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On invariants of elliptic curves on average
by

AMIR AKBARY and ADAM TYLER FELIX (Lethbridge)

1. Introduction and results. Let F be an elliptic curve defined over
Q of conductor N. For a prime p of good reduction (i.e. pt N), let E, be the
reduction mod p of E. It is known that E,(F,), the group of rational points
of E/ over the finite field F,, is the product of at most two cyclic groups,
namely

Ep(Fp) = (Z/ip(p)Z) x (Z/es(p)Z),

where ig(p) divides eg(p). Thus, ep(p) is the exponent of E,(F,) and ig(p)
is the index of the largest cyclic subgroup of E,(F,). In recent years there
has been a lot of interest in studying the distribution of the invariants iz (p)
and eg(p).

Borosh, Moreno, and Porta [§] were the first to study iz (p) computation-
ally and conjectured that, for some elliptic curves, ig(p) = 1 occurs often.
We note that ig(p) = 1 if and only if E,(F),) is cyclic. Let

(1.1) Ng(z) = #{p < x; pt N and E,(F,) is cyclic}.

Then Serre [29], under the assumption of the generalized Riemann hypoth-
esis (GRH) for division fields Q(E[k]), proved that Ng(z) ~ cgli(z) as
& — o0, where cg > 0 if and only if Q(E[2]) # Q. Here li(z) = | dt/logt.
For the curves with complex multiplication (CM), Murty [28] removed the
assumption of the GRH. Also, he showed that under GRH one can obtain
the estimate O(xloglog z/(log z)?) for the error term in the asymptotic for-
mula for Ng(x) for any elliptic curve E. The value of the error term is
improved to O(x%/6(log )?/3) in [10]. In [3], following the method of [28] in
the CM case, the error term O(z/(log z)?) for any A > 1 is established.
Another problem closely related to cyclicity is finding the average value
of the number of divisors of ig(p) as p varies over primes. Let 7(n) denote
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the number of divisors of n. In [I], Akbary and Ghioca proved that
> 7(in(p) = cpli(z) + O(z"/5(log z)*/*)

p<z

if GRH holds, and
S riple) = extite) + 0 o p )

p<w
for A > 1, if E has CM. In the above asymptotic formulas, cg is a positive
constant which depends only on E.
The average value of ig(p) is a more challenging problem. In [26], Kowal-
ski proposed this problem and proved unconditionally that the lower bound

log log « holds for
1 .
x/logx Z i(p)

p<w

if £ has CM. He also showed that, for a non-CM curve, the above quantity
is bounded from below.

A more approachable problem is finding the average value of eg(p).
Freiberg and Kurlberg [16] were the first to consider this problem and es-
tablished conditional (unconditional in the CM case) asymptotic formulas
for Zpgx eg(p). Felix and Murty [14] proved, for k a fixed positive integer,
the following more general asymptotic formula:

> ehp) = cprli@™!) + O(FE(x)),

p<z
where

E(x) = {az/(logm)A if E has CM,

~ 1 2%%(logz)? if GRH holds,
and cgj is a positive constant depending on E and k. (For £ = 1 and a
non-CM curve E, Wu [33] has obtained a slightly better error term under
GRH.) Felix and Murty derived their result as a consequence of a more
general theorem on asymptotic distribution of i g(p)’s. Their general theorem
also implies the best known results on the cyclicity, the Titchmarsh divisor
problem, and several other similar problems. To state their result, let g(n)
be an arithmetic function such that
(1.2) > lg(n)| < 2P (log )7,
n<x
where 8 and + are arbitrary, and let
(1.3) fn) =" g(d).
din

Then the following is proved in [14, Theorem 1.1(c)].
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THEOREM 1.1 (Felix and Murty). Under the assumption of GRH and
the bound (1.2)) for f < 1/2 and arbitrary -y, we have

3" Finp) = ca(H)li() + Oz (log e

p<z

)

where cp(f) is a constant depending only on E and f.

They also proved an unconditional version of the above theorem for CM
elliptic curves (see [14, Theorem 1.1(a)]).

Our goal in this paper is to prove that Theorem holds unconditionally
on average over the family of all elliptic curves in a box. More precisely, we
consider the family C of elliptic curves

Ea7b:y2:x3+ax+b,

where |a] < A and |b] < B. It is not that difficult to prove a version of
Theorem[I.T]on average over a large box. However it is a challenging problem
to establish the same over a thin box. By a thin box we mean that, as a
function of x, either A or B can be as small as x¢ for any ¢ > 0. Here
we prove a stronger result in which one of A and B can be as small as
exp(ci (log z)/?) for a suitably chosen constant ¢; > 0. Before stating our
main theorem, we note that, at the expense of replacing S and « by larger
non-negative values, we can assume that § and « are non-negative.

THEOREM 1.2. Let ¢ > 1 be a positive constant and let f be the sum-

matory function (L.3|) of a function g that satisfies (1.2)) for certain non-
negative values of 3 and . Assume that AB > z(logx)*™2¢ if 0 < B < 1/2

and AB > x'/**B(log £)216+2¢(loglog z)? if 1/2 < B < 1. Then there is a
positive constant ¢c; > 0 such that if A, B > exp(c1(logz)'/?), we have

1 . . x
0z Zﬂma,b(p))=co<f>h<x>+0(w)7

anbEC p<lzx

where

d
(1.4) ()= ¥ s

d>1 ®
The implied constant depends on g, 3, v, and c. Here p(n) =n Hp|n(1—1/p)

REMARK 1.3. We note that if f is a non-zero multiplicative function,
then the constant co(f) has an Euler product. More precisely, for multiplica-
tive f we have

B 1 (¢t —1) f(0)
co(f) = H <1 NCZENGCEY) * (2 -1)(2 -0 Z (1o )

¢ prime a>1
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Moreover, if f is completely multiplicative, then

1 - f(0)
co(f) = (1 - )
AL - m=—se—ae—rm)
If f(n) < n, then ¢o(f) = 0 if and only if
3 2 3 _ pa
f(f):g(l 52—1-6 + 02— 1%)
+0-1
for some prime ¢. One can verify that the right hand side of the above
expression is less than or equal to —¢3. Thus we can conclude that if f is
completely multiplicative and f(n) < n, then ¢o(f) # 0.

Observe that it is possible that cy(f) = 0 for f multiplicative but not
completely multiplicative. For example, let f : N — C be a multiplicative
function such that f(2) = —16/3, f(2%) = 0 for a > 2, and f(¢*) = 0 for
¢ >3 and a > 1. Then from the above expression for ¢y(f) we conclude that
co(f)=0.

We would also like to point out that, following [16], Section 7], for an el-
liptic curve E and a multiplicative function f there exists a constant kg(f)
that can be expressed in terms of data associated to Galois representations
on the torsion points of F, such that cg(f) = kg(f)co(f), where cg(f) is
the constant given in Theorem In particular, if f(n) is completely mul-
tiplicative and f(N) C Q, then kg (f) € Q. This phenomenon also occurs in
Artin’s conjecture and its related problems (see [27]). It would be interesting
to know whether

ZCE ) = co(f) asz— 0.
EeC

The work of Jones [24] Notation 4 and Corollary 8] establishes, under certain
conditions, this relation in the case f(n) = 3_;,, n(d).

c|

Theorem [[.2]is comparable to Stephens’s average result on Artin’s primi-
tive root conjecture. Let a be a positive integer and let A,(x) be the number
of primes not exceeding x and for which a is a primitive root. The following
result has been proved in [31] and [32].

THEOREM 1.4 (Stephens). There erists a constant ¢c; > 0 such that, if
N > exp(cy (log 2)/?), then

NG;VA — Ali( )+O<(logxa:)c>’

where A = [[; pyime(1 — 1/€(¢ — 1)) and c is an arbitrary constant greater
than 1.

The line of research on Artin’s primitive root conjecture on average
started with the work of Goldfeld [19], who used multiplicative character
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sums and the large sieve inequality to establish a weaker version of The-
orem [1.4] The extension of the method of character sums to the average
questions on a two-parameter family, in the case of elliptic curves inside a
box, was pioneered by the work of Fouvry and Murty [I5] on the average
Lang—Trotter conjecture for supersingular primes. This was extended to the
general Lang—Trotter conjecture by David and Pappalardi [I3]. The best
result on the size of the box (|a] < A and |b| < B) is due to Baier [4] who
established the Lang—Trotter conjecture on average under the condition

(1.5) A, B> z'/?* and AB > 23/%*¢,

where € > (0. The supersingular case of this result is due to Fouvry and
Murty [I5, Theorem 6]. Baier [5] also established an average result for the
Lang—Trotter conjecture in the range

(1.6) A, B> (logz)®*¢ and 2%%(logz)'%*¢ < AB < exl/sie,
where € > 0. Note that is superior to if A and B are not very large.
Another notable result is due to James [23] who proved the Lang—Trotter
conjecture on averages over elliptic curves with given fixed torsion.

There are also average results for other distribution problems for el-
liptic curves. Banks and Shparlinski [7] considered such average problems
in a very general setting by employing multiplicative characters, and con-
sequently proved average results for the cyclicity problem, the Sato—Tate
conjecture, and the divisibility problem on a box |a| < A, |b| < B satisfying
the conditions

(1.7) A,B<z'™¢ and AB > z'*c,
where € > 0. Another notable result is related to the Koblitz conjecture. Let
WgVin(x) = #{p < @; #Ep(Fp) is prime}.

A conjecture of Koblitz [25] predicts that
T

(log x)?
as x — 00, where cg is a constant depending on F. Balog, Cojocaru, and

David [6] proved the following result on Koblitz conjecture on average over
the family C.

THEOREM 1.5 (Balog, Cojocaru, and David [6l, Theorem 1]). Let A, B
> 2¢ and AB > x(logz)'°. Then, as x — oo,

1 twin . Z—r—1 T T
2@ = 11 (1‘<e—1>3<e+1>)<1ogx>2+O<<logx>3>'

EeC prime ¢

ngwm(:r) ~ CE

The error term in the above theorem is estimated by a careful analysis
of some multiplicative character sums. We prove our Theorem by a
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generalization of a modified version of [, Lemma 6] (see our Lemma [3.1]).
We have used some results of Stephens [32] to sharpen the estimates given
in [6, Lemma 6], and thus we could establish our results, for § < 1/2, on a
box of size

(1.8) A, B > exp(ci(logz)'/?) and AB > z(logz)°,

for appropriate positive constants ¢; and . As far as we know, this is the
thinnest box used for an elliptic curve average problem.

Our Theorem has many applications. Here we mention some direct
consequences of it to the cyclicity problem, the Titchmarsh divisor prob-
lem for elliptic curves, and computation of the kth power moment of the
exponent eg(p).

COROLLARY 1.6. Letc > 1 and AB > z(logx)**2¢. There is c; > 0 such
that if A, B > exp(ci(log x)1/2), then, as x — oo, the following statements
hold:

(i) We have
1 1 . x
a2, Hm(l @ nm9) "+ o)

where Ng(x) is the cyclicity counting function and p(d) is the Mébius
function.
(ii) We have

= 11 <1 - 1)(£2£—31)(z4 - 1)> liz) +O((logrc)C)'

(i) For k € N we have

|C1| S k)

EeCp<lz

B f3(€k o 1) ) xk‘—i—l
= 11 (1 DN 1)) @) + O((loga»c)'

£ prime

Part (i) of the above corollary gives a strengthening of a result of Banks
and Shparlinski [7, Theorem 18] where the asymptotic formula in (i) was
proved in the weaker range ([1.7). Parts (ii) and (iii) establish unconditional
average versions of some results given in [1] and [14]. In (iii), if £ = 1, then
we obtain the universal constant in [16].
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REMARKS 1.7. (i) As corollaries of Theorem (1.2, we can also establish
unconditional average results for f(ig(p)), where f(n) is one of the functions
(logn)®, w(n)*, 2(n)*, 28« or 7,.(n)". Here a is an arbitrary positive real
number and k and r are fixed non-negative integers. See [14, p. 276] for
conditional results related to these functions in the case of a single elliptic
curve.

(ii) Under the conditions of Theorem one can also obtain average
results for f(n) = n® and f(n) = og(n) = 2 min m? as long as 3 < 1. More
precisely, for A and B satisfying the conditions of Theorem [I.2] we have, for

c>1,
S i%(p) = _9d) Ny, _
PP <d21 o) 19+ O Gy )

EeC p<lz

where g is the unique arithmetic function satisfying

n’ = Zg(m)

mln

This stops short of providing an answer on average to a problem proposed
by Kowalski [26, Problem 3.1] that asks about the asymptotic behavior of

(iii) Following the proof of Theorem one can improve the condition
A,B > z€ in Theorem to A, B > exp(ci(logz)/?) for some suitably
chosen constant c;.

(iv) Lemma is the difficult part of the proof of Theorem [1.2] The
proof of Lemma follows the method used in the proof of [6, Lemma 6]
(which itself is based on [7]) and combines it with some devices from [32].
A new ingredient is an asymptotic estimate due to Howe (see Lemma
for the number of elliptic curves over F,, which have d-torsion subgroup over
[, isomorphic to two copies of Z/dZ. Another new feature is a successful
application of Burgess’s bound (see Lemma in handling terms obtained
from the error term of Howe’s estimate.

(v) One other novel feature of the proof of Theorem|[L.2]is sharp estimates
of the error terms arising from the curves of j-invariant 0 or 1728, which
are estimated using some results from the theory of CM curves (see Lemma
. A trivial estimate of these terms will result in unsatisfactory bounds
on admissible values of A and B in Theorem [I.2]

Following the ideas of the proof of Theorem and by a careful analysis
of some character sums one can show that c¢o(f)li(z) closely approximates
> p<z flig(p)) for almost all curves £ € C. Here we prove the following
more general theorem.



38 A. Akbary and A. T. Felix

THEOREM 1.8. Let 0 < <1/2 andy = 0. Let f(n) = 3.4, 9(d) be an
arithmetic function satisfying

(1.9) f(n) < nf(logn).
Suppose AB > x*(logz)® if 0 < 8 < 1/4 and AB > x3/2+25(loga:)47+14

x (loglogx)* if 1/4 < B < 1/2. Then there is a positive constant c; > 0
such that, z'fA B > exp(cy(log z)Y/?), we have

&3 (st — i) = 0 s ),

EeC p<lz

where co(f) is defined by (1.4]).

The following is a direct consequence of Theorem

COROLLARY 1.9. Let h(x) be a positive real function such that
lim, o0 h(z) = 0. Under the assumptions of Theorem for any x > 1 we

have
T

(110 3 1Gie(o) - ol < e

p<xz
for almost all E € C. More precisely, (1.10) holds except possibly for
O(h(z)?|C]) of curves in C.

We note that one can take f to be any of the functions mentioned in
Corollary[L.6(i), (i), and Remarks[L.7(i), (ii). For Corollary[L.6]i), the corre-
sponding functlon f ( ) is the characterlstlc function of the smgleton set {1}.

REMARKS 1.10. It is possible to establish a version of Theorem [1.8using

the bound
> g < &% (log )™

n<x

instead of ((1.9). However, we find that (1.9) will make the presentation of
the proof more convenient. Note that if

Z g9(d) < nf (logn)7,
dln

then, by the Mobius inversion formula, we have
S lgn)l? < 1+ (log )71,
n<x
The structure of the paper is as follows. In Section 2 we summarize
results that will be used in the proof of our two theorems. Section 3 is
dedicated to a detailed proof of Theorem and Corollary In Section

4 we briefly summarize the proof of a technical lemma, which is a two-
dimensional version of Lemma [3.1] The proof is tedious and divided into
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several subcases. We treat some cases and briefly comment on the remaining
ones. Finally in Section 5 we prove Theorem [1.8

NoOTATION 1.11. Throughout the paper p and ¢ denote primes (for sim-
plicity in most cases we assume that p,q # 2,3), ¢(n) is the Euler func-
tion, w(n) is the number of distinct prime divisors of n, £2(n) is the total
number of prime divisors of n, 7(n) is the total number of divisors of n,
p(n) is the largest prime factor of n, 74(n) is the number of representa-
tions of n as a product of k natural numbers, p(n) is the Mdbius function,
¥(n) =n]l,,(1+1/p), and m(z;d, a) is the number of primes not exceeding
x that are congruent to a modulo d. Moreover, K is an imaginary quadratic
number field of class number 1, N(a) is the norm of an ideal a of K, N(«) is
the norm of an element « in K, p always denotes a degree 1 prime ideal of
K with N(p) = p, and dg, is the largest divisor of d composed of primes that
split completely in K. We denote the finite field of p elements by F,, and its
multiplicative group by F. For two functions f(z) and g(z) # 0, we use
the notation f(z) = O(g(x)), or alternatively f(x) < g(x), if |f(x)/g(z)| is
bounded as x — oc.

2. Lemmas. Let E,; denote an elliptic curve over F,, (with p # 2,3)
given by the equation
y2 =23 4 sz + 1, s,t € Fp,

where at least one of s or ¢ is non-zero. Let E;[d|(F,) denote the set of
d-torsion points of E,; with coordinates in F,. The following lemma is es-
sentially due to Howe (see [21], p. 245]).

LEMMA 2.1.
(i) For d € N and a fized prime p, let
Sa(p) == {(s,t) € FyxFy; 45> +271* # 0 and Eg,[d)(F,) = Z/dZxZ]dZ}.
For d|p—1, we have
p(p—1) 3/2
#S4(p) = w5 +O(["7).
= et O
Moreover, if dfp—1 ord > \/p+1, then #S4(p) = 0.
(ii) The assertions in (i) hold if we replace Sq(p) with Sq¢(p), where
Sa(p) == {(s,t) € T} xF); 45> +27t* # 0 and Eyy[d)(Fp) = Z/dZ x 7./ dZ}.

Proof. (i) We know that elliptic curves isomorphic (over F,) to Es; are
of the form Fgya,6, where u € F;;. Let Autp,(Es:) be the group of au-
tomorphisms (over F,,) of the elliptic curve Ey;. So the number of elliptic
curves isomorphic to E,; (over IFp) is (p —1)/|Auty, (Es¢)|. Let [Es ;] denote
the class of all elliptic curves over [, that are isomorphic over [, to Ej;.
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We have
p—1
_
#Sd(p) Z |Aut Fp (Es,t)|

[Es,:]CSa(p)

Now the result follows since by [21, p. 245] we have, for d | p — 1,

E 1 - p 1/2
(2.1) _ o),
B, et AR (Esa)l - dy(d)e(d)

Moreover, by [30, Corollary I11.8.1.1], if d { p— 1 then (Z/dZ)? % Es+(
and so #84(p) = 0. Alsoif d > \/p+1 and (Z/dZ)* = E;(F,)[d] C E,
then p+2,/p+ 1 < d® < #E,(Fp). On the other hand #E, ;(F,)
2,/p + 1, by Hasse’s theorem. This is a clear contradiction.

(ii) We can deduce this by following the proof of part (i) and observing
that there are O(1) isomorphism classes over F,, containing a curve of the
form FEo; or Esp. m

)l
F
p

Fy)(d],
t(Fp),
<p+

REMARK 2.2. (i) For any prime p, we know that |Autg, (Es)| = O(1).
In fact, for p # 2,3, from [30, Theorem II1.10.1] we know that

6 if s=0and p=1 (mod 6),
|Autp, (Es¢)| = 4 ift=0and p=1 (mod 4),
2 otherwise.
(ii) We note that, using Howe’s notation [21, p. 245], we have

1 _ P w(d)
2 At (Bl — dwtdyp(d) O ADEEV),

[ES t}CSd

where the implied constant is absolute. However, the term 2¢(® is a bound
for 3 igcd(dp—1)/a #(J)- In our case, ged(d,p — 1)/d = 1, since d | p—1. Thus,
the term 2¢(9) can be removed. Also, 1)(d/d) = 1, and thus (2.1)) is correct.

Let K be an imaginary quadratic number field of class number 1. Let
p be a degree 1 prime ideal of K with N(p) = p. Let m, be the unique
generator of p. Note that if p is unramified, then 7, is unique up to units,
and if it is ramified, then m, is unique up to units and complex conjugation.
We have N(p) = N(mp) = p.

LEMMA 2.3. Suppose that dsp, is the largest divisor of a positive integer
d composed of primes that split completely in K.

(i) For d*> < x/logz we have
2w(ds ) A
Z 1< P)7(dsp) z

o -
R old) Tog(e/®)
dl(mp—1)(7p—1)
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(ii) For all positive integers d, we have

S e )
d
N(p)<z
dl(mp—1)(7p—1)

(iii) Let Est : y*> = 23 + sz + t be an elliptic curve over F,, with st = 0.
Then #Es(Fp) = p+ 1 or #E:4(F,) = (mp, — 1)(7p — 1) and
N(mp) = p, where T, € Z[(1+i+/3)/2] or Z][i].

(iv) Let g(d) be an arithmetic function satisfying (1.2) with § < 1. Then

Z 3 oo @< 10;3-

p<:v s,telp dlp—1
St=0" By 1(Fp)[d|=(Z/d2)?

Proof. The proofs of (i) and (ii) are identical to the proofs of [2, Propo-
sitions 2.2 and 2.3].

(iii) See [22, Chapter 18, Theorems 4 and 5].

(iv) We observe that the condition E,+(F,)[d] = (Z/dZ)? implies that
d|p — 1 and d?|#FE;s(F,). By part (iii), we know the possibilities for
#E,4(F,). Now if #E,(F,) = p+ 1, then we conclude that d = 2 (since
d|p—1and d|p+1). On the other hand, if #FE;(F,) = (7, — 1)(7p, — 1)
where 7, € Z[(1+14v/3)/2] or Z[i], we let 0 < e < 1 — 3. So by employing (i)
and (ii), the sum in (iv) is bounded by

D SN T C )| E

p<z d<y/z+1 N(p)<z
p=—1(mod4) d|(mp—1)(Tp— 1)
x x lg(d
<
longrlogx Z A2 + Z log:n
<(E1/5 d>xl/5

We next recall a version of the large sieve inequality for multiplicative
characters.

LEMMA 2.4 (Gallagher [I8| p. 16]). Let M and N be positive integers
and (an)nMJEW_H be a sequence of complex numbers. Then

. . MtN ) M+N
oo X | X et < (V@) 3wl
9<Q x (mod ¢) n=M+1 n=M+1

where Q) is any positive real number, and Z; denotes a sum over all

(mod q)
primitive Dirichlet characters x modulo q.

To state the next lemma, we need some notation. Let

Tk,B(n) = #{((ll,.. . ,CLk) € [LB]k mev n=am- ak’}
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We also set

U(X,Y):= ) L

n<X

p(n)<Y
where p(m) is the largest prime factor of m. Note that we define p(0) =
p(£1) = oc.
LEMMA 2.5 (Stephens [32, Lemmas 8-10]).
(i) For k € N, if B¥ < a8, then
> 7p(n)® < BMW(B,9logx)).
b<BF
(ii) For a sufficiently large constant ¢; > 0 there exists ca > 0 such that,
if exp(ci(logz)Y/?) < B < a8, then
V2R (@ (B, 9log z))/? < exp(—cz(log )12 /loglog ),
where
k = [2logx/log B] + 1.
(iii) For a sufficiently large constant ¢; > 0 there exists c3 > 0 such that,
if exp(ci(logz)Y/?) < B < z*, then
YR (W(B,9log z))Y/? « exp(—cs(log )2 /log log ),
where
k = [4logx/log B] + 1.
LEMMA 2.6 (Burgess [9, Theorems 1 and 2]).

(i) For any prime p, non-principal character x, r € N, and B > 1,
r+1
> x(b) < B Vpaz logp,
b<B
where the implied constant is absolute.

(ii) Lete >0, n > 1, x be a non-principal character, r € N, and B > 1.
Then, if n is cube-free or r = 2, we have

ZX(b) < Bl—l/rn%—i-e’
b<B
where the implied constant may depend on € and r.
LEMMA 2.7.

(i) (Friedlander and Iwaniec [17, Lemma 3|) Let Q and N be positive
integers. Then

* 4 2 6
ST x| < NQuog @,
x (mod Q) n<N
where x denotes a sum over all primitive Dirichlet characters mod-

ulo Q.
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(ii) Suppose that Q is the product of two distinct primes. Then
4
Z ‘ Z X(n)) < N%Qlog® Q.

x (mod Q) n<N
XFX0

Proof. (ii) Let Q = pq with p # ¢q. To see that the result is true if
the summation is over all non-principal characters, we need to consider the
inequality for imprimitive characters. The only non-principal imprimitive
characters modulo pq are of the form x’x{ or x(x”, where x(, and x{ are the
principal characters modulo p and g, respectively, and ¥’ and x” are primi-
tive characters modulo p and g, respectively. Then partition the summation
over all characters into a summation over primitive characters modulo pg,
primitive characters modulo p, and primitive characters modulo ¢. Hence,
the assertion can be obtained by using the triangle inequality and the result

for primitive characters in part (i). m

We summarize several elementary estimations that are used in the proofs
in the next sections.

LEMMA 2.8.
(i) (Brun-Titchmarsh inequality) Let € > 0. Then, for 1 < d < x'7¢,
we have -
i d, _.
m(x;d,a) < () logz
(ii) Let <1 and € > 0. Then, for 1 <d < z'~¢, we have
> S <om
N << _
0
= P eld)log
p=1 (mod d)

<< ;U .

= o(d)
p=1 (mod d)
(iv) We have
1 loglog d
< .
p(d) d

(v) Under the assumption of the bound (1.2)), for any real 0, we have

S 1y yesoqogyy,
d<y

Proof. For (i), see [11, Theorem 7.3.1]; (ii) is a consequence of partial
summation and (i); for (iii), see [II, Section 13.1, Exercise 9]; for (iv), see
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[20, p. 267, Theorem 328]; and (v) comes by straightforward applications of
partial summation and (1.2)). m

3. Proofs of Theorem and Corollary

3.1. Basic set up. Let C be the family of elliptic curves
Ea,b:y2 =23 +ax+0,
where |a| < A, |b] < B, and at least one of a or b is non-zero. Note that

C| = 4AB + O(A + B).

= 9(d)

dn

Let

for all n € N. We have

Z >_ S, @)
E,,€Cp<lzx
’Aut p 5 ’ (’L .st( ))
I

p<z s,t€F, la]<A, |b|<B:31<u<p
a=su* (mod p)
b=tuS (mod p)

Next, by applying Remark [2.2(i) in the above identity (recall that p # 2, 3),
we have

Z 2 fliz., @)

E,,€Cp<z
ZEs t
\C[ Z Z Z 1+ Error Term 1,
PT 5 teF ) la|<A, |b|<B:31<u<p

a=su? (mod p)
b=tub (mod p)

where
1 Aut 1
(3.1) Error Term 1 = ‘— Z | F” s,t_)|{( Es’t(p)) Z 1.
p<x s,telf, la|<A,|b|<B
st= 0 ab=0 (mod p)

Now, by considering

2AB 2AB
> oo=EE (0 x 1-2E)
lal <A, bl <B: 31<u<p b lal <A, [b|<B: 31 <u<p b
a=su? (mod p) a=su? (mod p)

b=tuS (mod p) b=tuS (mod p)
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and applying it in the previous identity, we arrive at

]C| Z Z f( ZEa . = Main Term + Error Term 1 + Error Term 2,
a »EC p<z
where
4AB f(
Main Term = ]C| Z Z Est )
p<z g te FX
f 2AB
Error Term 2 = C Z Z ESt ( Z 1—>
| | p<z g HEF) la|<A, |b|<B:31<u<p p

a=su® (mod p)
b=tub (mod p)

3.2. The Main Term. We have

Main Term = 4AB Z Z zEs o

PET 5 1T
4AB
= D) = 2 Y
p<x steIF d\ZEst(P)

:féf > S e #Si)

p<w p(p B ) dlp—1
Let
_ g9(d) _
Gi(p) = dzl W and  Ga(p) = d|§:1 lg(d)].
dg\p/ﬂl ds\p/ml

By using these notations and employing Lemma we obtain

ain Term = 4AB Ga(p) _ 448
Main Tt c (pZ;CGl(p)-FO(pZ; N >) o (A1 + O(H)).

3.2.1. Estimation of 1. Let @ € Ry be fixed. The Siegel-Walfisz
Theorem implies

li(z) ( x )
r(md 1) = ) Lol L
D =5@ " O\ gy
for any d < (logz)® and any C' > 0. Then, by the Brun-Titchmarsh in-
equality (Lemma [2.§[1)), the fact that ¢(d) > d, and (L.2), we have
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s= ¥ gDt o gdntad)

d< (log )= dip(d)(d) (log )0 <d</F41 U (d)p(d)
S 9@) . (@)
”)gwwww+(mwwéwwwﬁ
z _lg@]
0l n y¥d¢wd>¢<d>2>‘

Note that, for any € > 0, we have

1
X i < e <

Thus, for 5 < 2,

= i
d>1 dip(d
is a constant and

xzmumw+0(m)

(log )¢
where C' := C'(C,«, 3,¢) is an appropriate positive constant. Since « is
arbitrary, we can choose a so that C’ is any constant greater than 1. So
x
3.2 S =c¢ li(z) + O ——— ),
(3:2) L= a(Diit) + 0 5ot

where ¢ can be chosen as any number greater than 1.

3.2.2. Estimation of . We first employ the Brun—Titchmarsh inequal-
ity (Lemma[2.8(i)) and (1.2) to deduce

(3.3) Y Gap)= > lg(d)|r(x;d,1)
p<z d<{/z+1
p {$1+,8/2(1Og )" lloglogx if B #0,
x1+5/2(log x)7 loglog x if 3 =0.
By partial summation and , we have

(3.4) Sy = Z G2 %(log x)7 loglog x.

p<lzx
In conclusion, since § < 1,

(3.5) Main Term = 4|‘éf <Co(f) li(z) + O <(x)>

log x)

where ¢ can be taken as any number greater than 1.
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3.3. Error Term 1. Recall expression (3.1) for Error Term 1. We

have
|f IE t ( >
ErrorTerml(—ZZ z + A+ B
p<:z: s,telfp p
st= 0
< Z > > l9(d)]
p<;t stelfy dlp—1

st=0 Es1(Fp)[d|=(2/dZ)?

TS 1) 3D YD Sl

p<x s,telfp dlp—1
st=0 Es,t(Fp)[d]|=(Z/dZ)?

An application of Lemma (iv) in the latter sum yields

1 1
(3.6) Error Term 1 < Z Z (A + B) lozx'

p<z dlp—1
d</p+1

By employing Lemma [2.8[(iii), (iv) and usual estimates, the first of these
summations is bounded as follows:

CUNEED S DN CIEED SINVOIID DI

<x d 1 T <z
= d<|5>+1 sV pElp(modd)
lg(d)]
< (loglogx)(log x) Z =
d<yz+1

By applying Lemma v) in (3.7), we obtain

1 1
(3.8) Error Term 1 < $5/2(log :U)7+2(log log ) + (A + B> IOZJ}.

3.4. Error Term 2. We summarize the main result of this section in
the following lemma, which can be considered as a generalization and an
improvement of [6, Lemma 6].

LEMMA 3.1. Letr € N, 0 < 5 < 3/2, v € Rsg, and g : N — C be a
function such that

> lg(@)] < 2" (log z).
d<z

Then there are positive constants c¢1 and co such that, if A,B >
exp(cy (log 2)Y/?), we have
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2 1 2AB
oz 2ol 2 -5
p<z d|p—1 1<s,t<p

) la|<A, |b|<B:31<u<p p
B¢ (Fp)[d]=(Z/dZ) a=su? (mod p)
b=tu’ (mod p)

1 1/2
(log )" loglog = + (log )" log log z + = exp <_62(100gg1xo)gx)
F( 2+ L) (2 4+ 2 (log ) loglo
4= T x x
A B log & B8

1 1 148 ri 11 23/2(log z)?
Al/r + Bl/r>x 770 (logz) loglog.z + VAB

1 1+8/2 3 5/4 2428 3
— |z log 2)" 3 (loglog 2)%/* + 277 (log )" loglog z |.
s (200 1o 0z (log 2)"**1og log

B-1
LT 2

Proof. Throughout, x, with or without subscript, will denote a character
modulo p. As usual, x¢ will be the principal character modulo p. Let p be a
fixed prime, and let s,¢ € F be fixed. By [6, Equation (12)], we have

> =g
la|<A, [b|<B: 31<u<p 2p=1)

a=su* (mod p)
b=tub (mod p)

> xils)xe®ADB(N),
X1x2

where

We use the identity

Y ae)e®AGDB(E)
2(p 1) X1,X2
xixS=xo
2(p1_ £ X5 X0 (DA BTD) + 2@1_” S xols)xe(H)AR)B(3)
X0oFEX2
1

D 2 XEDARDB)

X?éXo
X1=X0

+

oo L e AED)

X17X0
zfzgéxo
X1X2=X0

+

and note that
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1 SN 1
2p 1) 0DARBG) = 50— > xo(a) > xo(b)
la|<A lb|<B
2AB AB A+ B
p p p
Therefore,
2 1 2AB
@Zzg(d) 2 p—1< 2 o )
p<z d|p—1 1<s,t<p la|]<A,|b|<B:31<u<p
Es +(Fp)[d|=(Z/dZ)? a=su* (mod p)
b=tu® (mod p)
2 1 AB A+ B
:ﬁzzg(d) 2 p—10<192+ p )
p<z d|p—1 1<s,t<p

B 1(Fp)[d]=(2/dZ)?

2 1
DD DCEND DI D MUCIOE Roklia

p<zd|p—1 1<s,t<p X27X0
Es 1 (Fp)[d]=(Z/dZ)? X5=x0
2 1
+ il Z Z g9(d) Z =12 ZX1(8)X0(75)A(E)B(%)
p<z dlp—1 1<s,t<p X17X0
Es 1 (Fp)[d]=(2/dZ)? xt=xo0
2 1
+ icl Z Z g(d) Z 2p—1) Z x1(s)x2(t) A1) B(x2)
p<z d|p—1 1<s,t<p p X17X0
Es ¢ (Fp)[d|=(Z/dZ)? X27£X0
xix5=xo

=21+ Yo+ Mg+ Xy

We will evaluate each sum separately.
3.4.1. Estimation of X1. We have

2 1 AB A+ B
P :ZEZZg(d) Z p—10(1)2+ » >

p<zd|p—1 1<s,t<p
Es,1(Fp)[d|=(Z/dZ)?

1 AB A+ B
Gt I

p<z dlp—1 1<s,t<p
B u(F,)d|(2/d2)?

AB 1 pp—1) 3/2
S ‘g(d"<dw<d>¢<d> +Oob )>

p<w dlp—1
d<,/p+1
A+B 1 plp—1) 3/2 >
— d)|[ ———+0 .
R 2 2 W @itasm + 0w

d<./p+1
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We denote the first sum by X1 1 and the second by X' . By partial summa-
tion and , we have

(3.9) <Kz - (log z)" 1 loglog x + (log )7 loglog z

as < 3/2. By (3.2)) and -, we have
(3.10)

Za (5 B><z S s o X )

p<z d|p— p<x dlp—1
d<\f+1 d<,/p+1

1 1
< <A B) (102 +a¥ (logaj)nogbgm)

Therefore, 2 is bounded by the error terms in the lemma.

3.4.2. Estimations of X and X5. For 22, we see that

S Y Y o Soeeen B

p<z d|p-1 1<s,t<p (p— xz#xO
d<\p+1l  Bsi(Fp)ld]=(Z/dZ)? X2 X0
<X X o Y Y Bl Y1
p<a: dp—1 1<s,t<p x2¢x0 —A<a<A
d<\f+1 Es,t(Fp)[d]%(Z/dZ) X3=xo rla
<@XE X @ Y sl Yt
p<ac dlp—1 X27X0 1<s,t<p
d<\/p+1 x5=x0 Es 1 (Fp)[d]=(Z/dZ)?

By Lemma we have

ot Z S @) Y \Bm( o 2)+o<p3/2>>

P<w d|p—1 X27éX0
d<\f+1 X2 X0
g(d
<3L X el S s
p<z d|p—1 X275X0
d<\f+1 x5=x0
0 S ST S
p<:r dlp—1 X27X0
d<\/p+1 X§=xo
=: 22,1 + X9o.

Now,

(3.11) 5 X g XX sl

d<f+1 ()¢ pP<xT  X27X0
pEl (mod d) XS=X0
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Let k = [2log z/log B] 4+ 1. By Hélder’s inequality we deduce

(3.12) > B

p<w x#x
p=1(mod d) x§=xo

Sy )T Sl

p<z Xz#xo p<9€ Xz#xo b<B
p=1(modd) x§=xo p=1(mod d) x§=xo

< (n(x;d, 1)) 2k<ZZ)ZTkB )xz2(b ‘)21’67

P<T x27X0 b<BF
where 71, g(n) := #{(a1,...,ar) € [, B]* "N¥; n = a; ---a;}. By Lemma
2.4 we have
313 XY ns0x0)| <@+ B Y ns)?
Pz X7#X0 b<Bk b<Bk
Suppose k = 1, that is, B > 2. Then

S P \ < B2,

p<zT X27#X0 b<BF
Therefore from (3.12)) we get
1/2

Z Z B(x2)| < B o(d )l/f(log:c)lﬂ

p<z x#x
p=1 (mod d) x§=x0

after using Lemma (1) Substltuting this inequality into (3.11]), we obtain

z!/? l9(d)| o1/
Ty < > < ,
(log )12 2= di{d)o(d2  (log )12

as § < 3/2.

Now suppose k = [2logz/log B] 4+ 1 . Then B < 22 and 22 < B* <
Ba? < x*. Therefore, by Lemma, [2.5] n(l ), (ii), -, -, and the trivial
bound for 7(x;d, 1), we have
(3.14)

L

2k 2k

YooY Bl (2)1_ ((a:2 + Bk)Bk(u?(B,9logx))k)

p<w X#XO
p=1(modd) x8=xo

1/2
< B d3/4$ 2 (EI/(B,9log:U))

(loga)'/?
B D S S
< d3/4 exp( “ loglogz )’
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where ¢y > 0, if B > exp(cy(logz)'/?) for sufficiently large ¢;. Substituting

(3.14)) into (3.11)), we obtain

ogx /
(ogaP ) 5~ 1o

(log )1/ >
loglogz ) ¢ d"/ 4 (d)p(d)

X1 L xzexp| —c
; loglog x

<KL rexp <02

as B < 3/2.
For X9, by Lemma (1) ([1.2) and Lemma 2.§(i), (ii), (v), we have

Z ;D le@l Y 1BGa)®)

p<x dlp—1 X27X0
d<./p+1 XS_XO
1
<z Xl X o 3 Y
d<v/z+1 p<w Xa#x0 b<B
pEl (modd) XQ X0
1 72'r +'r+1
e NS> oy 3 1
d<y/z+1 p<w X27#X0
p=1 (mod d) Xg:XO
1, r+1 148 | r+1
< AT loglog x Z lg(d)] <Z 2t (log z)"* ! loglog =
Bl/r d Bl/r ’
d<y/z+1

The proof of the bound for X5 gives us the same bound for X3, mutatis
mutandis.

3.4.3. Estimation of X4. For X4, we have

G X0 Tt X e

p<z d|p 1<s,t<p (p X17X0
d<f+1 Es 1 (Fp)[d|=(2/dZ)? xz#xo
X1X2_XO
1
= > gl Y TESE > AG)B > xals)xa()
d<y/z+1 p<z X1¢X0 1<s,t<p
p=1 (mod d) X27X0 Es.+(Fp)[d]=(Z/dZ)?
X1X3=x0
1 1 SN
=1 > ogld) D] 1P > AXDBX2) Woalxis x2),
d<\/z+1 p<z X1#X0
p=1 (mod d) Z(g Zéxo
X1X2=X0
where
Wp.a(X1, x2) = > x1(s)x2(t).
1<s,t<p

Bt (Fp) [d]2(2/dZ)?
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Applying the Cauchy—Schwarz inequality twice, we obtain
4
> ARDBRWralx1, x2)
X17#X0
o
X1X2=X0
2
(X Mhatwoal) (X M) X o).
X17X0 X1#X0 X17#X0
X27X0 X27#X0 X27#X0
x1x3=xo X1x5=x0 X1X5=xo
By Lemma 2.7, we have
4 2 6
>3 @] < A%p(ogp)’.
X17#X0 a<A
Hence,
4
> Al = XY w@] <16 Y Y@ X
X17X0 X17Xx0 |a|<A X17#X0 a<A X27X0
X27X0 Xz#XO X1X5=xo
X1X2=X0 X1X2
< Y ‘Z xi(a ’ < A%p(logp)®.
X17Xx0 a<A
Similarly,
> IB(x2)|* < B*p(logp)°.
X17X0
X#XO
X1X2 X0
Also,
2
(315) > [Wpalxis x2)|
X1,X2
=YY e Y wmEwa)
X1,X2 1<s,t<p 1<s',t'<p
Bs,1(Fp)[d]|=(Z/dZ)? By y(Fp)[d|=(Z/dZ)?
= 2 ) ZX1 at sz xalt
1<s,t<p 1<s't'<p
Bs 4 (Fp)[d|2(Z/dL)? By 41 (Fyp)[d|=(Z/dZ)?
2 Z p4 7/2
=(p-1) 1< ——F—F=<+0p
e dy(d)e(d)

Es1(Fp)[d|=(Z/dZ)?

53
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by Lemma [2.1] Putting all this information together, we obtain

4
> A(x)B pd(X15 X2)
X17X0

%27@(0
x1x§=xo0

(AB)*p'°(logp)'? | (AB)*p'*/?(log p)'?

PpdRpdR | dudeld) (AB)*p(logp)*?

<

1
Sicg X l@] Y VAB(ogr)
d<\/z+1 p<z
p=1 (mod d)

pl/2 3/8

p /
" (dl/%(d)l/%(d)l/? @@ )

1 3/2 2 1+8/2 +3 5/4
< z?/“(logx)* + x log )" (log log
TB( (logz) (logz)""(log log )

y a2t (log )™ loglog z),

as < 3/2.
This completes the proof of Lemma 3.1. u

3.5. Proof of Theorem (1 By combining (3.5 , , and Lemma

we obtain
9(d) :
Z ZfZEab :<dz>;d¢(d)<p(d)2)h($)+E7

bEC p<a
where
B < @ < > log g:)’7+2)
+ \/iiB(fL’lJrﬁ/z(log 2)7 3 (loglog 2)** + & N (log )" log log )

for given ¢ > 1 and A, B > exp(c1 (log z)'/?). Now we choose 7 large enough
so that H'B + ”‘1 < 1. (Note that we can do this if 5 < 1.) So we arrive at
the upper bound

€T C1 1/2
E -1 N . - l
< Q )C+xexp< (log x) )

1
+ ——(2%?(logz)? + x = (log z)" ™ loglog x).

VAB
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Now the result follows by choosing AB > z(logx)*t2?¢ if 3 < 1/2, and
AB > gV/?8(log 2)27+6+2¢(loglog )2 if 1/2 < B < 1.

3.6. Proof of Corollary Parts (i) and (ii) hold since the charac-
teristic function of {1} can be written as

> u(d)
dln

and the divisor function can be written as

T(n) = Z 1.

din
Thus, ¢g(d) = u(d) and g(d) = 1 both satisfy (1.2) with 3 =0 and v = 1.
For (iii), let f(n) = 1/n*, where k € N. Then writing

) =" g(d)
d

gives us

lg()| =Y lu(n/d)f(d)] <Y 1=7(n).

dln dln
Therefore, by Theorem [1.2] we have
1 1 z
(3.16) G = Gulita) + 0 o)
€] 22 2 ix(p) (log 2)

where C}, is defined in the corollary. Let a,(E) be defined by #E,(F,) =
p+ 1 —ay(F). Hasse’s Theorem says that |a,(£)| < 2,/p. Note that

k_ p+1-ap(p))"
S EE()

EeCp<lz EecC p<z LE
oy (2 y (RO @)
B in(p)* j in(p)*
EeC p<= j=1
Z Z Pk k—1/2 Z Z 1
= - + O, (37 - )
% %
BeC p<w ie(p) FeC p<w ip(E)
k C k+1/2
-2 o)
EeC p<z E\P &

For the first part in the above, by (3.16)), we have
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i Z Z p = CraFli(z) + o<xk+lc>

e p<z (log x)

t* dt)

E—11:
— Cyk | 511 dt+0k( T

2

N ey 3

Cra® i Ok L1 of ="

Then the result holds since there exists a constant C' such that

(M) + € = 2P li(e) — k| 7 i() dt.
2

4. A technical lemma

LEMMA 4.1. Let r € N and € > 0 be fized. Let g : N — C be a function
such that

> lg(d)] < &'+ (log )7,
d<zx

where 0 < < 3/4 and v € R>g. Then there are positive constants ¢ and
cs such that if

A, B > exp(ci(logz)'/?),

we have
Cl oz, (=g —1)
P#q
AB
<X X (% =)
s,t€F) d|iEs,z (p) la|<A, [b|<B:3J1<u<p, 1<u/<q
st/ €F d'|iEsl o (@) a=su* (mod p), a=s’(u')* (mod q)

b=tub (mod p), b=t’(u')® (mod q)

1 1/2
< z(logz)" L(loglog z) + < ) 12 exp<_03(cwgi€)>
+

loglog x
+ 1 +
Al/r Bl/r

(z°(logz) + z = (log z)*7"3(log log x)?).

(log x)?

52 T2 (log z)Y log log =

_l’_

1
VvAB
Proof. Throughout, a prime ’ will denote that the underlying object is

related to the prime g. Note that, for p,q prime, s,t € F)f and &',t' € F
fixed, by orthogonality relations, we have



Invariants of elliptic curves on average 57

) 1
la|<A, [b|<B: 31<u<p, 1<u’ <q

a=su? (mod p), a=s'(u')* (mod q)
b=tuS (mod p), b=t'(u")% (mod q)

DD 30 S ELN SRR 0)

1<u<p 1<u/<qla|<A|b|<B X1 (mod p)
1 1 _
(5 Y wedun) (2 X eI W)
p q ,
x2 (mod p) X} (mod q)
1
(A X weera)

- e

Ap=1lg—1) X1,Xx2 (mod p)
xix5=xo
1IN () RN NN
X Z X1 (8)x2 (1) Alx1x1)B(x2x5),

X1>X3 (mod q)
(x1)*(x2)°=x0

where
A(x) ==Y x(a) and B(x):= > x(b).
la|]<A [b|<B
Thus,
16
Z 1= ZSj(p,q,s,t,sl,t/),
la|<A, |b|<B:31<u<p, 1<u/<q J=1

a=su? (mod p), a=s'(u')* (mod q)
b=tuS (mod p), b=t (u')% (mod q)

where S corresponds to one of the cases arising from choices of each of the
following conditions:

X1 = X0, X2 = X0 X1 = X0 X2 = X0

_ e I P / /. N6
X1=x0,x2 A x0 i xa=xo0 | X1 = X0, X2 7 Xo : (x2)” = Xo
X1 # X0, X2 = X0 X1 = X0 X1 # X0, X2 = X0 - ()" = xo
X1 7 X0 X2 # X0 s XX = xo0) X4 # X0 X2 7 X0 () (x2)° = xo

From these 16 cases, there are essentially five different cases to handle.

Case 1: All four of x1, x2, X}, x4 are principal. Let this correspond to
j = 1. Then, for p # ¢, we have

AB AB AB A+B
Sl(p,qjs,t,s’,t’)=+O<2>+O<2>+O< 7 )
pq p=q pq pq
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Thus,

WIEZ —1)( q—U

D, q<x

p#q
AB
<X X (% =27)
s,tefy d|iEs,t (p) la|<A, |b|<B: I1<u<p, 1<u’<q
sery dlis, () a=su* (mod p), a=s'(u')* (mod q)
5t b=tub (mod p), b=t'(u')® (mod q)
B e &% i)
q<l‘ S tEFX d‘ZEs t(p)
s't'e FX d’ ‘ZE ’ /(Q)
16
AB AB A+B
(ZS’p,q,s,t,s t)—|-0< +—+ * >)
= P*¢ g Pq
The sums corresponding to 7 = 2,...,16 are dealt with in Cases 2-5. Here,
we Will bound the sums corresponding to the error terms above. We have
AB
25 > 2 9deld) o
!ﬂ q—l y %q
D, q<$ s,telFy  dlig, ,(p)
P74 s' ' eFy d'lin, , ()
<(T5Y T )i X X @)
P<=’L‘ s,teFy dligg , (p) sz o ek dlis, ,(q)

The first sum can be bounded just as X in Subsection [3.4.1} and the
second as X 9 in Subsection 3.4.1. That is, by (3.9), , and 8 < 3/4,
we have

AB
|c‘ Z Z Z g(d) ﬁ<<x(logx)7 Hoglog .

pq<r stE]FX dlig, ,(p)
s't'e IFX d/|'LES, o (q)

The same bound holds for the term coming from O(AB/(pg?)). For the last
error term, by (3.10 -, we have

4 LA+ B
ETE:(p §: 2. o)== Pq

p,q<x s,teFy  dlig, , (p)
P74 s t’e]FX d'lir,, (@)

(4 ><§ L Z)(Eh 2 5 w)
c(3ed)or

B ) (logz)?’
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CASE 2: Exactly two of x1, x2, X}, x5 are principal. We have two sub-
cases to consider.

SUBCASE 2a: Exactly one of x; or x2 is principal and exactly one of x}
or x4 is principal. We will bound the sum when x1 = xo and x} = x(. The
bound when ;1 = xo and X} = x{ is similar.

The estimation is analogous to those of Yy and X3 in Subsection
We note that xox( is the principal character modulo pq since p # ¢q. Hence,
A(xoxp)| < A. Thus,

, 1
(4.1) |C| Z Z Z g(d)g(d )m

D, q<a: stely  dlig, , (p)

P74 s/ t’eJFX dlip, , (q)

x> xa(O)xEE) Alxoxh) B(x2xb)
X27X05 X4 7X0
X5=x0, (x2)°=x{

<X G5 X k@@ Y > 156G

pPq<x d|p—1 s,tEFY X27X0, Xo X0

e sy B (B (2 2)? X330, (6=,
'lg—1 s’ t'eFy
d<\/g+1

By 1 (Fg)[d1=(Z/d'Z)?

S Y @ Y & S &S Bloxd)

d<\/z+1 d'<\/z+1 p<z p q<x 4 XQ#Xo,xz,#xo

p=1(modd) g=1(modd’) yS—y, (x})0=x)

p(p—1) 3/2 q(g—1) 3/2
. (dww)w(d)”(p )>< Fo(dyp(@) T Ol ))

=01+ 09+ 03 + 04,

where o7 is the sum corresponding to the product of the main terms in (4.1J),
o4 corresponds to the product of the error terms in (4.1]), and o9, o3 corre-
spond to the mixed terms. We will evaluate each of these sums separately.

For the first sum we have

(4.2) , e
N=F 2 g dip(d)p(d) 2 dw )(d') 2 >, 1BGaxh)l
d<\[+1 d'<\/z+1 PAST - X2#X0, XHFEXD
p=1(modd) y6_y (y,)6=x)

=1 (modd’)

Let k = [4logz/log B] + 1. By Holder’s inequality, we have
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(4.3)
_ -3¢
> X mewis( X X )
fv(QSﬂﬁdd) éczséme’g;éxﬁ f’(fISfdd) é@#Xo,x’zfxg
p=1 (mo _ 16— p=1(mo — /Y6 —/
o) (mod ) 3 x0; (x2)°=x0 o=1 (mod d) x5=X0, (x2)°=x0
1
2k\ 2%
(X T [Sen])
f’(qudd) écz#xo,x’gsééxo b<B
= mo — / !
551 (mod d’) Xa=x0, (x2)"=Xo
1
1 2k
< (m(x;d, Vm(x;d 1)) 2% (Z Z ‘Z 7k,8(D) x2X3( )) ) *
PIST x27£X0, X £ X bSBF
where 74 g(n) := #{(a1,...,ax) € [1,B]* " N¥; n = a; ---a;}. By Lemma
we have
2
(4.4) (b)‘ < (@' + B5) S 7p(b)
b<BF

P.q<TX#X0 b<Bk

Suppose k = 1. That is, B > z*. Then

> > ‘ > Tl,B(b)Xax’g(b)‘2 < B2

P,q<T x27X0 b<Bk

X57X0
Therefore by employing Lemma [2.8i) in (4.3)), we have
— x
> > IBlaxh)| < B—— :
72, ( NV 1/2
f,(qéxd d) X#XO x#xo p(d)!Pp(d) P (log x)
p=1 (mo
qu(modd,)xg =x0, (x5)°=x{
Substituting this into (4.2), we obtain
< g S Ao .
1 log z = 3/2 = d’@b 90 3/2 logl"

as < 3/4.
Now suppose k = [4log:c/logB] +1> 1. Then B < z* and 2* < B* <

Ba* < 28 Then, by Lemma [2.5 n ), (iii) . ., and the trivial bounds
for w(x;d, 1) and 7(x;d’, 1), we have
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(4.5) > Y. 1BOexd)

11J(§~’vd 2 g(z?éXo, X/25§X6
p=1{moda) y8—xo, (x4)°=x{
g=1(modd’) 2 (x2) 0

k-"‘

< <x2 )1%((x4+Bk)Bk(W(B 9logx))r) 2
dd'

<« B

x _
i k(@ (B,9log z))"/?

z? (log )/
B P St =S
< P eXp( “loglog >

where ¢z > 0, if B > exp(c;(log z)'/?) for sufficiently large ¢;. Substituting

(4.5) into (4.2)), we obtain

(log ) l9(d)] lg(d)]
e eXp(‘C3 loglog 2 > 2 T 2 ol o

d'<x
(log )1/
loglog x

1/2

< z? exp <—03

as < 3/4.
By Lemma 2.6 mii for any r € N and € > 0, our second sum o9 is

1 lg(d)] ’ 1 !
<5 X gl X g X [T eo)
d,d’fﬁ-‘rl _p,qu X27£XD»X,27$X6 b<B
;’;1 ((nl?gél ;,)) xX5=x0, (x5)5=x{

DI - L CED DEP D DI

q
d/<f +1 Py X27#X0, X547 X
=1 (modd 6_ I\6
551 (mc?dd’)) X2 XU?(XQ) Xo
1+T+21+6
€T 4r ‘g(d)‘ / M—FE
<oy O S @) Y
1/r 2
B logxd§ﬁ+l d¢(d)<ﬂ(d) d'<z+1 1(<§dd,)
g=1 (m
< 2 logloga) g~ Jold)
BY/r(log z)2 FeTat1 d
J _
< BT 2 2+25(10gx)7 oglog z.

In the above estimations we employed Lemma (v) and the fact that
B < 3/4.
We obtain a similar bound for oj.
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Finally, by Lemmas E 2.6{(ii) and [2 - , for any r € N and ¢ > 0, we find
that our fourth sum oy is

<<% S lg@)-lgd)l > ﬁ > )ZX?XG(Z’)‘

d,d'<Va+l pa<e P o xh#xy b<B
p=1 (mod d) xS=x0 (x4 )GZXI
=1 (modd’) 2 A2 0
1 —2r2 +r+1+
< B > lg@l-lg@d) > > g T
d,d'</z+1 p<w <z

p=1 (modd) g=1 (mod d’)

l—l— b +2€(

log log z)? 3 lg(d)| 5 lg(d")]

< BY/r(log )2 d’

d<yz+1 d'<\/z+1

1 r+1
< Bl/rx1+6+ 272 (log 2)?7 (log log ).

Adding the above bounds for o1, 09, 03, 04 concludes Subcase 2a.
SUBCASE 2b: Either both x7 and x2 are principal or both x} and x} are

principal. Without loss of generality we assume that x} = x( and x5 = xg-
We have

1
48 & 2 oD = 2 I
!I = § (p—1)(g—1)
p,g<x s,telFy  dlig, ,(p)
PF£q s t’e]FX d’\zE,’ (q)
< 3 ) AG)BOGX)
X17X0
X27X0
X?XSZXO
1 1
= > 9@ Y ed) Y
Il , (p—1)*g—1)
<Va+1 d'<yz+1 D,q<T
p#q
p=1 (mod d)
g=1(modd’)
Z A(X1X6)B(X2X6)WP,G(X17XQ)v
X17X0
X27X0
x1x5=xo0
where
Wha(X1, X2) = Z Z x1(s)x2(?).
stEFy st eFy

Est(Fp)[dI=(Z/dZ)* Eg y(Fq)[d']> (Z/ d'z)?
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By applying the Cauchy—Schwarz inequality twice, we obtain

- 4
Y ACOHBOE Wl x2)|
X17X0
X27£X0
X1X2 X0
2 - -
<(X Maba®) (X Mea@l) (X 1BGeo)).
X17X0 X17X0 X17X0
X27#X0 X27#X0 X27£X0
xix5=xo xixS=xo xix5=xo

From Lemma 2.7 we deduce

> JAGaxp)It < Apgllogpg)®, Y IBOxaxg)|* < Bpg(logpg)©.
X17X0 X17X0
X27X0 X2#X0
xix5=xo xix5=xo
We have
> gl x2)l? < ) Wiglxa, xe) W (x1s x2)
X17X0 X1,X2
X27X0
xix5=xo
-y S xee® Y uwew
X1,X2 steF,, ' ' eFy u,€EF) , u/ v €FY
Es 1 (Fp)[d|=(2Z/dZ)? Euy v (Fp)[d|=(Z/dZ)?
Ey y(Fq)d'=(Z/d'Z)? By o (Fg)[d=(2/d'Z)?
= > > > xa(s)xa(w) D xa(t)xa(v).
s,teFy, ' t'eFy uweF) v/ v Ry X1 X2

By 1(Fp)[d|=(Z/dZ)?  Eu . (Fp)[d]=(Z/dZ)?
Eg y(Fq)[d12=(Z/d'2)? By o1 (Fo)[d'|2(Z/d'Z)?

Thus,
> MWhalxix)l? < > (p—1)(g—1)
Xlixo s,teFy, s’,t’,u’,v’e]F;<
X274 X0 Bt (Fp)[d|2(Z,/dZ)°
Xixg=xo B,y (L4 D)

E/ o (Fo)[d'1=(Z/d'Z)?

< pq<d¢(p)2 +p3/2) (W];w-l’)? ! q3>

<
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which implies

(4.7) > Alaxg) B(xaxp)Waa(x1: x2)
X17X0
X27X0
xix5=xo0
p’q
< VAB(log pg)*

(dy(d)p(d))!/2dyp(d") ()

P q5/2 p7/4q
+ VAB(log pq)* - +VAB(log pq)®pT/*¢>/2.

(dy(d)p()'/?  d'(d)p(d)
In the above inequalities, we have used the facts that (a + b+ ¢ + d)?
a2+ 0+ 2+ d? and (a+b+c+ d)V* < a'/* + b4 4 A 4 YA, where
the implied constants are absolute.
Substituting the first term in into the original sum in , we
obtain

(4.8)
1 lg(d 3
75 ox )
1/2 )t 2 1/2 Z / Z q(log pq
AB d<y/z+1 di/*(d) 2o d'<y/z+1 d ¢ ) <z
p=1 (mod d)
g=1(modd’)

1 l9(d)] lg(d)|
<<\/ﬁx3(logx) Z d1/21/1(d)1/290(d)3/2 Z (d’)l/}(d’)go(d’)Z

d<y/z+1 d'<\/z+1

L3
z°(log x),
vap" et
as f < 3/4. Similarly by substituting the second, third, and fourth terms in
(4.7) into the original summation in (4.6]), we obtain

(4.9) \//1@ (x(5+6)/2 (log z)"*2(log log z) + x(11+25)/4(10g )72 (log log :c))
N 2OT48)/4 (1og 22713 (log log x)?

VAB

Adding (4.8)) to (4.9)) concludes Subcase 2b.

CasE 3: Exactly three of x1, x2, X}, X5 are principal. Then by following
the method of Subcase 2a, we conclude that the sum in question is bounded
by the same bound as in that subcase.

CASE 4: Exactly one of x1, x2, X}, X5 is principal. Then follow the method
of Subcase 2b.

Cask 5: All four of x1, x2, X}, X5 are non-principal. Again we follow the
method of Subcase 2b.
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5. Proof of Theorem [I.8, We will evaluate the following sum:

ZZ ) = co(/)i ZZsz in(q))

EEC p<zx EEC p,q<xT
P#q
Z (Z Fn®)? = 2¢0(N)li(@) Y flir®) + colf)? 11(3:)2).
EEC p<z p<z

For the first sum in we have

(5.2) |ZZsz is(q))

EeCp,q<lz
p;ﬁq

rcrp% — 1)( q—1>
x> > gldg(d) > 1

s,tE]F;f dliEs,t (p) la|<A, |b|<B:31<u<p, 1<u/<q
s/ MRl d'lig, o (@) a=su* (mod p), a=s'(u')* (mod q)
s b=tu® (mod p), b=t'(u')® (mod q)

|Aut]Fp |Auth( ’t’)’
|C| 2 )(q -1)

p,qlz

p#q
x> 2 gl > 1
steFy dlin, ,(7) lal<A, B|<B: 31<u<p, 1</ <q
’i&t’e]%x dig o (q) a=su? (mod p), a=s'(u')* (mod q)

b=tuS (mod p), b=t (u')% (mod q)

1 ’Autﬂrp( st ’ . \Autyq( s@y)’
+ —
C| 2 (p—1(g-1)

p#q
<> DL 9(dg(d) 2 !
siteFy dlig, , (p) la]<A, |b|<B: 31<u<p, 1<u’<q
st EIFq d |zE , /(q) a=su* (mod p), a=s'(u')* (mod q)
s't'=0 b=tu® (mod p), b=t'(u')® (mod q)
1 Aut - |Aut Eg
+ﬁ Z | Fp(( s,t)|1)(| Ii(;( el
gz p—U\e=
PFq
<D D 9dyld) 2 !
steFy dlis, () la <A, bl <B: T1<u<p, 1<’ <g
o Sf/e% dig o ,(9) a=su? (mod p), a=s'(u')* (mod q)

s’t’zO b=tuS (mod p), b=t (u')% (mod q)

=51+ 52+ S3+ S4.
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Let S be the bound in Lemmacorresponding to a function g(n) satisfying
Z lg(n)| < =P log ) *L.

n<x
We have
4AB
(5.3) S =0(S)+ > > flin,, () fie, (1)
] 2= plo - e |
x s telf,
p;éq s’ t'EFY
4AB 2
= O e <Z o) 2 S0
s,teFy
4AB
- |C| Z ( Z f 7/E’st ) °
pim s,t€F)

From the calculation of the Main Term in Section we have

(5.4) > > flin,,(p) = col£)li(z) + O(M>

o plp—1) -
for any ¢ > 1. Since ig,,(p) < Pp+1and f(n) < n(logn)?, we see that

(5.5) Z ( Z flig,,(p ) < e P (log z) L.

PSm s tEFX
As 8 < 3/4, applying (5.3) and (5.4)) in (5.5)) yields
. z?
(5.6) S1 = co(f)?1i(x)* + O(S) + 0<(10g$)2a)

for any ¢ > 1.
We will next bound S (and a similar argument will deal with S3). We
have

’Aut]}? ’ |AutF ( s/ t’)‘
(5.7) Sy < — Z ?
Py ~Da—1)
x Z > lg(@llg(d)] > 1
s,t€Fyp dlig, ,(p) la|<A, |b|<B:31<u<p, 1<u/<q
/st_OX d' \’LE " (@) a=su* (modp), a=s'(u')* (mod q)
4'€Fq b=tuS (mod p), b=t'(u')% (mod q)
|Aut15‘ | - [Auty, (Ey t’)|
<Ly s q
o 2 et
P#q
x> la@llg(d)] > 1
steFy dli, ,(7) lal<A, [b|<B: 31<u’' <g
t=0 un ? — ol ()4
R E R S P (o)
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<(T;X X )

p<a st€Fy dlip, , (p)

st=0
1 |Autﬂi‘ (E ljt/>’
E DI D DN LI DI
9<T o/ /T d'lie, (2 la|<A, |b|<B:31<u/<q
' a=s'(u")* (mod q)
b=t'(u’)® (mod q)
By Lemma (iv), the first term in the above product is bounded by z /log x.
The second term can be bounded by

1 1 2AB
<@gy X wan oy 1-HE)
9T © ¢ peR) d’|iES, o (9) la|<A, |b|<B:31<u/<q
' a=s'(u')* (mod)/q
b=t' (u’)® (mod)rq

1 1 ~ 2AB
LD SED SIS SOl
a<e g prery d'li,, ,, (q)
Following the computations in Section [3.2] we conclude that
1 2AB x
- d)|~— < AB .
Z q Z Z |g( )‘ q < log z
a<z ~ g pery dlip, ,(q)

This together with Lemma [3.1] implies that, under the assumptions of Theo-
rem the second term of the product in ([5.7)) is also bounded by z/log .
Thus,

N

it

2
(5.8) Sy <

For Sy, we have

S4<<|61|Zplq SO @@ Y1

p,f;gx s,t€Fp  dlig, ,(p) la|<A, [b|<B
t=0 e =
pre w4y . (@) ZZ;S Eﬁgjzg
s't'=0
Note that
AB B B B AB
> 1<<+O<A+B+++) < —+O0(A+B).
a<api<s @ pors M
ab=0 (mod pq)
Thus,

1 1 [ AB
69 Si<g X oY Y l@le@)(22+a+s).

pgﬁﬁx s,t€lp  dlig, ,(p)
st=0 .7
PR 2l s, @

s't'=0
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The sum in (5.9) corresponding to AB/(pq) can be bounded by

< oo le@ Y ;>2<< (loglogx)z(logq:)2( 3 !9(;1)>2

d<\/z+1 p<z d<y/z+1
p=1 (mod d)

< 2”(loglog z)*(log )27+,
By employing Lemma (iv), the sum in (5.9)) corresponding to A + B can
in turn be bounded by

(135S 2 2 w0) = (3 5)wen

p<x s,t€Fp dlig, , (p)
st=0 ot

In conclusion we have

11 x?
5.10 S flloglogz)?(log )™ + [ = 4+ = ) ——.
(5.10) < 2P (loglog ) (log )™ + ( + 5 ) oy
Thus, under the assumptions of Theorem by applying (5.6)), (5.8),

and - in ., we obtain
2
6511 5 ¥ X S0 ie@) = alf PP+0)+0 (s )

EECp q<zx (IOg iL')
P#q

Next we bound } ., f(i £(p))?. Let G : N — C be defined by

f)? =3 Gl)
din
Then

2
S e < 1P 1< w3 T« prengog et

n<lx d<z n<lx d<zx
din

The proof of Theorem [1.2 - 2 for G and f? yields

R < (13) (o o)

EeCp<z
+ <Ai/7“+B}/T)JU > 702 (log 2)* loglog
+ AB( 232 (log z)? + 2" (log )7 (log log 2)/*)
= (= 5 (log )7+ loglog ).
Therefore
(5.12) ‘1 Z; O(5).
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Now by applying (5.11)) and (5.12]) to (5.1)), we conclude that, under the

assumptions of Theorem [1.8, we have

|cl| 3 (Z f(ie(p)) — co(f) li(x>>2 =0(5) + 0(332)

P (log z)*

Since S = O(22/(log x)?) the result follows.
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