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The complete determination of wide Richaud—Degert types
which are not 5 modulo 8 with class number one

by

JuNGYUN LEE (Daejeon)

1. Introduction and statement of results. Let d be a square free
integer and h(d) be the class number of Q(v/d). Let d = n? + r be a square
free integer such that r|4n and —n < r < n. In this case, we call d a
Richaud-Degert type. If |r| # 1,4, then it is called a wide Richaud-Degert
type, while if |r| =1 or 4, then it is called a narrow Richaud—Degert type.

There had been many conjectures about the upper bound of Richaud-
Degert types d with h(d) = 1. Yokoi [15] conjectured that h(n? +4) > 1
if n > 17. Chowla [7] conjectured that h(4n? + 1) > 1 if n > 13. Bir6
[1], [2] proved the above two conjectures. Also Mollin [10] conjectured that
h(n? —4) = 1 if n > 21. Mollin’s conjecture was confirmed by Byeon,
Kim and the author [5]. This determines all real quadratic fields of narrow
Richaud—Degert types with class number 1.

In this paper, we prove the following Mollin-Williams conjecture (see
Conjecture 5.4.4 on page 176 of [11]). From this, we show that there are
exactly 14 wide R-D types d # 5 (mod 8) with h(d) = 1.

MOLLIN AND WILLIAMS CONJECTURE. Let d = n? 4+ 2 be a squarefree
integer. Then h(d) > 1 if n > 20.

THEOREM 1.1. Let d # 5 (mod 8) be a wide Richaud—Degert type. Then
h(d) =1 if and only if

d=3,6,7,11,14,23,33,38,47,62, 83, 167,227, 398.

2. Computation of special values of the zeta function associated
with Q(v/n? —2). Let d = n? — 2 be a positive square free integer, K =
Q(v/d) and O(K) the ring of integers of K. Then € =n? — 1 +nv/n2 — 2 is
a fundamental unit of K (see [8]), and {1,w} is an integral basis for O(K),
where w = /n? — 2. For an integral ideal a, let N(a) be the number of
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cosets of O(K)/a, and for an element « of K, let Nx(a) = a - @. We note
that Nk (e) = 1. Let I(K) be the set of nonzero fractional ideals of K. Let
K™ be the set of totally positive elements in K, and i(K™) be the set of
principal fractional ideals generated by the elements in K. Let y be an odd
primitive character with conductor g. Then from the fact that Ng(e) = 1
and Nk (w) < 0, we have the following proposition.

PROPOSITION 2.1 (]9, pp. 242-243]). If h(d) =1, then
I(K) = (q) +i(K") U (qw) - i(KT). =
Thus if A(d) = 1, then

(1) Ck(s,X) = Y X](év(a)

-y X(N(a)) 3 x(N(a))

N(a)
ac(q)-i(K™*) a€(qw)-i(KT)
integral integral

By defining
R(b) :={a+be | a,b e Qwith0<a<1,0<b<1andb-(at+be) C O(K)}
for an integral ideal b in K, we have the following propositon.

PrROPOSITION 2.2 ([5, Lemma 2.2]). An integral ideal a of K is in
b-i(Kt):={b-c|cei(K")} if and only if

a="b-(a+ be+ ny + nge)
for some a + be € R(b) and nonnegative integers ni,ns. m

In the following lemma, we find the set of all (z,y) for which = + ye €
R((q))-

LEMMA 2.3.

{(z,9) |2 +ye € R((¢))}
= {(:p,y) xr = _re.o(n) + Dt 4 +01(j) andy = D+ aj
q nq ng

forj=0,1,....,n—1 and OgC,ng_1}7

where
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and

rc,p(n) :nD—C’—q[nD_C}

q

Proof. Since {C 4+ Dw | 0 < C,D < g — 1} represents all elements in
O(K)/qO(K), we have

{(z,y) |z +ye € R((¢))}
={(z,y) |z4+yecqg'OK)and 0 <z <1,0<y <1}
={(z,y) | ¢(x + ye) = C + Dw + q(i + jw) for 0 < C,D < q—1,
integers i,j and 0 <z < 1,0 <y < 1}.

Moreover, the equation

€ n?—1
w=——
n n

implies that

. [ € n—1
q(x+y6)=0+q1+(D+q3)<n— )

n
Hence
D +qj
y= >
nq

C (D+qj)(n*>—-1 D+q¢j)(n?-1) C
L= O (DHg)n )+[1+( +qj)(n )_}
q ng ng q

for  =0,1,...,n — 1. The equation

D +qj)(n? -1 C D-C D ] .
( qj)(n ) C_ [” :|+TC,D(n)_ +QJ+W
nq q q q qn
implies
D +qj)(n? -1 D+ qj)(n? -1
C_Prapt o) [y, @rglel=b ]
q nq ng q
i re.p(n) N D+ gqj N [TCVD(TL) B D+qy}
q qan q qn
Since
—D
. 1 ifOSJS[nTC’D(n) ]
rc,D(n)_D+qJ}+1: q
—D
1 n 0 if1+[mC’D(n)]§j§n—l,
q

the proof is complete. =
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We also find the set of (z,y) with = + ye € R((qw)):

LEMMA 2.4.
{(z,y) | = + ye € R((qw))}
B D (n2—1)(C+iq) . . C+Higq
fori=0,1,...,n(n*—-2) -1 and0<CD<q—1}

where
o2(i) =k < U(k)<i<l(k+1)

fork=-1,0,1,...,n* — 2 and
n(n? — 2)(qgk + D) C-‘

l(k) =

0= [
Proof. The set {C + Dw | 0 < C,D < q — 1} represents all elements in

O(K)/qO(K). So

{(z,y) [ =+ ye € R((qw))}
= {(z,y) |z 4+ ye € (qu) TO(K)and 0 < 2 < 1,0 <y < 1}
={(z,y) | qw(x + ye) =C + Dw + q(i + jw) for 0 < C, D < q— 1,
integers 7,7 and 0 <2 <1,0<y < 1}.

D _1 , we deduce that

From w = —7+

qu(z +ye) = (C+qi) +w(D+qj) &
2 — C’%—iq6

1
—q(n? = 2)(x +ye) = —(n* — 2)(D + qj) + —— (C +iq) —
So
_ C+a
~ gn(n? —2)’
_ 2 ,
r=1+2 - (n® = (C +iq) n (n*—1)(C+1iq) D
q qn(n® —2) gn(n? — 2) q
fori=0,1,..., (n — 2) — 1. By defining

i = [y
we see that o9(i) = k for k = —1,0,1,...,n% — 2 if and only if
[n(n2 —2)(qk + D) B C-‘ i< [n(n2 —2)(¢(k+1)+ D) 3 C-‘. i
q(n* —1) q

n? —1)(C + iq) D}

q(n? —1) q| -
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From Lemmas 2.3 and 2.4, we deduce

PROPOSITION 2.5. If h(n? —2) =1, then
k(0x)= Y, x(C*—(@n*-2)D?

0<CD<q 1
T D +qj N D+qj
nq nq
( _2)71_1 . 2 .
B _ (C+ig)(n"—-1) D . C+iq
; S<1 (=2 g 220, qn(n® - 2)

where S(z,y) = Bi(z)Bi(y) + (€ +€)(Ba(z) + B2(y)) and By, By are the
first and second Bernoulli polynomials.

Proof. By Proposition 2.2, we have

@) Z X(N(a)_ Z Z X ( (x4 ye + ny + nge)))

s s
ac(q)-i(KT) N(a) z+ye€eR((q)) n1,m2=0 q m Tyet it n26>)
integral
= Y x(WNk(az+ye)) > Nrlglw+ye+n +nge)
z+ye€R((q)) n1,m2=0
and
x(N(a))
(3) 2. Nap
ac(qw)-i(KT)
integral
_ Z Z X (:U+ye+n1+nge))
e yee T (qu)) a0 (x 4+ ye + ny + nge))
= ) X(—Nr(qw(z+ye)) > (—Ni(qw(z +ye+ni + noe))) ™"
z+yeeR((qw)) n1,n2=0

Now we recall Shintani’s result in [13], [14]:

o

(4) Z N (x + ye + n1 + nge) °[s=0 = S(,y).

ni,n2=0
We note that for x + ye € R((q)),
(5)  Nr(q(z +ye)) = Nr(C + Dw +q(i + jw))
= Ng(C + Dw) (mod q) = C* — (n? — 2)D?,
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and for = + ye € R((qw)),

(6) Ng(qw(x +ye)) = Ng(C + Dw + q(i + jw))
= Ng(C + Dw) (mod q) = C? — (n* — 2)D?.

From Lemmas 2.3, 2.4 and the equations (1)—(6), we deduce the assertion
immediately. m

We observe that —1 < o9(i) < n? —2 for 0 < i < n(n? —2) — 1 and
o2(i) =k < (k) <i<I(k+1). So we have

n(n?-2)—1 l(O)—l 2_31(k+1)— n(n2-2)—1
Y oali) = Z Z k+ n?-2) > 1,
i=0 i=0 k=0 i=l(k i=l(n2-2)
n(n?-2)—1 1(0)—1 2_31(k+1)— n(n?-2)—1
(7) Y o) = 1+Z Z k2 (n* =27 > 1,
i=0 i=0 i= i=l(n2-2)
n(n?-2)—1 l(())—l 3l(k+1 n(n?-2)—1
> oali)i= Z Z /m—i— (n*-2) > i
i=0 i=0 k=0 i=l(k i=l(n2-2)

where [(k) is computed in the following lemma.

LEMMA 2.6. Let

se(n) = rep(nn — D - | “PEIZL] e pm) = [P=E ],
ve.p(n) = TC,DO”‘;n_D]’ wen(n) = IVSC,D(n)nq— T’C,D(n)—‘.

Assumen > q and 0 < k <n? —2 with k = nky + ka (k2 =0,1,...,n —1).
If re,p(n) #0 or sg,p(n) =0, then

uc,p(n) +nk —ki+1 if ki <wep(n) and ko < vep(n),
(k) = uc,p(n) +nk —k; if k1 <we,p(n) and ke > ve p(n),
uc,p(n) +nk—ki+1 if ki > wep(n) and ke < ve,p(n),
uc,p(n) +nk — ki if k1 > we,p(n) and ko > ve,p(n),

while if rc p(n) =0 and sc,p(n) # 0, then

(k) = uc,p(n) +nk —ki—1 if kit >wep(n)—1and ko =n—1,
~ \uep(n) +nk -k otherwise.
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Proof. Note that

R b
:””*VDJC‘nf;‘qm?;ﬂ'
Moreover,
(9) VD;C_nfi_Q@?iJ
D k1
_ {an— C’] Pc,[;(n) q —;iz—kg“ Ch

Now we observe that

rop(n) gt k2-‘

w) | 1

q n—

q9
=3 a(n=1)

- ’r[TC,D(n)nD] — ko [SC,D(n)”*Tc,D(")] —ky

scp(n)n —rep(n) — q[

an(n - 3)

We consider the case of rc p(n) # 0 or s¢p(n) =0,
(1) by < [sc,p(n)nq— rc,p(n) rcyD(nén — D] '

Forn>qwehave%{rc”j(n)<n—land%<n—l.So

q9

SWWW

—‘ and kQS |:

(12) [SC’D(")” - TC’D(”)] <n-2 and [W] <n-2.

q q

SC7D(n)TL—TC7D(n)j| — 0. then {SC’D(n)n—rC?D(n)

If sc.p(n)n —re,p(n) — q[ q

[Ww]_ Thus from (11), (12), we have

q

| < [sap(n)n - rQD(n)} Ch<n_2
q
0 < |repn=D D] ke <n-—2.
q
Hence
1 [FeRG] —ky [PeREEORW] ky 2o

n(n—l)_ n—% + n(n—%) - n2-1

] =

<1
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So

ro,p(n)n—D _k sc¢,p(n)n—rc,p(n) _k
{[q 1] 2 S — : ] 11_
n— n(n—1)

(13)

n

It SC7D(7”L)7”L . TC,D(”) . q[SC,D(")”;TC,D(n)] £ 0, then [SC,D(n)n;TC,D(n)] _

[w} + 1. From (11), (12), we have

V= [SC’D(n)n ; TQD(H)} — k1 <n-2,
q
0< [TCD(”)”—D] <2
q
and
SC,D(n)n — ’[”07D(n)
1 < sep(m)n—repn) —q : <q-1.
Thus
T n)n—D s 2 n—r n
1 [%] — ks [M} e
0< _ < : N 1
qn(n—ﬁ) n—=xu n(n—ﬁ)
sc.p(n)n —rop(n) — q[w]
(=)
2_ ., _9 T
= - 2 - i ~ <1l
el qn(n—3)
So

Tc,D(”)”—D] — &y [SC,D(”')”_TC,D(”)] — ke

(14) w Z_; + ngn_%)

sc.p(n)n —rop(n) — q[w

PR -

From (8)—(10) and (13)—(14), we have

[nD—C’

k) = | ==,

]+nk—k1+1.

The other cases can be handled similarly. »

We can express the summation (7) more explicitly using Lemma 2.6. In
case rc,p(n) # 0 or s¢ p(n) =0, we have
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€

1 v—1 n(kint+ko+1)+u—k; n(kin+v+1)+u—k1—1 n—1 n(kin+ko+1)+u—ki—1

(X > D S DD

k1=0 ko=0i=n(kin+ka)+tu—ki+1 i=n(kin4v)+u—ki+1 ko=v+1 i=n(kintka)+u—k;

—2 n(kin+tko+1)+u—kq n(kin+v)+u—ki1—1 n—1 n(kin+ko+1)+u—k;—1

0> > + > 2.

ki=w ko=0i=n(kin+k2)+u—ki+1 i=n(kint+v—1)+u—k1+1 ko=v i=n(kin+kz)+u—kq
v—2 n(n2—'n+k2+1)+u—n+l n(nz—n+v)+u—n n—3 n(nz—n+k2+l)+u—n

> > + > 2 > 7

k2=0 i=n(n2—n+ks)+u—n+2 i=n(n2—ntv—1)+u—n+2 k2=vi=n(n2—n+ks)+u—n+1

while in case r¢ p(n) = 0 and s¢,p(n) # 0, we have

n2-31(k+1)—1

2 2

k=0 i=l(k)

— n—2 n(kin+ko+1)+u—ky1—1 n(kin+n)+u—ky—2

-5 (E 2 DS

k1=0 k=0 n(kin+ko)+tu—ky n(kin+n—1)+u—=ki

n—3 n(kintko+1l)+u—k1—1 n(kint+n—1)+u—k;—2 n(kin+n)+u—ki—2

S 2 LD DR

ki=w—1 ko=0 n(kin+ks)+u—kq n(kin+n—2)+u—=kq n(kint+n—1)+u—k;—1
n—3 n(nZ—n+k2+1)+u—n

>

k2=0n(n2—n+ko)+u—n+1

(In the above two equations, u, v, w are uc,p(n), ve,p(n), we,p(n) respec-
tively.) From this expression of [(k), we can calculate ) o2(i), Y io2(i) and
>~ 09(i)? by computer. If ¢ p(n) # 0 or s¢.p(n) = 0 then

(n*-2)-1
1
Z o9(i) = 3 [—4n® 4+ n® — n*(1 + 2uc,p(n))
i=0
—2n(—2+wvep(n)) +2(1 + ucp(n) — wep(n))],
n(n?-2)—1
Y oali) =
i=0
11 5 7
"+ sucp(n 4(1 + 2ucp(n)) — n3(=3 + ve,p(n))

) —
6 3
+n2(3—|—4u0,D(n)+UC7D(n))+w0D( ) — 2ve,p(n)we,p(n)
—1’L<2—2’UC,D(TL)—|—UC’D( )2—'(UCD( )+wC,D(n)2)a
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n(n?-2)—1

o ioa(i) =

i=0
112 [—23n° + 4n® — 6n°(1 + uc,p(n)) + n*(41 — 6ve,p(n))
+6n3(5 + 4uc p(n) +ve.p(n))
— 6n(6 + UQD(TL) + QUC’D(’I’L)(Q + ’UC’D(’I’L)) + QUCD(’I’L)UJC D( ))
+6(uc,p(n) + uc,p(n)* — 2uc,p(n)we,p(n) + (=1 + we,p(n))we,n(n))
— 2n2(11 + 3uC7D(n)2 — 6ve,p(n) + 31)0,D(n) — 3we,p(n) + 3we D(n)Q)].

If ro,p(n) =0 and s¢ p(n) # 0 then

n(n?—2)—1 5
S i) = 1430 — 2% + % —we,p(n) + ue,p(n)
i=0
1
——n?(1+ 2uc,p(n)),
2
n(n?-2)—1
> oai) =
i=0
11 5 7 4
and — él % - %(quw( n)) + n*(2 + duc,p(n))
) —3(14+uc,p(n) —we,p(n ))+n(—5+wap(n)—wqp(n)2),
n(n®—2)—1
> ioy(i) =
=0

3 [47n4 —23n5 + 4n® + 24n3(1 + uc,p(n)) — 6n°(1 + uc,p(n))
—6n(5+ 2uc,p(n) — 2we,p(n))
+ 6(uc.p(n) +uc.p(n)? — 2uc,p(n)we,p(n) + (=1 + we.p(n))we,p(n))
—2n%(20 + 3uc,p(n)? — 3we,p(n) + 3we,p(n)?)].

We will use these expressions in the proof of (ii) of the next proposition.

PROPOSITION 2.7. Ifn > q then

M |

(i)

a1(4),

r D +qj N D+qj
< c.n(n + a qJ)
ngq ngq

1. n D?n re,p(n) TM’C,D(H)Q ve,p(n)
T2 + 4 2q? + q B 2q> B 2
nD nscp(n)?  nscp(n)
2 22 2

N re,p(n)ve,p(n)
q
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(n?—2)n—1 . 2 .
. (C+iq)(n*—=1) D ) C+iq
Si1-— —
WX (- o g
1 n nre,p(n)C | nrep(n) 3nrep(n)?  ucp(n) N Cve.p(n)
2 4 q? 2q 2q? 2 q
rop(m)vep(n)  wepn) D 3nD?  2ucp(n)D  nscp(n)?
+ + S .
q 2 q 2q q 2q
_u¢,p(n)se,p(n)  we,p(n)sc,np(n) n nsc,p(n)D
2
q q q

where rc.p(n), sc.p(n), uc,p(n), ve,p(n), we,p(n) are as in Lemma 2.6.

Proof. (i) By computer, we obtain the following equation:

n—1 . .
T D D

= ngq nq

nD2 n rc,D(n)D n3rc,D(n)2 nvc,p(n)D n2rc7D(n)vc7D(n)
=T 2 2 + 2 + -
q q 2q q q
L wen()?  n’rep(n)  mep(n) 1 on rep() nrep(n)”
2 2q 2 2 4 q 24>
ve,p(n)  rep(n)ve,p(n)
- , .

From the equation

sc,p(n) =nrcp(n) —D —q [TWCDZL)_D] =nro,p(n) — D — que,p(n)

we have

nD?  n’rgp(n)D  nProp(n)®  nvep(n)D
— 2 + ) _|_ )
2¢? ¢

24> q
nzrch(n)vch(n) nv(;,D(n)2
- +
q 2
_ n(nre,p(n) = D —quep(n)? _ nsc,p(n)’
2q? 2q?
and

n‘rgp(n) | nvep(n)  —n(nrep(n) — D —quep(n))  nD
2q 2 2q 2q

nsc,p(n) nD

2q 2q

Hence we can obtain (i) directly.
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2_9)_
(ii2) From our expressizons above for the sums Z?:(g 2)-1 oa(i),
Z?:(g —2-1 02(i)? and Z?:(g —2-1 o9(i)i, we can also calculate

(n?—2)n—1

(C+ig(n*~1) D \ C+ig
ZZ; S<1 qn(n® —2) +q+02(2)’qn(n2—2))'

Here are the results. In case r¢ p(n) # 0 or s¢ p(n) = 0, we have

(n?—2)n—1 . .
(C+iq)(n*—-1) D .~ C+iq
(15) S(l qn(n2—2) +q+02(l)’qn(n2—2)>

n c? C  2Crep(n) Cnrep(n) rep(n) n nre.p(n)
ng ng? > ng 2q
o(n)? _ 3nrep(m)? | nPrep(n)® | uco(n)  uc.o()

ng> 2q? 2q> 2 n
Cuc,p(n) | rep(muco(n) _ nrep(mucp(r) | Cvop(n)

nq nq q q

2 2

rc,p\n)vc,p\n n“rc,p\n)vc p\n nvc,p(n

n (n)vg,p(n) (n)ve,n( )JFUCJD(n)mD(n)Jr (n)
q q 2

we,p(n) , Cwen(n) | repmwen(n) nre,p(n)we,p(n)

2 ng ng q
uc,p(n)we,p(n)

+vo,p (n)wc’D (n)

_ <C2 2Cro,p(n) N rC7D(2n)2 N 2Cuc,p(n) N ZTC’D(n)uC’D(n)>

ng ng ng ng ng
L (_€ _renn) ucp(®)
ng ng n
n <CwC’D(n) N ro,.p(n)we,p(n) N uC’D(n)wQD(n)>
nq ng n
4 ~ Cug,p(n)  rep(n)uc,p(n)
nq nq
nr n)w n Dw n
n <_ o.n( ()J ool )+ Cq,D( )+UC,D(n)wC’,D(n)>
n n3re,p(n)? B n?re.p(n)ve.p(n) n nve.p(n)? N nD?
2¢? q 2 2¢>
nr n)u n Du n
+ <— c.o ; c.o(n) + c.o(n) ‘|‘UC,D(7”L)UC,D(7”L)>
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Dwc p(n) nD? Ducp(n) Cnrgp(n) nrep(n)

q 2¢? q q? 2q
3nrcep(n)?  ucp(n)  Cuep(n)  rep(n)vep(n)  wep(n)
— > + + +

2q 2 q q 2
n 1 n
2 4

In the case r¢,p(n) = 0 and s¢,p(n) # 0, we have

(n?—2)n—1 . 2 .
(C+ig)(n"—-1) D . C+iq
16 S{1-— — —
wex (- g+ 7 o i
1 n 02 C UC,D (n) UQD(TL) CUC’D(TL)
=t — -
2 4 ng® ng 2 n nq
~C wep(n)  Cwep(n)  ucp(n)wen(n)
q 2 ng n
Since r¢,p(n) = 0 and s¢ p(n) # 0 implies that ve p(n) = —1, the equation

(16) is obtained from r¢ p(n) = 0 and s¢ p(n) # 0 and equation (15). Thus
in either case we have (15). We note that r¢ p(n) = nD — C — quc,p(n)
implies that

072 2Cro,p(n) n re,p(n)? n 2Cuc,p(n) n 2r¢,p(n)uc,p(n)

1
an ng? ng? ng? ng ng
_ (C +rep(n) + quep(n))? B uc,p(n)? _ nD? B uc,p(n)?
ng? n q? n
(18) ~C  rep(n)  ucp(n) _ ~ C+rep(n) + quep(n) _ D
ng ng n ng q’
(19) Cwe,p(n) N re,p(n)we p(n) + uc,p(n)we,p(n)
ngq ngq n
_ (C +rep(n) + que,p(n))we,p(n) _ Dwc p(n)
ng q
and
(20) - Cuc,p(n) B rc,.p(n)uc,p(n)
ng ng
_ _ (@+rop®) +ucp(m)gucn(n) uc,p(n)?
ng n

_ Dug,p(n) N uc,p(n)?
q no
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Also the equation s¢ p(n) = r¢,p(n)n — D — que, p(n) implies that

_ nre,p(n)we,p(n) N Duwe,p(n)

(21) . +ve,p(n)we,p(n)
__wep(n)(rep(m)n — D —que,p(n)) _ wep(n)se,p(n)
q q ’
3 2 2 2 2
nor n nr n)v n nov n nD
(22) c,DQ( )” _n'ren(mvop(n) | nven(n)” g
2q q 2 2q
_ n(nrep(n) — D — que,p(n))? ~ nDvc,p(n) n n?re,p(n)D
2¢° q 7
nsc,p(n)>  nD(r¢p(n)n — D — quo.p(n)) nD?
_ e, n ’ : +
2¢° 7 7
_ nscp(n)®  nDscp(n)  nD?
2 g2 ¢
and
D
(23) - m“c,D(n;uc,D(n)  Duco() | B
__ug,p(n)(rep(m)n — D —quep(n)) — uc,p(n)sc,p(n)

q q
From (17)—(23), we can deduce (ii). =

Finally, we have the following theorem.

THEOREM 2.8. If h(n? —2) =1 and n > q, then

1

Ck(0,x) = 242 Z X(02 - (”2 - 2)D2)
T o<cD<q-1
X [n (q2 —gqsc,p(n) + 27“C,D(n)2 +2D? — 2qD — 2qu,D(n))
+we,p(n)(=¢* + 24s¢,p(n)) — 2¢° — 4Dre,p(n) + ¢C
+qsc,p(n) —2sc.p(n)re,p(n) + 3qre,p(n) + 3¢D — 2CD},

where rc.p(n), sc,p(n), uc,p(n), ve,p(n), we,p(n) are as in Lemma 2.6.

Proof. By Propositions 2.5 and 2.7,
GO)= Y M- (- 2)D?)

0<C,D<q—1

n—1 . .
D D
y [ZS<TC,D(H) LDy +qj)
=0

q nq nq
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n(n272)71 . .
(C+iq)(n®>—=1) D . C+Hiq
) Zz; S(l qn(n? —2) +qﬂh(z)’qn(nz—?))}

1
=52 Z x(C? = (n* = 2)D?) - [(—=2nD? + 4quc,p(n)D)
T o<c.p<q-1

+ (=gnD — ¢*uc,p(n)) + (2que.p(n)sc,p(n) — 2nDsc p(n))
+ (—q2vC7D(n) —qnre,p(n)) + (2Cnre,p(n) — 2¢Cvc,p(n))
—2¢* 4+ ng* + 2qre.p(n) — qnsc.p(n) — ¢*we.p(n)

+2¢D + 2qwe,p(n)sc,p(n) + 2nrc’D(n)2].

The equation nD — C' — quc,p(n) = r¢,p(n) implies that

(24) —2nD? + 4dquc,p(n)D = 4D(quc,p(n) — nD) + 2nD?
= —4Drc p(n) —4DC + 2nD?,
(25) —gnD — q2uC,D(n) =q(nD — quc,p(n)) — 2gnD

= qrc,p(n) + qC — 2qnD
and
(26) 2quc,p(n)sc,p(n) —2nDsc.p(n) = —2s¢,p(n)re,p(n) — 2sc,p(n)C.
Also the equation r¢ p(n)n — D — que,p(n) = sc¢,p(n) implies that
(27)  —q*ve,n(n) — qnre,p(n) = —q(que,p(n) — nre,p(n)) — 2qnre,p(n)
=¢D + qsc,p(n) — 2qnre,p(n)
and
(28) —2gnvc,p(n) + 2Cnre p(n) = 20D + 2Csc,p(n).
From (24)-(28), we can deduce the conclusion of the theorem. =

COROLLARY 2.9. If h(n? —2)=1,n>qandn=qk+r for0<r <gq
then Cx(0,x) = #(BX(T)]{J + A, (r)), where

A= > x(C*—(*-2)D?
0<C,D<g—1
x [r(¢* — gsc,p(r) + 2rc,p(r)? +2D* — 2¢D — 2qrc,p(r))
+ wc,D(r)(—q2 +2¢sc,p(r)) — 2¢% — 4Drc p(r) + qC
— 2s¢,p(r)re,p(r) + qsc,p(r) + 3qre,p(r) + 3¢D — 2CD],

By (r) = Z X(C’2 — (r2 — 2)D2) . [q3 - QQQSC,D(’I“) + QTC’D(T)2Q
0<C,D<q—1

+2D% —2D¢? — 2q2rC’D(r) + 2qsc’D(T)2].
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Proof. Since x has conductor ¢, we have x(C? — (n? — 2)D?) = x(C? —
(r2—2)D?) for n = gk+r. We note that sc p(gk+7) = sc.p(r), ro.p(gk+7)
= r¢,p(r) and we, p(gk + 1) = s¢.p(r)k + we,p(r). This proves the corol-
lary. m

3. Computation of special values of the zeta function associated
with Q(v/n2+2). Let d = n? + 2 be a positive square free integer, and
K = Q(+/d). Then the fundamental unit € of K is n?+1+nv/n2 + 2 (see [8]).
Let @« = n+ vn? 4+ 2. We note that Ng(e) =1 and Ng(a) = —2 < 0. So if
h(d) = 1 then

I(K) = (q)- i(K") U (qo) - i(K™),

where I(K) and i(K*) are defined in the previous section. So we have

. X(N(a)) 3 X(N(a))
CK(&X) - ‘ N(a)s + . N(a)s :
a€(q)i(K™) a€(qa)-i(KT)
integral integral
We define

R(b) :={a+be|a,be Qwith0<a<1,0<b<1andb-(atbe) C O(K)}

for an integral ideal b in K. In the following lemma, we find the set of all
(x,y) such that = + ye € R((q)) or = + ye € R((qc)).

LEmMA 3.1.
) {(@y) |z +yee R(@)} = {(z,y) |2 = ¢ - BHL 4 5,(j),
y:%forj:(),l,...,n—l and OSC,ng—l},

where

1 af [ D] <j<n-1,
51(j):{ Z ( ! w Sen

0 if0<j<[9nD]-1.

(i) {(z,) |2 +ye € R((qa))} = {(z,y) |z = — G2 + 22 4 5,(5),

Z/:g;‘gi fori=0,1,...,2n—1 and O§C7D§q_1},

where

0 if 0<i< [2enm=C)
5a (i) =

1 f [Prent=C) < < on 1,

and tc,p(n) =D — Cn — q[D_TC”].
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Proof. The set {C + Da | 0 < C,D < q — 1} is a complete set of
representatives of Ok /qOf, since {1, a} is a basis for Og. So for = + ye in
R((q)) we have

q(z +ye) = (C+ Da) +q(i + ja)
and for = + ye in R((qa)) we also have
qa(z +ye) = (C + Da) + q(i + ja),
for some 0 < C, D < q— 1 and integers i, j. From the equation & = %
and computations similar to those in Lemmas 2.3 and 2.4, we obtain the
assertion. m

PROPOSITION 3.2. If h(n? +2) =1, then

Cr (0, %)
n—1 R .
D D

= Y x(C*-2D?+20CD) [Zs(c_ U L5 4), +QJ>

0<C,D<g-1 =0 q qan qn

2n—1 . .

t

~Y s cp(n)  C+ig i), C'—i—zq)]’

i=0 q 2qn 2qn

where 01, 02 and tcp are defined in Lemma 3.1, and S(z,y) in Proposi-
tion 2.5.

Proof. As in Proposition 2.5, we have
(29) k(0,)= > x(Nk(qlz + ye))S(z,y)
z+yecR((q))

- Y x(Nk(ga(z +ye))S(z,y).
a-+yecR((g))

For = + ye € R((q)),
g(x +ye) = C+ Da+ q(i + ja).
Thus
(30) Ni(q(z + ye)) = Ng(C + Da) (mod ¢q) = C? — 2D? + 2nCD.
If x 4+ ye is in R((qa)), then
qa(s+ye) = C + Da + q(i + ja)
for some 0 < C, D < g — 1 and integers ¢, j. So
(31)  Ng(qa(z 4 ye)) = Ng(C + Da) (mod ¢) = C? — 2D? + 2nCD.
From (29)—(31), we obtain the conclusion immediately. =

Finally, we obtain the following theorem.
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THEOREM 3.3. If h(n?+2) =1, then

CK(Ov X)

1
= 1942 Z x(C? — 2D* + 2nCD) (6q2AC7D(n) +2¢%n + 3C%n
T y<cp<q—1
—12¢Ac,p(n)C + 6D*n — 6gDn — 6ntc,p(n)* — 6qntc,p(n)
— 3nec,p(n)?+3gnec,p(n) —6¢>Be,p(n) +12¢Bc,p(n)te,p(n)+3¢Cn),

where AC’,D(n) = |'nC;D'|7 BC,D(”) = [M] and EC,D(H) =C —
2ntc,p(n) + qBe,p(n).

Proof. The equation D —nC + qAc,p(n) = tc,p(n) implies that
Ac.p(n)’n N D?n B CDn%* C?n®  Acp(n)Dn B Ac.p(n)Cn?

(32) 5 2 2 2 . p
_ n(D—-nC+ qAc.p(n))? B ntcp(n)?
2q? 2q?
and
(33) Ac,p(n)n + Dn _Cn? _ n(D—=nC+qAcp(n) _ ”tCﬁD(n).

2 2q 2q 2q Y
By (32) and (33), we have

sy s (C D+”+61<j>,D+q‘7)

= ng qn
B ( Dp(n)’n n D*n B CDn? (C%n? N Ac,p(n)Dn qu(n)Cn?)
2 2¢* ¢ 2¢* q q
B <ACD( n)n  Dn Cﬂ2> N Ac,p(n) U C?*n  Acp(n)C
2 2q 2q 2 12 2¢2 q
D?n  Dn
2¢° 2
ntcyp(n)Q ntcvp(n) AQD(TL) n C?n AC,D( )C D2n Dn
- 22 2 * 2 12 22 q + 22  2q°
Also C — 2ntc,p(n) + qBe,p(n) = ec,p(n) implies that
(35)
Bep(n)*n N C?n N Bep(n)Cn Cn’tcp(n) B Be.p(n)n*te p(n)

4 4q? 2q q? q
n’top(n)®  n(C—2ntcp(n)+qBep(n))?  necp(n)?

¢ 4¢? 42 7
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Bcp(n)n  Cn thQD(n) n(C — 2ntc p(n) + g¢Bc,p(n))

et et S AT —
4 4q 2q 4q

nec,p(n)

4q

(36)

From (35) and (36), we deduce that
(3 2§1S<tC,D(n) _Ctai - C’+iq>
pard q 2ngq 2 Tong
_ Bep(n)  n Bep(n)n N Bep(n)*n N C?n _Cn N Be.p(n)Cn
2 12 4 4 2¢2 2q 2q
B Cn’tcp(n) _ Bep(n)ic,p(n) 4 ntcp(n) B Be.p(n)n*te p(n)
q q 2q q

4 * 4q? * 2q q? q

4 ngtC,D(n)2> _ (Bcvp(n)n n @ - n2tC7D(n)) n Be p(n) n
4 4q 2 2 12
Bep(n)tep(n) ntepn)?  C*n Cn
- T 1> 4q
nec,p(n)? _necgp(n)  Bep(n) n
4q2 4q 2 12
Bep(n)tep(n) ntepn)?  C?n  Cn
i 7 + 2 2 g
q q 49° 4q
By combining Proposition 3.2, (34) and (37), we obtain the assertion. m
COROLLARY 3.4. If h(n®+2)=1andn =qk+r forr=0,1,...,q—1
then

B <BC7D(n)2n C?n Bep(n)Cn B Cn’tcp(n) B Be p(n)n*te p(n)

)

CK(OaX) = (FX(T)k+EX(T))7

1242
where

E(r)= > x(C®=2D*+2rCD) (6" Acp(r) + 24°r +3C*r
0<C,D<q—1

—12qAc.p(r)C 4 6D?*r — 6¢Dr — 6rtc.p(r)? — 6qrtc.p(r) — 3rec,p(r)?
+ 3qrec,p(r) — 6qQBQD(r) +12¢Bc,p(r)te,p(r) + 3qu),
Fy(r)= Y x(C?=2D*+2rCD)( - 9C%q+6D%q — 3ec,p(r)’q
0<C,D<q—1
+ 9C¢* — 6D¢* + 36071)(7")q2 +2¢% — 18q2tC7D(r) + 18th,D(r)2)

and Ac,p, Be,p, tc,p and ec,p are as in Theorem 3.3.
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Proof. We note that Ac p(gk + 1) = Ck + Acp(r), Bep(gk + 1) =
2tc p(r)k+Be,p(r), te,p(gk+r) = tcp(r) and ec p(gk+r) = ec,p(r). Since
the character x has conductor ¢, the above equations yield the conclusion. =

4. Proof of Theorem 1.1. Let d = n? 4+ 2 be a positive square free
integer and K = Q(v/d). Let g be a positive integer with (¢,d) = 1, x an
odd primitive character with conductor ¢ and L, a field over Q generated
by the values of x(a) for a =1,...,¢. Define m, := > 9_, ax(a). Then from
the same argument in Section 2 of [1] and Corollaries 2.9 and 3.4, we infer
that if n = gk +r and h(n? — 2) = 1 with n > ¢, then

By (r)k + Ay (r) =0 (mod I),
and if h(n? +2) = 1, then
Fy\(r)k+ Ey(r) =0 (mod I),

for a prime ideal I of L, dividing the principal ideal (m,). If the integers
q and p satisfy condition (x) in [6], then for r such that B, (r) & I [resp.
Fy(r) & I], there exists a unique TX 5(r) [resp. Tp p(r)] € {0,1,...,p — 1}
such that

AX(T) E\(r)

- I=T% I, —q=>* I=TX I.
qBX(T') +T'+ A7B(T)+ ) qFX(T) +T+ E7F(r)+
So we have

(38) n= TXB(T) (mod p) for n = gk + r with h(n? —2) =1 and n > ¢,
(39) n=Tg p(r) (mod p) for n = gk +r with h(n?+2) = 1.

We will write ¢ — p if ¢ and p satisfy condition (%) in [6]. From Section 4
in [1], we have

175 — 61, 61 — 1861, 175 — 1861.

Now, we find other p and ¢ satisfying condition (x). Consider the function
5 1 (Z/252)* — Z,/20Z for which 2/25(%) = ¢ (mod 25) and the function
g7+ (Z)7Z)* — 7.J6Z for which 397(®) = @ (mod 7). These two functions are
well defined, since (Z/25Z)* [resp. (Z/7Z)*] is a cyclic group generated by
2 [resp. 3]. Define
X4 : (Z/175Z)* — C

by x4(a) = (6f25(a25 5897(("), where a = ags (mod 25), a = a7 (mod 7) and

(30 is a primitive 30th root of unity. Then x4 is an odd primitive character
with conductor 175. Since the order of 450 modulo 601 is 30, I, = (601,
(30—450) is the prime ideal in L, = Q({30) lying over the rational prime 601
of degree 1 (see page 97 in [1]). From (30 = 450 (mod 1), we find that

My, =0 (mod Iy).
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So we obtain

(40) 175 — 601.
Now we define the functions TX?B (r) as follows:
Ay (r)
—175 32 ORia L =TYg(r)+ I,
Ao (1)
—61 BE o +r I =Ty(r) + I,
Ays(7)
—175 Biz o +r I3 =Ty(r) + I,
Aya(r)
—175 =X Iy =T)" I
75 B () +r+4 1y =Ty'p(r) + Iu,

where the characters y; and ideals I; are defined in Examples 1, 3 and 2 of
Section 4 in [1], respectively, for i = 1,2, 3.

For a residue ai75 modulo 175 with By, (a175) & I1 [resp. By, (a175) & I3],
we define bg; [resp. dige1] to be residues modulo 61 [resp. 1861] for which

ber = Tx'glairs),  diser = Tx’g(a17s)-
And for a residue bg; modulo 61 with By, (bs1) & I, we define cig61 to be a
residue modulo 1861 such that
cise1 = T3 5 (be1)-
Let U,, = {a € Z| (%) = —1 for any prime p dividing m} By
computer we can also check that if aj75 € Uyrs then By, (a175) ¢ I and
BX3 (a175) € I3, and if bg; = TX}B(CLNE)) for a175 € Uyi7s then BX2 (b(;l) € I>.

Hence it is possible to calculate T'X'g(a175), Tx°5(a175) and T'X*5(bg1) for
a17s € Ui7s. From the computer calculations, we obtain the following table:

airs € Uirs  ber C1861 diser  airs € Uirs  ber Cc1861 d1se1
+7 +7 +7 +7 +8 +8 +8 +8
+13 +13 +13 +13 +15 +38 £1266 +£1060
+20 +20 +20 +20 +22 +23 +595 +1022
+27 +34  £851 +389 +28 +59 £1859  +£962
+35 +51 £1851 +288 +42 +43 +329 +392
+43 +40 £1821 +£1353 +48 +34 +851 +306
+50 +16 £1075 +£193 +55 +35 £1272  +£566
+57 +32 +845 +1559 +62 +6 +301 +1647
+63 +43  £329 +399 +70 +58 £1858 +49
+77 +4 +4 +1760 +78 +9  £1690 +£561

+83 +£26  £589 +427 +85 +49  £1501 £1072
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Also for r with F),(r) & I;, the functions Tx'.(r) are defined as follows:

175 ]I‘ZXIEZ)) tr L =TFe(r) + 1,

—61 ?Zg)) tr Iy =T (r) + I,
—175% +r 4 I3 =T%p(r) + I,
—175 Jl?;(jg:)) 4 Iy =TEp(r) + Ia.

Then for a residue ey75 modulo 175 with Fy, (e175) & I [resp. Fy,(eirs)
¢ I3], we define fg1 [resp. higs1| to be residues modulo 61 [resp. 1861] for
which

hiser = Tpp(e17s)-
F,, (fe1) & I2, we define g1 to be a

for = Tx'p(e1rs),
And for a residue fg1 modulo 61 with
residue modulo 1861 such that
g1s61 = T p(fo1)-

Let V,, = {a € Z‘( 2+2) = —1 for any prime p dividing m} Then
by computer we can also check that if e;75 € Vizs then Fy, (e175) € 1 and
FX3(6175) € Ig, and if f61 = Té,lF(€175) for e175 € V175 then FXQ(f61) §Z Iz.
So we can calculate Té}F(€175), Tgf”F(eng,) and Tng(fm) for e175 € Virs.
We obtain the following table:

eirs € Virs  fer g1861 hise1  eirs € Virs  fer g1861 hise1
+1 +1 +1 +1 +5 +5 +5 +5
+6 +6 +6 +6 +9 +9 +9 +9
+15 +15 +15 +15 +16 +50 +491 +935
+19 +19 +244  +1534 +20 +44  +403 +943
+26 +41 +£1235 +1243 +29 +19 +244 +1567
+30 +24 +610 +363 +34 +12 +32 +1589
+36 +28  +£458 4200 +40 +30 £1654  +578
+41 +21 +804 +1762 +44 +30 +£1654 +186
+50 +47  +1124 +213 +51 +45 +728 +181
+54 +54  £778  £1097 +55 +39  +£240 +40
+61 +51  £753 +858 +64 +25 +£155 +817
+65 +4 +4 +1691 +69 +26 £1280 +784
+71 +27  £190 +339 +75 +60 £1860 +70
+76 +57 £1857  +£651 +79 +42 £1617 £1056
+85 +44  +403  £1623 +86 +8  £1448 £1048
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To prove our theorem, we need the following class number 1 criteria.
LEMMA 4.1.

(i) h((2k+1)2—=2) =1 = 4k> + 4k — 1 — 4t are primes for 0 <t < k,
(ii) h(4k* —2) =1= 2k? — 1 — 2t? are primes for 0 <t <k — 1,
(iii) h((2k+1)242) =1 = (2k+1)2+2—4t> are primes for 0 <t < k,
(iv) h(4k? +2) =1 = 4k* +2 — (2t — 1)? are primes for 1 <t < k.

Proof. See Corollaries 3.3-3.6 in [4]. (Remark: d = (2n + 1)2 — 2 in
Corollary 3.5 of [4] is a misprint. It should read d = (2n +1)? +2.) =

In the following proposition, we find an upper bound for n with h(n?—2)
=1.

PROPOSITION 4.2. Let n? — 2 be a square free integer. Then h(n? — 2)
> 1 forn > 1244.

Proof. If n € Uy7s and n = 2i + 1, then there exists an integer tg € Z
such that (2i +1)2 — 2 — (2t9)? = 0 (mod 5) or (2i + 1)%2 — 2 — (2t0)? =
(mod 7). Similarly, for n = 2j ¢ Ujrs, there is an integer sop € Z such that
252 —1—2s3 =0 (mod 5) or 2j2 — 1 — 2s3 = 0 (mod 7). If we take ¢y = 4
fori =50,5l+4,tg=5fori =71+4,714+2and to =7 for i =71+ 1,71+ 5,
then (2i + 1) — 2 — (2t)? is a multiple of 5 or 7. And if we take so = 4 for
J=5l4+3,5l+2,so=>5for j =7l+1,714+6 and so = 7 for j = Tl +5,71+2
then 252—1—2s2 is a multiple of 5 or 7. Thus from Lemma 4.1(i), (ii), we have

(41) h(n? —2)>1 forn > 15 with n & Uyys.

Suppose n = ay75 (mod 175) for ai7s € Uyrs and ay75 # £7,+8, £13, £20
and h(n?—2) = 1, n > 175. Then from the table we have c1g61 # dige1. This
is a contradiction to (38). So

(42)  h(n®*—2)>1 for n# +7,48,413,420 (mod 175) and
n € Uyrs with n > 175.

By computer, we find TX?B(:I:QO) = +20. That is, n = +20 (mod 601)
for n = 420 (mod 175) with h(n? —2) = 1 and n > 175. If we take tq = 20,
then (2i + 1)2 — 2 — (2t)? is a multiple of 601 for 2i + 1 = 420 (mod 601).
And if we also take sy = 621 then 2j2 — 1 — 2s3 is a multiple of 601 for
27 = £20 (mod 601). Thus by Lemma 4.1(i), (ii), we have

(43) h(n? —2) >1 for n = +20 (mod 175) with n > 1244.

If n = +£7, £8 or +£13 (mod 175) then n € Ujys but if we assume
n > 175 and h(n? — 2) = 1, then n = +7, 48 or +13 (mod 61). So n & Us;.
We can find to [resp. so] making (2i + 1)% — 2 — (2t0)? [resp. 252 — 1 — 2s?]
a multiple of 61 for 2i + 1 = £7, £8 or £13 (mod 61) [resp. 2j = =+7,
+8 or £13 (mod 61)] as above. They give an upper bound for n such that
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h(n? —2) > 1, for n = 47,48 or +13 (mod 175). The upper bound does
not exceed 1244. So we have

(44)  h(n®*—=2)>1 for n=+7,48,413 (mod 175) with n > 1244.
By (41)—(44), the proof is complete. m
Now, we find an upper bound for n with h(n? +2) = 1.

PROPOSITION 4.3. Let n?+42 be a square free integer. Then h(n?+2) > 1
for n > 1596.

Proof. For n & Virs, it is possible to find tq [resp. so] such that (2i + 1)2
+2—(2tg)? [resp. (25)2+2— (259 —1)?] is a multiple of 5 or 7 with n = 241
[resp. n = 2j]. If we take tg = 2 for i =51+3,1="TI+3,tg =7 fori=>5l+1
and tg = 6 for i = 71 + 1,71 + 5, then (2i + 1)? + 2 — (2¢¢)? is a multiple
of 5 or 7. And if we take sg = 6 for j = 5l + 1,50 4+ 4,7l and so = 5 for
j = Tl+5,71+2 then 2;2 — 1 —2s2 is a multiple of 5 or 7. Thus from Lemma
4.1(iii), (v), we have

(45) h(n?+2)>1 for n> 15 and n & Vi7s.

If n = ers (mod 175) for e175 € Vi7s and ejrs ;é +1,+5,4+6,4+9,+15
and h(n? + 2) = 1, then from the table we have gigg1 # hige1. This is a
contradiction to (39). So

(46) h(n*+2)>1 forn #=+1,+5,4+6,49,+15 (mod 175) and n € Vi7s.

If n = 46 (mod 175) with h(n? 4+ 2) = 1, then n = +6 (mod 1861).
Suppose n = +6 (mod 1861) and n = 2i+1. Then i = 18611+933 or 18611+
927. Take tg = 133. Then (2i+1)%+2—(2t0)? is 1861(74441%+7468(+1835) or
1861(74441% + 74201+ 1811). Suppose n = £6 (mod 1861) and n = 2j. Then
j = 18611+3 or 18611 +1858. If we take s = 798 then (2;)?+2—(2s9—1)% =
1861(74441% + 241 — 1367) or 1861(74441% + 148641 + 6053). Thus by Lemma
4.1(iii), (v), we have

(47) h(n?+2)>1 for n =46 (mod 175) with n > 1596.

If n = £1, £5, 49 (mod 175) then n € Vj7; but by assumption of
h(n?+2) = 1, we have n = +1, 5, +9 (mod 61). Moreover, n & V. So we
can find tg [resp. so] such that (2i+1)2+2—(2t9)? [resp. (25)%2 42— (259 —1)?]
are multiples of 61 for 2i +1 = £1,4+5,+9 (mod 61) [resp. 2j = +1,+5, £9
(mod 61)]. They give an upper bound for n such that h(n? + 2) = 1 and
n = +1,+5,49 (mod 175) as above. From this, we have

(48)  h(n®>+2)>1 forn==+1,+5 49 (mod 175) with n > 114.

By computer, we find T{';(£15) = +15. So if n = £15 (mod 175) with
h(n?+2) = 1, then n = £15 (mod 601). If we take ¢y = 105 [resp. sop = 196]
then (2i+1)%+2— (2t9)? [resp. (25)?+2— (2sp — 1)?] is a multiple of 601 for
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any 2i + 1 = +15 (mod 601) [resp. 25 = £15 (mod 601)]. Thus by Lemma
4.1(iii), (v), we have

(49) h(n®>+2)>1 for n =415 (mod 175) with n > 392.
By (45)-(49), the proof is complete. =
Proof of Mollin and Williams’ Conjecture. By Propositions 4.2 and 4.3,
h(n*+2)>1 for n > 1596.

In [12], Mollin and Williams prove that if d = n? 42 is a square free integer
with n < 5000 then

h(d) =1 ifandonlyif d=3,6,7,11,14,38,47,62,83,167,227,398.

By combining the above two results, we obtain the conjecture.
Now, we recall the following proposition.

PROPOSITION 4.4 ([3]). Let d be a Richaud—Degert type.

L. Suppose d =n*+r =2,3 (mod 4).
() If |r| # 1,4, then h(d) > 1 except for r = £2.
(ii) If |r| =1, then h(d) > 1 except for d = 2,3.
1. Suppose d=n?+r =1 (mod 8).
(i) If |r| # 1,4, then h(d) > 1 except for d = 33.
(ii) If |r| =1, then h(d) > 1 except for d = 17.

Since Mollin and Williams’ conjecture is true, Theorem 1.1 is a direct
consequence of Proposition 4.4.

5. Appendix. In this section, we provide a MATHEMATICA program
to evaluate the values T\’ (r) and T i-(r) in Section 4.

The function £ [x_,y_’] computes the logarithm of x to base 2 modulo
y, and gl[x_,y_] computes the logarithm of x to base 3 modulo y:

flx_, y.1 := ( j =0; m = Mod[x, yl;
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*2, y] ; j = j + 11;
Returnly - 1 - j1);
glx_, y_.1 := (j = 0; m = Mod[x, yl;
If[Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*3, yl; j = j + 11;
Returnly - 1 - j1);
g7lx_1 := glx, 71;
£25[x_] := (j = 0; m = Mod[x, 25];
If[ Mod[m, 5] == 0, Return[0]];
While[Mod[m, 25] >1, m = Mod[m*2, 25]; j = j + 1];
Return[20 - j1);
f61[x_1 := flx, 61];
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The function iv[x_,y] computes the multiplicative inverse of x modulo y:

ivlx_, y_1 := (
i=1;
While[Mod[ ix*x, y] >1, i++];
Return[i] );

The functions chila_] compute y;(a) modulo I; for i = 1,2,3,4:

chila_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[8, f25[Mod[a, 25]], 61]*
PowerMod [47, g7[Mod[a, 7] 1, 611, 6111);

ch2[a_] := (If[Mod[a, 61] == 0, Return[0]];
Return[PowerMod[1833, f61[Mod[a, 61]], 1861]11);

ch3[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod [PowerMod [380, f25[Mod[a, 25]], 1861]*
PowerMod [1406, g7[Mod[a, 7] 1, 18611, 186111);

chd[a_] :=
(If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod [PowerMod [432, f25[Mod[a, 25]], 601]*

PowerMod [577, g7[Mod[a, 7] 1, 6011, 60111);

The following are needed to compute A,,(r) and By, (r) modulo I;:

:= Floor[(n d - ¢)/q]

:=nd-c-q Floor[(n d - ¢)/q]

:= Floor[(r[q, n, ¢, dln - d)/ql

:=r[q, n, ¢, dln - d - q Floor[(r[q, n, ¢, dln - d)/q]
:= -Floor[(r[q, n, ¢, d] - n slqg, n, ¢, dl)/q]

ulgq_, n_, c_, d
rlq_, n_, c_, d_
vlg_, n_, c_, d_
slq_, n_, c_, 4
wlq_, n_, c_, d

|
[ER SR SR SR )
]

Alq_, n_, c_, d.] :=-2q9°2+nq2+3qrlg, n, ¢, dl - qn slg, n, ¢, dl
- q°2 wlg, n, ¢, d] +3qd + 2 q wlg, n, ¢, d] slq, n, ¢, d]

+2n rlq, n, ¢, d1"2 - 2 slg, n, ¢, dlrlg, n, ¢, dl - 4 d rlq, n, c, d]
-2cd+2nd2+qgqc-2qnd+gqslgq,n, ¢, dl -2qnrlq, n, c, d]
Blq_, n_, c_, d_1 :=q°3 - 2 g°2slg, n, ¢, d] + 2 rlg, n, c, d]"2q
+2d2q-2q92d-2q2rlg, n, ¢, dl + 2 qslg, n, c, d]"2

SBi[n_, c_, d_] := Mod[chi[c"2 - (n"2 - 2)d"2]*B[175, n, c, d], 61]

SB2[n_, c_, d_] := Mod[ch2[c"2 - (n"2 - 2)d"2]*B[61, n, c, d], 1861]
SB3[n_, c_, d_] := Mod[ch3[c"2 - (n"2 - 2)d"2]*B[175, n, c, d], 1861]
SB4[n_, c_, d_] := Mod[ch4[c"2 - (n"2 - 2)d"2]*B[175, n, c, d], 601]
SA1[n_, c_, d_] := Mod[chl[c"2 - (n"2 - 2)d"2]*A[175, n, c, d], 61]

SA2[n_, c_, d_] := Mod[ch2[c"2 - (n"2 - 2)d"2]*A[61, n, c, d], 1861]
SA3[n_, c_, d_] := Mod[ch3[c"2 - (n"2 - 2)d~2]*A[175, n, c, d], 1861]
SA4[n_, c_, d_] := Mod[ch4[c"2 - (n"2 - 2)d"2]*A[175, n, c, d], 601]

The functions RAi[a_] and RBi[a_] compute A, (a) and B,,(a) modulo I;
respectively, where q is the conductor for the character y; for ¢ =1,2,3,4:

RBi[a_] :=
Mod [Sum[Mod[Sum[SB1[a, c, d], {c, O, 174}], 611, {d, 0, 174}], 61]



RA1[a_] :=
Mod [Sum [Mod [Sum[SA1l[a,
RB2[a_] :=
Mod [Sum [Mod [Sum [SB2[a,
RA2[a_] :=
Mod [Sum [Mod [Sum[SA2[a,
RB3[a_] :=
Mod [Sum [Mod [Sum[SB3[a,
RA3[a_] :=
Mod [Sum [Mod [Sum [SA3[a,
RB4[a_] :=
Mod [Sum [Mod [Sum[SB4 [a,
RA4[a_] :=
Mod [Sum [Mod [Sum[SA4[a,
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c, dl, {c, 0, 174}], 611, {d, 0, 174}], 61]

c, dl, {c, 0, 60}1, 18611, {d, 0, 60}], 1861]
c, dl, {c, 0, 60}], 18611, {d, 0, 60}], 1861]
c, dl, {c, 0, 174}], 18611, {d, 0, 174}],1861]
c, dl, {c, 0, 174}]1, 18611, {d, 0, 174}], 1861]
c, dl, {c, 0, 174}], 6011, {d, 0, 174}], 601]

c, dl, {c, 0, 174}1, 6011, {d, 0, 174}], 601]

The functions TABi[a_] compute T)'5(a) for i =1,2,3,4:

TAB1[a_]
TAB2[a_]
TAB3[a_]
TAB4[a_]

The following are needed to compute E,,(r) and F,,(r) modulo I;:

Alc_, d_, n_, q_] :=
tlc_, d_, n_,
Blc_, d_, n_, q_] :=
elc_, d_, n_, q_] :=
Elc_, d_, n_,

-Floor[(d - ¢ n)/q]
g.] :=d-cn - q Floor[(d - n ¢c)/q]
-Floor[(c - 2 n t[c, d, n, ql)/ql

¢ -2n tlc, d, n, q] + q Blc, d, n, ql

Mod[-RA1[a]l*175*%iv[RB1[a]l, 61] + a, 61]
Mod[-RA2[a]l*61*iv[RB2[a], 1861] + a, 1861]
Mod[-RA3[a]*175%iv[RB3[a], 1861] + a, 1861]
Mod[-RA4[a]*175*iv[RB4[a], 601] + a, 601]

gq.] :=3c2n+6d2n-3elc,d, n, qgl"2n

- 12 Afc, d, n, g cq+3cnqg-6dngq+ 3elc, d,n, ql ngq
+ 6 Alc, 4, n, ql 9°2 - 6 Blc, d, n, q] 92 + 2 n q°2
+ 12 Blc, d, n, q] q tlc, d, n, q] - 6 n q tlc, d, n, ql

- 6ntlc, d, n, q1"2

Flec_, d_, n_, 9q.] :=-9c¢c2q+6d2q-3elc,d, n,ql"2qg+9cq2

-6dq2+3elc, d,n, qgl g2 +29°3 - 1892 tlc, d, n, ql

+ 18 q tlc, d, n, ql"2
SFi[n_, c_
SF2[n_, c_
SF3[n_, c_
SF4[n_, c_
SEi[n_, c_,
SE2[n_, c_
SE3[n_, c_
SE4[n_, c_

, d_] := Mod[chl[c"2-2 d~2+2
, d_] := Mod[ch2[c"2-2 d"2+2
, d_] := Mod[ch3[c"2-2 d~2+2
, d_] := Mod[ch4[c"2-2 d"2+2
d_] := Mod[chi[c"2-2 4d"2+2
, d_] := Mod[ch2[c"2-2 d~2+2
, d_] := Mod[ch3[c"2-2 d"2+2
, d_] := Mod[ch4[c"2-2 d"2+2

BBBBBBBB

O o0 o0 o0 o0 o0 o0 o0

d]1*F[175, n, c, d], 61]
d]*F[61, n, c, 4], 1861]

d]*F[175, n, c, d], 1861]

d]*F[175, n, c, d], 601]
dl*E[175, n, c, d], 61]
d]*E[61, n, c, d], 1861]

d]1*E[175, n, c, d], 1861]

d]*E[175, n, c, d], 601]
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The functions REi[a_] and RFi[a_] compute E,,(a) and Fy,(a) modulo I;
respectively, where q is the conductor for the character y; for ¢ = 1,2, 3, 4:

RFi[a_] :=

Mod [Sum[Mod [Sum[SF1[a, c, d], {c, 0, 174}], 611, {d, 0, 174}], 61]
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RE1[a_] :=

Mod [Sum[Mod [Sum[SE1[a, c, d], {c, 0, 174}], 611, {d, 0, 174}], 61]
RF2[a_] :=

Mod [Sum[Mod [Sum[SF2[a, ¢, d], {c, 0, 60}], 18611, {d, 0, 60}], 1861]
RE2[a_] :=

Mod [Sum[Mod [Sum[SE2[a, c, d], {c, 0, 60}], 1861], {d, 0, 60}], 1861]
RF3[a_] :=

Mod [Sum[Mod [Sum[SF3[a, c, d], {c, O, 174}], 18611, {d, 0, 174}],1861]
RE3[a_] :=

Mod [Sum[Mod [Sum[SE3[a, ¢, d], {c, O, 174}], 18611, {d, 0, 174}], 1861]
RF4[a_] :=

Mod [Sum [Mod [Sum[SF4[a, c, d], {c, O, 174}], 6011, {d, 0, 174}], 601]
RE4[a_] :=

Mod [Sum [Mod [Sum[SE4[a, c, d], {c, 0, 174}], 6011, {d, 0, 174}], 601]

The functions TEFi[a_] compute Tx'(a) for i =1,2,3,4:

TEF1[a_] := Mod[-RE1[al*175%iv[RF1[a]l, 61] + a, 61]
TEF2[a_] := Mod[-RE2[a]*61*iv[RF2[a], 1861] + a, 1861]
TEF3[a_] := Mod[-RE3[a]*175%iv[RF3[a], 1861] + a, 1861]
TEF4[a_] := Mod[-RE4[a]*175%iv[RF4[a], 601] + a, 601]
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