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Algebraic setup of non-strict multiple zeta values
by

SHUICHI MUNETA (Fukuoka)

1. Introduction. The multiple zeta values and non-strict multiple zeta
values (MZVs and NMZVs, for short) are defined respectively by

C<k17---,kn) = Z kl;

kn’
my>->mp >0 my My

_ 1
C(kl,...,k’n) = Z ﬁ,

) n
mi>-->mp >0 my My

where k1, ..., k, are positive integers and k; > 2. Considerable amount of
work on MZVs has been done from various points of view.

There are several relations among the MZVs (duality formula, sum for-
mula, Hoffman’s relations, Ohno’s relations, derivation relations and cyclic
sum relations, cf. [2], [4], [6], [8]), and these relations can be described in
a purely algebraic manner (cf. [6]). On the other hand, NMZVs have not
been investigated so much compared to MZVs. But recently, a few works on
NMZVs have appeared ([1], [9]) and they indicate that NMZVs have similar
properties to MZVs.

In this article, we introduce an algebraic setup of NMZVs and use it
to prove some relations among them, which are analogous to Hoffman’s
relations for MZVs.

2. Algebraic setup of NMZVs

2.1. Algebraic setup of MZVs. We summarize the algebraic setup of
MZVs introduced by Hoffman (cf. [3], [6]). Let $ = Q(z,y) be the noncom-
mutative polynomial ring in two indeterminates z, y, and $' and $° its
subrings Q + $Hy and Q + z$Hy. We set 2z, = 2* "1y (k = 1,2,...). Then H!

2000 Mathematics Subject Classification: Primary 11M41.
Key words and phrases: multiple zeta values, non-strict multiple zeta values.

DOI: 10.4064/aal36-1-2 [7] © Instytut Matematyczny PAN, 2009



8 S. Muneta

is freely generated by {zx}r>1. For any word w, let [(w) be the degree of w
with respect to y, and |w| the total degree.
We define the Q-linear map (called the evaluation map) Z : $H° — R by

Z(1)=1 and Z(zky - 2k,) =Cki,..., kn).

We next define two products of MZVs. The one is the harmonic product
x on $H' defined by

lxw=wx*x1=w,
zpwy * Zpwa = zg(wy * Zwe) + z1(zEw1 * W) + 24y (w1 * we)

(k,l € Z>1 and w, wy, wy are words in H'), extended by Q-bilinearity.
The harmonic product * is commutative and associative, therefore H' is a
commutative Q-algebra with respect to *. We denote it by $!. The subset
$HY is a subalgebra of H! with respect to * and we denote it by 2. We then
have

Z(wy ¥ wo) = Z(w1)Z(wy)  for any wy,wy € H.
The other product is the shuffle product m on $) defined by
lmw=wml =w,
wwy m uswy = ug(wy m usws) + ug(uiwy m wy)

(ui,ug € {z,y} and w, wy, we are words in ), extended by Q-bilinearity.
The shuffle product m is also commutative and associative, so §) is a com-
mutative Q-algebra with respect to m. We denote it by $r. The subsets $!
and H° are subalgebras of £ with respect to m and we denote them by $1,
HY, respectively. For this product, we also have

Z(wy mws) = Z(wy1)Z(wy)  for any wy,wy € H°.
The finite double shuffle relations for MZVs are
Z(wy xwy —wimwse) =0 (wy,wy € 5’)0).
The evaluation map is generalized in the following proposition.
PROPOSITION 2.1 ([6]). We have two algebra homomorphisms
Z* 9l S R[T] and Z™: 9L — R[T]

which are uniquely characterized by the property that they both extend the
evaluation map Z : H° — R and send y to T.

Then we have the extended double shuffle relations for MZVs.
THEOREM 2.2 ([6]). For any wy € ' and wq € H°,

Z*(wymwy —wy xwe) =0 and  Z™(wy mwy — wy * we) = 0.
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2.2. Algebraic setup of NMZVs. In this subsection, we introduce the
algebraic setup of NMZVs. Define a Q-linear map Z : H° — R by

Z(1)=1 and Z(zg, - 2k,) = C(k1,... kn).
We call this map the n-evaluation map. We next define the n-harmonic prod-
uct ¥ on $H', which is the NMZV-counterpart of the harmonic product ,
inductively by

lxw=wx1=w,

Zpw1 ¥ Zpwe = zg (w1 * 27w2) + 21(2Ew1 ¥ W2) — Zg4 (W1 * W2)

(k,l € Z>1 and w, wy, we are words in H'), extended by Q-bilinearity. The
n-harmonic product * has the following properties.

PROPOSITION 2.3. The n-harmonic product * is commutative and as-
soctative.

Proof. We can prove this by induction (cf. Theorem 2.1 of [3]). But we
give another proof later. m

Proposition 2.3 says that Ht with the product * has the structure of a
commutative Q-algebra. We denote this algebra by $L. The subset $° is a
subalgebra of $! with respect to * and we denote it by H2.

We now introduce a Q-linear map S : §' — 9l Let S; € Aut($) be
defined by S1(1) =1, Si(x) = x and S1(y) = x +y. Define the Q-linear map
I e by

S(1):=1 and S(Fy):=S1(F)y
for all words F' € §. Then it is clear that Z = Z oS on §°, i.e.,

Clkry oo ykn) =2Z(S(2k, - - 2x,)) (k1 >2).

For example, ((k1, k2) = ((k1+k2)+((k1, k2) = Z(S (21, 28,)), C(k1, k2, ks) =
C(k1+ko+k3)+C(k1+ko, k3)+C(k1, katka)+( (K1, ko, k3) = Z(S(2k, 2ky 25 ) )-
As is clear from the definition of .S, we also have the following relation:

(2.1) S(wlwg) = Sl(wl)S(wg) (w1 S 55, Wy € Y)l)

PROPOSITION 2.4. For wy,ws € HY,

Z(wy ¥ wy) = Z(w1)Z(w3).

This is also proved in [5] and [7]. To prove Proposition 2.4, we need the
following lemma.

LEMMA 2.5. Let w, wy, we be words (# 1) in H' and p, q positive inte-
gers. Then

(2.2) S(zp) * S1(2g)w = S1(zpzg)w + S1(24)(S(2p) * w) — S1(zp4q)w
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and
(2.3)  Si(zp)wy * S1(zq)w2
= S1(zp) (w1 * S1(zg)w2) + 51(2¢) (S1(2p)w1 * w2) = S1(2p+q) (w1 * w).
Proof. We first prove (2.2). Put w = z,w (n > 1,w € $'). Then
RHS of (2.2)
= (2" y + 2?) (27 'y + 29) 2,0 + (297 'y + 29) (2p * 20 0)
— ($p+q—1y + xp+Q)Zn{5
= 2pZqZnW + ZpZntqW + Zp1qZnW + ZniptqW
+ 2g2pznW + Zgzn(2p * W) + Zq2n4pW + Zptq2nW
+ Znq(2p * W) + ZnaprqW — ZptqZn® — ZntptqW
= 2 * 2q2nW + Zp * ZngqW = S(2p) * S1(2¢) 200 = S(2p) * S1(2g)w.

Hence (2.2) follows. Putting wy = 2,11, wa = 2,W2 (m,n > 1, w1, w2 € HY),
we can prove (2.3) in the same way. m

Proof of Proposition 2.4. It suffices to show that
(2.4) S(wy *we) = S(wr) * S(wa)

for wi,we € H. We set wy = 2p, -+ 2p,,, W2 = 24, " Zg,- We prove (2.4)
by induction on m. To ease the following calculation, we set z3 = 2p, - - - 2,
and zg = 24, - - 24

(i) We prove the case m = 1 by induction on n. When n = 1, the
assertion is immediate. We assume it is proven for n — 1. Using (2.1), (2.2)
and the induction hypothesis, we have

S(2p) % 2q1 25+ 2q,) = S (2p1 % 24, %9)
= S(2p, 2q 25 + 2q1 (Zp) * 25) — Zp1+41 %)
= 51(2p124,)5(2q) + S1(24:)S (20, * 2) = S1(2p1+0:) S (29)
= 51(2p124:)5(2g) + 51(24:)(S(2p1) * S(2)) = 51(2p1401) 5 (2)
= S(2zp,) * S1(24,)S(27) = S(2p,) * S(2q,29) = S(2p1) * S (24,20 - - - Zgn,)-

(ii) We assume the assertion is proven for m — 1. We prove it for m
by induction on n. When n = 1, the assertion follows from (i) and the
commutativity of %, %¥. We assume it is true for n— 1. Using (2.1), (2.3) and
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the induction hypothesis, we have
S(2p12py *** Zpm ¥ 2q1 22+ %q0) = S (21 25 201 2q)
= S(2p, (25 2, 2¢) + 2 (2p1 25 % 25) — Zpy+q (25 % 27))
= S1(2p, ) S (25% 2g, 2g) + S1(24)S (2p1 25 % 25) — S1(2p1+1)S (25 % 27)
= S1(2p) (5(2p) * S(24129)) + 5124, ) (S (2p, 25) * S(27))
— 51(2p1441)(S(25) * 5(29))
= 51(2p, ) (5(2p) * S1(201)5(29)) + S1(24:) (S1(2p,) S (25) * S(29))
— 51(2p1441)(S(25) * 5(29))
= S1(2p1)S(2p) * S1(24,) 5 (27)
= S(2p,25) * S(2q:27) = S(2p12p2 ** 2pi) * S (20120 * * 2q,)-
We now define the n-shuffle product @ on $ which corresponds to the
shuffle product m. It is defined inductively by
lmw=wml =w,
ujwy W ugwe = ui(wy M ugws) + uz(ujwi M wa)
— 0(w1)7(u1)ugwy — 6(we)T(u2)ujw;
(uy,us € {z,y} and w,wi,wy € 9H), extended by Q-bilinearity, where ¢ is
defined by
s =1, EZ y B
for any word w, and 7 is defined by 7(z) = y, 7(y) = x. The n-shuffle
product has the following properties.

PRrOPOSITION 2.6. The n-shuffle product is commutative and associa-
tive.

Proof. Let wy,ws, w3 € $H. We can check that wy @ wo = wo @ wy by
induction on |wy| + |wa|. We now prove (w; mws) Mws = w; o (we Mws) by
induction on ]wﬂ + |wa| + ]w3] The case |wy| + |we| + |ws| < 2 is obvious.
Putting w1 = ujwy, wy = ugWa, wg = uzws (uy,uz,us € {x,y}), we have

(w1 T we) T w3
= w1 (W) T ugWse) ™ uzWs + ug(uj Wy M We) M uzWs
— (w17 (U1 )ugwe T ugwWs — 0(w2)T (ug)ui Wy M usws
= uy { (W1 T uoWe) T uzwWs } + uz{ui (W ™ uss) ™ w3 }

— 5(@3)T(U3)ul (17)1 EUQ{EQ) —+ UQ{(ul’[Bl ﬁ’[ﬁg) ﬁu;),fﬁg}
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+ uz{ug(ujwy @ we) M w3} — §(ws)7(us)us(urwy ™ ws)
— 6(w1)7(uy )ugws T ugws — 0(Wa)7 (ug)uy Wy W usws
= up { (W1 T ueWs) ™ usws } + ug{(u1w) M@ We) ™ uswWs }
+ uz{(uywy ™ ugwe) M w3} — §(w1)7(u1)(ugWs T uzws)
— 0(w2)7(ug)(urwy ™ ugws) — 6(ws)7(uz)(ujwi M ugWs).
In the last equality, we use the following three relations:
w1 (W ™ ugWs) + w2 (ujwi M Wa)
= wg Wi T ueWsy + 0(w1)7 (uy)ugws + 0 (w2)7 (ug)uiws,
7 (U1 ) ugWs T uzWs
= 7(uy) (ugwo ™ ugws) + ug(7(u1)ugwe @ w3) — 6(ws )7 (uz)T(u1)usWs,
7(u2)ujwy M uzws
= 7(ug)(urwy ™ usws) + us(7(uz)uiwy @ ws) — §(ws)7(us)7(u2)uiws.
On the other hand,
wy T (we T w3)
= w W T u(We T uzWs) + w1 Wy M uz(ugWs M W3)
— §(wo)uywy T 7(ug)usws — 0(ws)urwi m T(us)ugWs
= uy{w; o ug(We T uzws) } + ug{ujw; m (W ™ uzws)}
— §(wy)7(uy )ug(we ™ ugws) + u {w; m ug(ugws m w3) }
+ ug{uywy T (ugwe W w3) } — §(w1)7(u1)ug(ugws I W)
— d(wa)uywy 7 (ug)uzws — §(ws)ugwy m 7(u3)ugWs
= uy{w; @ (ugwe ™ usws) } + ug{uiw) ™ (W M uzws) }
+ ug{uywy T (ugwe ™ w3) } — §(w1)7(u1) (ugWs T usws)
— §(wo) T (u2)(urw; T uzws) — 0(w3)7(ug)(uiwy ™ ugws).
In the last equality, we use the following three relations:
u2(Wo T uzws) + uz(ugWsy M W3)
= UgWo T ugWs + §(w2)T (uz)usws + 0(ws)7T(ug)usWs,
wywy T 7T (ug ) uzws
= uy(wy M 7(u2)usws) + 7(ug) (ugwy ™ uzws) — §(wr )7 (u1)7(u2)ugws,
wpwy m 7T (ug)uaWs
= g (wy m 7 (u3)uews) + 7(uz)(uwy @ ugws) — 6(wi )7 (ur)7(us)usws.

So we obtain the assertion by the induction hypothesis. =
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Proposition 2.6 says that $) with the product m has the structure of
a commutative Q-algebra. We denote it by $Hm. The subsets 9! and HY
are subalgebras of $ with respect to @ and we denote them by ﬁlﬁ, ﬁom
respectively.

PROPOSITION 2.7. For wy,ws € H°,
Z(wy Wws) = Z(w1)Z (ws).
Proof. 1t suffices to prove that
(2.5) S(wy mwe) = S(wy) m S(ws)

for wi,ws € HL. We put wq = uwjus - uy, and wy = vivy-- - vy (us,v; €
{z,y}). We prove (2.5) by induction on m. In order to simplify the proof,
we set Uz = U9 -+ - Uy and vz 1= Vo - - - Upy.

(i) We prove the case m = 1 by induction on n. First,

S(uimvy) = S(ymy) = S(2y° — 22y) = 2(z + y)y — 2zy = 2y°
=ymy = S(y) mS(y) = S(ur) m S(v1).

So the case n = 1 is valid. We assume the assertion is proven for n— 1. Using
(2.1) and the induction hypothesis, we have

S(uy T vrve -+ vy) = S(y W v1v7)
= S(yvivi + v1(y @ vz) — xV105)
= S1(y)S1(v1)S(vir) + S1(v1)S(y m
= (z 4+ y)S1(v1)S(vi) + S1(v1)(S(y
= yS1(v1)S(v) + S1(v1)(y m S(v7)
=y m St (v1)S(vz) = S(ur) m S(vivg) = S(ur) m S(vivy - - - vy).

Thus we have the assertion for n.

vi) — S1(2)S1(v1) S (viz)
) m S (vi)) — 51 (v1) S (vir)
)

(ii) We assume the assertion is proven for m — 1. We prove it for m by
induction on n. The case n = 1 is obvious by (i) and the commutativity of
m, . We assume the assertion is true for n — 1. Then

S(ugug -« Uy MUV -+ - V) = S (U7 T V1057)

= S(ui(um moivg) + v1(uiug TMoz))

S1(u1)S (um @ v1vz) + S1(v1)S (Ui um T vz)

S1(u1)(S(um) m S(vivz)) + S1(v1)(S(urwg) mS(vy))
S1(u1)(S(um) m S1(v1)S(v7)) + S1(v1)(S1(u1) S (um) m S(vz))
S1(u1)S () m S1(v1)S(viz)

= S(uium) m S(vivg) = S(ujug - - - Up,) mS(vive - - vy). =
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Because the n-evaluation map Z is a homomorphism with respect to *
and 1, we have the following theorem.

THEOREM 2.8 (Finite double shuffle relations for NMZVs). For wy, ws
€ 9, B
Z(w1 * W — Wy ﬁwQ) = 0.

2.3. Extended double shuffle relations for NMZVs. In this subsection, we
generalize Theorem 2.8. In the following lemma, we introduce the inverse
of S.

LEMMA 2.9.
(i) Define Sy € § by S2(1) =1, Sa(z) = z and Sz(y) = y — x, and define
the Q-linear map S : H' — H' by

S(1)=1 and S(Fy):= So(F)y

for F € $. Then SoS=S808=id on H.
(il) For wy,ws € Hl,

S(wy *wy) = S(w1)FS(ws),  S(w mws) = S(wi) i S(ws).

Proof. (i) By definition, we have SoS(1) = SoS(1) = 1. Let w € $§'\{1}.
Then we can write w = wyy (w1 € 9), and we have

SoS(w) =S o0S(wy) = S(Si(wr)y) = S2(S1(w1))y = wiy = w,
SoS(w)=50S(wy) = S(Sa(wr)y) = S1(Sa(w1))y = wry = w.
This proves (i); and (ii) is clear from (2.4), (2.5) and (i). =

By Lemma 2.9(i), we can denote S by S~!. Then Lemma 2.9(ii) can be
restated as follows:

(2.6) Sil(’wl * wg) = Sil(w1)¥sil(w2),
(2.7) S_l(wl HIU)Q) = S_l(wl)ﬁs_l(wg).
Using (2.6), we give the proof of Proposition 2.3.

Proof of Proposition 2.53. By using (2.6) and the commutativity of the
harmonic product *, we have

wy Fwy = S7H(S(wy))FSTH(S(w2)) = STH(S(wy) * S(ws))
=SS (wa) x S(wy)) = STH(S(w2)) ¥ S (S(wy)) = wa *wy.

So the n-harmonic product % is commutative. We next prove its associativ-
ity by using (2.6) and the associativity of *:

w1 % (waFws) = 57 (S(w1))F (S (S(w2)) F 5 (S(w3)))
= S7H(S(w1)) *STH(S(w2) * S(w3))
= S7H(S(wy) * (S(ws) * S(ws)))
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“H(S(wr) * S(wz)) * S(ws))
“H(S(wr) * S(w2)) * STH(S(w3))
= (S_I(S(wl))lS_l(S(wg)))¥w3 = (w1 111]2)1’[03. ]

LEMMA 2.10. Let o = % or m. A word y™w (m > 0, w € H°) in H* is
uniquely represented as

S
S

(28)  y"w=wo+wioy+wroy° i+ +w,oy°™ (w; € H°),
i.e., HL[Y] ~ HL.

Proof. We first prove that y™w can be represented as in (2.8). By Corol-
lary 5 of [6], we have

(y+2)™S(w Zvloy (v; € H°).
Using (2.6) or (2.7), we obtain
Y w—ZS (v;)oy°"
(We have S~ (wiws) = Sg(wl)S* (wg) for wy € 9, wy € H'.) Therefore,

the representation (2.8) follows from S~($°) C $°. We next prove the
uniqueness of this representation. Suppose that

ZwiByai = Zvlﬁyai (w;,v; € H°).
i=0 =0
Using (2.4) or (2.5), we have
> S(wi)oy™ =Y S(vi) oy
i=0 i=0

As H2y] ~ H! (see [3] and [10]), we have S(w;) = S(v;) for i =0,1,...,m.
This yields the desired uniqueness. =

PROPOSITION 2.11. We have two algebra homomorphisms
Z* 9L S R[T) and Z™: 9L — R[T]

which are uniquely characterized by the property that they both extend the
n-evaluation map Z : H° — R and send y to T.

Proof. The assertion follows because Z is a homomorphism with respect
to ¥, I and we have isomorphisms 9% [y] ~ H%, HL[y] ~ H. =

The Q-algebra homomorphisms Z*, Z™ satisfy the following relations:
Z*¥ =7%S, Z%m=7"o3
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(o means composition). Indeed, Z* o S and Z™ o S satisfy the conditions of
Proposition 2.11.

THEOREM 2.12 (Extended double shuffle relations for NMZVs). For
wy € H and wy € 560,

Z¥(w1 mwy —wixwy) =0 and Zﬁ(wlﬁwg —wy ¥wg) = 0.
Proof. By using (2.4), (2.5) and the relation Z* = Z* 0 S, we have
Z* (w) W wy — wy Fwp) = Z* 0 S(wy T wy — wi ¥ wp)

= Z*(S(wy) m S(wp) — S(wy) * S(wp)) = 0.

The last equality follows from Theorem 2.2 and the inclusions S(H') C H!
and S(H%) C $°. The other identity can be proven in the same way. =

3. Application. In [2], Hoffman proved the following theorem.
THEOREM 3.1 ([2]). For positive integers ki, ..., kyn with k1 > 2,

Zglﬁ,... i1 ki + 1 ki, k)

= Z C(kh'"’ki—laki_j7j+17ki+17"'7kn)‘

In this section, we prove an analogue of Hoffman’s relations for NMZVs:

THEOREM 3.2. For positive integers kq, . .., k, with k1 > 2,

n

> (ki =1+ 6) Ck, kit ki + LKy, k)
=1

Z Z Clhty o skicy ki — 3,5 + Lkisa, .. k).

We first prove the following lemma.

LEMMA 3.3.

(i) Let w € $ and let k be a positive integer. Then
k—2

212k + Z Zk—jZj4+1 — (k+ Dzgg1 + 221 (w=1),

Y I Zpw = j:k072
212w + Z Zh—jZj1W — kzppw + z(ymw)  (w # 1),

=0

where the summation is treated as 0 when k = 1.
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(11) For ky,... .k, € ZZl,

n
(3.1) Y 2, - 2k, = szl---zkizlzki+l---zkn
i=0

ki—2
+ E , Z Zky " Rk k=2 1%k T Rk

1<i<n j=0
ki>2

n
- E (kz + 6ni)zk1 T Rk 1Rk 1Rk T Rl
=1

Proof. (i) The case k =1 is clear from the definition of m, and the case
k > 2 can be proved by induction on k.
(ii) We prove the assertion by induction on n. The case n = 1 follows
from (i). We assume that the assertion is true for n — 1. Using (i), we obtain
k1—2
YT 2k Bhey *** By = 212Ky Zhig *** Bk, T+ Z Zk1—j2j+1%ke """ Pk
j=0
— K12k 412k 2k, + 20y (YT 21y -+ - 21, )
By the induction hypothesis, this equals the right hand side of (3.1). m

Proof of Theorem 3.2. By Lemma 3.3 and the definition of %, we have

YIO 2y Zhy " " Zhy, — YK Zhy Zho " ** 2k

ki—2
= Z Z Rkt Rk Rki—j 217k " R

1<i<n j=0
ki>2

n
- E (kl + 0ni — l)zlﬁ C Rk Rki+1%kip T Rk
=1

The right hand side is in $° as k1 > 2. Therefore, the assertion follows from
Theorem 2.12. m
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