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1. Introduction and notation. The Cohen-Lenstra heuristics and
their generalizations to Tate-Shafarevich groups are models for formulating
conjectures related to class groups of number fields and Tate—Shafarevich
groups of elliptic curves varying in some natural families. This article deals
with the coherence of the model. More precisely, our aim is to prove that a
conjecture provided by the Cohen—Lenstra philosophy implies another such
conjecture. This work actually extends and generalizes an earlier one by
E. Fouvry and J. Kliners [FK06] which deals with class groups; we will
follow their presentation and adapt the main techniques of their proofs.

We will use the following notation. The letter d will denote a funda-
mental discriminant and C¢(K ) the class group associated to the quadratic
number field K; = Q(v/d). The letter p will always denote a prime num-
ber. If G is a finite abelian group, the p/-rank of G is defined by rk,; (G) =
dimp, p’~1G/p’G. For any real valued function f defined over isomorphism
classes of finite abelian groups, we say that f(Cl(K,)) has average value
c+ € Rif

> 0<+d<x f(CUKq))

> 0<tdex 1

If f is the characteristic function of some property, then cy is called the

probability of the property (or the density of the set of the class groups
satisfying it).

The Cohen-Lenstra heuristics allow one to formulate conjectures for

the average values of f(Cl(K4)oaq) for “reasonable” functions f, where

Cl(K3)oaq denotes the odd part of Cl(Ky). Concerning the 2-part of class

=cy+o(l) asX — 0.
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groups, genus theory enables one to determine the structure of C/(Ky)[2].
However Gerth [Ger84, [Ger87] succeeded in generalizing the Cohen—Lenstra
heuristics to the 4-part of class groups, and also obtained conjectures for
the average values of f(Cl(K,)?) for reasonable functions f.

In particular, the above heuristics give on the one hand a prediction for
the average value of the function f (pkrkP(CE(Kd)%) for all £ € N, and on
the other hand a prediction for the probability that rk,(Cl(K,)?) = r for
all r € N (note that for odd p, rk,(Cl(K4)?) = rk,(Cl(K,))). In [FK06],
the authors proved that the former prediction implies the latter. The aim
of this article is to generalize the results of [FK06] in two directions. First,
we will consider higher moments (including for example the average val-
ues of f (pk ki (CZ(Kd)Q)) for all positive integers (k, 7)) and probability laws
of p/-ranks for j > 1. Note that our discussion about the class groups
remains true if we replace C{(Ky) by the narrow class group of K, (see
also [FKQT]). Secondly, we will obtain analogous results concerning heuris-
tics on Tate—Shafarevich groups and on Selmer groups of elliptic curves
[Del01l, Del07, DJ12].

We recall for (a,q) € C? with |q| < 1 and k € Z the g-shifted factorial

! if k=0,
(a; Q) == (1 —a)--- (1 —ag*") if k>0,
1/(1—aq*1)...(1_aqk) itk <0,

and (a;q)eo := limg_,o0(a;q)k. Note that (1/p;1/p)r = nx(p), where ny, is
the function defined in [CL84] and used in [FK06]. We will also use the

q-binomial coefficient

nl_ (G9n
Mq = wonlg s <l

A partition X\ :== (A > g > ---) of a nonnegative integer n is a finite
decreasing sequence of nonnegative integers whose sum is equal to n. If A
is a partition of n, we write |[A\| = n and the notation A = 17122 ... /"¢
means that m; is the multiplicity of the integer ¢ in A (hence, we have
n=XA+ A+ =[AN=mi+2ma+ - +lmy). fp=(>p>--)
is a second integer partition, then we define (A|p) := >, Aip; (we will often
use the statistics (A]A) = >_; A, which must not be mistaken for [A|?> =
(3=, \i)?). Finally, the notation g C A means that y; < \; for all i > 1.
Recall that a finite abelian p-group G has type A = 1™t ... ™ if

G~ (Z/pL)™ & - & (Z/p'L)™.

If A\ =1™1...¢™ is an integer partition, we denote by X\ := (A} > A\, > --+)
its conjugate defined by N, = Z?:k my; for all k. We have |A| = |\].
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As in [DJ12], we denote by Cy/,(p) the number of subgroups of type u
in a finite abelian p-group of type A, which can be expressed by

/ /
(L.1) Chju(p) = p=zt i ) T [Ai f.__u;l] :
i>1 b 7 i dp

showing that it is a polynomial in the variable p, with positive integral
coefficients.

In order to simplify the notations and to get a unified result (both for
p = 2 and odd primes), we write C(K,) := C¢(K,)?. Note that for p > 3
and j € N, the p/-ranks of C(Ky) and of C/(K,) are the same.

Using the Cohen—Lenstra philosophy [CL84] and a combinatorial analy-
sis, we obtained the following conjecture [DJ12], Conjecture 1].

CONJECTURE 1.1. For any positive integer £, let X = 11272 ... "

be an integer partition. As d wvaries over the set of fundamental negative
discriminants, the average of |C(Kg)[p]|™ |C(Kg)[p?]|™ - - |C(Ky)[pt]|™ is

equal to
Z C)\/u(p)a

HCA

where the sum is over all integer partitions p C X. Similarly, as d varies

over the set of fundamental positive discriminants, the average of the product
|C(Ka)[p)|™ |C(Ka)[p?]™2 - - [C(Ka) [p]™ is equal to

> Crulpp .
HCA
Concerning the probability laws of the p/-ranks rk,; (C(Ky)), the follow-

ing conjecture comes naturally from [Dellll Corollary 11].

CONJECTURE 1.2. Let ¢ be a positive integer and p:= g > -+ > g >0
a partition of length £(p) < ¢ (i.e., ppr1 = 0). Then, as d varies over the set
of fundamental negative discriminants, the probability that rk,; (C(Kq)) = u;
for all 1 < 5 </ is equal to

(1/p"*551/p)oo
pu§+~-~+u§ H§:1(1/p; 1/p)#j—#j+1 .
Moreover, as d varies over the set of fundamental positive discriminants,
the probability that rk,; (C(Kg)) = pj for all 1 < j < { is equal to
(1/p"*%1/p)oo
pHH g () H§:1(1/P3 1/P) -y '

Little is known about these conjectures. Davenport and Heilbronn [DH7I]
proved Conjecture for p =3 and A = 1!. In [FK07], Fouvry and Kliiners
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proved Conjecture for p = 2 (both for the class group and the narrow
class group of Ky) and any A = 1™,

The conjectures mentioned in the introduction coming from the seminal
work of [CL84] and studied in [FKO07, [FK06] correspond to Conjecture
for A = 1™ and Conjecture for £ = 1. More precisely, if A = 1™,
Conjecture says that the average of |C(Ky)[p]|™ for imaginary (resp.
real) quadratic fields is equal to (in the notations of [D.J12])

n n

Moy(z'") = Z [Z] <resp. My (2" = ;Z [Z] >
k=0 p k=0 P
Those correspond to N(n,p) (resp. M, (p)) used in [FKO07, [FK06]. Fouvry
and Kliiners proved in [FKO06] that if Conjecture [L.1]is true with A = 1" for
all m, then Conjecture [1.2]is true with £ = 1 for all ;3 > 0. We will adapt
their proof and use a result in [D.J12] to simplify one of its steps in order to
obtain the following generalization.

THEOREM 1.3. Let £ be a positive integer and assume that for any
A=1"™M2M2... ™ g5 d varies over the set of fundamental negative discrim-
inants, the average of |C(Kq)[p)|™|C(EKq)[p?]|™2 - |C(Ka)[p]|™ is equal
to ZMQ\ Cy/u(p)- Then for any pr > -+ > py > 0, as d varies over the set of
fundamental negative discriminants, the probability that rk,; (C(Kq)) = p;
for all 1 < 5 </ is equal to

(1/p"* 5 1/p)oo
2442 4 :
P T (1/ D5 1/P) =iy

Finally, assume that for any positive integer £ and any A = 1™ ... "¢
as d varies over the set of fundamental positive discriminants, the average
of |CUK)[p] ™ |CK Q) 2172 - IC(Ka) 1™ is 3 cr Cosu(p)p M. Then
for any pp > -+ > e, as d varies over the set of fundamental positive
discriminants, the probability that rk,; (C(Kgq)) = p; for all 1 < j < £ s
equal to

(1/p"*2:1/p)oo
pHaH g () H?:l(l/p; 1/D) =511 '

One can also adapt the Cohen—Lenstra heuristics to Tate—Shafarevich
groups of elliptic curves. If F is an elliptic curve defined over QQ, we de-
note by III(FE) its Tate-Shafarevich group. In this context, we assume
in this article that II(E)[p™] is finite for all elliptic curves E/Q (which
is a classical conjecture). In that case, II(E)[p™] is a group of type S,
i.e. it is endowed with a bilinear, alternating, nondegenerate pairing
G: II(E)[p™] x ILI(E)[p*™] — Q/Z (this notion of type S is different from
the previously mentioned groups of type A, where A\ is a partition; there will
not be any possible confusion).
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Let F, be the family of elliptic curves E defined over Q with rank w,
ordered by their conductor, N(FE) (note that one can replace in our discus-
sion Q by any other number field K). If f is a real valued function defined
over isomorphism classes of groups of type S (see [Del01l, Del07]), then we
say that f(III(E)) has average value ¢ € R for E varying over F, if

Y fII(E) =(c+o(l)) > 1 asX — oo
E€T, EcT,
N(E)<X N(E)<X
If f is the characteristic function of some property, we say that c is the
probability of this property (or the density of the set of Tate-Shafarevich
groups satisfying it) for E varying over JF,. We raised the following conjec-
ture in [DJ12].

CONJECTURE 1.4. Let ¢ be a positive integer, let X = 1712™M2 ... ™ pe g
partition and let u be a nonnegative integer. As E/Q, ordered by conductors,
varies over F, the average of |IIL(E)[p]|™ |I(E)[p?]|™2 - - - |IIL(E)[p*]|™ is
equal to

Z CA/N@?)pf\M(?ufl)_

HCA

Concerning the probability laws of the p/-ranks rk,, (III(E)), we have
the following [Dell1]:

CONJECTURE 1.5. Let £ be a positive integer, let = py > -+ > g
> 0 be an integer partition of length £(u) < £ and let u be a nonnegative
integer. As E/Q, ordered by conductors, varies over &, the probability that
rk,; (I(E)) = 2u; for all 1 < j < L is equal to

(/P> 21 /p?)oc
pRUt et Qe Gt TTE ) (1/p21/p2) 0

As previously, very little is known about these conjectures. Bhargava
and Shankar [BS10bl BS10a] obtained several results about the average of
|S(E)p| over all elliptic curves E/Q, where S(FE), is the p-Selmer group
of E/Q. Their results, together with a strong form of the rank conjec-
ture (asserting that the rank of E is 0 or 1 with probability 1/2 each and
that elliptic curves with rank > 2 do not contribute to the averages), im-
ply Conjecture for A = 1! and p = 2,3. Heath-Brown [HB93, [HB94],
then Swinnerton-Dyer [SD08] and Kane [Kanll] also obtained results about
S(E)2 when E varies over some families of quadratic twists. Their results,
together with a strong rank conjecture, imply Conjecture for A = 1! and
p = 2 for some families of quadratic twists. Furthermore, Conjecture [1.4] is
compatible with the conjecture of Poonen and Rains [PR12].

In the context of elliptic curves, we will prove the following result.
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THEOREM 1.6. Let u be a nonnegative integer and let £ be a positive in-
teger. Assume that for any A\ =1"12™M2 ... (" a5 E/Q, ordered by conductors,
varies over F,, the average of |II(E)[p]|™ |IIL(E)[p?]|™--- |IIL(E)[p®]|™
18 equal to E;@A C’/\/M(pQ)p_W‘(zu_l). Then for any puy > -+ > pg, as E/Q
varies over F,, the probability that rk,; (IL(E)) = 2u; for all 1 < j < £ s
equal to

(1/p?ut2uetl; 1 /p?) o

2.2 _ 7 :
p2(u1+ +u2)+(2u—1) (p1 -+ +1se) 1—[],:1(1/]92;1/]92)M7M+1

REMARKS. 1. In Theorem (resp. Theorem [1.6]) one can replace class
groups (resp. Tate—Shafarevich groups) by finite abelian groups (resp. groups
of type S) varying in some families. In particular, we can obtain similar
results for Selmer groups of elliptic curves (see Section .

2. From the laws of the p/-ranks for all j = 1,...,¢ as in Theorems [1.3
and one can also deduce the probability that the p’-rank is equal to some
fixed value for a single £. In this case, we recover the results and conjectures
from [Coh85| and [Delll].

3. One can also ask if it is possible to deduce the moments from the
probability laws of the p’-ranks for all j = 1,...,£. For this, it seems that
we need to know an error term for the probability laws and this error term
is not given by the heuristic philosophy. However, the theoretical results
of [FKO07, [HB93] [SD08, [Kan11] concern the p’-ranks of the groups studied
(with an explicit error term), from which the moments can be deduced.

2. An auxiliary analytic tool. In this section, we prove a generaliza-
tion of [FK06, Lemma 6] which will be useful later.

LEMMA 2.1. Let a € C with |a| > 1 and g(2) = >, 5o w,2" be an entire
function with the following properties:

o there exists an absolute constant C > 0 and o € R such that for all
r € N, we have |w,| < Ca~""/2tor

e g(a™) =0 for allm € N.

We denote by w € N U {oo} the vanishing order of g at z = 0. Then, if
w>a—1/2, we have g =0 (i.e. w = 0).

Proof. Let k be a nonnegative integer. For |z| = |a|¥, a direct com-
putation shows that [g(z)| < C’|a|*T®)*/2 where C’ = CY ez |a|~(r—e)?/2,
Assume that g # 0. Then [FK06, Lemma 6] gives

sup !g(Z)\ > ’a‘k(k+1)/2+kw_
|2|=lal*
Hence, we must have (k + a)? > k(k + 1) + 2kw for all k € N, which implies
w<a— 1/2. n
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COROLLARY 2.2. Let £ € N*, let a € C with |a] > 1 and let g(z) =
Swpzlt ezt with z = (z1,...,2) € C* and where the sum is over all
integer partitions r =11 > -+ > 1y > 0. Assume that:

o |w,| < Ca= N2+l for some absolute constant C and o < 3/2;

e g(a™,...,a™) =0 for all nonnegative integers my, ..., my.

If a« < 1/2, then ¢ = 0 and w, = 0 for all r. If a € [1/2,3/2] and
wo,..0 =0, then g =0 (therefore w, =0 for all r).
Proof. If £ = 1, this is proved by the above lemma, since w > a—1/2 in

both cases under consideration. If £ > 2, we fix (mag,...,my) € N1 and set
/) = Z o ( Z Wy g,y @ awme)'
1 TI2T22> 2Ty

Then f(z) satisfies the condition of the previous lemma since
r2MmM2 TeMmy
§ Wry,ry,...,re@ eal

ra>.>ry>0

With the conditions of the corollary, we deduce that f(z) = 0, therefore for
any fixed 1 > 0, we must have

§ rome L TeMyg
Wry,ra,...,rg @ a =0

r1>re>--2re>0

<<m2 - a—(r1|r1)/2+a7"1‘

for all mo, ..., my. We conclude by using the fact that when r; is fixed,

T2 ... 5T
§ Wry,rg,..., ¢ %2 2y
r1>r9>-2102>0

is a polynomial. m

3. Class groups of number fields. We will actually prove a more
general result, displayed in Theorem below (which clearly implies The-
orem . If K is a number field, we denote by C/(K) its class group. Let
X be a fixed set of number fields ordered by the absolute value of their dis-
criminant disc(K). If f is a real valued function defined over isomorphism
classes of finite abelian groups, then, as before, we say that f(C¢(K)) has
average value ¢ € R for K varying over X if

S HCUE) = (c+o(1)) Y 1 as X - oc.
KeX KeX
|disc(K)|<X |disc(K)|<X

As before, if f is the characteristic function of some property, we say that
c is the probability of this property (or the density of the set of the class
groups satisfying it) for K varying in X.

THEOREM 3.1. Let u be a monnegative integer and let £ be a positive
integer. Assume that for every integer partition A = 1™M12™M2...0M¢ qg
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K waries over X, the average of |CL(K)[p]|™ ---|CL(K)[p’]|™ is equal to
Z;@A C’A/M(p)p_um. Then for any py > -+ > ug, as K varies over X, the
probability that vk,; (CL(K)) = p; for all 1 < j < L is equal to
(1/p 1 /p)o
2 24w Y .
phi o tagtu(pnt ) szl(l/p; 1/D) 1=y

We generalize the proof from [FKO06]. First, we will need the following
proposition.

PROPOSITION 3.2. Letu € N and ¢ € N. For all A = 1™12™M2 .../ we
have

(3.1) 3" Gl = 0, (PN NI/2),

HCEA
Proof. Set Cx:=3_ C’)\/u(p)p_m“'. The equality
m NV} O T (1/p;1/p)n
kl, 0:p)k(pip)n—k (1/p; 1/p)(1/p; 1/p)n—t’

and (1/p;1/p)oo < (1/p;1/p)r < 1, together with the expression (|1.1)) of the
coefficients C) /,(p), imply that

HCA HCA

for some constant C' depending only on p and ¢ (we used u}(\, — u}) < N?/4
for all 0 < u; < X\, noting that g C X if and only if 4/ C X). Now, since
¢ is fixed, the number of subpartitions u C A is certainly bounded by the
product (A1 + 1)(A2 +1)---(A¢ + 1). By the arithmetico-geometric mean
inequality, we obtain

S (14 ’”) O(A").

nCA
Finally, we have Cy = O, ((pNN)V/A\[¢) = O, ,(pN'1N)/?). u
REMARK. As can be seen in the proof of the above proposition, we have

the more precise upper bound Cy = O, ((p™'N)/4|A%). Nevertheless, the
upper bound given in the proposition will be sufficient for our application.

Proof of Theorem[3.1. For X > 1 and r:=r; > --- > 1y >0, set
N(X) = [{K € X: |disc(K)| < X},
N(X,r):=[{K € X: |disc(K)| < X,
ki (CU(K)) =r; for alli=1,...,0}]
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For every A = 1™12™2 ... "™ Theorem [3.1] implies that
(3.2)
(Xr)mr—i-m(r—i-r)—&— Amg(ri+-4re) ||u
ZN )p11 2(r1+re e(r1 e_%c)\/ H —i—O)\(l),

where the sum on the left is over all integer partitions r =r; > --- > r; > 0.
Note that mlrl + ma(ry +7r2) + -« +me(rs + -+ + 1) = (N|r). Hence,
equation (3.2)) can be written as

(3.3) Z NX Dy = 37y o) 4 ox(1) (X = ).
LT

For each integer partition r, the sequence n — N(n,r)/N(n) is a real se-
quence in the compact set [0, 1]. We deduce that there exists a real number
d, € [0,1] and an infinite subset M of N such that
N(m,r)/N(m) —d, (m e M, m — o0).
Replacing m; by 2m; + 1, we see from (3.2)) and Proposition that
N(X,r) _ _ -
4 Sl A4 (2mi+1)ri—(2ma+1)(r1+r2) (2me+1)(r1t-+re)
uniformly in X and r, from which we deduce that
N(m, 7") (/\/‘,r,)
—_— = O,(1).
N(m) ? A1)

Hence by Lebesgue’s Dominated Convergence Theorem we have

def\lr)_ZC/\/ Iulu.

uCA
If we consider the infinite multi-dimensional system

(8) Zx pM =" Cy(p)p T for all A = 1m2m2 . gme

HCA
where the unknowns are z, > 0, then (d,), is a solution of . We already
know that

. (1/p" 11 /p)o
H et () H§:1(1/P5 1/p)

gives a solution (z,), (see [DJ12, Theorem 14 or the equality just before]).
Therefore we need to prove that there exists at most one solution to the
System.

Let (), be a solution of (8). Since A — X is a bijection, the system is
equivalent to

Mg =M1

Zaj,ﬂpw” =Cy for all A,
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where Cy/(p) = >_ C,\//”(p)p_W'“ = O(p*MNV/2) by Proposition@ From
z, > 0, we deduce z, = O(p~AN+AIN/2) 5o when X = r, we get

for some absolute constant cy. Now, if (z7.), is another solution of (§]), then
setting w, = x, — a:r, we have a function

(3.5) f(2) = f(z, .. Zwrzl gy

satisfying f(z) =0 if z; = p™, ..., zp = p™ for all mq,...,my € N, and
‘w’r’ S Zcopi(r‘r)/2.

Thus we can apply Corollary to conclude that x, = z]. So, as X — oo,

the sequence N (X,r)/N(X) has only one limit point, which is d, = z,. =

COROLLARY 3.3. Let u be a nonnegative integer and let £ be a positive
integer. Assume that for every integer partition A = 1712M2... 0" qs K
varies over K, the average of |CL(K)[p]|™ |CL(K)[p?]|™2 - - - |CL(K ) [p*]|™ is
equal to 3,y C/u(p)p —ultl, Then for k € N, as K varies over X, the
probability that k. (CU(K)) = k is equal to

(1/p" 11 /p)oo 1
(1/p; 1/p)pp*(utk) Qi/pea p2htu—1 |
_1\n..dn n(n+1)(20+1)/2—n(1 _ ,.,2n+1
where Qq,f,l(x) — Z ( 1) xrq (1 xq )
n>0

The series Qg ¢ (x) was defined by Andrews (see [And74]). The formula
of the above corollary is the u-probability that the p’-rank of a finite abelian
p-group is equal to k, as obtained in [Coh85] (note that we use the definition
of u-averages and u-probabilities of that article).

Proof of Corollary[3.3 We define N(X) and N(X,r) as before. More-

over, set
N(X,0,k) = [{K € K: [disc(K)| < X and rk,(C(K)) = k}|.
We have

N(X, 0 k) _ N(X, p)
(36) N(X) _#1>”.>ZWI>]€ N(

(@ On(2q" 5 @)oo

where the sum is over integer partitions pu = 3 > -+ > pp—1 > p¢ = k. By
the assumptions and Theorem [3.1 we have

oy NG (1/p“ et 1/p) oo
11m
X—00 N(X) p'u‘1+ Fpg () H?:l(l/p; 1/]9)

Mg —Hj+1
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In (3.6 we take the limit as X — oo and use Lebesgue’s Dominated Conver-
gence Theorem (with (3.4)) to deduce that the probability that rk.(Cl(K))
= k is equal to

5 (1/p“ 1 /p) o

2112 ‘
1> > 1> o=k p'u1+ Fug i) Hj:l(l/p; ]'/p)/l«j*//«]!rl
(1/p" 151 /p)os 3 (1/p) b+ 28) (uatpae )
- : —1
pgk(u+k)(1/p7 1/p)k 1> > 120 Hj:l(l/pS 1/p)uj—uj+1

the equality being derived by shifting all indices by k. Now, from [Dell1l Pro-
position 13] (or [And74l eq. (2.5)]), the last sum is exactly

1
Qu/pe <p2k+u—1> ’
as expected (note that Qg 1,1(z) =1). m

bl

4. Tate—Shafarevich groups of elliptic curves. In this section, we
prove Theorem We follow the previous proof. We just need an upper
bound for the coeflicients ZMQ\ C/\/u(p2)p*‘“|(2“*1), which is given in the
following result.

PROPOSITION 4.1. Let u € N and £ € N*. For all A = 1™ ... f™  we

have
ZCA/ p Il Gu=1) — Op,g(p(’\ XD.
HCEA
Proof. We have
3 oy (2 D) = 7 2 s ) T [Xz‘/—//zfl} o lnlGu-1)
HEA nCA i )\z — My p2
/ / ’ )\/ — ,LL/
é pW Zp2(21 Nz‘+1()‘z‘*#i)) H |: 7 z+1:| ]
HCA i Ni Mgy

Using the same method as in the proof of Proposition [3.2] we obtain
(4.1) Z C’,\/ \M(% 1) _ Opve(p(xlx\’)/%lx\\|)\|f)7

pnCA
which implies the upper bound given in the proposition. =

Proof of Theorem[I.6. For r :=ry > --- > 1y > 0, we denote by 2r the
integer partition 2r :=2ry > --- > 2ry. For X > 1, set
N(X):=|{FeJ: Ngp < X},
N(X,r):=[{F €J: Ng < X and 1k, (III(E)) =r; for all i = 1,...,(}|.
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Note that since II(E) is a group of type S, rk,;(II(£)) must be even.
Hence if one of the r;’s is odd, then N(X,r) = 0 for all X. So, for any
A= 1m12m2... g™ the assertion of Theorem [I.6] implies that

N X,ZT‘ "op _ U—
(4.2) Z](V(X))pu 2 = 37 Gy M 4 0y(1),
r nCA

where the sum is over all integer partitions » = r1 > --- > ry. As before,
we will prove that the sequence N(X,2r)/N(X) has only one limit point as
X — o0o. We are led to consider the system

(T) ZxQ’”p(X|2T) — Z CA/#(pQ)p—WK?u—l) for all \ = 1™19™m2 ... gme,
r uCA
where the unknowns are xg, > 0. If ey, is a limit point of N(X,2r)/N(X),
then (eg,), is a solution of @ We already know that
(1/p* 21 /p?)

2. .....2 _ l
pAHett i) Que it u) T1E . (1/p%51/p2) -y

yields a solution (x2,), (see [DJ12, Remark after Theorem 14]). If (z2,), is
a solution of @, then

Z oy p? A1) — Z Cyryu(p?)p~ W=D for all ),
r nCA

1'2# =

where > ) CA//u(pQ)p_W'(Z”_l) = O(p*M), from which we deduce

Ty < PN =201 p=0lr) — (p2)=(rl1)/2,
Therefore Corollary with a = p? gives the unicity. m
COROLLARY 4.2. Let u be a nonnegative integer and let £ be a pos-
itive integer. Assume that for any A = 1"12M2...0"™  qs E/Q, ordered
by conductors, varies over F,, the average of |IL(E)[p]|™ |IL(E)[p*]|™ - - -
ITLI(E)[p’)|™ is equal to 2oL C,\/u(pz)p*|“|(2“*1). Then fork € N, as E/Q
varies over Fy, the probability that k. (IL(E)) = 2k is equal to

(1/p2u+2k+1; 1/p2)oo Q (1/ 4k+2u73)
(1/p2; 1p2) ,pk(2u+2k—1) 1/p?,,1\1/P :

Proof. We proceed as in the proof of Corollary n

The formula in the above corollary is the u-probability that the p‘-rank
of a finite abelian p-group of type S is equal to 2k, as obtained in [Dell1].

5. Selmer groups of elliptic curves. In the proof of Theorem it
is essential that III(E) is a group of type S and rk,; (III(E)) is even, since
on the left hand side of the sum involves partitions with only even
parts ;. Nevertheless, one can ask what should be the p’-rank probability
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laws for other families of groups if we assume that their moments are given
as in Conjecture [.4] This question can be naturally asked in particular for
Selmer groups of elliptic curves (or more precisely for the p-primary parts of
the Selmer groups). If F is an elliptic curve defined over Q, then we denote
by S(FE) the p-primary part of its Selmer group. It is the inductive limit of
the p"-Selmer group S(E)p» of E:

S(E) = @S(E)pn.
We have the exact sequence
0= E(Q) ® Qp/Zp — S(E) — LL(E)[p™] — 0,
which can be seen as the limit of
0= E(Q)/p"E(Q) = S(E)pr — HI(E)[p"] — 0.

We assume for simplicity that E(Q)ors is trivial: this is not a restriction
since we are considering averaging over elliptic curves, and on average, el-
liptic curves have trivial rational torsion. The Selmer group S(FE) can be an
infinite group, nevertheless its subgroup of p"-torsion points is finite and we
have

S(E)p"] = S(E)pn.
We define the p’-rank of S(E) by rk,; (S(E)) = rk,i(S(E)[p’]). Note that
rk,; (S(E)) = 1k,; (S(E) [p¥]) for all k > j.

Since ITI[p™] is finite by assumption, we have S(F) =~ (Q,/Z,)" "), where

r(E) is the rank of the Mordell-Weil group FE(Q) and

ki (S(E)) =r(E)  for P’ large enough.

Furthermore,
rk,; (S(E)) = r(E) (mod 2),

so the parities of rk,; (S(F)) are determined by the parity of 7(E).
If £ is a positive integer and A = 1712™2.../™ js an integer partition,
then
IS(E)[pI™ S(B)p?)™ - |S(B)[p]|™

is meaningful and we can consider the average value of this function as E
varies over a family of elliptic curves. The work of [PR12] suggests that the
p-Selmer groups should behave in a “global” way independently of the rank
of E (except for the parity of the p-ranks). From [DJ12], we can extract the
following conjecture.

CONJECTURE 5.1. Let ¢ be a positive integer and let A = 1122 ... (™

be an integer partition. As E/Q, ordered by conductors, varies over
all elliptic curves, the average of |S(E)[p]|™ |S(E)[p?]|™2 ---|S(E)[p*]|™ is
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equal to

S o).

HnCA

If ¢ = 1, this conjecture is originally due to Poonen and Rains [PR12],
where they use a completely different model for Selmer groups.

PROPOSITION 5.2. Let ¢ be a positive integer and let § € {0,1}. Assume
that for any partition A = 1122 ... 0™ the average of

IS(E) )™ [S(B)[p*]|™ - |S(B)[p]™
s equal to zuCA C'/\/“(pz)p“‘| as E/Q, ordered by conductors, varies over
a family F of elliptic curves, and assuming that the even (resp. odd) rank
elliptic curves in F contribute in a ratio « (resp. 1 — «). Then, for all
p1 > - > pe, as E/Q waries over F, the probability that rk,; (S(E)) =
2u; + 90 for all 1 < j < 0 is equal to

(1/p25+2ul+1; 1/p2)oo

o(1 — 1-946
(61 =) + o ))p2(u%+---+u§)+(25—1)(u1+-~-+w) ngl(l/pz; 1/p?)

Nj_NjJrl'
Proof. For X >1landr=1ry > --- > 1y > 0, set as before
V() = (B €7 Np < X))
N(X,r):=[{F €J: Ng < X and 1k, (S(E)) = r; for all i = 1,... £}
Let A = 1™12™2.../™ be an integer partition. Since the rk,; (S(E))’s all

have the same parity for j € N, and by the assumptions of the proposition,
we have

N(X,29) (yior
> NX,2r) iz _ S Cou " + ox(1),

- N(X) =
N(X,2r+1) (/\’\2 +1) \
E _— " (1—-a) E C ”‘—i—o 1
- N(X) ! il AL

For § € {0,1}, set

(/2421 /p)
P2l ) +(26=1) (- Fpae) Hle (1/p2;1/p?)

(5.1)  eyputs= :
Hj—Hj+1

Thus for 6 = 0, we recover e, which was defined in the previous section,
where we already saw that

ZO@ PV = 03 0y P,
nCA

that (ceg,)r is the only solution of the above system, and N(X,2r)/N(X)
— e9r as X — 00.
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Now, by the same arguments as before, there exists a unique solution to
the system

(7" Z(mrﬂp(’\lmﬂ (1—-« Z Ch/ulp )pl#

r HCA
for all A = 1™12™2... ™M,

where the unknowns are xg, ;. Furthermore z9, 41 = (1 — a)egr4+1 yields a
solution (xg,41)y of (T . Indeed, by [DJ12, Remark after Theorem 14],

> eappap D = pl¥l Zez pY P = pMY " Oy ),
T uCA
and moreover by [DJ12, Theorem 1]
pl Z CA/M pll = Z Coyu(p \u\
HCA nCA
Finally, N(X,2r + 1)/N(X) — eg,4+1 as X — 00. =
Now, adapting the proof of Corollary we have the following result.

COROLLARY 5.3. Let ¢ be a positive integer and let 6 € {0,1}. Assume
that for every A = 1M12™M2 ... 0™ the querage of

[S(E) )™ [S(E) ]| - - |S(B)[p]™
is equal to ZMQ\ C,\/u(pz)p‘“‘, as E/Q, ordered by conductors, varies over
a family F of elliptic curves, and assuming that the even (resp. odd) rank

elliptic curves in F contribute in a ratio o (resp. 1 — «). Then, for k € N,
the probability that tk,(S(E)) = 2k + J is equal to

(1/p2k+26+1; 1/]72)00
(197 1/p?) R0

The value of o can of course be # 1/2. Furthermore, even in the case
of a family of quadratic twists of an elliptic curve F defined over a number
field K, it is possible to have o # 1/2 (see [KMR13al; in that case we have
K #Q).

If we consider the family of all elliptic curves, then a general conjecture
states that o = 1/2, which leads to the following:

(0(1 —a) +a(l =19))

Q1/p2,01 (1/p*h+20=3),

CONJECTURE 5.4. Let £ be a positive integer and let k € N and
5 € {0,1}. Then, as E/Q, ordered by conductors, varies over all elliptic
curves, the probability that vk, (S(E)) = 2k + 0 is equal to

(1/p2k+26+1 1/p )

1
f(p, 0,2k +0) := 2 (1/p2; 1/p2) ptk(2k+25-1)

Qu/p2 01 (1/pHFH207%),



260 C. Delaunay and F. Jouhet

For £ = 1, we recover the conjectural distribution Xge, of [PR12] and
the proved distribution of Sely in [HB93, [HB94|, [Kan11l [SD0S| [KMR13b] for
some families of quadratic twists of an elliptic curve.

The conjectural distribution on the p’-rank of the Selmer groups given
above is of course compatible with the rank conjecture. Indeed, note that
Qq.001(7) = 1/(2¢% q) oo, from which we easily deduce that

li 0,2k +0) = 0 itk=1,
JHm F(p, £, )= 12 itk =o.

Since for ¢ large enough, rk(S(E)) = r(E), we recover the fact that, on
average, half of the elliptic curves should have rank 0 and half of the elliptic
curves should have rank 1. On the other hand, if we assume Conjecture [5.1
for £ = 1 for infinitely many primes p with o = 1/2, then we also recover
the previous distribution for the rank of E(Q), since

_ 0 ifk>1,

i f(p, 1,2k +0) = { 1/2 itk =0.
We give some numerical approximations for the function f(p,¥,2k + )
for p = 2, 3,5 and for small values of £ and of 2k 4 ¢ in the following tables.

p=2 p=3
2k+6\ ¢ 1 2 3 2k+46\ ¢ 1 2 3
0 0.2097 | 0.3541 | 0.4271 0 0.3195 | 0.4398 | 0.4799
1 0.4194 | 0.4899 | 0.4987 1 0.4792 | 0.4992 | 0.4999
2 0.2796 | 0.1456 | 0.0729 2 0.1797 | 0.0601 | 0.0201
3 0.0798 | 0.1009 | 0.0012 3 0.0207 | 0.0007 | 2-107°
p=2>5
2k+0\ ¢ 1 2 3

0.3966 | 0.4793 | 0.4959
0.4958 | 0.4999 | 0.4999
0.1033 | 0.0207 | 0.0041
0.0042 | 3-1075 | 2.1077

W= |o

REMARK. As pointed out by the referee, we can also use our techniques
for some other situations and in particular the one in the paper [FKI10].
There, Fouvry and Kliiners studied the class groups and the narrow class
groups of quadratic number fields with some restrictions on the discrimi-
nants. Set

D ={d >0 fund. disc.: p|d = p=1or 2 (mod 4)},

and for X € R, write D(X) = D N [1, X]. Denote by NC(K,) the narrow
class group of K. In [FK10, Theorem 3|, the authors proved for all m > 0
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the following result on the moments of the 4-rank of NC(Kj) (i.e. the 2-rank
of NC(Kd)Z)Z

1 m—
(5.2) lim B0 > gmrka(NCE) H (1425,

X—o00 ‘D
deD(X)

where the empty product is equal to 1 (moreover, Wlth our notations we have
p=2,¢=1,and A = 1"). They deduced that the prQbability of having
rky(NC(Kq)) = 7 is equal to ac(r) := [[;51(1 + 2*3)*1/]_[’]".:1(23 - 1)
([FK10l Corollary 2]). One can recover the probability law from (5.2) with
our results. Indeed, if we look at the equation

m—1
(5.3) D eemi = [T+25,
7>0 k=0

then we set &; = 277e; (where the e;’s are defined in , with the raw
partition p = (j) and p = 2). Using for § € {0, 1} the formula

Z€2j+62m(2j+5) = Z C1m/#(22)2|“| = H(l +2%),
>0 pCim k=1

we deduce that €; is a solution of . Hence, the probability of having
rky(NC(Ky)) = r is equal to 27 "e,, which is exactly aso(r). The article
[FKI10] contains other results on (mixed) moments involving narrow class
groups and classical class groups. Our study could be used to consider (at
least conjecturally) higher and mixed moments with p/-ranks in more gen-
erality. This will be done in a forthcoming publication.

6. Remark on the uniqueness of the solution. In our study relat-
ing to Tate-Shafarevich groups, we were led to consider and to discuss the
unicity of the solution of the following infinite multi-dimensional system

> apM =" Oy (p?)pHEED for all A= 122 g
r HCN
where the unknowns are x, > 0. We only considered solutions (z,), such
that z, =0ifin r =7 > --- > ry at least one of the r;’s does not have the
same parity as r1. In that case, the term pAM") involved in the sum is of the
form pA27+9) and the factor 2 allowed an asymptotic 0 < xo, 45 K p(=7ir)/2
which implied the unicity of the solution. One can ask about the unicity
of the solution without the assumption that the partitions involved in the
system have parts with the same parity.
Let 4 € R, and for a partition r define
e if r is even,
Yr(p) = ¢ (1 —p)e, ifris odd,

0 otherwise.



262 C. Delaunay and F. Jouhet

Then y, (1) is a solution of equation (). If 2, > 0 is a solution of then,
using (4.1]), we see that for any fixed o > 1, we have

O S 1',,1 << p—(’/‘|7")/2+06|7’|
for all r. Now, if we let w, = z, — y,(x0,..0) then it is easy to see that also
lw,| < p—(r\r)/2+al7"|

(wy is not necessarily nonnegative), and the function g(z) = >, wy21* - - 2,°
satisfies the hypothesis of Corollarywith a €]1,3/2] and with wyg . o = 0.
Hence w, = 0 for all r and x, = y»(2o,...0). We deduce the following propo-
sition.

PROPOSITION 6.1. If x,. > 0 is a solution of then x, = y,(u) for
some p. In particular, x, = 0 if r is not an even or odd partition.

It would be interesting to study the (uniqueness of the) solutions of
if we do not assume that x, > 0.

Acknowledgments. The authors thank the anonymous referee for
his/her comments and remarks.
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