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Series and iterations for 1/7
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1. Introduction. H. H. Chan and K. P. Loo [I4] used properties of

Ramanujan’s cubic continued fraction to establish the following series for
1/7:

V6 B = w3 k
(1.1) o = (1+wy)(1 8w3)k2003(k:)<k—|— 1+w3>w3
where
k k 3
) =3 abet -0 a®=3 (1) w=21
j=0 Jj=0

In this work, we shall establish the series:

(1.2) V6 _ (1—w2)(1—9uwn) Y Ca(k) (k: - >w’;,

% =0 1-— w9

a3 i wew S am <k - 16“’4>w{;

2 P 1 — 16wy
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\/5 2 = 75w5 k
k=0
where
k
Cn(k) = ch(j)cn(k —j) forn=2 4orbh,
§=0
k 2 .
k 2]) V8
ca(k) = . ), we=1——,
(k) §<J> <J ? 3
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It will be shown that each of the series — yields approximately
one binary digit per term, i.e., about 0.3 decimal places per term. Although
we have given explicit formulas for the coefficients C), (k) as multiple sums
of binomial coefficients, the coefficients Ca(k), C3(k), C4(k) and Cs(k) all
satisfy third order linear recurrence relations, which are more suitable for
computation.

We shall also establish five iterations for 1/, two of which are new.

Behind these series and iterations for 1/m are modular forms for the
spaces 10(4), Io(5), Io(6) and IH(8) (see, e.g., [19]). Our development relies
heavily on properties of the Ramanujan—Selberg, Rogers—Ramanujan, cubic
Ramanujan and Ramanujan—Gollnitz—Gordon continued fractions. We de-
velop the theory of these functions from scratch, as much as possible, using
properties of theta functions and the modular transformation for Dedekind’s
eta function.

This work is motivated by the paper [I4] and the author is indebted to
Prof. H. H. Chan for introducing him to this topic in a series of lectures
given at Massey University in 2005.

2. Notation and basic lemmas. Let 7 be a complex number with
positive imaginary part and put ¢ = exp(27it), so that |¢| < 1. When 7 is
purely imaginary, write 7 = it, where ¢ is a positive real number, so that
q = exp(—2mt).

Dedekind’s eta function is defined by

n(r) = ¢ ] - ).
j=1

It satisfies the transformation formula [2, pp. 43-44], [19, (7.1)]

(2.1) n(r) = ¢ n<—1>

and has the Fourier expansion [4, p. 12]

o0

_ 1/24 .- 1V Bi-1)/2 _ —1)ig(6i—1)?/24
(2.2) n(r) =4 (=1)q (=1)’q :

j=—o0 j=—o0



Series and iterations for 1/m 35

Ramanujan’s theta functions are defined by
o0 oo
=Y ¢ and ¥(q Z g/ U/
Jj=—00 Jj=

They have the infinite product representations [4], p. 11]

1°(27) (D)
Eoean U0 pary

and satisfy the well-known properties [2, p. 40], [4, pp. 71-72]

(2.3)  o(q) = ¢/y(q) = o=

(24) p(a") = p(—a) + 249 (q%),
(2.5) 20%(¢°) = ¥*(a) + ¢*(—a),
(2.6) 8¢*(q") = ¢*(a) — ¥* (=),
(2.7) 1699 (¢%) = " (q) — " (=)
We shall also use the lesser-known properties
337 T T
(2.8) q1/2¢2(q2) + q3/2¢2(q6) =1 & ():)(32()62'()12 )7
_ nP(7)n(4r)n(127)
(29) V) = 36E) = e

The first of these is equivalent to [3, p. 110, Lemma 5.3] and the second may
easily be proved by the same methods as in [3, p. 110].

The Borweins’ cubic theta functions a, b and ¢ are defined by
DRI

Z ij kgl HikHR? - where w = exp(2mi/3),

qu jt+3 )(k+3)+(k+3 )

where the sums range over all integer values of j and k. The functions b and
¢ have the infinite product expansions [3, p. 109], [21], [22]

n*(7)
n(37)

and the function a has a Lambert series expansion [3, p. 93], [§], [22]

q3j—l
(2.11) —1+6Z<1_q3] : 1_q3j1>.

3

—
w
\]

~—

(2.10) b(q) =

and c¢(q) =3
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3. The functions u,, v,, w, and x,. Let

1_ 65— 5 (1_ 6j71)2 2(7_) 4(67’)
1/2 q q _ " n
o H TR = g2 T ()P Br)’
(0= g1 %) _ nlr)y(6r)
_ 1/3 q q _ M7m
U = g H (1 - goi5)? n(2r)n3(37)’
rr (1= )2 (1 =g )% ’(r)n*(47)
us =ua(g) = ¢"* ] — = ,
- (1= ¢ ) 7 (27)

1 _ . bj— 4 ( 5j—1)
_ 1/5 q —q
= =4 H I3 (1 — a2y’

The functions us, %11/ % and us have expansions as continued fractions. These
are usually referred to as Ramanujan’s cubic continued fraction, the Rama-
nujan—Selberg continued fraction and the Rogers—Ramanujan continued
fraction, respectively. I do not know of a continued fraction for wue i)r

for ué/ 2), but it is related to Ramanujan’s cubic continued fraction by |(*

1 1
Uy U3

Another continued fraction—the Ramanujan—Gollnitz—Gordon continued
fraction—will be encountered in Section[8 For more information about these
continued fractions and references to other sources, see [1] and [19].

For n =2, 3, 4 or 5, let

Vp = vn(q) = un(q") and  w, = wn(q) = uy(q).

Let
“(2r 6(57
x4 = w4(q) = ’77724((T)), r5 = x5(q) = 7376((7))‘

Let v = (v5 —1)/2.

(*) The identity (3.1) is equivalent to
V() P(=¢") _ ()

=q
¥(@®)  e(=q) ¥(q)
and this can be proved by expanding each side as Lambert series by the techniques in
[4, Theorem 6.3.3]. Alternatively, the identity (3.1) can be proved using properties of
Hauptmoduls.
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The starting point of the theory is

THEOREM 3.1. Forn =2, 3, 4 or 5, and with u,, w, and x, as defined
above,

1 2(r/2)n%(37/2 1 1
7_2_3%:17(7/ )n-(37/2) NPT

U2 n?(27)n%(67) wo T
1 9 1 1
B 1C7 116 R U
u3 n(37)n(67) ws T3

1 (1 /2 1 1

——4u4—n4(7-/), 324 256wy = —,

Uy n*(27) Wy T4
1 1 1
Loy = nu/s) 1wy =
us n(57) ws x5

Proof Let us prove the results that involve wu,, first.

By ([2.8]) and , we have

i—2—3uQ = )1 - 3uy)
Uz ) 25 1;2
= I @) + D ) - 3 )
_ nA(0n?37) 0P (37/2)n(2r)n(67) n*(7/2)n(27)n(67)
n*(2r)nt(67)  n(r/2)n*(37) n?(T)n(37/2)
n*(1/2)n*(37/2)
n?(27)n?(67)

and this proves the result for us.
To prove the result for uz, we expand []32,(1 —¢’)(1 — ¢*7) as a double
series using ([2.2), and trisect using the series rearrangement

E Cmn = E Cjt2k,j—k + E Cj42k+1,j—k T+ E Cj+2k,j—k+1-
m,n .]7k .71k j,k

We find that
H(1 _ qj)(l _ qu) _ Z Z 1)mtng m(3m—1)/24+n(3n—1)
7=1 m=—0o0 n=—0o0

o0 [e.9]

_ Z Z k 9k2+3j(3] 1)/2

j=—00 k=—00

—q Z Z (71)kq9k2+6k+3j(3j+1)/2

—q2 Z Z (_1)kq9k276k+9j(j+1)/2'

j=—00 k=—00
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Now apply the Jacobi triple product identity [4, p. 10] to each sum, and
simplify the resulting infinite products, to get

e}

H(l—qJ')(l—q?j):H((11_53]))((1qlgj —qH (1— )1 %)

J=1 J=1

_2q2H (1-¢%) qlgﬂ)4
(1- qﬁf 1 —q%)?

Divide both sides by [T72, (1~ ¢*)(1—¢'%) and replace ¢* with ¢ to obtain
the result for us.
To prove the result for ug, note that from (2.5)) and (2.6)) we have

P (=a"?) = *(q) — 4¢'**(¢%).
Therefore, on using (2.3) we get

2 T
;4 = 7771((27)) (¥(q) — 44" *¥*(¢%))
B n%(7) _ ' (7/2)
=m0 = e

The result for us may be proved by 5-dissecting the series for the product
[, (1- ¢). See [4, pp. 161-163] or [23] for the details. For different proofs
using modular forms, see [19, (7.2)] or [24].

Each result for w, can be obtained from the corresponding result for
u, by replacing ¢'/™ with wq'/", where w is any nth root of unity, and
multiplying the resulting n identities together. Here n = 2, 3, 4 or 5. The
details in the case n = 5 are described in [4, p. 164], [23] and [28], and the
proofs in the other cases are similar. »

The identities in Theorem hold because of properties of Hauptmoduls
associated with groups of genus 0. For more information, the reader is re-
ferred to [13] where many examples of such identities are given.

The u, and w, satisfy the following transformation formulas.

THEOREM 3.2.

—27t 1 —27t
up(e=27/3) = g —u2(e”"™) wo (e~ /3t) = g —w2(e”™™)
1+ ug(e=2mt)’ 1 — wy(e27t)’
1 —27t 1 —ort
ug(e™™/t) = 2 —us(e” ™) ws(e~™/3) = 8 —w3(e” ™)
3 1 + u3(€—27rt) ) 3 1 + w3(e_27rt) )
1 —27t
—2m/ty _ 2 U4(€ ) /2ty _ i _ —27t
wle™ = ey @) = g e,
_ 27t 5 _ 2t
U5(6_27r/t) = il ’LL5(€ ) w5(6—27r/5t) _ v ’LU5(€ )
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Proof. Let ¢ = exp(2mit) and g2 = exp(—2mi/37). By Theorem 3.1 and
the modular transformation ([2.1)), we have

Uy g @/ 2PB0/2) P (=2/m)n?(=2/37)
T B T o el (70 R WS o e @ y 20

-1
= 16(1 -2 3’UQ((]2)> .
u2(g2)
This simplifies to

(3.2)  (ua(qi)ua(ge) + 3uz(q1) + 3uz(g2) — 1)
X (Buz(qr)uz(ge) — u2(q1) — ua(qe) —1) = 0.
We claim that the first factor is zero. To see this, take 7 = i/1/3 and observe
that q; = g2 = exp(—27/v/3), and hence us(q1) = u2(g2). Now
us(q) = ¢"*(1 — 2 + 3> — 4> + 7¢* + - - ),
and taking just the first term gives
uz(exp(—27/v/3)) ~ exp(—7/v3) ~ 0.16.
More accurate values can be obtained by using more terms, but this value is
good enough for our purpose. The first factor in (3.2) reduces to 3u§—|—6uz -1,
which has roots us = —1 & 2/4/3. The second factor in (3.2)) reduces to
3u3 — 2ug — 1, which has roots ug = 1, —1/3. The only root that is near

0.16 is —1 4 2/+/3, hence we select the first factor in ([3.2)). This proves the
claim. It follows that

3 — u2(q2)
1+ ua(q2)’
and this completes the proof of the first result.

All of the other results, except for the one that involves w4, can be
deduced in the same way from the corresponding results in Theorem we
omit the details.

We will now prove the result for wy. Let

f(’T) _ w4(62ﬂ'i7—) + w4(€—i7r/27—)'
By , and , we find
n°(r)n'%(4r) | n*(=1/47)n'°(~1/7)

uz(q1) =

0 =) i(-1727)
_ i) 1 n(An)n'®(r)
PiEr) 16 P
_ L ¥m)nPlr) (Lo nP@r) | nd(r)
~16 P (16 7 (2r) +n4(27))
= Ty (1600(6) + ¢*(a) = 7.

and the claimed result follows. m
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REMARK 3.3. There is another transformation for uy:

1 2/ —2mt

ey = A=l

4 1+ 4u2(e—27t)’
but we will not need this.

The result for ws in the next theorem was given in [I4], and the result
for ws was given by Ramanujan in the lost notebook [I, p. 91].

THEOREM 3.4. Let N be a positive integer and put q = exp(—2m/t/N)
and qa = exp(—27/V' Nt). Then

(1 —usl@)( —wal) =5 Jor N =6,
(+us@)+us@) =5 for N =6,
wila) bwale) = 1o for N=14,

(1+7°ws(q1)) (1 +7°ws(q2)) = 1+4'°  for N=5.
Proof. These are just restatements of the results for w,, in Theorem[3.2] =

THEOREM 3.5. Forn =2, 3, 4 or 5, let v, = v,(q) and w, = wy(q).
The following modular equations hold:

1—9wy\ 1/2
02_1_(1 13)22) wz_v21—’02
- 19wy ) 1/2” 714 30y
s+ () iz
1—8wsz\1/3
v3_1 (1+£;,3) ws = 1 —v3 403
o _ 1/37 o
24 (11+8$33) 1 + 2u3 + 42}
oy, — L= (1= 16w,) /4 N 4o?
YT (1 16w SR GG
—ws \1/5
v 7_(11712;55) w 1—21}5—1—41}5—31)5—}—1)5
5 = 5 = .
1+,Y(1+;LZ}55)1/5 1+3U5+4U5+205+’U5

Proof. Consider the two identities in Theoremtha‘c involve ug and ws.
Replacing ¢ with 2¢ in the first identity and combining with the second

identity gives
—4m 2 —2m
R ot N T oo
1+ ug(e—47t) 1—u2(e=2mt)’

that is,
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1 2 1
3 "2\ _ g U2
1+ vg 1 — wsy
Now solve for v9 or ws.

The other results may be proved similarly. =

The formula in Theorem expressing ws as a rational function of vs,
is in Ramanujan’s first letter to Hardy [0, p. 29]. The earliest proof known to
the author is due to Rogers [25]. The results involving v and w3 must also
be regarded as being known to Ramanujan, as they are trivial consequences
of parts (i) and (ii) of Entry 1 in Chapter 20 of his second notebook [2] p.
345]. For additional information, see [Il, pp. 95-98].

4. The functions z,, A, and M,. For n =2, 3, 4 or 5, define z,, k,,
A, and the multiplier M,, by

d d
zn = 2n(q) = nqd—qlogun = qd—qlogwn;

9 if n =2,
o = 8 if n =3,
16 if n =4,
1/4° if n = 5;
z
An = An = 771;
(@) = 1= o
An(g)
M, = My,(q) = .
(@ An(q™)

The reason for the choice of k,, and A,, in these definitions will become
clear in Theorem and its proof, namely, each function A, has a partic-
ularly simple transformation property.

Most of the results in the next theorem are classical. The results for zo
and z4 imply the well-known formulas for the number of representations of
an integer by the quadratic forms 2% 4+ 23 + 323 + 327 and 23 + 23 + 23 + 23,
respectively. The result for z5 is equivalent to part (v) of Entry 9 in Chapter
19 of Ramanujan’s second notebook [2, p. 258], and the result for z3 is in
Fine’s book [20] (32.65)].

THEOREM 4.1.

B GO G B G U/ .0 I I ) _ (1)
T 2@nn6r) T Brm6r) Tt g2 '
Proof. Recall the identity [29, p. 451, Ex. 5]

a(aa—;(z);gcgb; Y _ o) - pla),
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where p and o are the Weierstrass elliptic and sigma functions. Explicitly,

this is

(4.1) IO—O[ (1—2z¢ H(1—¢zz"H(1—¢gz2) 17z 271 (1—¢7)*
e (1- :vqﬂ D2(1=zg/ )2 (1-giz=1)2(1—g/2z71)?

o0 . N
x z 1¢° . . . .
T T g ),

provided |q| < |z|, |2| < |g|~!. The results in Theorem 4.1 follow by taking
(z,2) = (e/3,-1), (e/3, 27”/3), (i,—1) and (e*™/5 ¢ 7”/5 ), respectively,
and simphfylng the resultmg series and products Full details for the last
case are given in [I8]; the details for the other cases are similar. m

The next result shows that As(q) and As(q) are equal.
THEOREM 4.2. With As(q) and As(q) as defined above,
7 7
n*(27)n"(37)
Az(q) = A3(q) = 5 =577
()= Asl0) = s tor)
Proof. Replace ¢ with —¢ in (2.9) and multiply the resulting identity

by 9), to get

_P(2n)n*(127)
b (¢*) — 9¢°¢*(¢°) = AR 6r)
Therefore,
oz g g D)
(4.2) 1—-9u; =1 9778(27_)774(37_)
_ ') n’(T)n’(67)
- 778(27_> q1/2(¢4( ) 9q¢4( )) (27.) 3(37-)'

By [2, p. 347] and ({2.3)), we have

P (Mn’(61) _ ¢'(=q) _ n*(r)n*(67)
PG W (=¢®) ' (27)nPB37)
Now use (4.2) and (4.3)) in the definitions of Ay and A3 and use Theorem
to complete the proof. =

(4.3) 1-8ul=1-38

The next result expresses the multipliers M,, as rational functions of v,,.

THEOREM 4.3. Forn =2, 3, 4 or 5, let v, = v,(q) and M,, = M,(q).
Then

(1 =+ ’02)(1 + 3’[)2)
1— vy ’
(1 +v3)2(1 + 2v3 + 4v3)
1—wv3+ v%

M, =

M; =

)
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My = (1 + 21}4)4,
(1 +yvs)*(v? + vs + v3)

M- —
° 72(1 — v + 7202)

Proof. Let us prove the result for Ms. If we start with the definition of
My and apply Theorem we find that
_ As(q) _ m(g) 1—9u3
T A(¢?)  wl?) 1-9u3
oG PUEnR(20) 1-93
- nP@n)n?(67) it (2r)nt(67) 1 - 9u3
n°(r)n°(37)  n*(n)n*(127) 1 9v3
n@2r)nS(67)  n*(r)n*(37)  1—9ui
Apply Theorem [3.1] to this, to get

My

1 2
w2 10490 1 92 (1 — u)ua(1 + 3uy)

My = 2 . =
i—2—3v2 1 —9u3 u3(1+ v2)
. (1 — wz)vg(l + 3’[)2)
U)Q(l +7)2) ’

Now use Theorem to express we in terms of vy. This completes the proof
of the result for Ms.

The results for M3 and M5 can be proved by exactly the same method,
and the details are given in [14, (4.15)] and [11}, (3.12)], respectively.

It remains to prove the result for My. By the definition of M4 and The-
orem we have

~ Aulg) 7l 1-16u]
ALY () 1 16u}
n°(r)  n*(87) 1-—16v]
T nt2r) pPdr) 11— 16ul
_ ') () n"(2r) 1-16v]
~ni2r) nRe2r) g (rnEr) 1-16uf
Apply Theorem to this, and making use of the definitions of u4 and wy,
we obtain

My

1 2
—5 — 16U4 1—-1 4
My = 3 : 6”1 = Y14 a?).
uj(r —4vg) 1-16ui  ws

Now use Theorem [3.5] to express w4 in terms of vs. This completes the
proof. m
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THEOREM 4.4. Forn =2, 3, 4 or 5, let v, = v,(q) and M, = My(q).
Then
dM,

dv,,

Proof. By the chain rule and the definitions of u,, v,, z, and A,, we
have

1 d Up,
- ¢—M, =
M, An(qv) T dg M,

(1 = kyvy)

d dM, d dM,,
7Mn - - "= n " n "
0 v qdqu(q ) Q. - (¢")un(q")
dM,,
- o, An (™)1 = kpvy ).

The result follows. =

Observe that the right hand side of the identity in Theorem [4.4] may be
expressed as a rational function of v,, by Theorem This fact will be
used in Section [7] to construct iterations for 1/

The last result in this section is

THEOREM 4.5. Let

if n=2 or 3,
N=<¢4 if n=4,
if n=>5.

Then, with A, = Ay,(q) and A, = qdiqAn(q), we have forn =2, 3, 4 and 5,

(4.4) tA, (e 3TVINY = A, (e 20V
and

& —27m\/t/N L& —27/v/Nt _@
(15) VEGE (eI 4 2 T (Y = 2

Proof. We prove the result for n = 2. The proofs in the other cases are
similar. Write ¢ = exp(—2m\/t/N) and ¢2 = exp(—27/V' Nt). Apply d/dt
to the first result in Theorem and apply the definition of z, to get

tza(qr)wa(q1) (1 — wa(g2)) = z2(q2)w2(g2)(1 — w2(q1)),
that is,

(4.6) tza(qr) % = 22(¢2) %

From Theorem we deduce

(4.7) _wal@) _1 (1 —9wa(g2)) and _wa(@2) =

1
17w2(q1) 8 1*11)2((]2) g(l —911)2((]1)).
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Substitute (4.7]) into (4.6) to get
tzalqr) _  z(q)
1—=9ws(q1) 1 —9ws(ga)’
and this proves (4.4]) in the case n = 2.

The identity (4.5) follows from (4.4) by taking logarithms and differen-
tiating with respect to ¢t. =

5. Series. For n =2, 3, 4 or 5, define the weight one modular form ¢,

1/2
an‘n> /

n
un

by

n = n(q) = <

Infinite products for ¢, may be written down using the definitions for z,
and wu,, (2.3)) and the results in Theorem we find

R )
SRS B
) - nm”ff)f;({m - soﬁ(—q;y

n°(57) 1 ﬁ (1—q%=3)5(1 — q5j—2): }1/2

X I— {

_H 1—(1”)
1_q5] 1 _q5j 1)5

The next result gives differential equations for ¢,. For more information
about the differential equations , and that occur below, see
the work of H. Verrill [27]. The differential equation has been studied
in detail by F. Beukers [7].

THEOREM 5.1.

20 ik (= (= )

d d
(5.5) s <w2(1 — w2)(1 — 9ws) ZZ) = 3(1 — 3ws) s,
5.6 d |+ ws)(1 — Sws) 3} — 2144
(5.6) dws w3z (1 + ws3)( w3) s ( w3) 3,
d 2 dps
. = (ws(1 - 11ws — w?) =22 ) =
(5.8) dun <w5( w5 — w;) dw5> (3 + ws)ps
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We shall prove the results in Theorem [5.1] - one at a time. The proofs
follow the method in [14], and each of . is derived from a known
differential equation by making a change of varlable.

Proof of (5.5). We begin by noting that from the definitions of ¢o and
wg and ([2.3]), we have

_ ¥ _ YY)
(5.9) w2 = () and wy =q AR
We claim that
(5.10) a(q) =1+ 3w2)()02 and 03((]) . 27w2(1 — w2)2

a3(q) (14 3wp)3

The first part follows from lines 2 and 4 of Entry () in Chapter 21 of
Ramanujan’s second notebook [2, p. 460] and using . To prove the
second part, replace ¢ with —¢ in (2.8) and multiply the resulting identity

by , to get
1 3,1 M
(5.11) qy (q ) —a°¢ (g ) B (2r)n(12r)

Therefore, applying (5.10), (5.9), (2.3), (5.11) and (2.10)), we obtain

wa(l—w2)?  [(2(q)\’

(T+3un)® < a(g) ) wa(l = wa)’
L (PN A (@)
‘a?’(q)(w(q)) wm(l qw(q))
1Y) 1/2,040 N 3/2. 47, 3\\2
= 30 @) (7 *Y%(q) — ¢°"“¢"(q”))
_ L n(mm(6r) <n3(27)n5(37)>2
a3(q) n(3r)n%(27) \ n3(r)n(67)
_ 1 179(37'):ic3(q)
a’(q) n*(t) 27 a%(q)

This proves the second part of the claim in (5.10)).
Now let z3 = a(q) and x3 = c3(q)/a>(q). It is known (see, e.g., [3, p. 106,
(4.7)], 5], [9], [16]) that

d
1 —
dX3 <X3( X3)

We re-express (5.12)) in terms of @9 and we. By the chain rule and (5.10)),

we have

2
(5.12) dz3> °Zs

dX3

d _dw2 d (1—|—3w2)4 d

di)ig B ng dUJQ N 27(1 - wg)(l - 9’[1)2) dUJ27
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and by (5.10|) again, we obtain
d _ wg(l — ’11}2)(1 — QWQ) d

xa(l = %) 5o = (1 + 3ws)? dws’
Hence is equivalent to
(5.13) (1 + 3wq)? d (wg(l —ws)(1 — Yws) dZ3) _ %
27(1 — wo) (1 — Yws) dwy (1 + 3wy)? dws 9

By (5.10) we have z3 = (1 4+ 3ws)p2. Using this in (5.13)) and simplifying,
we obtain ({5.5)). m

Proof of (5.6]). A proof has been given by Chan and Loo [14], (5.2)]. The
key [14, Lemma 3.1] is to use

*(q) 2Tws

(5.14) a(q) = (1 + 4ws)ps and =

a*(q) (1 +dwy)’
in place of ((5.10). m

Proof of (5.7). Let z4 = ©*(q) and x4 = 16qv*(¢%)/¢*(q). By the infinite
products for ¢4 and w4 and Entries 10 and 11 of Chapter 17 of Ramanujan’s
second notebook [2, pp. 122-123], we have

Z4 X4
5.15 = — d ==
(5.15) T Tox M T g
It is known (see, e.g., [2 p. 120, (9.1)], [16]) that
d dzy Z4
1 P (xa(1 = xq) 222 = 22
<5 6) dX4 <X4( X4) dX4) 4

Making the change of variable given by (5.15)) in (5.16|), we obtain (5.7)). =
Proof of (5.8)). In [I7, Theorem 2.8] it was shown that

d dzs\ 1 dzs\> 5
(5.17) a5T525 . <a5x5 dx5> =3 <a5x5 dx5> —5 x5(2 + 25x5)z§,
where

a5 = (1 + 22x5 + 12522)1/2,
We re-express the differential equation (5.17)) in terms of 5 and ws. By [17]
Theorem 2.4] we have

dxs dws
q—— =asrsz; and ¢ —— = wszs.
dq dq
It follows that both x5 and ws are increasing functions of ¢ for —1 < ¢ < 1,
and therefore by the chain rule we have

asrs -1 = aszs (g 25 drs) d _ . 1
55d$5_55qdq qdq dws  ° dws
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Hence ([5.17) becomes

d dzs 1 dzs \? 5 )
5.18 —_— — | == — —x5(2+ 25 .
(5.18) w525 g <w5 dw5> 5 <w5 dw5> 5 25(2 + 2525)25

Now use the definition of 5 and Theorem to express 25 in terms of 5
and ws, i.e.,

Ws
(5.19) 25 = o ©f = (1 — 11lws — wd)y?.
Substitute (5.19) into (5.18)), and use Theorem to express x5(2 + 25x5)
as a rational function of ws. The result simplifies to (5.8)). =

THEOREM 5.2. Forn =2, 3,4 or5 and ¢, = ¢n(q) and w, = wn(q),
we have the series expansions

o0
(5.20) On = ch(k)wﬁ,
k=0
valid for
1 1 1
lwa| < 9’ lws| < g lwa| < o lws| < 4% ~ 0.09,

where the coefficients ¢, (k) satisfy the recurrence relations
(k4 1)%co(k + 1) = (10k* + 10k + 3)ca(k) — 9k2ca(k — 1),
(k+1)%c3(k 4+ 1) = (Tk* + Tk + 2)cz(k) + 8k%c3(k — 1),
(k4 1)%cq(k + 1) = (32k* 4 32k + 12)ca (k) — 256k%c4(k — 1),
(k+1)%cs(k 4+ 1) = (11k* + 11k + 3)es (k) + kPes(k — 1).

The first few terms in each sequence, together with the reference to Sloane’s
On-line Encyclopedia of Integer Sequences [26], are given in Table 1.

Table 1. First few values of ¢, (k)

cn(0)  cn(l)  cn(2) cn(3) Sloane id.
3 15 93 A002893
2 10 56 A000172
12 164 2352 N/A

3 19 147 A005258

(
1
1
1
1

[ NN SUR OB I

Proof. The existence of series solutions in the forms given by , and
the radii of convergence of the series, follow from the standard theory of
linear differential equations. The recurrence relations follow by substituting
the series into the differential equations in Theorem and comparing
coefficients. The values of ¢, (0) and ¢, (1) in Table 1 may be computed by
expanding both sides of in powers of ¢ and comparing the constant
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term and the coefficient of ¢q. Further values of ¢, (k) can then be computed
using the recurrence relations. m

The recurrence relations in Theorem have the following explicit so-
lutions in terms of sums of binomial coefficients.

THEOREM 5.3. The coefficients ¢, (k) are given by

w00 s

i=0 7=0
R e (0T

Proof. The results for ca(k), c3(k) and c5(k) are well-known; see [26] for
references. The result for ¢4(k) can be deduced from (5.15)) and the result

11
z4 = oF (27 3 1;X4)-

11
s = (1 —16wy) Y25 <2, 5 1; 16w4>-

Thus,

Now expand in powers of wy and extract the coefficient of w}. =
THEOREM 5.4. For k=2, 3, 4 or 5, define
k
j=0

Then, with A, = A,(q), A, = qd%An(q) and w, = wy(q), we have

A > W
£Z(1w2)(19w2);02(k)(k 2 )wg,

1 — W2
‘%:(Hw)a—sw)io(m ket —23 )k
As 3 3 2 3 T+ ws )™
@_(1 16 )Qi(}(k) o —0ws )
Ay P 1—16ws )"
:4\; 2 . 7571)5 k
— =(1-11ws — Cs(k)| k+ ———— .
As ( w5 w5)kz_0 5(k)( k+ 1+ 2ouws wx
The series converge for
1 1 5
|’U)2’ < 67 ‘w3‘ < év ‘UJ4| < E? ’w5’ <7” =~ 0.09.
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Proof. By the chain rule and the definitions of zo and As, we have

(5.21) 1 dAy 1 dwydAy _ zwy dAy
. Aquq_AQqu dU)Q_AQ de

By the definitions of Ay and ¢3, followed by Theorem we have
(5.22) Ay = 22 2

= @2
1 — kowsy SL’Q(l — k2w2) 2
1 — 10wy + 9wi

— —(1— 2
1— 9w, ¢y = (1 —w2)p3

= (1—wy) Y Co(k)us.
k=0

Substituting (5.22)) into the right hand side of (5.21)) we obtain the first
result.

The other results may be obtained similarly. m

__ The next goal is to find values of ¢ which yield explicit values for w,, and
Ay, /A, in Theorem These will imply series for 1/m.

THEOREM 5.5. With A, = An(q), A, = qd%An(q) and wy, = wy(q), we
have

A iy 2 VB ey - L)
sz (2o = YO ey L gy,
fﬁ (=) = % wale™™) = 3%
E(ezw/ﬁ) _ \2/5 ws(e=27/V5) = ;(m— 1).

Proof. The values in the left column follow by taking t = 1 in . The
values in the right column follow by taking ¢ = 1 in Theorem [3.4] and solving
the resulting quadratic equation. The appropriate root can be determined
by using the approximation wy,(q) ~ ¢. =

If the values in Theorem [5.5] are substituted into the series in Theorem
the results are the series for 1/ given by (1.1)—(1.4) in the introduction.
In each case, the value of w, in Theorem [5.5|is approximately one half of
the radius of convergence, so the series yields approximately one binary digit
(or about 0.3 decimal places) per term.
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The coefficients C), (k) may be computed efficiently using third order
recurrence relations. For example, Cy(k) satisfies the recurrence relation

(k+1)3Cy(k + 1) = 8(3 + 10k + 12k + 6k>)Cy (k)
—128(1 4 4k + 6k? + 6k3)Cy(k — 1) + 4096k3Cy (k — 2),

where
C1(0) =1, Cu(1) =24, C4(2) =472

We point out that taking only the £ = 0 term in ((1.3]) gives the (really bad!)
approximation m = —4. Despite this poor start, the series then proceeds to
converge at approximately one binary digit per term.

6. A divergent series. The functions ¢y and zy are modular forms
of weights 1 and 2, respectively, on I(6)13, and likewise, 3 and z3 are
modular forms of weights 1 and 2, respectively, on I((6)42. It remains to
investigate the space I1(6)¢, and that is the topic of this section. There are
some fundamental differences for the space I'1(6).¢. For example, there is no
analogue of the function u,,, and the resulting series analogue of Theorem [5.4]
with ¢ = e 27/ V6 Jeads to a series for 1 /7 that does not converge. A sketch
of the theory is as follows.

Let
o = 12T (6T) () (67)
PTG T n22nn23r)
d Z6L6 1/2
7 =qo-logws, As=z, we=|-—) -
q We
The analogues of Theorems [3.1] and [3.2] are
1 1 1
(6.1) e + 174 2w = = and  wg(e” 2 wg(e ™) = 5
and the analogues of Theorem and (5.1) and (5.2)) are
7 7 6
n'(27)n"(37) n°(7)n(67)
26 = > = A9 = A3 = Ag and 6= a5 -
> ()P (67) n3(27)n?(37)

In place of (5.10]) and ([5.14]) we have

A(q)  2Twe(1 + Bwg)?
a*(q)  (1+12we)®
and these may be used to derive the differential equation

.
dw(j

a(q) = (1 + 12wg)ps  and

d
<w6(1 + 8w (1 + 9wg) d%> 4 6(1 + 12wg)pe = 0.

We
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This has the power series solution
o0
Y6 = Zcﬁ(k)w’ga
k=0

valid for |weg| < 1/9, where the coefficients cg(k) satisfy the recurrence rela-
tion
(k+1)%ce(k 4+ 1) = —(17k* 4+ 17k + 6)cy, — T2k%c1

and are given explicitly by the formula

=2 () g (V)

The sequence (—1)¥cg(k) is A093388 in Sloane’s database [26]. The first few
terms are given by

6(0) =1, (1) =—6, cs(2) =42, c6(3)=—312.

The analysis at the end of the previous section can now be applied. The
result is

(6.2) jz = (1+ 8uwg)(1 + 9we) Y Co(k) <l<: +
k=0

17we + 144w k
'UJ6,
(1 + 8w6)(1 + 9’11}6)

provided |wg| < 1/9, and where Cg(k) = Z?:o ce(4)ce(k — j). Now take

q = e=27/V6_ Since Ag = Ao, we have ;1;3/146 = V/6/27. By the second
part of we find wg = 1//72 ~ 0.118, but this is outside the interval
of convergence. In order to obtain a convergent series for 1/ from ,
a different value of ¢ that yields a smaller value of wg will have to be used.

7. Iterations. In this section we use the ideas from [14], that were
utilized in [11], to produce four iterations that converge to 1/7. One of these
(the case n = 2) is new. Another new iteration, based on the Ramanujan—
Gollnitz—Gordon continued fraction, will be developed in Section [§]

Throughout this section, for n = 2, 3, 4 or 5, let

6 if n=2or3,
N =<4 if n=4,
5 if n=>5.

Let A, = A,(q), A, = qdiqAn(q) and put ¢ = exp(—2m+/t/N), where t is a
positive real variable. Define k,, = ky,(t) by

1 [t Ap

Iterations for 1/7 can be constructed from the following properties of k,.
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THEOREM 7.1. With My, = My(q), My = g4 My(q) and g = e >"VH/N,
we have

(7.1) kn(t) + thn (1) 0,

2\ i Min
(7.2) kn(nt) = Mykn(t) + 24/ N M A, ()’
and

1
(7.3) kn(t) = — (b1 +b2Vt)g + O(VEg?)  ast — oo,
where
5/m if n=2 or3,
bl = 8/7T if n = 4,

(1+5V5)/2n if n=5,
and
10/v/6 if n=2 or3,
52: 8 ifn:4,
1/V5+5 if n=5.

Proof. The identity follows from by dividing by A, (e~ 2"V¥/N),
applying and expressing the result in terms of x,,.

The identity can be obtained by applying logarithmic differentiation
to the definition of M,, and expressing the result in terms of x,,.

Finally, follows by computing the first two terms in the g-expansions

of 1/A, and A, /A%. u
For n =2, 3, 4 or 5, define sequences {k;} and {s;} by
ki = kn(n®), s = un(exp(—2mn? /VN)).

The asymptotic formula implies that k; converges to 1/m with order n.
A recurrence relation for s; follows immediately from the results in Theorem
and a recurrence relation giving k;1 in terms of k; and s;41 is implied
by the functional equation . We give the full details in the case n = 2.
By Theorem [3.5] we have

(7.4) Sj+1 =
3+ (

and from Theorem [5.5] we find
1/2 _
(7.5) sp = U2(e_2”/\/€) — (1 _ \/§> — M
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By Theorem and the definitions of vy and s;, we have

(7.6) My(e- /ey — (LEve)(1+302)
1 —w9 g=exp(—29+1m//6)
(T4 s541)(1 +3s541)

1=sjm
By Theorems [4.3] and [£.4] we have
1 dM, V9 9y Mo
MyAs(g?) ! Tdg E( ~9u2) dvy
vl —v)(1—903) d [ (1+v2)(1+ 3uvy)
(14 v2)(1 + 3w9) dvz{ 1—wy }
v (1 — 3v2) (5 + 6vy — 3v3)

1-— v% ’
therefore
M, 8j+1(1 — 3s541)(5 + 65541 — 353+1)
(7.7) o = 5
MQAQ((] ) q:e—zj+1n/\/€ 1-— Sj—i—l

Taking ¢t = 2%/ in (7.2)) and using (7.6)) and (7.7)), we obtain the recurrence

relation
(L4 sj+1)(1 +35541)

(18) k=
2741 sj11(1 = 35541) (5 + 65541 — 3s7,)
V6 1- 532'+1

and from we deduce

(7.9) ko = 0.

Thus, we have proved

THEOREM 7.2. Consider the sequences given by the recurrence relations

and . ), together with the initial conditions in and . Then

k:j — 1/7 as j — oo, and the convergence is quadmtzc

The details of the cubic iteration that arises in the case n = 3 were
worked out by Chan and Loo in [14]. The quartic iteration for n = 4 turns
out to be equivalent to one given by Chan in [10, Iteration 1.6]. The quintic
iteration for n = 5 was given by Chan, Cooper and Liaw in [I1].

8. Another iteration for 1/7. Let

1 _ 8= 7 (1 _ 8= 1)
_ 1/2 q q
U= u H 8] 5 q8j 3)
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and define
2 2
v=uv(g) =u(g”), w=w(g) =u(q).
The function u has an expansion as a continued fraction, called the Rama-
nujan—Gollnitz—Gordon continued fraction. In this section we outline an
iteration for 1/7 that comes from exploiting properties of the Ramanujan—

Gollnitz—Gordon continued fraction. We have been unable to find a series

like the ones in Theorem because we have been unable to find the
corresponding weight one modular form.

THEOREM 8.1. Let v = V2 — 1. Let kg = 0 and sy = 21/1 — V1 —a,
and define sequences by

2 2

at—s7 \1/2
@ = (l—ocgsj?)
Sj+1 = a2—s2 ,1/2’
1 o(ias)
(1+2v2s550 +53,)
kjt1 = , kj
I —sjm1
20 sj+1 (L= 22) (L +2v2+ 25541 — 571y
V2 (1 —sj+1)(1+ asjq1)

Then kj_l converges quadratically to .
Proof outline. By [2, p. 120, (1.2)] or [12, Theorem 2.1}, we have
1 v(q*)

u= ,
u /% (q*)
therefore by (2.4]) and (2.3) we obtain

1 old®) —2¢P0(g") (=g

(8.1) " 2 = q1/2¢(q4) - ()
_ (7/2)n4r)
n(T)n?(87)

This is an analogue of the results for u, in Theorem [3.1] The procedure in
Section [3] can now be followed, and we obtain

1 g MO
w 6+w= 772(27')774(87')’
u(e—W/Qt) — M ’U)(e_w/zlt) - a2 _ w(e—th) .

1+ au(e—2mt)’ 1 - a?w(e2mt)’

(1 - a®w(g)(1 - a®w(g)) = 1 -
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where
q = exp(—QW\/i/\/]v), g2 = exp(—27/V Nt), N =38
and
2_,,\1/2
_ Oé_(la—a;flz}u)/ o 1-w
o a2—w \1/2’ w_vl—i-'l).
1 +a(1—0¢2w)

The last formula involving w and v was given in [12, Theorem 2.2].
Next, define z = 2(q), A = A(q) and M = M (q) by

d z A(q)
=2q—1 A= —— M = .
z q dq og U2, 1— U2/042’ A(qg)
The analogue of Theorem is
2 3
_n (T)n(27)n°(47) o 92\ 2/ 4
z= (87)2 = o(=)p(=q" )" (=q).

See [15, Theorem 3.1] for a proof and connections with sums of squares and
sums of triangular numbers. The analogues of Theorems [£.3] and [£.4] are

_ 142vV20+ 02
- 1—vw

M

)

and
L vty
MA(q?) ¢ dg M dv
The analogues of Theorem [£.5] are

a2

tA(efQﬂ t/N) _ A<6727T/\/W)

and

\/i% (672# t/N) + i é (6727r/\/m) \/j

t A T’

with NV = 8. Let

where

~  dA
A=A A=g¢22
(), g

and define sequences {k;} and {s;} by
ki =r(27) and s; = u(e*Q“'Qj/\/g) = u(ei2j”/\/§).

Now follow the procedure at the end of Section [7] to show that these se-
quences have the properties claimed in Theorem .

q = exp(—2m+\/t/N), N =38,
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