
forms a basis of the ring Ok over Z only when n = 1. That is why we need
to use a different base system. Since

()G G

with the determinant of the transformation equal to 1, we can take (eq4, @)
as a basis of the ring O over Z.
We also have egé; = 1 and

(5.1) gt+éa=1-na+1-—na=2—-nla+a)=2+an’

Now we will demonstrate the splitting behaviour of some of the primes
in the field K.

LEMMA 5.2. If B is an algebraic integer in K such that |88| < an/2,
then |B0| is either divisible by a square of a rational integer greater than 1,
or equals 1, or equals a.
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Proof. It is enough to prove the conclusion for
(5.2) 1< |B] < eg-

Indeed, if || = 1 or |3] = €4 we have |33| = 1 and the conclusion is true. If
0 < |B] <1 or|B| > €4 there is an integer k such that effl < |B| < €k, with
k < 0 in the first case and k& > 0 in the second. Then v := ecll*kﬁ is in the
interval [1, eg) and still |[v¥| = |33

So we further assume . Then we can write 5 = eeg + fa. If e =0
then 8 = fa, |38| = f?a and the conclusion is true.

Assume that e > 0, the negative case being analogous. If f = 0 then
B = eeq, |BB| = €? and this satisfies the conclusion of the lemma. If we
assume that f < 0, from @ < 0 we get 5 = eeq + fa > eeq > €4, contrary to
assumption. Therefore f > 0.

Also notice that

BB = (eeq + fa)(eeq + fa) = e? + ef(aeqg +a€y) — af?.

We see that aeg+a€; = a(l—na)+a(l —na) = a+a—2naa = —an+2an
= an. Therefore
(5.3) BB =Qle, f) = e* + (an)ef —af?,

and Q(ea f) = f2(67 f) (See (42))
We look at the quadratic form Q(x,y). By (5.3 we have

(5.4) Q. = 2z + any, Q; = anz — 2ay,
and this shows that the local extremum of the form is at x = —any/2 and
—(an)?y/2 = 2ay. This happens only for y = 0, out of the range =,y > 1 we
consider. Hence for any bounded region of interest in R? the extrema would
be at its borders. Also @), > 0 and therefore for fixed y the function Q(z,y)
is increasing. B
On the other hand @} = —2a < 0. Thus for fixed = the function Q(z,y)
has its maximum at y = na /2. Here and hereafter, by writing z, y we mean
that the underlined variable is fixed. We will investigate the sign of the form
Q(z,y). We show that it depends on the size of f. For example if f = en,
then Q(e, f) = €2 +anfe — af? = €2 + af? — af? = €% and the conclusion
holds. Further we consider

CAse I: f < ne. Here Q(e, f) = €® + anfe — af? = € + af(ne — f) >
e? > 0. On the other hand from @ < 0 it follows that fa > nea and

B =eeq+ fa>eeq+nea=e(l —na)+ena=e>1,
and S = |B| < ¢ yields
1<e<fB<er<2+an’
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The last estimate follows from (5.1) and 0 < €; < 1. Thus in this case we
are in the region

(5.5) Ry :={(e,f):1<e<1+an? 1< f<ne—1}

First assume that n > 3. We explained earlier that the maximum of
Q(z,y) for fixed = is on the line y = nx/2. Thus 1 < n/2 < n — 1 and
ming, Q(z,y) could be on the lines [ : y = 1l orly : y = nzx — 1. We
are interested in the behaviour of the quadratic form on these lines. Since
Q(z,y) is increasing for fixed positive y, we have min;, Q(z,y) = Q(1,1).
On the other hand, on Iy we have
(5.6)  Q(z,nz —1) =2+ anz(nz — 1) — a(nz — 1)

=2+ a(nz)? — anz — a(nr)? + 2anx — a = 2° + anz — a.

A local extremum of this function is achieved when Q) (x,nxz — 1) =
2z +an =0 and QY(x,nx — 1) = 2 > 0 so it is a minimum at x = —an/2.
This means that for positive x the function Q(z,nx — 1) is increasing and
thus by (5.6), min;, Q(z,y) = Q(1,n —1) = 1+ an —a = Q(1,1). Therefore
ming, Q(x,y) = 1 + an — a. By assumption, an/2 > |38| = |Q(e, f)| =
Q(e, f). This is true for the smallest value of the quadratic form in the region
under study as well, i.e. an/2 > 1+ an — a. Then we need a — 1 > an/2.
But for n > 3 this gives a — 1 > an/2 > a, a contradiction.

From the definition of the discriminant d we know that n is odd, so n # 2.
Now assume that n = 1. We cannot have e = 1, as otherwise 1 < f < en = 1.
Thus e > 2 and we take up the region R; with this additional condition.
Then 1 < nz/2 < nz—1since 1 < z/2 <z —1 for x > 2. Hence again the
minimum is at the leftmost points of [ and I3, i.e. ming, Q(z,y) = Q(2,1).
This by equals 4+ 2a — a = 4+ a. Clearly a > a/2 > 4+ a again gives
a contradiction. We conclude that Case I is impossible.

CASE II: f > ne, in other words ne — f < —1. Suppose that Q(e, f) > 0.
Then 0 < Q(e, f) = €® + anef — af? = e +af(ne — f) < e? — af. Conse-
quently, e? > af > ane and e > an. On the other hand, using o > 0, we get
B =eeq+ fa>e(l —na)+ena=e > 1. So by ,

(5.7) an > an/2 > |BB| = |B]-|B] = [B] = B > e.

We got an > e > an, a contradiction. Therefore always when f > ne the
form Q(x,y) is negative and e < an/2 < an — 1. The last inequality does
not hold only when an = 1. But in this case an/2 = 1/2 > |Q(e, f)| = | 38|
implies that 8 = 0 because ( is an algebraic integer and its norm is an
integer. Therefore an > 2 and we can consider the region

(5.8) Ry:={(e,f):1<e<an—1,ne+1< f}.

Clearly |Q(z,y)| = —Q(z,y) = —2? — anxy + ay® > 0 and by (5.4) it has
extrema off Ry. Notice that for fixed  we have —Qy(z,y) = —anz + 2ay
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and —Qy(z,y) = 2a > 0, so at y = nx/2 < nz + 1 we have a minimum of
—Q(z,y). Therefore —Q(z,y) is increasing on the lines z = const and we
search for the minimum of —Q(x,y) on the line I3 : y = xn + 1.

On [l3 we have

(5.9 —Qz,nx+1)=—2?—anz(nz + 1)+ a(nz + 1)

= —2? —a(nz)? — anz + a(nz)? + 2anz + a = —2* + anz + a

and at © = an/2 we have a maximum. So

Hl}én |Q(l‘, y)| = min(_Q(17n + 1)7 _Q(an - ]_,TL(CLTL - 1) + 1))

From (j5.9) we see that —Q(1, n+1) = —1+an+a and —Q(an—1,n(an—1)+1)
= —(an—1)2+an(an—1)+a = an—1+a, so ming, |Q(z,y)| = —1+a+an.
Hence by assumption an > —1 4 a + an, so a < 1, which is impossible. =

REMARK 5.3. If 3 is an algebraic integer in K such that |33| < nv/a
then |80 is either divisible by a square of a rational integer, or equals 1, or
equals a.

This follows easily if we notice that the finer estimate an/2 > |33| needed
for R; with n > 3 can be replaced by

nyva > |BB| > 1+an — a.

Indeed, ny/a > 1+an—a < a—1>nya(va—1) < (Va—1)(Va+1)
> ny/a(v/a—1). Ifa=1then 1-n > 1+1-n—1is not true. So a > 1 and by
dividing by v/a —1 > 0 we get v/a + 1 > ny/a. This yields 2 > 1+ 1/y/a >
n > 3.

For the other cases we showed that the stronger an > minQ(e, f) is
impossible, so if we assume the statement of the remark with n\/a > Q(e, f)
it would yield an > min Q(e, f), again a contradiction.

Proof of Claim [5.1 By Gauss genus theory (e.g. [H]) it follows that
h(d) = 1 only if the discriminant d is prime or a product of two primes.
This yields the first statement of the claim.

Now let 7 be prime such that 2 < r < an/2 and r # a. Assume (%) =0.
This means that the prime r ramifies in K and there is a prime ideal p C O
for which rOx = p?. But as the class number is 1, Ok is a PID and there
is 3 € Ok such that p = (3). Then |33] = N(p) = r < an/2. By Lemma 3
there is a square of an integer dividing the prime r unless |33| = 1, but then
B is a unit and p = Ok, a contradiction.

Assume that (%) = 1. Then there are two prime ideals p; # po such that
(r) = p1p2 and N(p1) = N(p2) = r. But h(d) = 1 and p; = (B) for some
nonzero 3 € Of. Therefore N(p1) = |38| = r < an/2 and by Lemma 5.2
and r # a, r > 2, we infer that |3[] is divisible by the square of an integer

z > 1. This contradicts r being prime. =
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REMARK 5.4. When a = 1 we have d = n? + 4, and h(d) = 1 implies
that d is prime and for any prime 2 < r < n,

244
(n + ):_1.
r

What is more, n is also prime.

The first assertion can be seen by applying the same argument as in the
proof of Claim [5.1] but with Remark [5.3] instead of Lemma Actually in
this fashion we get Fact B from [BI]. We see from Corollary 3.16 in [BK]
that n is prime if the class number is 1.

6. Proof of Theorem Assume that K = Q(v/d) with d = (an)?+
4a where a,n are odd positive integers, 43 - 181 - 353 divides n and h(d) = 1.
Then all integral ideals are principal and for the Dedekind zeta function
X(Na)
(Na)®

CK(Sa X) =
aCOk

we have (k (s, x) = (p(x)(s, x). We know from §4.3 of [W] that

Cr (s5,x) = L(s, x)L(s, xxa)-
By the class number formula for imaginary quadratic fields (Theorem 152
in [H]), again §4.3 of [W], and as x4(—1) = —1 because ¢ = 3 (mod 4), we
get

(6.1) Lo = X (%) =hi-a)

1<z<g—-1 7\4

For d = 1 (mod 4) we have (=}) = (=1)@=1/2 = 1 and thus yq is an
even character. Hence x4 x4 is an odd character and L(0, xqx4) = —h(—qd).

Therefore

(6.2) Cp(x) (0, Xq) = L(0, Xq) L (0, Xgxa) = h(—q)h(—qd).
First think of a general parameter ¢ # a that is a prime number, ¢ |n and
2 < ¢ < an/2. Then by Claimwe have (%) = —1. When ¢ | n we get

(=9 () w0 (9-())-() -

Thus the case a = 1 is impossible: clearly ( ) = (9) = (4) = 1. So we have

1
q q q
a> 1.
Now, assume that 43-181-353 | n and 353 < an/2. Notice that above, the

prime a = ¢ was not considered because of Claim However (%) =1,
thus a = 43 is impossible; as (%) =1 and (%) = 1, the values a = 181

and a = 353 are also excluded. Hence, if 353 < an/2 and 43,181,353 | n, the
class number h(d) is 1 only if (%) = (1%) = (3%) = —1.
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Now we take ¢ = 43-181-353. Again consider the real primitive character
Xq(m) = (%) modulo ¢. As 43 =3 (mod 4), 181 =1 (mod 4) and 353 =1
(mod 4) we have ¢ = 3 (mod 4) and x,(—1) = —1. Also @ > 1 and we can
apply and Corollary and multiply both sides of its equation by gq.

This way we arrive at the promised equation (|1.1)):

an(-gi(-ad)=n(a+ (2) ) TT6* - 1.

plg
In this case
1 1
B:=_]](@*—1)=-42-44-180-182-352- 354 = 2'13% . .
6H(p )= 80 -182-352- 35 3
plg
and 2! || B.

As a > 1 we see that d = a(an?+4) is the product of two different primes.
Notice as well that @ = an® +4 (mod 4). By genus theory (e.g. Corollary in
[NW]) we know that if a = an? +4 =1 (mod 4) for the real quadratic field
K = Q(y/a(an? + 4)), then the 2-rank of the class group is the same as the
2-rank of the narrow class group, i.e. 2 — 1 = 1. This contradicts h(d) = 1.
Therefore a = 3 (mod 4). But in this case a + (%) =a—landa—1=2
(mod 4) so 2| (a+ (%)) Here Claim [5.1|is of importance, and also g being
a product of three primes, for then (%) = —1. The parameter n is odd by

definition. It follows that for the right-hand side of ([1.1]) we have

(6.3) 212 | n<a + <Z>)B

We now consider the left-hand side of . As pointed out in {1| we
have h(—43-181-353) = 2°-3. Again by genus theory (Theorem 132 of [H])
the 2-class group of Cl(—qd) has rank 5 — 1 = 4 since ¢d has five distinct
prime divisors. Indeed, we showed that a ¢ {43,181,353}, also an® + 4 >
an/2 > 353 and clearly a # an® + 4. Therefore 274 = 213 | gh(—q)h(—qd).
This contradicts .

We conclude that h(d) > 1 for an/2 > 353. But then for discriminants
d = (an)? + 4a for a and n positive odd and 43 -181- 353 | n we cannot have
class number 1. This concludes the proof of Theorem

REMARK 6.1. The main idea used in this paper, comparison of 2-parts
in , can be utilized toward other results of this type. For example, if
d = a(an® + 4) with a and n odd positive integers where 5 - 359 - 541 | n,
then h(d) > 1. The exact divisors of n are chosen according to Table 12 in
[BUJ: h(—5-359 - 541) = 2? and again we have a greater power of 2 on the
left-hand side of (L.I). Also 5-359-541 = 3 (mod 4) so when we take a real
character we have formula . Also a € {5,359,541} are not covered by
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Claim for each prime in the set, but these a’s are excluded by a simple
check of Legendre symbols.

In a forthcoming paper we generalize the result of [BY2] to discriminants
with three prime divisors, thus extending our Theorem for an infinite
family of n such that pqr |n.

7. Appendix. The proof here repeats word for word the proof of Corol-
lary 4.2 in [BG]. We give it in order to keep the paper self-contained.

Proof of Lemma As first noted in [B1], the value of the function

Z1w,4(0) in Yokoi’s case a = 1 can be computed using a result of Shintani.
This is also true the general case of real quadratic fields K in Lemma
For a matrix (‘é 2) with positive elements and x > 0,y > 0 we define the

zeta function

a b
{E

o0

= Z (a(n1 4+ z) +b(n2 + 1)) *(c(ny + ) + d(na +y))°.

n1,m2=0

Cram 7.1 (Shintani). For any a,b,c,d,x > 0 and y > 0 the function
C(s, (‘; Z), (x,y)) is absolutely convergent for Rs > 1, extends meromorphi-
cally to the whole complex plane and

a b
69

— Bi(2)Bi(y) + jl(Bg(x) (2 + ‘;) + Ba(y) <f + b))

a

Note that A = [(tC — D)/q| = (tC — D + ¢d)/q = tc — d +  and there-
fore 0 < A <t. Let 8 = Xe+ Ye* for some rationals X > 0,Y > 0. Write
X = gx +qni and Y = qy + gne for some nonnegative integers n; and no
and rational numbers 0 < x <1, 0 < y < 1, which can be done in a unique
way. Then on the one hand,

BB = ¢*(e(n1 + x) + €*(nz + y))(€(n1 + x) + €*(n2 + y));

on the other hand we know that 5 € I and § = w (mod ¢) hold if and only
if xe + ye* — (ce + df) € I. Therefore

Z(s) = qés Z ¢ (3, (2 Z:) ,(x,y)) where
c,D)

(z,y)€R(
R(C,D):={(z,y) €Q*:0<x<1,0<y <1, ze+ye* — (ce+df) € I}.
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e e*
B Tr{ — | B .
46*) 2(e) + r<4e> 2(3/))
We observe that for any m,n we have

mf + ne _ (n— e+ Tte*

q q
and so it is easy to see that the possibilities for (m,n) having

(x,y) = (;@-T);?) € R(C, D)

(tC —tD)/Q]

Therefore by Claim [7.1] we get

Z0)= > (Bl(x)Bl(yH—Tr(

(z,y)eR(C,D)

are
m; = D+ jq, nj:C'—i—q[l—i—‘i—

with an integer 0 < j <t — 1. This is so because the possible values of m
are obviously these t values, and once m is fixed, n is unique. Now

_ f0<j<A
(tC D)/q<27 . nj:{c if0<j<A,

0<1+7- ,
¢ i Ctq ifA<j<t,

and therefore

Z(0) = <31 (z;)B1(y;) + Tr<4 >Bg(xj) + Tr(Z* > Bg(y])>

j — Y if0<j<A,
yj=—— for0<j<t and z;= €Y 1 _‘7.
c+1l—y; itA< <L

Now, by (3.5) we have
t—1 t—1 .
d+j 1
> Batu) = B2 ) = 1Bala
Jj=0 Jj=0

and
t—1

;Z:B2(x] AZ:le<A ' 5>+ZB2<t+A‘75>

Jj=0 Jj=

=A
S (S _ 1,
ZBQ< > ;;BQ< ; > Bs(9).
Since Ba(z) + Ba(y) + 2B1(x)B1(y) = (x +y — 1)2 — 1/6 we easily deduce
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that
t—1 y
> (Ba(wj) + Ba(y;) +2Bi(z5)Bi(y;)) = A(c — 1)* + (t — A)c? — 5
§=0

The result then follows from the last four displayed equations, along with

e r —f e* r f
Tr(4t€*> — % —Tr<4€*) and Tr<4t€> % —Tr<46>. n
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