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1. Introduction. Let K be a field of characteristic 0, and n an inte-
ger > 2. Denote by (K™*)" the n-fold direct product of the multiplicative
group K*. Thus, the group operation of (K*)" is coordinatewise multiplica-
tion (1,...,@n) (Y1, Yn) = (T1Y1, - - -, TnYn). We write (1,...,2,)" 1=
(..., z") for m € Z. We will often denote elements of (K*)™ by bold
face characters x, y, etc.

Evertse, Schlickewei and Schmidt [3] proved that if I" is a subgroup of

(K*)™ of finite rank r and ai,...,a, are non-zero elements of K, then the
equation
(1.1) ar1+ - Fapry, =1 inx=(x1,...,2,) €T

has at most e(6m)°"(r+1) non-degenerate solutions, i.e., solutions with

(1.2) Zaixi # 0 for each proper, non-empty subset I of {1,...,n}.
el

In the present paper, we derive a function field analogue of this result. Thus,
let k£ be an algebraically closed field of characteristic 0 and let K be a trans-
cendental field extension of k, where we allow the transcendence degree to
be arbitrarily large. Let I" be a subgroup of (K*)" such that (k*)" C I" and
such that I'/(k*)" has finite rank. This means that there are a;,...,a, € I
such that for every x € I there are integers m, z1, ..., z- with m > 0 and
¢ € (k*)" such that x™ = &-aj' ---a. I I' = (k*)" then I'/(k*)™ has rank 0;
otherwise, rank(I"/(k*)™) is the smallest r for which there exist ay,...,a,
as above.
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We deal again with equation (1.1) in solutions (z1,...,z,) € I with
coefficients ai,...,a, € K*. We mention that in the situation we are con-
sidering now, (1.1) might have infinitely many non-degenerate solutions.
But one can show that the set of non-degenerate solutions of (1.1) is con-
tained in finitely many (k*)"-cosets, i.e., in finitely many sets of the shape
b- (k)" ={b-£:¢ € (k*)"} with b € I'. More precisely, we prove the
following:

THEOREM. Let k be an algebraically closed field of characteristic 0, let

K be a transcendental extension of k, let n > 2, let ay,...,a, € K*, and let
I' be a subgroup of (K*)" satisfying
(1.3) (k)" c I, rank(L'/(K*)") =r.

Then the set of non-degenerate solutions of equation (1.1) is contained in
the union of not more than

(1.4) ni:l <;)r—n+1

=2
(k*)™-cosets.

We mention that Bombieri, Mueller and Zannier [1] by means of a new
approach gave a rather sharp upper bound for the number of solutions of
polynomial-exponential equations in one variable over function fields. Their
approach and result were extended by Zannier [5] to polynomial-exponential
equations over function fields in several variables. Our proof heavily uses the
arguments from this last paper.

Let us consider the case n = 2, that is, let us consider the equation

(1.5) a1z, +agre =1  in (z1,29) € T,

where I, a1, ag satisfy the hypotheses of the Theorem with n = 2. It is easy
to check that all solutions (z1,x2) of (1.5) with aix;/asxe € k* (if any such
exist) lie in the same (k*)2-coset, while any two different solutions (x1,z2)
with a121/asze € k* lie in different (k*)2-cosets. So our Theorem implies
that (1.5) has at most 3" solutions (z1,z2) with ajz1/asze ¢ k*. This is
a slight extension of a result by Zannier [5] who obtained the same upper
bound, but for groups I' = I} x I} where I is a subgroup of K*.

The formulation of our Theorem was inspired by Mueller [4]. She proved
that if S is a finite set of places of the rational function field k(z), if I' = Ug is
the n-fold direct product of the group of S-units in k(2)*, and if ay, ..., a, €
k(z)*, then the set of non-degenerate solutions of (1.1) is contained in the
union of not more than (e(n + 1)!/2)*CISHD (E*)"cosets.

Evertse and Gy6ry [2] also considered equation (1.1) with I = Ug, but
in the more general situation that S is a finite set of places in any finite
extension K of k(z). They showed that if K has genus g and if a4, ...,a,
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€ K* then the set of solutions x € Ug of (1.1) with (a121,...,anxyn) & (E*)"
is contained in the union of not more than

log(g 4 2) - (e(n + 1)) HDISIH2

proper linear subspaces of K.

We mention that in general rank Ug < n(|S| —1) but that in contrast to
number fields, equality need not hold. From our Theorem we can deduce the
following result, which removes the dependence on the genus g, and replaces
the dependence on |S| by one on the rank.

COROLLARY. Let k, K, n, a1,...,an, I, v be as in the Theorem. Then
the set of solutions of (1.1) with (a121,...,anTy) &€ (k™)™ is contained in the
union of not more than

(1.6) %(;>T+2"—2n—1

i=2
proper linear subspaces of K™.

In Section 2 we prove some auxiliary results for formal power series,
in Section 3 we prove our Theorem in the case that K has transcendence
degree 1 over k, in Section 4 we extend this to the general case that K is
an arbitrary transcendental extension of k, and in Section 5 we deduce the
Corollary.

2. Results for formal power series. Let k be an algebraically closed
field of characteristic 0. Let z be an indeterminate. Denote as usual by
k[[z]] the ring of formal power series over k and by k((z)) its quotient field.
Thus, k((z)) consists of series Y, ¢;z' with ig € Z and ¢; € k for i > ig.
We endow k((z)) with a derivation & : Dizip CiZ' = Yisi, Gzl Let
1 + zk][[z]] denote the set of all formal power series of the shape 1+ ¢1z +
c22% + -+ with ¢1,co,... € k. Clearly, 1 + zk[[2]] is a multiplicative group.
For f € 1+ zk[[z]], u € k we define

(2.1) It io (?) (f ="

where (§) =1 and () =w(u—1)---(u—i+1)/i! for i > 0. Thus, f*is a
well-defined element of 1 + zk[[z]]. This definition of f* coincides with the

usual one for u =0,1,2,.... We have d%f“ = uf“*1d4‘lzf, and moreover,
(2.2) { (fg)* = fg" for f,g € 1+ zk[[z]], u € k;
' futv = fufv and (f*)0 = fY for f €1+ zk[[z]], u,v € k.

(One may verify (2.2) by taking logarithmic derivatives and recalling that
two series in 1+ zk[[z]] are equal if and only if their logarithmic derivatives
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are equal.) We endow (1 + zk[[z]])" with the usual coordinatewise multipli-
cation. Given B = (by,...,b,) € (1 + zE[[z]])", we define B* := (bY,...,b})
for w € k and B" := bj*---b! for u = (uy,...,u,) € k". Thus, B* €
(14 zk[[z]])" and B" € 1 + zk[[z]].

Let h,r be integers with h > 2, r > 1. Further, let aq, ..., ap be elements
of k[[z]] which are algebraic over the field of rational functions k(z) and
which are not divisible by z, and let o;; (i = 1,...,h, j = 1,...,7) be
elements of 1+ zk[[z]] which are algebraic over k(z). Put A; := (a1, .., )
(t=1,...,h). Define

R:={uck’:a1A},...,apA} are linearly dependent over k}.

By a class we mean a set R’ C k" with the property that there are a subset
Jof {1,...,h} and ug € Q" such that for every u € R/,

{ a; A (i € J) are linearly dependent over k;

(2.3) (AiAj_l)u_uo =1forallijeJ.

LEMMA 1. R is the union of finitely many classes.

Proof. This is basically a special case of [5, Lemma 1]. In the proof of that
lemma, it was assumed that & = C, and that the a; and «;; are holomorphic
functions in the variable z which are algebraic over C(z) and which are
defined and have no zeros on a simply connected open subset (2 of C. It was
shown that provided k& = C, this was no loss of generality. The argument
remains precisely the same if one allows k to be an arbitrary algebraically
closed field of characteristic 0 and if one takes for the a; power series from
k[[z]] which are algebraic over k(z) and which are not divisible by z, and for
the a;; power series from 1+ zk[[z]] which are algebraic over k(z).

We mention that in [5] the definition of a class is slightly different
from (2.3), allowing (AiAj_l)“_uO € k* for all 4,5 € J. But in our situa-
tion this implies automatically that (AiA;l)“_“0 = 1 since (AiA;l)“_“O €
1+ zk[[z]]. =

We now impose some further restriction on the «;; and prove a more
precise result. Namely, we assume that

(2.4) {fuek": (A;-A ) =1fori=1,...,h} = {0}.
Let S be the set of u € k" such that there are &;,...,&, € k with

h
(2.5) ZfzalA;J = 0;
i=1
(2.6) Z &a; Al # 0 for each proper, non-empty subset I of {1,...,h}.

el
LEMMA 2. Assume (2.4). Then S is finite.
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Proof. We prove a slightly stronger statement. We partition {1,...,h}
into subsets I,..., I, such that A; = A; if and only if 4, j belong to the
same set I; for some [ € {1,...,s}. Let S be the set of u € k™ for which
there exist £1,...,&, € k such that (2.5) holds and, instead of (2.6),

(2.7) > GiaiAl #0
el
holds for each proper, non-empty subset [ Bf {1,...,h} which is a union of

some of the sets I1,...,Is. We prove that S is finite. This clearly suffices.

We proceed by induction on p := h + s. Notice that from assumption
(2.4) it follows that h > 2 and s > 2. First let h = 2, s = 2, i.e., p = 4.
Thus, S is the set of u € k" for which there are non-zero §1,§> € k with
£1a1AY + &a2AY = 0. Then for u € S we have

(A1- A" =¢(azart)

with £ € k*. Consequently, (Al-AQ_l)“'rul € k* for any uy, uy € S. But then
for uj,uy € S we must have (A; CASHTW = ] since (A - AyT)UTW ¢
1+ zk[[2]]. In view of assumption (2.4) this implies that S consists of at
most one element.

Now let p > 4 and assume Lemma 2 to be true for all pairs (h,s) with
h>2,s>2and h+s < p. We apply Lemma 1 above. Clearly, S is contained
in the set R dealt with in Lemma 1, and therefore, S is the union of finitely
many sets SN R where R is a class as in (2.3). So we have to show that
each such set SN R’ is finite.

Thus let §' := SN R/, where R’ is a typical one among these sets. Let .J
be the corresponding subset of {1,...,h}, and uy € Q" the corresponding
vector, such that (2.3) holds. We distinguish two cases. First suppose that
J is contained in some set I;. Then the elements a; (j € J) are linearly
dependent over k. There is a proper subset J' of J such that a; (j € J')
are linearly independent over k and such that each a; with j € J\ J' can
be expressed as a linear combination over k of the a; with j € J'. By
substituting these linear combinations into (2.5), (2.7), we obtain similar
conditions, but with I; replaced by the smaller set obtained by removing
from I; the elements from J \ J’. This reduces the number h of terms.
Further, condition (2.4) remains valid. Thus we may apply the induction
hypothesis, and conclude that S’ is finite.

Now assume that J is not contained in one of the sets I;. We transform
our present situation into a new one with instead of I,..., I; a partition
of {1,...,h} into fewer than s sets. Then again, the induction hypothesis is
applicable.
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There are ¢,j € J with A; # Aj, say i € I;; and j € I;,. Further, there is
ug € Q" such that (AiAjfl)u_“O =1 for u € §'. According to an argument
in the proof of Lemma 1 of [5], the set of u € k" with (AiA]-_l)“ =1lisa
linear subspace V of k" which is defined over Q. Let vq,...,v,s be a basis
of V contained in Z". Thus, each u € S’ can be expressed uniquely as

(2.8) ug +wivy + -+ wpvey  with w = (wl,...,ww) S kT/.
Now define

bq = an;lO? Bq = (Aglw"?AZW) (q:17""h)'

Thus, for u € S” we have
(2.9) agAy =b,By forg=1,... h.

Clearly, b, € k[[2]] and the coordinates of B, belong to 1 + zk[[z]], for ¢ =
1,..., h. Further, b, and the coordinates of B, (¢ = 1,...,h) are algebraic
over k(z) since up € Q" and since vy, ..., v,y € Z".

From the definition of B, (¢ = 1,...,h) it follows that if (B,B, ')V = 1
for g = 1,...,h, then (A,A;1)23"7 =1 for ¢ = 1,...,h, which by (2.4)
implies ; w;v; = 0 and so w = 0. Therefore, condition (2.4) remains valid
if we replace A, by B, for ¢ =1,...,h.

It is important to notice that B,, = By, for any ¢1,¢2 € I, UI;,. Further,
for each | # I, 12, we have By, = By, for any ¢1,¢2 € 1.

Lastly, if u € S’ then by substituting (2.9) into (2.5), (2.7), we deduce
that there are &1,...,&, € k* such that 2221 §gbgBy = 0 and qul §qbgBY
# 0 for each proper subset I of {1,...,h} which is a union of some of the
sets from I;, UI,, I; (I1=1,...,s, I # l1,l2). Thus, each u € S’ corresponds
by means of (2.8) to w € k" which satisfies similar conditions as u, but
with the partition I,...,Is of {1,...,h} replaced by a partition consisting
of only s — 1 sets. Now by the induction hypothesis, the set of w is finite,
and therefore, S’ is finite. This proves Lemma 2. m

We now proceed to estimate the cardinality of S. We need a few auxiliary
results. For any subset A of k[[z]], we denote by rankj A the cardinality of a
maximal k-linearly independent subset of A. For each subset I of {1,...,h}
and each integer ¢ with 1 <t < h — 1, we define the set

(2.10) V(I,t) ={u € k" : ranki{a;A}' : i € I} <t}.
Clearly, V(I,t) = k" if t > |I|.

LEMMA 3. Let I,t be as above and assume that t < |I|. Then V(I,t) is
the set of common zeros in k" of a system of polynomials in k[X1, ..., X,],
each of total degree at most (t;rl).

Proof. The vector u belongs to V(I,t) if and only if each ¢ + 1-tuple
among the functions a; A} (i € I) is linearly dependent over k, that is, if
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and only if for each subset J = {ig,...,i} of I of cardinality ¢ + 1, the
Wronskian determinant

(2 o)
dz 7 )i i=0,t

is identically 0 as a function of z. By an argument completely similar to
that in the proof of Proposition 1 of [5], one shows that the latter condition
is equivalent to u being a common zero of some finite set of polynomials of
degree < (tzl). This proves Lemma 3. u

LEMMA 4. We have u € S if and only if
(2.11)  rankgp{a;A} :i € I} +rankg{a;A}' :i ¢ I}
> rankg{a; A} :i=1,... h}
for each proper, non-empty subset I of {1,...,h}.

Proof. First let u € S. Take a proper, non-empty subset I of {1,...,h}.
From (2.5), (2.6) it follows that there are i, ..., &, € k such that

Z Liai A} = — Z &iaiAj #0

i€l igT
and therefore the k-vector spaces spanned by {a;A¥ :i € I}, {a;A} : 1 € I},
respectively, have non-trivial intersection. This implies (2.11).

Now let u € k" be such that (2.11) holds for every proper, non-empty
subset I of {1,...,h}. Let W be the vector space of £ = (&1,...,&,) in
k" with Z?Zl &a; Ay = 0. Further, for a proper, non-empty subset I of
{1,...,h}, let W(I) be the vector space of & = (£1,...,&,) € kI with
Yicr&iaiAl = 0 and Ziﬂ &a;Af' = 0. Given a proper, non-empty sub-
set I of {1,...,h}, it follows from (2.11) that there are &;,...,&, € k with
dier G Al = =3 o &aiAY # 0; hence W(I) is a proper linear sub-
space of W. It follows that there is £ € W with £ ¢ W (I) for each proper,
non-empty subset I of {1,...,h}. This means precisely that u € S. =

PROPOSITION. Assume (2.4). Then |S| < ZZZQ )" —h+2.

Proof. Fort =1,...,h—1,let T, = V({1,...,h},t) (that is, the set of
u € k" with rankg{a;A¥ : i =1,...,h} <t) and let S be the set of u e S
such that rankg{a;A} : i = 1,...,h} = t. By (2.11), rankg{a;A} : i =
1,...,h} < h,s0S = SjU---USp_1. We show by inductionont =1,... , h—1
that

t r
p+1
(2.12) |Slu.--ust|§p§:1< ) ) —t+ 1.

Taking t = h — 1 proves the Proposition.
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First let t = 1. Let uj,uz € Sy. Then (aiagl)(AiAgl)“j € k* for i =
1,...,h, 7 = 1,2, which implies (AiA;I)“1*“2 € k* fori =1,...,h. But
then (A;A; )99 = 1 since (A;A; )72 € 14 zk[[2]] for i = 1,...,h.
Now assumption (2.4) gives u; = up. So |S1| = 1, which implies (2.12) for
t=1.

Now assume that 2 < ¢ < h — 1 and that (2.12) is true with ¢ replaced
by any number ¢’ with 1 < ¢’ < ¢. By Lemma 3, T} is an algebraic subvariety
of k", being the set of common zeros of a system of polynomials of degree
not exceeding (tgl). By the last part of the proof of Proposition 1 of [5], T;

has at most (tgl)r irreducible components.

We first show that T} \ Sy is a finite union of proper algebraic subvarieties
of T;. Notice that u € T;\ S if and only if either rank,{a; A} : i =1,... h} <
t —1 or (by Lemma 4) there are a proper, non-empty subset I of {1,...,h}
and an integer ¢ with 1 < g <t — 1 such that rankk{aiAl‘.‘ :1€ 1} <qand
rankg{a; A : i ¢ I} <t —q. This means that T} \ S; is equal to the union of
Ti—1 and of all sets V/(I, )NV ({1, ..., h}\I,t—q) with I running through the
proper, non-empty subsets of {1,...,h} and ¢ running through the integers
with 1 < ¢ <t —1. By Lemma 3 these sets are all subvarieties of T;.

Now, by Lemma 2, S; is finite, hence each element of S} is an irreducible
component (in fact an isolated point) of 7. So |S¢| < (tgl)r. Now two cases
may OocCur.

If T, =Sy then Sy =0 for ¢’ =1,...,t —1and so |S;U--- US| =[S <
(*$1)". This certainly implies (2.12).

If S; is strictly smaller than T; then T} \ S; has at least one irreducible
component. But then |S;| < (t;1)r — 1. In conjunction with the induction
hypothesis this gives

|S1U--- US| = |S1U---USi1] + |St]
t—1 r r
p+1 t+1
< _ _
< E ( 9 > t+2+ ( 9 1,
p=1
which again implies (2.12).

This completes the proof of our induction step, hence of our Proposi-
tion. m

3. Proof of the Theorem for transcendence degree 1. We prove
the Theorem in the special case that K has transcendence degree 1 over k.
For convenience we put N := S 7 (;)r —n+1

We start with some reductions. There are a; = (aqj,...,anj) € I' (j =
1,...,r) such that for each x € I' there are integers m,ws,...,w, with
m > 0, and { = (&1,...,&,) € (k") such that x™ = ¢ - ay*---a¥r. Let
L be the extension of k generated by ai,...,a, and the oy; (i = 1,...,n,
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j=1,...,7). Then L is the function field of a smooth projective algebraic
curve C defined over k. Choose z € L, z € k, such that the map z : C —
Pi(k) = kU {oo} is unramified at 0 and such that none of the functions
a;, ai; has a zero or a pole in any of the points from 271(0). Thus, L can
be embedded into k((z)), and the a; and a;; may be viewed as elements of
k[[2]] not divisible by z. By multiplying the «;; with appropriate constants
from k*, which we are free to do, we may assume without loss of generality
that the a;; belong to 1 + zk[[2]].

Making the assumptions for the a; and «;; just mentioned, we can apply
our Proposition. The functions o} (u € k) are defined uniquely by means of
(2.1). Therefore, we can express each x € I" as £ -aj’ ---al" with uy,...,u,
in Q and with £ = (&1,...,&,) € (K*)". Putting A; := (a41,...,q4) (i =
1,...,n), we can rewrite this as

(3.1) x = (§GAY,....&AY)
with &1,...,&, € k%, u = (u1,...,u,) € Q". Putting in addition h :=n + 1,
A = (1,...,1) (r times), ap := —1, &, := 1 we deduce that if x € I is a

non-degenerate solution of (1.1) then
h
(32) Y &a Al =0,
i=1

(3.3) Z{iaiAZ‘»l # 0 for each proper, non-empty subset I of {1,... h}.
i€l

It remains to verify condition (2.4). According to an argument in the proof
of Lemma 1 of [5], the set of u € k" such that (A;A; ") =1fori=1,...,h
is a linear subspace of k", say V, which is defined over Q. Now if u =
(ur,...,ur) € VNQ", then A} =1 for i =1,...,n since A, = (1,...,1),
and therefore aj! ---a% = (1,...,1). This implies u = 0, since otherwise
rank(I'/(k*)"™) would be smaller than 7. Hence VN Q" = {0}, and therefore
V = {0} since V is defined over Q. This implies (2.4).

As observed above, if x € I" is a non-degenerate solution of (1.1), then u
satisfies (3.2), (3.3), which means that u belongs to the set S given by (2.5),
(2.6). So by the Proposition, we have at most N possibilities for u. Then
according to (3.1), the non-degenerate solutions x of (1.1) lie in at most N
(k*)"-cosets. This completes the proof of our Theorem in the special case
where K has transcendence degree 1 over k. m

4. Proof of the Theorem in the general case. We now prove our
Theorem in the general case, i.e., when the field K is an arbitrary transcen-
dental extension of k. As before, we define N := Z?:Bl (;)T —n+1.

There is of course no loss of generality in assuming that K is generated
over k by the coefficients aq, . .., a, and the coordinates of all elements of I".
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Since I is assumed to have rank r, there are a,...,a, € I' such that for
every x € I there are integers m, z1,..., 2, with m > 0 and § € (k*)" such
that x™ = ¢-aj' ---aZ". Hence K is algebraic over the extension of k gener-
ated by a1, ..., a, and the coordinates of aj, ..., a,. Therefore, K has finite
transcendence degree over k. We will prove by induction on d := trdeg(K/k)
that for any group I" with rank(I"/(k*)™) < r, the non-degenerate solutions
x € I' of (1.3) lie in not more than N (k*)"-cosets. The case d = 0 is trivial
since in that case I' = (k*)™ and all solutions lie in a single (k*)"-coset.
Further, the case d = 1 has been taken care of in the previous section. So
we assume d > 1 and that the above assertion is true up to d — 1.

We suppose by contradiction that (1.1) has at least N + 1 non-dege-
nerate solutions, denoted xi,...,xy4+1 € I, falling into pairwise distinct
(k*)™-cosets. For each such solution x; =: (z1;,...,2y;) and for each non-
empty subset I of {1,...,n} let us consider the corresponding subsum
> icr @iTij, which we denote by o; 7). In this way we obtain finitely many
elements o(; 5y € K, none of which vanishes, since the solutions are non-
degenerate.

Further, let x,,x, be distinct solutions, with 1 < u # v < N + 1. Since
the solutions lie in distinct (k*)™-cosets, for some i € {1,...,n} the ratio
Tiu/Tiy does not lie in k. For each pair (u,v) as above let us pick one such
index i = i(u,v) and let us put 7(, . = Tiu/Tiw € K\ k™.

We are going to “specialize” such elements of K, getting corresponding
elements of a field with smaller transcendence degree and obtaining even-
tually a contradiction. We shall formulate the specialization argument in
geometric terms.

Let K be the extension of k generated by ay,...,a, and by the coordi-
nates of x1,...,xn41. Thus K is finitely generated over k. Further, let I" be
the group containing (k*)"™ and generated over it by x1,...,xx4+1. Then r
is a subgroup of I'N (K*)", and so rank(I") < r. Now (1.1) has at least N 41
non-degenerate solutions in I lying in different (k*)™-cosets. By the induc-
tion hypothesis this is impossible if trdeg(K /k) < d. So trdeg(K /k) = d.

The finitely generated extension K /k may be viewed as the function field
of an irreducible affine algebraic variety V over k, with d = dim V. Then each
element of K represents a rational function on V. Let us consider irreducible
closed subvarieties W of V, with function field denoted L := k(W), with
the following properties:

(A) dmW =d—1.

(B) There exists a point P € W (k) such that each of the (finitely many)
elements a;, x;; and o(; 1), T(u,m) constructed above is defined and
non-zero at P; so the elements induce by restriction non-zero rational

functions af, zi;, JEM) and T(’WJ) in L* = k(W)*.
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(C) None of the elements T(/u ») lies in 7.

We shall construct W as an irreducible component of a suitable hyper-
plane section of V.

To start with, (A) follows from the well-known fact that any irreducible
component W of any hyperplane section of V has dimension d — 1.

Let us analyze (B). Each of the elements of K* mentioned in (B) may be
expressed as a ratio of non-zero polynomials in the affine coordinates of V;
since these elements are defined and non-zero by assumption, none of these
polynomials vanishes identically on V', so each such polynomial defines in V
a proper (possibly reducible) closed subvariety. Take now a point P € V (k)
outside the union of these finitely many proper subvarieties. For (B) to be
satisfied it then plainly suffices that W contains P.

Finally, let us look at (C). For each u,v € {1,...,n}, u # v, let Z(u,v)
be the variety defined in V' by the equation 7(, ) = T(y)(P). Since 7, )
is not constant on V', each component of Z(u,v) is a subvariety of V of
dimension d — 1. Choose now W as an irreducible component through P of
the intersection of V with a hyperplane 7 going through P, such that W
is not contained in any of the finitely many Z(u,v). It suffices e.g. that the
hyperplane 7 does not contain any irreducible component of any Z(u, v), and
there are plenty of choices for that. (For example, for each of the relevant
finitely many varieties, each of dimension d — 1 > 1, take a point @) # P in
it and let m be a hyperplane through P and not containing any of the @’s.
Note that here we use the fact that d > 2.) Since P € W (k) and 7, is
not constantly equal to 7(, . (P) on all of W by construction, the restriction
T(/uyv) is not constant, as required.

Consider now the elements x’; := (2;,...,27,;) € L", j=1,..., N + 1,
where the prime denotes, as before, the restriction to W (which by (B) is
well-defined for all the functions in question). Notice that the restriction to
W is a homomorphism from the local ring of V' at P to the local ring of
W at P which is contained in L. This homomorphism maps I" to the group
I" containing (k*)", generated over it by the elements x1,...,xy ;. Thus,
al,...,al, and the coordinates of the elements from I’ lie in L. Further, I'" is
a homomorphic image of I" which was in turn a subgroup of I'; therefore
rank(I"”/(k*)™) < r. Since the x; are solutions of (1.1) in I, the elements X
are solutions of ajx1+---+al,x, = 1in I"'. Again by (B), we see that none of
the (non-empty) subsums JEL N = 2iel a;;; vanishes, so these solutions are
non-degenerate. Finally, by (C), no two solutions x/,,x,, 1 <u # v < N+1,
lie in a same (k*)"-coset of (L*)". Since by (A) the field L has transcendence
degree d — 1 over k, this contradicts the inductive assumption, concluding

the induction step and the proof. m
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5. Proof of the Corollary. We keep the notation and assumptions

from Section 1. We consider the non-degenerate solutions (x1,...,2,) € I'
of (1.1) such that

(5.1) (@121, ..., anxy) & (K.

We first show that each (k*)"-coset of such solutions is contained in a proper
linear subspace of K". Fix a non-degenerate solution x = (z1,...,%,) of

(1.1) with (5.1). Any other solution of (1.1) in the same (k*)"-coset as x can
be expressed as x - & = (21&1, ..., 20&y) wWith & = (&1,...,&,) € (K*)™ and
a1x1€1 + - -+ apxné, = 1. Now the points £ € k™ satisfying the latter equa-
tion lie in a proper linear subspace of k", since otherwise (a1, ..., anzy)
would be the unique solution of a system of n linearly independent linear
equations with coefficients from k, hence ayx1, ..., apx, € k, violating (5.1).
But this implies that indeed the (k*)"-coset {x & : & € (k*)"} is contained
in a proper linear subspace of K™.

Now our Theorem implies that the non-degenerate solutions of (1.1)
with (5.1) lie in at most Z?:JF; (;)T —n + 1 proper linear subspaces of K™.
Further, the degenerate solutions of (1.1) lie in at most 2" — n — 2 proper
linear subspaces of K", each given by . ; a;z; = 0, where [ is a subset of
{1,...,n} of cardinality # 0, 1, n. By adding these two bounds our Corollary
follows. =
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