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On some special forms of simultaneous Pell equations
by

ZHIGANG L1, JIANYE X1A and PINGZHI YUAN (Guangdong)

1. Introduction. In this paper, we investigate positive integer solutions
(x,y, z) of some special forms of the simultaneous Pell equations

az? — by? = 6y,
cy? — dz? = 6y,

(1.1)

where a, b, c,d are positive integers, and d01,d2 are positive integers with
ged(ab, 61) = ged(ed,d2) = 1. Thue [14] and Siegel [13] proved that if
(b,01) # k(d, d2) with k an integer, then equations (1.1) have at most finitely
many solutions. Anglin [1] described an algorithm for solving equations sim-
ilar to (1.1).

For the special simultaneous Diophantine equations

(1.2) 22 —ay® =9® — bt =1,

where a and b are distinct integers, Yuan [20] proved that equations (1.2)
have at most one positive integer solution if @ = 4m(m + 1) and m is a
positive integer. Recently, Yuan [21] showed that equations (1.1) have at
most two positive integer solutions if max(a, b, c,d) > 1.6 - 10°? with b # d,
and 0; = 1, ¢ = 1,2, and that equations (1.2) have at most two positive
integer solutions if a > 3.31 - 103%. For more results on equations (1.1) and
(1.2), see Walsh [17, 18], Bennett and Walsh [4], Bennett [3], Anglin [2],
Yuan [22, 23], etc.

Using an elementary argument based on properties of Lucas sequences
and existence of primitive prime factors of Lucas sequences, Yuan [20] showed
that the number of positive solutions is at most one when equations (1.2) are
of a special form. Ljunggren [7] proved that the equation Ax? — By* = 1,
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A > 0, B > 0, has at most one positive solution, which will lead to a
contradiction when one assumes equations (1.2) have at least two positive
solutions. Yuan [20] just quoted this significant result of Ljunggren to com-
plete his proofs.

In this paper, we shall study positive integer solutions of the special
forms of the simultaneous Pell equations

{ax2 —cy? =4,

1.3
(1.3) P —b2? =1,

where a, b and c¢ are positive integers with (a,c¢) = 1 and (ac,d) = 1,
0 € {1,4}. Yuan [20] has investigated the case (a,c,d) = (1,4m(m + 1),1).
Following but developing the methods of Yuan [20], on the basis of proper-
ties of Lehmer sequences and primitive prime factors of Lehmer sequences,
quoting other results ([7], [15], [9], [8]) on the equation Ax? — Bx* = C,
A, B,C > 0, we will study the other two cases (m+1,m, 1) and (m+4,m,4),
and combine these techniques to prove:

THEOREM 1.1. Let b and m be positive integers.

(1) Ifa=m+1, c=m, and § = 1, then equations (1.3) have at most
one positive integer solution (x,y, z).

(2) Ifa=m+4,c=m, 24m, and 6 = 4, then equations (1.3) have at
most one positive integer solution (x,y, z).

The structure of the paper is as follows. In Section 2, we present the
relevant lemmas on Lehmer sequences and their primitive prime factors. In
Section 3, we quote the important theorems on Az? — By* = C, and prove
some corollaries. In Section 4, we prove Theorem 1.1.

2. Basic lemmas. First we consider the equation az? — cy? = § with
square-free integers a,c > 0, 6 = 1,4. We have

LEMMA 2.1 ([21, 16]). Let xéo)\/a+y(()0)\/5 be the fundamental solution

of ax® — cy?> =3, 6 = 1,4 (i.e. the smallest positive integer solution). Then
every positive integer solution (x,y) of this equation can be represented as

ry/a +yy/e (wéo’ﬁ+ yé%)”
= , n>0,
Vo Vo
with 24 n if min(a,c) > 1 or (a,0) # (1,1), (1,4).
We consider (1.3). Suppose that integers a, b and ¢ are positive and
square-free. Let :cél)\/a + yél)\/E and y(()z) + 262)\/6 be the fundamental so-
lutions of az? — cy? = 6 and y? — bz% = 1, respectively. Put

(1) (1)
o~ To x/ﬁ\;rgyo ve B=y® 4OV
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Define

UkZL_a_k’ Vk=7Qk+a_k7
2\/c/d 2\/a/d

,_ B =5 ,_ B+

U= W=
2v/b 2

The properties of Lehmer sequences play an important role in this paper.

Since these properties are well known, we state the following lemma without

proof.

LeMmA 2.2 ([10, 11]).

(1) If d = ged(m,n), then ged(Un,, Uy) = Uy.

(2) If d = ged(m,n), then ged(Vip, Vi) = Vg if m/d and n/d are odd,

and 1 otherwise.

(3) If d = ged(m,n), then ged(Un, Vi) = Vy if m/d is even, and 1

otherwise.

(4) If Uy, # 1, then Up, | U, if and only if m | n.

(5) If m > 1, then Vi, |V, if and only if n/m is an odd integer.

(6) (Un,Vim) = 1.

Next we look at positive integer solutions of (1.3). Assume that such solu-
tions exist. Let (xo, Yo, z0) be the positive integer solution with the smallest
positive yo, and (z,y, z) be any positive integer solution of (1.3). Then there
exist positive integers kg, lg, k and [ such that
(25) Yo = Uko - ‘/167 o = Vk07 20 = Ul/07
(2.6) y=U,=V]/, x =V, z="U].

To prove our theorem, we refer to two lemmas of [21].

(2.4)

LEMMA 2.3 ([21, Lemma 2.3]). Let k1, ko, © and q be positive integers
with ke = 2qk; £r, 0 <r <k;. Then Uy, = £U, (mod Uy, ).

LEMMA 2.4 ([21, Lemma 2.4]). Let the notations be as in (2.5) and (2.6).
Then yo |y, lo|l and ko|k. Furthermore, l/ly and k/ky are odd integers,
which implies xo |z and 2o | z.

Lemma 2.3 gives the relation between Uy, and Uy, in the sequence {Uy}.
By Lemma 2.2(4), Uy, | U, if and only if k; | k2. But the relation in Lemma
2.3 is important in proving Lemma 2.8. By Lemma 2.4, we know that z/z
is an integer, which will be used in the proof of Lemma 2.7.

To prove our main theorem, we still need the following lemma.

LEMMA 2.5. Let m and k be positive integers. Set
P T
2y/c/é 2y/a/é
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(1) If k is odd, and (a,c,0) = (m + 1,m,1), let « = vVm+ 1+ /m,

E=2m+1+2/m(m+1), and £ =2m + 1 — 2y/m(m + 1), which

implies a® = &. Put

- 51 4 f_i o 51 o f_i ) B

(2.7) ;= 5 = —4 T 1), ie{(k+1)/2,(k—1)/2}.
Then

(2.8) Up —1=4(m+1) - Yger1)/2U(k—1)/2-

(2) Ifk is odd, and (a,c,0) = (m+4,m,4), let o = (vVm+4+/m)/2,

E=m+2+/m(m+4)/2, and € = (m +2 — /m(m +4))/2,

which implies o = €. Put

O S St : N

(29) z=&+E" w D) ie{(k+1)/2,(k—1)/2}.
Then

(2.10) Ui — 1= (m+4) Yui1)20(k—1))2-

Proof. (1) Since a? + a2 = 2(2m + 1), we have

ok 4 a7 2 ok 4+ a7 —2(2m + 1)

2
Ur=1= 4dm 1= 4dm
a7 (a2 +a7?) (M —aF N (b —aR
B dm B 4m
((a2)(k+1)/2 _ (a2)(—k—1)/2)((a2)(k—1)/2 _ (a2)(—k+1)/2)

4dm

(5(k+1)/2 _ 5(—k—1)/2)(§(k—1)/2 _ 5(—k+1)/2)
; 4 /m(m+ 1) - 4/m(m + 1)
By the definitions of y(x41)/2, Yk—1)/2, it follows that U,? —1=4(m+1)-

Y(k+1)/2Y(k—1)/2-
(2) Using similar methods to those in (1), we obtain (2.10) immediately. =

REMARK. 2m+142+/m(m + 1) and m+2++/m(m + 4) are the smallest
positive solutions of 22 — 4m(m + 1)y?> = 1 and 22 — m(m + 4)y? = 4,
respectively. In Lemma 2.5(1), keeping the definition of £, write

~ k —k . k_ ¢k
Vi = ij Uy = #7
2 4/m(m+1)

~4(m+1).

k> 0.

Then (‘7k, ﬁk) is a positive integer solution of 2 — 4m(m + 1)y®> = 1, and
Ye+1)/2 = Ues1)/2> Yk—1)/2 = Ug—1)/2- In Lemma 2.5(2), we can also set
gh—¢*

‘N/k = ek, ﬁk = m7

k> 0.
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Then (Vj, lzk) is a positive integer solution of 22 —m(m + 4)y? = 4, and so
Yk+1)/2 = Ur1)/2: Ye-1)/2 = U—1)2-
The U? — 1 in Lemma 2.5(1),(2) contains the factors Y(k+1)/25 Y(k—1)/2-

We must clarify the relations between y;11)/2 and y(x_1)/2, which is the key
step in proving Theorem 1.1.

LEMMA 2.6. If Z(k11)/2: T(k—1)/2> Y(k+1)/2> 04 Y(k—1)/2 ar«ideﬁned as in
(2.7) and (2.9), then ged(Z (k41)/2: Y(et1)/2) = 1, 8ed(T(r—1)/2, Yk-1)/2) = 1,
gcd(Yr+1)/2: Yh—1)/2) = 1, 8ed(T g1y 2, T(k—1)/2) = 1,

N B 1, =3 (mod 4),
ged(Z(ky1)/2: Yk—1)/2) = 71, k=1 (mod4)
) N 1, k=1 (mod4),
ged(Z(k—1)/2: Y(k+1)/2) = 71, k=3 (mod4)
Proof. From Lemma 2.2(6), ged(Z(x41)/2, Y(k+1)/2) = 1 and ged(T(x_1)/2,

Yk—1y72) = 1. Since ged((k+1)/2,(k—1)/2) = 1, from Lemma 2.2(1),
gcd(Y(k+1)/2: Yk—1)/2) = Y1 = 1. Notice that (k +1)/2 and (k —1)/2 have
opposite parity. By Lemma 2.2(2), we have ged(Z(xy1)/2, T(h—1)/2) = 1. If
k=1 (mod4), then (k —1)/2 is even and (k + 1)/2 is odd. Thus by Lemma
2.2(3), ged(z (k+1)/2,y(k 1)/2) = 71 and ng( T(k—1)/2: Y(k+1)/2) = 1. Similarly,
if ]iE 3 (mod4), then ged(z T(k+1)/2> (k 1)/2) =1 and ged(z Z(k— 1)/2,§(k+1)/2)
= T1. m

For the solutions (zg, yo, 20) and (z,y, z), we shall prove that the ratio
(UZ —1)/(Ug — 1) is a square whenever equations (1.3) are of special forms.

LEMMA 2.7. Let the notations be as in (2.5), (2.6) and in Lemmas
2.5, 2.6.

(1) If (a,c,0) = (m+1,m, 1), then

(2.11) Joenbove _ Upnplene _ (£>2
Yko+1)/2Y(ko-1)/2  Urg41)/2U(ko—1)/2 0
(2) If (a,¢,0) = (m+4,m,4), then
(2.12) Y1) /2Yh-1)/2 U(k+1)/2U(k /2 _ <ﬁ>2
Yoo+1)/20ko-1)/2 UgggrnyaUkg-1y2 \20

Proof. (1) By Lemma 2.1, both kg and k are odd. Then, by (2.8), Lemma
2.5(1), and Remark, we obtain

b2 = U — 1 =4(m+1) - Ugesry2Ug—1y72 = A(m + 1) Ggerr)j2¥e—1) 2+
bz = Upy =1 = 4(m+1) - Uy 1) /2Uko—1)72 = 4010 +1) - Yo 1) /20 (ko 1) 2-



60 Z. G. Li et al.

Hence

Y1) /2Yh-1)/2 Uper1)200-1)/2 _ <ﬁ>2
Yko+1)/2Y(ko—1)/2  Ug+1)/2Uko—1)/2

20
Since 2 | z by Lemma 2.4, Y11y 2Y(k—1)/2/ Uko+1)/2U(ko—1)/2 IS @ square.
(2) As in (1), we can easily deduce (2.12). =

To prove the theorem of this paper, we need the concept and the relevant
theory of primitive prime factors of Lehmer sequences.

D. H. Lehmer [6], extending the theory of Lucas functions, studied a
wide class of sequences, commonly referred to as Lehmer sequences. For a
nonnegative integer n, the nth term in the Lehmer sequence { P, } is given by

an_ﬁn

3 for n odd,
o —
Pn(a,ﬁ) = n n
% for n even,
o —f

where a and 3 are the roots of the trinomial 22 — LY/22 + M, and L > 0
and M are rational integers such that L —4M > 0 and ged(L, M) = 1.

A prime p is called a primitive prime factor of the term P, (of a Lehmer
sequence or Lucas sequence) if p| P, but p { KLPs---P,_1 (where K =
L —4M).

M. Ward [19] and L. K. Durst [5] (cf. [12, p. 214]) have proved the
following result about primitive prime factors.

THEOREM W-D ([19, 5]). Assume that, besides the restrictions on L,
M stated as above,

(L,M)=1, (L, M) % (1,1),(2,1),(3,1).

Then forn # 1,2,3,4,6, P, has a primitive prime factor except for K > 0
ifn =25, (L,M) =(1,-1), n = 10, (L, M) = (5,1), n = 12, (L, M) =
(1,-5),(5,1).

LEMMA 2.8. Put

~ ﬁ_?(mkw¢
o) €
;:gz for k even.

If¢ =2m+1+2ym(m+1) and € = 2m +1 —2/m(m +1), or £ =
(m+ 2+ Vm(m+4)/2 and € = (m+2— \/m(m +4))/2, then P, has
a primitive prime factor p for any k > 2. Moreover, ifp\ﬁn, then k|n;
conversely, if k|n, then Py | P,.
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Proof. Consider first the case

E=2m+1+2y/m(m+1).

Theorem W-D shows that if £ > 2 and k # 3,4, 6, then ISk has a primitive
prime factor. So we only need to consider the indices k = 3, 4 and 6. For
k = 3, we have P3 = 16m? + 16m + 3 = (4m + 1)(4m + 3) and KL =
64m(m +1)(2m + 1)2. Since

KL = -3 (mod P3),

we see that if a prime number p divides ]33 and KL, then p = 3. It follows
that Ps is never a power of 3, since otherwise 4m + 1 and 4m + 3 would be
powers of 3, which implies a contradiction. So there exists a prime number p
such that p | P3 and p # 3, and p is a primitive prime factor of P3

For k = 4, we obtain P, = 16m? + 16m + 2 and KLP; = —4 (mod Py).
So only the prime p = 2 can divide both ﬁ4 and K Lﬁg. Since 8m? +8m+1
is odd, Py is never a power of 2; hence a prime factor p > 2 of P, is its
primitive prime factor.

For k = 6, we have

= (16m?% 4 12m + 1)(16m? + 20m + 5),

2
Ps = (16m> + 16m + 3)(16m? + 16m + 1),
and

K LP3PyPs = —3(16m? + 16m + 3) (mod P).

Thus if a prime p divides Ps and KLﬁ3ﬁ4135, then p = 3 or p| 16m2+16m+3.
It is also easy to see that 16m? + 16m + 1 is never a power of 3. So a
prime factor p # 3 of 16m? + 16m +1 1s a primitive prime factor of P6
Therefore, if £ = 2m + 1+ 2y/m(m + 1), then Pk (k > 2) has a primitive
prime factor.

The argument for £ = (m + 2+ /m(m + 4))/2 proceeds as in the first
case.

If p| ﬁn, we can write n = 2gk +r, 0 < r < k. By Lemma 2.3, 1371 = :I:ﬁr
(mod ISk), S0 p| P,. Since p is a primitive prime factor of Py, we have r = 0
or r = k. Hence k| n. By Lemma 2.2(4), we know that Py | P, if and only if
k|n for any k > 2. u

3. Corollaries for Ar? — By* = C (C = 1,2,4). In this section we will
introduce some theorems and corollaries for Az?> — By* = C (C' =1,2,4).

THEOREM L-T ([7, 15]). Let D be a positive nonsquare integer and a;+
biV'D be the smallest positive integer solution of > — Dy? = 1. Define

ap + bk\/ﬁ = (a1 + bl\/ﬁ)k, k> 0.
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Then the equation
(3.13) 2 — Dyt =1

has at most two positive integer solutions (x,y). If two solutions (x1,y1) and
(w2,y2) exist and y1 < y2, then y1 = Vb1 and yo = /by, except if D = 1785
or 16 - 1785, in which case y1 = /b1 and y2 = v/bs.

From Theorem L-T, with the above notations, we have the following
corollary.

COROLLARY 3.1. Let s and m be positive integers. Then the equation
22 — 4m(m +1)s®y* = 1 has two solutions if and only if m = 84 and s = 1,
where by = 1, by = (2 - 13 - 239)%.

Proof. Since ag + bovV/D = (a1 + 61\/5)2, we have ag = a% + b%D and
by = 2a1by. If y1 = /by and yo = /b, then by and by are squares, which
implies 2a; is a square and x; = aj is even. Therefore, (z1,y1) is not a
solution of the equation z2 —4m(m+1)s%y* = 1, since z is odd. We may only
take m = 84, s = 1 if D = 1785 or 16- 1785, where by = 1, by = (2-13-239)2.
So (z1,y1) = (169,1) and (x2,y2) = (6525617281, 6214) are two positive
integer solutions of 22 —4-85-86y* = 1. =

THEOREM L-Y ([9]). Let A and B be odd positive integers and uiv/A +
11V B be the smallest positive integer solution of the equation Az — By? = 4
with 2 t uyvy. Define

uk\/Z—l—vk\/E_ u1\/Z+v1\/§ k k>0
2 - 2 ’ '
If v1 is not a square, then the equation
(3.14) Az? — By' =4
has no positive integer solution except in the following two cases:
(1) v1/3 and (Bv? + 3)/3 are both squares; then (x,y) = (us, /03) is the
only positive solution.

(2) v1/5 and (B*v{ +5Bv?+5)/5 are both squares; then (x,y) = (us, /vs)
1s the only positive solution.

If vy is a square, then equation (3.14) has at most one positive integer solu-
tion other than (x,y) = (u1,\/v1), which is given by either (x,y) = (u3, \/v3)
or (z,y) = (u2,/v2), the latter occurring if and only if u1 and vi are both
squares and A = 1, except for A=1and B =5. If A=1 and B = 5,
the only two positive solutions of (3.14) are (x,y) = (u1,/v1) = (3,1) and
() = (ug, /T5) = (322,12).

From Theorem L-Y, it is clear that equation (3.14) has two positive
integer solutions if and only if v; is a square.
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With the notations of Theorem L-Y, by computing, we have

COROLLARY 3.2. If equation (3.14) has two positive integer solutions
(z1,91) and (22, y2) with ged(z1,y1) = 1 and ged(x2,y2) = 1, then A =1
and B # 5, and x1 is a square, where (x1,y1) = (u1,/01) and (x2,y2) =
(u2, \/v2) with uy = u? —2=0v?B+2 and vy = ujvy.

Proof. Since A and B are both odd, and ged(z1,y1) = 1, ged(x2,y2) = 1,
it follows that x1, y1, x2, and yo are all odd.

If A=1and B = 5, then from Theorem L-Y, (z1,y1) = (3,1) and
(x2,y2) = (322,12), which is impossible since ged(za,y2) = 2 > 1. Expand-
ing and computing

U3\/Z—|—U3\/§ . ul\/zjtvl\/g 3

2 B 2 ’
we have ug = u1 (v3B+1) = uj (u¥ A—3) and v = vy (V¥ A—1) = vy (vIB+3),
which is impossible since 1 = u1, y1 = \/v1, T2 = ug, and y2 = /v3 are all
odd. By Theorem L-Y, Corollary 3.2 is proved. =

4. Proof of Theorem 1.1. Let (z9,yo, 20) be the positive integer so-
lution with the smallest positive yo, and (z,y,z) be any positive integer
solution of (1.3), corresponding to positive integer pairs (ko,ly) and (k,[) in
(2.5) and (2.6), respectively.

If ko = 0, then by (2.4) and (2.5), we have yo = Up = 0, which implies a
contradiction, that is, there does not exist any integer zo such that y3 — bz3
=1.If ko =1, by (2.4) and (2.5), we have xg = mél), Yo = y(()l) = yé2), and
20 = 262). In Theorem 1.1(1) and (2), since y = y(()l) = y(()2) = 1, it follows
that zg = z(()2) = 0. We know (z9, yo, 20) = (xél), 1,0) is not a positive integer
solution of (1.3). So we may set kg > 2.

We first prove Theorem 1.1(1). Assume that Theorem 1.1(1) is not true,
that is, the number of positive integer solutions (z,y, z) of equations (1.3)
is greater than one. Since @ = m + 1 > 1 in Theorem 1.1(1), from Lemma
2.1 we see that both ky and k are odd. So we set k > kg > 3 and consider
the case 2 1 ko.

By Lemma 2.7(1), we know that

Y1)/ 2Y-1)/2 Uet1)/20(—1)2
Yko+1)/2Y(ko-1)/2  Ukgr1)/2U(ko—1)/2
is a square. If ko > 5, then (ko +1)/2 > (ko — 1)/2 > 2. By Lemma 2.8,

Uko+1)/2 and Uy, _1)/2 have primitive prime factors, and so we get

(4.16) (ko+1dividesk+1or k—1) and (ko—1dividesk+1or k—1).

(4.15)
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If k9 < b5, since zg > 0, we have kg = 3, kg = 5. If kg = 5, by Lemma
2.8, ﬁ(k0+1)/2 = 173 has a primitive prime factor, and it is trivial that
(1{20—1)/2 = 2 if k:o = 5, and (k‘o-l-l)/? = 2, (k‘o—l)/? =1if k‘o = 3.
Notice that either (k+1)/2 or (k—1)/2 is even. Thus (4.16) holds. We
distinguish four possible cases according to (4.16).

(1) Assume that k:0+1~| k+1 ang ko—1|k—1. By Lemma 2.@, ged(Y(k+1)/25
(k 1)/2) 1 and gcd(y(k0+1)/27y(k0 1)/2) 1. By (4.15) it follows that
Yk+1)/2/ Y(ko+1)/2 = F? and y, y(k 1/2/Y(ko—1)/2 = = H? for some posmve inte-
gers F' and H. Notice that x $( fo-+1)/2 —4dm(m + )y(k +y2 = b :c(k+l)/2
Am(m + Do = b Ty = 4m0m + D3y =1, and &y
4m(m + 1)g? Yik—1)/2 = = 1. It is easy to see that (T (441)/2,1) and (T(x41)/2, F)
are two solutions of the equation

(4.17) 2 — 4m(m + 1)@(21%4_1)/294 =1,
and (Z T(jo—1)/25 1) and (@k,l)/Q, H) are two solutions of the equation
(4.18) 2* = dm(m + D),y 0y” = 1

But by Corollary 3.1, equation (4.17) has at most one solution, since other-
wise Y(ko+1)/2 = 1 and ko = 1, which is impossible. Also equation (4.18) has
at most one solution, as otherwise y,_1)/2 = 1 and ko = 3, 80 Y_1)/2 =
62142, which is absurd. Therefore F' = H = 1. Hence k = ko.

(2) Assume that ko+1|k—1and ko—1|k+1. We have y(,_1)/2/Y(ko+1)/2
= F? and Yk+1)/2/Yko—1)/2 = H? for some positive integers F' and H.
A similar discussion to (1) shows that (T(y,41)/2,1) and (Z(p_1)/2, F') are
two solutions of (4.17), and (Z(y,—1)/2, 1) and (Z(x41)/2, H) are two solutions
of (4.18). However, by Corollary 3.1 equations (4.17) and (4.18) have at most
one solution each. Thus we have F' = H =1, and so (k — 1)/2 = (ko + 1)/2,
(ko —1)/2 = (k+ 1)/2, which is a contradiction.

(3) Assume that kg+1|k+1 and kg — 1| k+ 1. By Lemma 2.2, it follows
that Yirg+1)/2 | Ykt 1)/2> Yko—1)/2 | Uhr1)/2, and ged(y, Yikor1)/2 Yko—1)/2) = 1,
gcd(Y(k+1)/2: Yk—1)72) = 1. This shows that y_1)/2 = F? for some pos-
itive integer F. Notice that (2m + 1)2 — 4m(m + 1) = 1 and T x(k 02~
dm(m + l)y(k 12 = 1. Thus (2m +1,1) and (Z(_1)/2, F) are two positive
solutions of

(4.19) 2 —4m(m + 1)y = 1.

By Corollary 3.1, we have F' =1, so k = 3. Hence k < k.
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(4) Assume that kg + 1|k —1 and kg — 1|k — 1. Using similar arguments
to those above, we get gj(kﬂ)/g = H? for some positive integer H. Thus
(2m +1,1) and (Z(j41)/2, H) are two solutions of (4.19). By Corollary 3.1,
we have H = 1, and so k = 3, which implies k£ < kg.

Next we consider Theorem 1.1(2). Since a = m +4 > 4, by Lemma 2.1,
ko and k are both odd, and so let k > kg > 3. We only consider the case
2 1 kg. The following discussion is analogous to that for Theorem 1.1(1), and
by Lemmas 2.7(2) and 2.8, we obtain the same type of formulas (4.15) and
(4.16). We also distinguish four possible cases.

(1" k:0+1]k:+1 and k0—1|k:—1 By Lemma 2.6 and (415) it fol-
lows that §i1)/2/Uke+1y/2 = F2 and Yu—1)/2/U(ko—1)/2 = H* for some
positive integers F' and H. Then (¥ (4,41)/2,1) and (Z(pq1)/2, F) are two
solutions of

(4.20) 2 — m(m + 4)72 Yk 0+1)/2y =4.
By Corollary 3.2, we have ug = Z(j41)/2 = (ko+1)/2 — 2 and v2 = Z(gy41)/2
= F2, the latter implying that 7 Y(k+1)/2 = Y(ko+1)/2T (ko+1)/2 = Yko+1, Which

ylelds k+1=2(ko +1). Similarly, (Z(y,—1)/2,1) and (Z(y—1)/2, H) are two
solutions of

(4.21) 2 —m(m+ 45, 1yt = 4.

By Corollary 3.2, we have k —1 = 2(kg — 1). However, k+1 = 2(ko+ 1) and
k —1=2(kop — 1) cannot both hold.

(2 ko+1|k—1and ko — 1|k + 1. ByLemma26and (4.15), we have

Yk—1)/2/ Ulko+1)/2 = F? and Ykt1)/2/ Ulko—1)/2 = H? for some positive in-

tegers I and H. Then (T(x,+41y/2,1) and (T 1)/2; F) are two solutions of
(4.20), and by Corollary 3.2 we have y_1)/2 = Y(ko+1)/2Z (ko+1)/2 = Yko+15
which implies k — 1 = 2(ko + 1). Since (T(y,—1y/2,1) and (T(p41)/2, H) are
two solutions of (4.21), by Corollary 3.2 we get kK + 1 = 2(k0 —1). But
k—1=2(ko+1) and k+ 1 = 2(ko — 1) contradict the assumptions on ko
and k.

(3") ko+1|k+1and kg—1| k+1. By a similar discussion to (3) above, we
obtain y,_1)/2 = F? for some positive integer F. It is trivial that (m +2,1)
and (Z(,_1)/2, I) are two solutions of

(4.22) 2% —m(m +4)yt = 4.

By Corollary 3.2, we have Z(,_1)/2 = m? + 4m + 2 and Yk—1)/2 = M + 2.
Thus (k—1)/2 = 2 and hence & = 5. It is obvious that there is no odd
positive kg such that ko + 1|6 and kg — 1| 6.

(4) ko+ 1]k —1 and ko — 1|k — 1. We also have y(,11)o = H? for
some positive integer H. Thus (2m+1,1) and (Z(j41)/2, H ) are two solutions
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of (4.22). By Corollary 3.2, we obtain 1)/ = m?+4m+2 and Ykt1)/2 =
m + 2. Thus (k+1)/2 =2 and so k = 3, which contradicts k > ko > 3.
By the above discussion, the proof of Theorem 1.1 is complete. n
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