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1. INTRODUCTION

1.1. DEFINITION. Let N be the set of non-negative integers, and let
q > 1 be an integer. To every element n of N, one can associate a unique
representation

oo
n:Zak(n)qk, 0<ag(n) <qg-1
k=0

Following Gelfond [2], a complex-valued arithmetic function f such that
f(0-¢F)=1for all k >0 and
fn) = 1] flar(n)g")
k>0
is called a g-multiplicative function.

1.2. Introductory remarks. Since the first investigations of Delange
[1], the study of g-additive functions, and g-multiplicative functions of mod-
ulus 1 has been developed by many authors. Apparently, the case of ¢-
multiplicative functions not of modulus 1 does not seem to have been so
popular, and concerning this topic, we can cite, as recent references, an
article of Spilker [6] and another one of Lee [4], both relating to the almost-
periodicity of g-multiplicative functions. In this article, we shall give some
results concerning a class of g-multiplicative functions satisfying a growth
condition.

2. RESULTS

We shall prove the following results:

THEOREM 1. Let f be a non-negative q-multiplicative function. Then
(1)&(ii) < (iii)&(iv), where
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(i) 0 < limsup — Zf

r—00

n<m
(i) of I(-) is the characteristic function of a subset of N then
.1 1
mlg)gog Z I(n)=0 = xlirglog Z I(n)f(n) =0,
0<n<z 0<n<z

) Y S (- flag)? < .

reN 0<a<qg-1

(iv) limsup Z Z —1) < 0.

k=00 i<k 0<a<g—1
We also have

THEOREM 2. Let f be a non-negative g-multiplicative function satisfying
conditions (i) and (ii) of Theorem 1. Then, for all r >0, f(-)" satisfies the
same conditions.

Now, for y in N, we define a function F,_(-) by

=( I smod)( T35 )

0<k<y—1 0<j<y—1 O<a<q 1

We have the following result:

PROPOSITION 3. Let f be a non-negative q-multiplicative function sat-
isfying conditions (i) and (ii) of Theorem 1. Then, given any € > 0, there
exists a Y (€) in N such that if y > Y (), then

f(n)
I X fla)

0<r<logz/logq = 0<a<q—1

which implies that
1 -1
li — = 1.
g{:@(m > f<n>>( I - faq) !
0<n<zx—1 OSTSIOgl‘/Iqu 0<a<g—1

REMARK 1. Condition (ii) can be replaced, for instance, by: for any
e > 0, there exists n > 0 such that, if I(-) is the characteristic function of a
subset of N then

lilrnsupl Z I(n) <n :>limsupl Z I(n)f(n) <e.

r—oo &L z—oo &L

The next result completes the first one in the general case.
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THEOREM 4. Let f be a complex-valued g-multiplicative function. Define
a g-multiplicative function f* of modulus 1 or 0 by

ey _ [T if f(n) #0,
f(”)_{o if f(n)=0.
Suppose that

(i) 0 < limsup — Z\f )| < o0,

T—00
n<x

(i) if I(-) is the characteristic function of a subset of N then

xlggo% S I =0 = mlingoi S 1(n)f(n) = 0.

0<n<zx 0<n<zx
Then

(§)  the non-negative g-multiplicative function |f(-)| satisfies (ii).
Under conditions (i), (ii) and

(iii) 0 < limsup ‘ Z fln

T—00
q"<n<z

< oo for some r >0,

we have not only (S) but also

(8) > > (1-Ref*(ad") <

k>0 0<a<qg—1
Moreover, (S) < (1)&(ii), and (8)&(S’) < (1)&(ii)&(iii).

3. PROOFS

3.1. Proof of Theorem 1. The steps of the proof are the following:

1) we remark that there is a natural associated structure of a compact
space Z, equipped with a probability measure y;

2) we study the structure of the open sets of this space, and prove that
they are disjoint unions of “elementary” components;

3) we build a (pre-)measure v on these open sets;

4) we remark that it defines a Borel measure, still denoted by v;

5) this Borel measure is absolutely continuous with respect to p;

6) we give an explicit formula for dv/du and get Proposition 3;

7) from classical results of probability theory, we deduce Theorems 1
and 2.

STEP 1: Compact space associated to a q-multiplicative function. Let
g > 1 be an integer, and f a g-multiplicative function. We denote by Z, the
compact space (Z/qZ)N equipped with the measure u = @y g, Where p,
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is the uniform measure on the discrete space Z/qZ. An element a of Z; can
be written as a = (ag,a1,...), 0 < ar < ¢—1, k > 0, and an integer is an
element of Z, which has only a finite number of digits different from zero.
For a = (ap,a1,...) € Z; and k > 0 we set

zp—(a) ={ajto<j<h—1,  @+(a) = {aj}j>k.

These are two sequences of random variables on Z,. We have the identity

I - Z flag) =\ f(xx-) dp.

0<j<k—1 O<a<q 1 Zq
STEP 2: Open sets in Z,;. We denote by (a,k(a)) the arithmetical pro-
gression {a + ¢*n},cn, where a,k(a) € N satisfy k(a) > loga/logg, and
by I, k(a) its characteristic function. Note that I, x(4) is the restriction to N

of the characteristic function, still denoted I, (), of the elementary open
subset O(q k(a)) 0of Z4 defined by

Oak(a)) = (Ti(a)- (@), Tr(ay+(Zg)),
and that this function is continuous, which implies that
1
xll{go E Z Ia,k(a) (n) = M(O(a,k(a)))'
0<n<zx

We have the following lemma:

LEMMA 5. Let O be an open set in Zg, and 1o its characteristic function.
Then there exists a subset A(O) of N such that Io can be written as Io =
ZaeA(O) Lo k(a), i-€- O can be written as the disjoint union UaGA(O) O (a,k(a))-

Proof. If O is an open set, then for a given a in O, there exists an
elementary open set O(mk(a)_(a),k(a)) such that O(zk(a) (a),k(a)) € O. So, O =

Uaeo Oia)- (@) k() Now, 3 Oay ) (@) k() 0 Oty ) 50)) # 0, then one
of these two sets is contained in the other. As a consequence, O can be
written as a disjoint union UceA(O) O(c.k(c)), and so Ip = ZCEA(O) Ij(c)- m

STEP 3: Definition of a measure v on the open sets of Z,. Given a
non-negative g-multiplicative function f such that

0<S’—hmsup— Z f(n) < oo,
Too O<n<z

we can define a measure v on the open sets of Z, in the following way.
First, we remark that

(1) 0 <8 = limsup — ! Z f(n) < oo

ko0 0<n<gk—1
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For let x; be a sequence such that

— S < —
0<n<z,
Then a fortiori,

ngi > f(n)

0<n<g'°8qa(@i)+1_1

log, (z;)+1\ —1
q°%a 1 1
() (%) smm 3 s

0<n<gk(@i+1_1

NN

and so

Since (¢'°%@)+1 /2:)=1 > 1/q, this shows that there is some 5" > QLqS, hence
> 0, such that

1
0 < 8" <limsup — Z f(n) < oo

k=00 0<n<gk—1

Now, for a given I, j(4), if & > k(a), we have

qik S ) L)

0<n<qgk—1
= f(a) (i )
Zognqu(a)_l f(n) g~ 0<n§k_lf(n)
=f@( I X s0d)) 1(% 3 f<n)>,
0<k<k(a)—10<b<q—1 T

and so we shall define v(I, () by
1 1
V(L k(a)) = T lim sup — Z F() 1y p(a)(n),

k—o0 q 0<n<qk—1
ie.

o) =g 1@ ( TT 30 1) tmswp 3 (o)

0<k<k(a)—10<b<g-1 - 0<n<ghk—1
which gives

Ww) =g f@( T1 X s0d) s

0<k<k(a)—10<b<g—1
—1
~f( I X o)
0<k<k(a)—10<b<g—1

REMARK 2. v is well defined due to the very special structure of the
open sets of Z,.
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REMARK 3. By (1), there exists a sequence K of positive integers k such

that
1

1
lllené 7 Z f(n) :limsupq—r Z f(n).

k—o0 0<n<gk—1 ree 0<n<qg"—1

We fix such a sequence. The important point in the choice of K is not
the mere existence of the lim sup, but the fact that the sequence of averages
gk Zo<n<qk—1 f(n), k € K, has a limit point not equal to zero. This remark
will be useful for the proof of Theorem 4.

STEP 4: v is a Borel measure. We now consider the set A of complex-
valued continuous functions defined on Z; by

:{h =" laly )i L finite, I, € C}.
lo€EL

This is an algebra of step functions, and we can assume that I, x(q)la’ k(a’)
=0 1if (a,k(a)) # (d’,k(a")). By the Stone-Weierstrass theorem ([3, p. 101,
note 1.a]), this algebra is dense for the uniform topology in the set of
complex-valued continuous functions on Z,. We define v(h) by v(h) =
> .erlav(Io k). Note that this definition agrees with the definition of
V(14 1(a)) given above and does not depend on the way h is written, since

qik S fn)h(n)

0<n<gk—-1
1
= q_k Z f Z lalg k(a
0<n<qk—1 lo€L
“(Twe( I X fedh) )r X s,
lo€L 0<k<k(a)—1 0<b<g—1 q 0<n<gk—1
and so

1 1

k—oo  0<n<gk-1

—g(Tu@( I X seh) ) fm X o)

la€L 0<k<k(a)—1 0<b<qg-—1 k—oo 0<n<gF—-1
—1
=S wf@( II > red))
lo€L 0<k<k(a)—1 0<b<gq—1

h) = Z laV(Ia,k(a))

lo€L



A characterization of q-multiplicative functions 319

Observe also that v(1) = 1. Now, it is immediate that, given ¢ > 0, if
h, W' € Asatisty sup,c 7 |/ (t)—h(t)| < &, then [v(h'=h)| < e, since ' —h can
be written as Y7, <7 lala k() With Iy k(o) Lo k(o) = 0 if (a, k(a)) # (', k(a")),
and so |l < e. Hence we get

= Z ’la’Ia,k(a) < Z 8Ia,k:(a)

la€L lo€L
which gives

v(|h — Z|l v (L k(a) <EZ ) <ev(l)<e-l=e

lo€L lo€L

As a consequence, v defines a continuous linear form on the set of
complex-valued continuous functions defined on Z,. By the Riesz repre-
sentation theorem ([3, p. 129, (11.37)]), this shows that v is a Borel measure
on Zg.

STEP 5: Absolute continuity of v with respect to . Let B be a Borel
subset of Z,. Then, given € > 0, there exists an open set O and a compact
set K such that K C B C O and p(O — K) < €. Since v(1) = 1 and v
is defined on the open sets of Z,;, we know that v(K) can be defined by
v(K) =1—-v(Z; — K), and to prove that B is v-measurable, using the
Lusin criterion ([5, p. 68, (vii)]), it will be sufficient to show that given
a sequence {O;}jen+ of open sets such that lim;_. (O;) = 0, we have
lim; o v(0;) = 0.

Assume the contrary, i.e. that there exists a sequence {O;}jen+ of open
sets such that lim;_ ¢£(O;) = 0 and v(O;) > 2X > 0 for some A > 0. Due to
the structure of the open sets of Z; described above, any O; can be written
as a disjoint union UaeA(Oj) O(a,k(a))- Since v(0j) = ZaeA(Oj) v(O(a,k(a)))
and each term of this sum is non-negative, we can find an «; such that the
open set Oj o, = UaeA(O]-),k(a)gaj O(a,k(a)) satisfies v(0jq;) > A. Note that
the characteristic function I; of Oj 4, is periodic with period ¢ and that
lim; o0 1£(Oj,a;) = 0 since from O; o, C O;, we have u(Ojq,) < 1(0y), and
limj_,oo M(O]) = 0

From now on, to simplify notation, we write O; for Oj ;.

Recalling (1), let X; be a sequence of positive integers such that

§=lm > j(n),

J—00 q X,
0<n<qg™Ii—-1

and moreover, X; — oj and X1 — X tend to infinity as j — oo. Observe
that this implies that ¢ divides ¢*/. Then define a subset of N, with
characteristic function I, by I(n) = I;_1(n) for ¢%i < n < ¢%i+1.
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We will prove that
o1
(2) Jim — > I(n)=0.

Indeed, given z, there exists a unique i such that ¢* < z < ¢%i+1. We have

doItmy= > Im+ >, Im)+ > I(n)

0<n<z 0<n<g¥i-1 g Ni—1<n<gXi gXi<n<z
0<n<g™i-1 g~ i-1<n<q¥i q¥i<n<z
Now,
Xi—
> I(n) < g5
0<n<q¥i-1
X Xi—1
q [ — q 7
E Ii—1(n) < an E Ii—1(n)
qXi-1<n<q¥Xi 0<n<g®i-1-1

= (¢% = " )p(05-1),
since I;_1 is a periodic function with period ¢%i-t. Moreover, using the ¢-
periodicity of I;, we have

S Ln) < 3 Iz-(n):qqi]ﬂ—qxi—ai) 3 L)

q¥i<n<z ¢Xi<n<q®i([z/q%i]+1) Osn<g¢™
Hence . e
> s (] 1- 5o
o q&i g
gri<n<z

and therefore
> Lin) < (x+ ¢ — ¢)u(0;) < 2p(0y).
¢Xi<n<z
So, for x such that ¢~ < & < ¢~+1, we have
> In) < ¢+ (0 = ¢ (0im1) + zp(05),
0<n<zx
which gives

1 Xi_1 Xi _ ,Xic1
= Y0 1) < T+ T p(0i1) + 1(0)

xr
0<n<zx

IN

qufl
S + w(Oi-1) + 1(0s)

since ¢~ < z. But X; — X;-1 — 00 as i — oo, and u(0;) = o(1) as j — oc.
As a consequence, we get (2).
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We shall now prove that

(3) hmsup— Z f(n)I(n) > \S" > 0.
T=0o0 $O<n<ac
We have
Yo fmIm)= Y f@n S )
0<n<g i+l 0<n<qi %I <n<gfitl
o fmIn) - L)+ D f(n)(n)
0<n<q™i 0<n<qXit+1
> > fmLm) - Y fn)
0<n<q¥i+l 0<n<g™i

Now, by condition (i) of Theorem 1, we have ZO<n<qu f(n) = O(qXJ').
Moreover, -

>oormnm=( Y fmnm) Y favn)

0<n<q i+t 0<n<q™ 0<n<q i+l =%
={( X seme)( X sm)
0<n<q®i 0<n<q®i
(X ) (X feew)}
0<n<q® 0<n<gSi+17%
—v0) Y f.
0<n<gi+1

By choice of the X},

lim sup = Z f(n)I(n) > liminf v(0;) L Z f(n),

gXi+
0§TL<I O§n<qxj+1
and since v(0;) > A, we get (3). This contradicts hypothesis (ii) of Theo-
rem 1, and so v is absolutely continuous with respect to pu.

STEP 6: Ezplicit derivative of the measure v. Since v is a probability
measure absolutely continuous with respect to u, the Radon—Nikodym the-
orem ([3, p. 144, (12.17)]) shows that there exists a non-negative integrable
function, say h, such that if B is a Borel subset of Z,, then v(B) = {; hdp.
We have defined on Z; the two sequences of random variables zj;_(a) =
{a;}o<j<k—1 and x4 (a) = {a;};j>k for a = (ap,a1,...) € Z;. Now, given
some a in Z;, we consider the sequence of open subsets Oy, of Z, defined by
Ok = (zk—(a), zk4(Zy)). Each characteristic function Ip, is continuous and
since 1u(Ox) = 1/q*, we have
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@ L jee@( I X se)

#(Ok) 0<r<k—1 1 0<b<g—1

= oy § O ) = s § o, 0 du)
O 2
Tt (Zq)

By a direct application of a classical result of Jessen ([7, p. 108]), we find
that the quotient (4) converges in £!(Z,, u) and p-almost surely to h.

REMARK 4. As a consequence, we obtain Proposition 3, since by the
Cauchy criterion, given any £ > 0, there exists a Y (g) such that if z > y
>Y(e), then

flay (1) . fla-— (1) ]

) oy e T o' > fee) P00
7 0<r<y—1 0<b<g—1 0<r<z—-1 0<b<g—1

which can be written as

IS flay-(m) f(n) _
¢ = I a7t X ) II a' > flg)| ™"~
0sns@*—1 00, Cy1 0<b<g—1 0<r<z—1  0<b<g—1

which implies immediately that

(s Y ) I L% f(bq’")>1=1-

0<n<z—1 0<r<log,z—1 ~ 0<b<g-1

STEP 7 (The end!)

STEP 7.1: Consequence of the continuity of v

LEMMA 6. If v is continuous, then 1/2 < f(aq®) < 3/2 except for a
finite set of aq®, and

k
limsupz Z (1— flaq"))?* < o0.
k=00 .20 0<a<q—1

Proof. First of all, we remark that since f satisfies condition (ii) of The-
orem 1, and by (1), we have

card{(a,k); 0<a<q—1, k>0, flag") = 0} < cc.

For we have
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1 k
q—kcard{n;Ogngq —1, f(n) #0}

= [ Ziewd{(a,n); flaq) £0,0<a<q—1}

0<r<k—1
1
- 11 (1 L eard{(a,r); flag) =0,0<a<q- 1}),
0<r<k—1 q
and this is o(1) if
1
lim sup Z —card{(a,r); f(aq") =0,0<a < qg—1} = o0,
k=00 g<p<k_1
which implies that
1
lim sup — Z f(n) =0,
k=00 0<n<qgk—1

a contradiction with (1).

As a consequence, there exists some k such that the restriction of f to
¢*N is never zero. To simplify notation, we shall assume that f (aqk) is never
zero ab initio.

Now, since the limit of the sequence

1 S\
Fer (@) <0Hk PR ))

(see (4)) exists p-almost surely, applying the three series theorem ([7, p. 88,
Corollaire 1]) to the logarithm of this sequence, we deduce that for any

c> 0,
> q ! < o0,
{(a,k); Nog(f(agh)/a=1 X g<p< g1 f(ba*)[>c}

and since f(0-¢") =1 for all r, this shows that

logG > f(bq’“)>‘§c

0<b<g—1

except for a finite number of k, and similarly, from
> ¢! <o,
{(a;k); llog(f(ag®) /a1 Xo<y<q1 F(bg")[>c}

we conclude that [log f(ag¢®)| < 2¢ except for a finite number of a and k.
Since ¢ can be chosen as small as we want, there exists some k such that for



324 J.-L. Mauclaire

k > K, we have

1 1
5 - <z bg*) <
(5) 5575 > f(b") <

for all a. As above, to simplify notation, we shall assume that this holds ab
initio.

Now, it is a famous result of Kakutani ([7, p. 109]) that v is absolutely
continuous if and only if the product
(6) H (q_l Zogbgqfl f(bqk))z

0<h<y q! Zogbgq71 f(bg*)

tends to a positive limit as y — oo. Since it is a product of positive numbers
less than or equal to 1, this is equivalent to

2 Zo<b<141f<bq< > s ZW))

0<b<g—1 0<b<g—1

and by (5) it means that

£(L 5 (5 ) <

E>0 N 0<b<g—1 0<b<g—1
By a classical formula of Lagrange, this is exactly

(7) 22 > (Vflag®) = /f(bdF))?

k=0 0<a,b<g—1

Now, since f(0-¢*) =1 for all k, this is equivalent to

Yo Y. (1=Vflagh)? < oo,

k=0 0<a<g—1

and by (5), this can be written as

S Y (- fad))? <o m

k=0 0<a<g—1
STEP 7.2: Proof of Theorem 2. We remark that the statement is evident
for r = 0. Now, if 0 < r < 1, it will be sufficient to prove it for r = 1/2.
For if

(8) 0<hmsup— E f(n 1/2<<>o,
r—o0 &
0<n<zx

then using the Holder inequality, for 1/2 <r <1 we get
0 < lim sup — Z f(n

xr
T=ee 0<n<z
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and also if I is the characteristic function of a subset of N then
o1 o1 i
zan;o; Z In)=0 = xlggo; Z I(n)f(n)" =0.
0<n<zx 0<n<z

So, the conclusion will be satisfied in the range |1/2,1[ U {1}, and by it-
eration, in ]1/2%,1/2[ U {1/2} U]1/2,1]. The case r = 1/2 will be solved
shortly using the Holder inequality, and so, the conclusion will be satisfied
in Uys0)1/2%,1], ie. in 0, 1].

Now, (8) is an immediate consequence of the absolute continuity of v
with respect to p, for the product (6) converges to a positive number, say L,
as y — oo, and so, for y large enough,

2£—1/2H< > fbdh) )12 H > VI

0<k<y N7 0<b<q—1 o<k<y 1 0<b<g-1
L1 1 w7
| (5 3 f(bq)) |
0<k<y 0<b<g—-1

which yields
1
0 < limsup — g f(n)Y? <
k—o0
0<n<qgk-1

To obtain the result for » > 1, it will be sufficient to prove it for the
exponent 2. For if it holds for 2, it will hold for all positive powers of 2, and
hence for all » > 1 by the Holder inequality. Now, by (5) and (7), we have

Y Y (flagh) - £(bd"))?

k=0 0<a,b<q—1

<> Y. (VF(agh) = VFbdR)*(VF(agh) + \/F(baF))?

k=0 0<a,b<g—1

3\’
(Y ¥ i - Vi

k=0 0<a,b<g—1

Since, by the Lagrange formula,

5 S Y (flad) - )R

k=0 0<a,b<g—1
k>0 7 o<tzg—1 7 o<hzg—1

and since 1/2 < f(bg*) < 3/2, this gives
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1
Z Zo<b<q 1f(bq Z qu ( Z qu ) < 00,

>0 1 O<b<q 1 0<b<g—1

and so the product (6) converges to a positive limit, say £', as y — co. We
can now conclude in the same way as above in the case r = 1/2.

STEP 7.3: End of proof of Theorem 1. First, we remark that
1
lim sup H Z f(aq") H (1—— Z (1—f(aqr))>.
k=00 02 <k 4 o<azg—1 0<r<k 0<a<q—1
Now, since
0 < S = limsup H Z flag")
k=00 (2 2k 4 o<azg-1

and logarithm is a continuous increasing function on |0, oo, we get

loglimsup [] (1—1 > (1—f(aq7"))>

k—oo o<k 0<a<q—1
1
= lim sup log H <1 - - Z (1-— f(aq”))> =log ',
k—o0 0<r<k 0<a<q—1

and since —1/2 <1- f(aq") < 1/2, we obtain

2
lim sup Z Z (1—f(aq" +O< Z (1—f(aq”))) >zlogS'.
k—oo gk 4 0<a<g-1 1 g<qzg-1

Now, we remark that
2
(X a-se) <

and since

Yo Y (- f(ag")? < oo,

reN 0<a<g—1

we conclude that

lim sup Z Z q")) < oo,

k=oo gk 4 0<a<q-1

lim sup Z Z —1) < o0.

k=00 h<r<k 0<a<g—1

1.e.

Hence we have shown that conditions (iii) and (iv) of Theorem 1 hold.
Conversely, assuming that (iii) and (iv) hold, we deduce immediately
that —1/2 <1 — f(aq") < 1/2 if r is large enough. It is harmless to assume
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that it is so for all . Now, we reverse the argument:

lim sup Z Z ) < oo

k—oo g<r<k
implies that

lim sup Z Z q")) < oo,

k—oo o<k 0<a<qg—1

and since )y > o<a<q-1(1 — f(ag"))? < oo, we find that

limsuplog [ [ (1 1 Yoo« —f(aqr))) < 0.

k—o0 0<r<k 0<a<q—1

Now, since logarithm is a continuous increasing function on |0, oo, we have

limsuplog ] (1—1 > (1—f(aq7"))>

k—o0 0<r<k 0<a<gq—1
1
= log lim sup H <1—— Z (1—f(aqr))>
k=00 o<r<k 0<a<q—1

and so

0 < limsup H Z flaq")

k=00 (22 @ o<azg1

The same computation as above shows that the product (6) tends to a
positive limit as y — oo, and so, by the Kakutani Theorem, the sequence of
functions

(9) ( I - Zqu>

0<r<k—1 O<b<q 1

-1

converges in £! (Zq, 1v). As a consequence, by the Cauchy criterion, given
any € > 0, there exists a Y (¢) such that if z > y > Y'(¢), we have

fzy— (1)) B [z (1))

du(t) <eq ',
ZS ‘ II a' > flba) I a' > flbg") )
7 0<r<y—1 0<b<g—1 0<r<z—1 0<b<g—1
which can be written as
1 Z f(zy—(n)) _ f(n) <eq!
¢ = ¢t X fer) IT a7t > f(be")| T
Sn=q 0<r<y—1 0<b<q—1 0<r<z—1 0<b<qg—1

Denoting by z the expression [logx/logq| + 1, if I(-) is the characteristic
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function of a subset of N and lim, .o, 27} > o<n<z 1(n) = 0, we have

oSz | I a7t > fen) 1 a7t X f(bg)
SNST gply 1 0<b<g—1 0<r<z  0<b<q—1
¢ 1 f(zy—(n)) B f(n)
=% qzo<,;z_l [T ¢t > fgr) I1 ¢t > f(bg) 1o
== 0<r<y—1 0<b<g—1 0<r<z 0<b<g—1
1 o) fn)
SR ID Dl oy e s S (70 Rl ) QR SR (7
Osnse* =1 g2 <y o<b<g—1 0<r<z  0<b<g—1
<g-qgle<e.
Now, we remark that
f(zy—(n))
Mt X f(bQ)<C(y)<OO’
0<r<y 0<b<g—1
and so
f(xy—(n))
‘ 2 T s o™
NS o<r<y 0<b<g—1
1 f(n)
T Z -1 bar ( )‘
Osnsz O<l;[<zq ogbgq—lf( )
1 1
:‘ T 5 f(qu)Eo@z;zf(n)I(n)—i_o(l)‘ as T — 00
0<r<z 0<b<g—1 - =
Sea

since z71C(y) > 0<n<z 1(n) = 0(1) as & — oco. Hence

lim sup — 1 Z f(n

1 0<n<a}
0<r<z O<b<q 1

which gives
lim sup Z f(n)I(n) < elimsup H Z f(bg") < eA.

T2 g<p<a TT00 p<r<z * 0<b<g—1

lim sup Z fn)I(n) =

T g<n<z

Hence
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3.2. Proof of Theorem 4. Most of the arguments given above which
rely on classical probability theory apply in this general case of complex-
valued g-multiplicative functions, and so the details will be given only when
necessary.

STEP 1: (S) holds. This is a consequence of the following result:

PROPOSITION 7. Let f be an arithmetical function satisfying the condi-
tion

0< S:Iimsupl Z |f(n)] < oo.

z—oo L

Assume that for any sequence I(n) with values 0 or 1 we have

1 1
lim — E = im |— E =0.
Aim — I(n)=0 = zan;O - I(n)f(n)|=0
0<n<zx 0<n<zx
Then also
1 1
1' - == 1 — =
dim — > In)=0 = Jim — > 1(n)|f(n)]
0<n<z 0<n<zx

Proof. Let M be a positive integer. We can assume that I(n) takes
the value 0 when f(n) = 0. If f(n) # 0, we denote by f* the arithmeti-
cal function f - |f|~!. Now, when f* is of modulus 1, for integers k in
[0, M — 1], we define a sequence Iy, ps(n) with values 0 or 1 by Iy pr(n) = 1 if
arg [*(n) € [2nk/M, 2w (k + 1)/M], and 0 elsewhere. It is clear that I(n) =
> o<k<nmi—1 dk,p(n). Now, we remark that

LY amliml=1 Y (Y )7

0<n<zx 0<n<x 0<k<M-1

A S ()| () |

0<k<M-1 0<n<z
Observe that

N L) F(n) = D Te () f ()] ™M

0<n<zx 0<n<z
S T IE™ M~ )+ 3 Teai ()] F () (n)
0<n<z 0<n<z

S L IFOIE™M — @)+ S L(n

0<n<zx 0<n<zx
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> ( S e )] (@™ — ()

0<k<M—1>0<n<z .
1% B f))

0<n<z

<= (X TGl - )

0<k<M-1 0<n<z 1
— I(n
=D

. . 0<n<zx
and this can be written as
1
— E I(n
$O§n<x
1
< = I 2irk/M _ px ) 1 ]
<= Y (X mamlf)le fFr@)l) +o(1), @ o0

0<k<M-1 0<n<z

Now, we remark that

L ()] f () |2 — £*(n)| = I ar(n)] f ()| O(1/M)

with the O uniform in M, since arg f*(n) € [2nk/M,2n(k +1)/M]|. This
gives

LY (3 me il )

0<k<M—1 0<n<z
o Y (X mmlim)

O\ a7
1

0<k<M-1 0<n<z

Y (Xt s

0<n<x 0<k<M-1

1

O

Q

1
) Z I(n)|f(n)|

) PO o(47)-0m=0(5;).

20§n<z |f(n)] = O(1). Hence

=Y I(n)\f(n)|=0(%>+o(1), -

0<n<z

<0

(
~ofxr),
(
(3

since by hypothesis, x~
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and since M can be as large as we want, we get

STEP 2. This is only a simple remark:

ProrosiTION 8. If for some r > 0,

1
0 < limsup |— Z fn)| < oo
r—00 ¢ —1<n<z
then
0 < limsup |— f(n)| < oo.
k—o0 q Z ( )

q"—1<n<qF-1

Proof. First, we may assume that = 0, since the shifted function n —
f(g"n) is g-multiplicative. Now, the result is due to the structure of the
formula for the summatory function of a g-multiplicative function. For if x
is a positive integer, written as x = )., < arq” with aj # 0, we have

Sotm=( Y fa)( I X flad)
0<n<z 0<a<ap—1 0<j<k—1 0<a<g—1

+flad) > f).

0<n<z—anq*

This gives
Sl= (X e TT X fad)
0<a<ar—1 0<j<k—1 0<a<qg—1
gl Y s
0<n<z—aqk

Since | f(-)| satisfies the hypothesis of Theorem 1, the conclusion of Step 7.1
gives

Z Y. (1—|f(ag")])? < oo,
k=0 0<a<g—1
and so
1, (F)] < ag(1+0(1 \ I > fad) ‘+ 1+o0(1 ‘ 3 f(n)‘.
0<j<k—1 0<a<g-—-1 0<n<z—arq¥
Iterating, we find that if

LS )=

0<n<gk—1

lim sup
k—oo
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then

le(f)‘ 0,

X

lim sup
T— 00

which contradicts the hypothesis. n

STEP 3. A simple modification of the argument presented in Step 4 of
the proof of Theorem 1 leads to the fact that if as above, we define on Z; a
sequence of random variables x5 (a) = (a;¢’)o<;< for a = (ag, a1, ...) € Zg,
then the sequence of functions (9) converges in £!(Z,, 1) and p-almost surely
to some limit g.

STEP 4: (S8’) holds. First, we recall that in Step 7.1 above, we have
proved that it is harmless to assume that f (aqk) is never zero. A consequence
is that the limit of the sequence of functions (9), which converges in £!(Z, 1)
and p-a.s., is positive p-a.s. For if we denote this limit by @(-), we have p-a.s.,

-1
=Hrf<ak<t>>|<$ > lf(bf)l) :

r>0 0<b<qg—-1

and so, p-a.s.,

-1
jo(0) dutan-@) = [T (33 1700)

k<r 0<b<g—1

A classical result of Jessen ([7, p. 108]) shows that { &(t) du(zp—(t)) con-
verges in L1(Zy, ) and p-a.s. to {&(t) du(t), ie. to 1. Hence we see that

Hkgr | f(ax(t )]( -1 Zogbgqfl |f(bg")|)~! tends to 1 p-a.s. as k — oo, which
implies immediately that @(t) is positive u-a.s.
Now, since the sequence of functions (9) converges in £(Zy, 1), we infer

that
e I f(bq’")>1

Zq 0<r<k—1 ~ 0<b<qg—1

-(JLg, % )

0<r<k * 0<b<q—1

dp

I1: > sen)

0<r<k 1 0<b<g—1

has a positive finite limit. This implies that

' > b))

f(xp_(a)) 0<r<k—1  0<b<gq—1

I ¢! > flg) |/ (2r(a))]

0<r<k—1 0<b<g—1
I ' X f(beh)
0<r<k—1 0<b<g—1

[T ' > [f(bg)l

0<r<k—1 0<b<g—1
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converges p-a.s., since each of the three factors of this product does. Since

f(zr—(a)) = f*(xxg—(a))|f(xk—_(a))|, this product is equal to f*(zy_(a))wk,
where wy, is defined by

I ; > )=

0<r<k—1 0<b<q 1

I . > s

0<r<k—1 0<b<q 1

So, |w| =1, and f*(zg—(a))wy converges p-a.s. to limit F*(a); consequen-
tly, the symmetrized sequence f;*(a,b) defined by f*(zi—(a))f*(xr—(b))
converges pi>-a.s. to F*(a)F*(b). Since all these functions have modulus 1,
there exists an open set O such that §, F*(a)F*(b) du*(a,b) # 0, and due

to the structure of the open sets of Z,, the same holds for an elementary set
(r,k(r)) x (s,k(s)). This implies that

lim | =S du® # 0,

k—o0

(rk(r)) % (s,k(s))

and computing the value of this integral shows that there exists some t in
N such that

(10) hm exists and is not zero.

2 > ren

t<r<k 4 0<beq1

Using the Lagrange identity (for complex numbers), we see immediately that
this is equivalent to

hmz Z (1 —Re f*(ag")) < oo,
k>t 0<a<q—1

and as a consequence,

limz Z (1 —Re f*(ag")) <

k—o0
k>0 0<a<q—1

This is assertion (S’). =
STEP 5. It remains to prove that

1) (S) = ()&(i),
2) (S)&(S) & (1)&(ii)& (iii).

The proof of 1) is immediate, since if we have (S), we know, by Theo-
rem 1, that for any r positive,

0 < limsup — Z]f

T—00
n<a}
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and as a consequence, if I(+) is the characteristic function of a subset of N
and limg o = zo<n<x I(n) =0, then

ZI

0<n<m

limsup |—
T—00

<hmsup— Z I(n)|f(n)|=0

T=ee O<n<x

by applying the Holder inequality for some exponent r > 1.

It remains to prove that if conditions (S) and (S’) are fulfilled, then (iii)
holds true.

Since

> Y (1-Ref*(agh) < o,

k>0 0<a<qg—1

using the Lagrange identity (for complex numbers), we deduce that there
exists some ¢ in N such that (10) holds. This implies that the sequence of
functions Fy,_(x) defined on Z, by

(11 rawd)( I 5 ren)

t<k<y t<]<y 0<a<qg—1

is a bounded martingale convergent in £°°(Z,, du). Similarly, the sequence
of functions F,_(z) defined on Z, by

-1
)= (I @) (1T ; X 1))
t<k<y t<]<y 0<a<g—1

is a martingale convergent in £!(Z,, dp).
Hence the sequence Fy,_(x)F,_(r) converges in LY(Z,, du). Now, since

lim || Fy_(2)Fy-(2)] dp(x)

y—00

= lim SFy_(;r) H

y—00 ( ;
t<j<y

= (11

t1<j<y

-1
é > f*(aqj)) dp(x)

0<a<q—1
-1
) 7o

é > [ad)

0<a<g—1

there exists an open set O such that

lim | Fy_(x)F,-(z) du(z) # 0,

y—00
and so there exists an elementary set O, (q)) such that

lim | Fy (2)F,_(z)du(z) #£0.

Yy—00

O(a,k(a))
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This implies that the limit of the product

(I ; X swwd)( 1T % f*(aqj)>_1

(a)<k<y * 0<a<g-1 k(a)<j<y ' 0<a<g—1

(L5 X )

k(a)<j<y * 0<a<q-1

LS

exists and is not zero, and a fortiori, the limit of

I 2 ra@dl| I 5 % red)
q

Ka)<k<y | 0<a<q—1 ka)<j<y I 0<a<q-1

exists and is not zero. Now, since

M- > red)

k(a)<j<y * 0<a<g—1

lim

Yy—oo

exists and is not zero, and
0<hmsup H Z flag?)| < oo,
k(a)<j<y ~ 0<a<g—1
we get

I LS fa@d

k(a)<k<y - 0<a<g—1

0 < limsup

Yy—oo

and so there exists some r > 0 such that

0<hmsup Z fn)| <oco. m
T—00 q"<n<z
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