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Integer points close to convex hypersurfaces
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M. C. LETTINGTON (Cardiff)

1. Introduction. Let C be the boundary surface of a strictly convex
bounded d-dimensional body. Strictly convex means that if P and @ are
points on C', then points on the line segment P@Q between P and @ lie in
the convex body, but not on its boundary C. Let M C' denote the dilation
of C' by a factor M. Andrews [I], [2], proved that the number of points of
the integer lattice on MC is

(1) O(]\Id(d—l)/((i-i-l))7

as M tends to infinity. Strict convexity is necessary because a part of a
(d — 1)-dimensional hyperplane in the boundary C can give as many as a
constant times M9 ! integer points for infinitely many values of M.

We consider the integer points within a distance § of the hypersurface
MC'. The two-dimensional case has been well studied ([12], [5], [9], [6], [10]
and [I1]). More recently the author [15] has examined the three-dimensional
case. Introducing  requires some uniform approximability condition on the
surface C', usually expressed in terms of upper and lower bounds for deriva-
tives and determinants of derivatives. Let A be the (d — 1)-dimensional
volume of C'. The search region has d-dimensional volume

(2) (246 + O(6?)) M4,

and this is known to be the number of integer points on average over trans-
lations of the surface M C'. To obtain an asymptotic formula one considers
the Fourier transform of the convex body, with conditions at least as far as
the 6dth derivatives in order to estimate the multiple exponential integrals.
Hlawka [8] obtained an asymptotic formula with error of size (|1)); see also
Kréatzel [13]. Under the C*° hypothesis of a convergent Taylor series, the
error term in the asymptotic formula has been improved, most recently by
Miiller [18].
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We derive an upper bound for the number of integer points within a
distance ¢ of the hypersurface. We require only that C' has a tangent hyper-
plane at every point, and that any two-dimensional cross-section through the
normal at some point P consists (in a neighbourhood of P) of a plane curve
C’ with continuous radius of curvature bounded away from zero and infinity.

CURVATURE CONDITION (with size parameter M). For any point P on
C and any two-plane IT through the normal to C' at P, let C(II, P) be the
closed plane curve CNII. Then C(II, P) is a twice differentiable plane curve
with radius of curvature ¢ lying in the range

(3) coM+1/2<o<c1M —1/2,
where the constants cg, c; and § satisfy
(4) 1/M<ecy<1<e¢ and §<1/4.

LocAL CURVATURE CONDITION. There is a constant s such that for
C(II, P) defined as above, the points @ of C(II, P) with PQ < kM form a
twice differentiable plane curve with radius of curvature satisfying (3)).

In order to state our results, we set up some notation. Let Cy be the
locus of points at distance § from C' measured along the interior normals
to C, and let C7 be the locus of points at distance & measured along the
exterior normals. Let F be the d-dimensional shell bounded by Cy and C}
so that E has thickness 20. Let S be the set of integer points in F, and let H
be the convex hull of S, so that H is a d-dimensional convex polytope ([3],
[4], [14], [17] and [16]). All points of S lie in H, but not all integer points on
the boundary of H lie in S.

By Lemma 2.1 of [I5], the boundary surfaces Cy and C of the shell E
have a tangent hyperplane at each point (), and their two-dimensional cross-
sections C'(I1,Q) in planes normal to the tangent hyperplanes are twice
differentiable, with radius of curvatures in the range

(5) coM < p < e M.
Under the Curvature Condition, the shell £ containing S, the set of integer

points, lies in a d-hypersphere of radius R = ¢y M. The volume V; and
surface content Sy of this sphere is given by the formulae (see [19])

(6) Vi=aqR? Sq=dagR",
where
ﬂ.k 22k+17{'kk§! g
(7) Qo = Ha a2k41 = m, (6%} S 6, ﬂ S T,
and for d > 2,
(8) dog < (2m)%1.

We can now state our results.
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THEOREM 1.1. Suppose that C is a convex hypersurface in d-dimensional
Euclidean space E? (d > 3), satisfying the Curvature Condition at size M
(so that C is contained in a hypersphere of radius ciM). Then the total
number, N, of integer points lying either on C, or within a distance 6 of C,
1s bounded by
93d*+5d—7 | <Cl

d—1
) ((ClM)d(d_l)/(d+1) + 29(5(61M)d_1).

9 N<
co

Qd—1

THEOREM 1.2. Suppose that C is a convex hypersurface in d-dimensional

Euclidean space B¢ (d > 3), satisfying the Local Curvature Condition at
size M (so that C' is contained in a hypersphere of radius c1 M), with

(10) M > 1006¢y /K.

Then N, the total number of integer points lying either on C, or within a
distance § of C, satisfies the same bound @D as i Theorem 1.1.

2. Major arcs

DEFINITION. It is helpful in many problems to separate “major arcs”,
regions where there is good Diophantine approximation, from “minor arcs”,
regions where there is not. In this paper a major arc can be described in-
formally as a region U of the shell E such that the convex hull of all the
integer points in U is contained in the intersection of £ with some hyper-
plane. Hence U can be of dimension j, with j =1,...,d— 1.

For each major arc we are interested in the integer points which lie
within a distance § from the hypersurface C. In the preceding paper [15]
we showed that the integer points lie in clusters around the vertices of the
convex hull H, which we call components of a major arc. We also observed
that at most two one-dimensional components can lie on the same straight
line. Higher dimensional components are, however, not as simple and for
d—1 > j > 2, there can exist many j-dimensional components on the same
j-dimensional plane.

Each j-dimensional component of a major arc has maximum diameter
equal to the maximum length of a component of a one-dimensional major
arc. By Lemma 4.1 of [15] this is

(11) < 4/bc1 M.

Hence a j-dimensional component is contained within a j-dimensional hy-
percube of volume

(12) < (4\/6e1 M),
LEMMA 2.1. Let II be a hyperplane with equation

n-x=2D0,
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where n is a primitive integer vector, and D s an integer. Then the integer
points of II form a lattice with determinant |n|.

Proof. This is Lemma 4.4 of [15]. m

LEMMA 2.2. Let A be a j-dimensional lattice of determinant n, 1 < j
< d. Let U be a convez set in the j-plane of A, with j-dimensional volume V,
containing K points of the lattice A. Then one of the following two cases

holds:

(1) Major arc case: All the points of A in the set U lie on a (j — 1)-
dimensional plane.
(2) Minor arc case:

\% 1%
K<jl—+i< G+ —.
n n
Proof. This is Lemma 4.5 of [15]. m

3. Vertex components. For each point P in our shell E, there exists
a normal to the hypersurface C', meeting the outer boundary surface C
normally at a point R; and the inner boundary surface Cy normally at a
point Rg. We call Ry and Ry the normal projections of P onto Cy and C1 re-
spectively. The vertices of our convex polytope H must, by definition, lie in £
and for every other non-vertex integer point in £ there must exist a nearest
vertex. This argument follows the account in [I5] of the 3-dimensional case.

DEFINITION. Let P be a point of S in the shell £ and R; the normal
projection of P onto C;. Let V be a vertex of the convex hull H and E’ the
plane sectional strip of E containing V', P and R;. If the line segment RV
lies entirely within the closed strip E’, then we say that P lies in the vertex
component S(V') of S.

LEMMA 3.1. Every point P of S belongs to some vertex component S(V').

Proof. The line segment PR, cuts the boundary of the convex hull H at
some point ) between P and R; inside F, so that ) lies in some hyperplane
face F' of H. If Q is a vertex of H then P belongs to S(Q) as QR; will lie
on the line segment RyR; inside FE.

We now assume that the point @ is not a vertex of H and triangulate the
facet F' of H containing () so that @ lies in some simplex W = V; ... Vg If
the line segment QV; does not enter the interior of the convex set bounded
by Cy then neither does R1V;, implying that P lies in S(V}).

If P lies in no S(V;) then each line segment QV; on F' cuts the interior
of Cp in some point @); also on F' but not in E. The whole convex simplex
Q1 ...Qg therefore lies strictly inside Cy and contains Q). Hence, @ is not
in F, which is impossible, since () lies on the line segment RyR;, which is
strictly inside F. This contradiction shows that for some 7, the line segment
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Vi@ lies in E and so V; Ry lies in E and P is in the component corresponding
toV;. m

LEMMA 3.2 (Spacing lemma). Let V' be a vertex of the convex hull H.
Let P be a point of S not in the component S(V) of V.. Let Ry and Ry be
the respective normal projections of P and V onto Cy. Then

(13) RlRQ > \/ C(](SM

and the angle between the normals to C1 at R1 and Ry is

1 005
14 > —) =
(14) oV ar
Proof. This is Lemma 5.2 of [15]. The number of dimensions does not
affect the geometry of the two-dimensional section. m

As each integer point P in S belongs to at least one component S(V')
labelled by some vertex V' of the convex hull H, components labelled by
different vertices may well overlap and different vertices of the convex hull
may be close together. We pick a well-spaced set of vertices of H as follows.
Pick a vertex V1, and let the enlarged component S'(V1) be the union of all
components S(V) with V in S(V1).

Now pick a vertex V5 not in S’(V1), and form the enlarged component
S'(Va). We pick Viy1 not in S’(V1),...,5(V;), and so on until all of the
vertices V' of the convex hull H lie in some enlarged component.

LEMMA 3.3 (Thickness lemma). Let S'(V) be an enlarged component
and let Ry be the normal projection of V onto Cq. Let P be a point in
S (V) and let Ry be the normal projection of P onto Cy. Then the distance
h of P from the tangent plane at Ry satisfies

(15) h < 528¢1 /o,
and
(16) RlRQ < 10 561M.

Proof. This is Lemma 5.3 of [I5]. The number of dimensions does not
affect the geometry of the two-dimensional section. m

REMARK. As with the three-dimensional case in [I5], we are ultimately
working towards a shelling argument. This uses the property that if we can
obtain a bound valid for ¢ sufficiently small, then we can deduce a possible
weaker bound for large § by dividing the shell F into concentric shells E,.,
1 < r < R, of thickness dp, bounded by shrunken copies of the exterior
hypersurface C7 of E. By inequality , we have a uniform upper bound
of ¢y M for the sectional radius of curvature at any point on each shell E,.
Hence, when regarding maximum sectional radius of curvatures, we can work
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within the general shell boundary C7, whose sectional radius of curvature is
also < e¢1 M.

LEMMA 3.4 (Flatness lemma). Let S’(V') be an enlarged vertex compo-
nent of our conver hull H. If

(ClM)_(d_l)/(d+1),

22d5d=113d!cy

(17) 5 < 6o = ( co >2/(d+1)

then all the points of S'(V') lie on a hyperplane through the vertex V.

Proof. Let P be a point of S'(V) and let R; and Rs be the normal
projections of P and V onto Cy. All points P of S’(V) lie within a distance
520c1 /co from the tangent hyperplane at Ro, and by ,

PV S R1R2 S 10\/ (501M.

Hence, the set of integer points S’(V) all lie within a rectangular box L, of
d-dimensional volume Vol(L), with

526¢, a1 1
(18) Vol(L) < = - (20V/der M) <

where we have used the assumption . Therefore, by Lemma 2.2, the
major arc case holds, and all points of the enlarged vertex component S’(V),
including V itself, lie on a hyperplane. »

LEMMA 3.5 (Approximate tangency). Let S’(V) be an enlarged compo-
nent. Let T be the point of Cy closest to V. Let P be another point of S’'(V),
and let g be the integer vector V. P. Then the angle o between V P and the
normal to Cy at T satisfies

52561
colg|

Proof. This is Lemma 5.5 of [I5]. The number of dimensions does not
affect the geometry of the two-dimensional section. m

(19) |cos a| <

LEMMA 3.6 (Sums of reciprocal vector lengths). Forj=1,...,d—1 we
have
1 4 .
20 — < 22 pd=i,
(20) 2. fof <
1<le|<E

Proof. Applying the Cauchy condensation method, we divide the normal
vectors into ranges

F/2<le|<F, F=1,24,...°2

where 2% is the largest power of 2 less than or equal to E. The number of
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integer vectors in this range is

d
<@F+ 1) - (F4+1)i < Z()T” 1)

7=0
< Fd(3d _ 2d) < 22d_1Fd,
so that .
1 _ 2\’ L
Z i <22d le “ :22d+] le ‘7‘
e = F
F/2<]e|<F
Summing over the ranges for F', we have
1 ) . .
D0 r 2T @Y T @) 4+ 29
1<le|<F lel
(2d*j)K+1 -1
2d-5 — 1
DEFINITION. Let R be the normal projection of V' onto the outer sur-

face C1. We define the reach, U(V), of the enlarged vertex component S’(V')
to be the set of points on C; such that for all points P € U(V) we have

(21) PR < 10\/6c1 M.

By , if @ is an integer point in S’'(V), the normal projection Ry of @
onto the surface C; lies in U(V).

_ 92d+j—1 < Q2tigld-DK < g2d+jpd—j

LEMMA 3.7 (Enlarged vertex components and the Local Curvature Con-
dition). If

(22) M > 1006¢y /K2,

then the Local Curvature Condition with respect to R holds at all points Ry
in the reach of S'(V).

Proof. Let P be a point of C; in U(V). By and ,
PR <10+/6c1 M < kM,
which is the threshold for the Local Curvature Condition. m

LEMMA 3.8. In d-dimensional space, the number of integer points of S
in E that lie strictly inside the convex hull H of S is

(23) < 20dlovgd (e ML
Proof. This is Lemma 4.3 of [15]. m

Let S(H) be the set of integer points in S that lie on the boundary of
the convex hull H. The rest of this paper is devoted to the study of S(H).
The points of S(H) fall into enlarged vertex components, where an en-
larged vertex component, S’(V'), of S(H) is either full d-dimensional or it
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lies strictly on some j-dimensional hyperplane that contains the vertex V
with 0 <j <d-—1.

LEMMA 3.9. Let fg_1 be the number of (d — 1)-dimensional hyperplane
faces of the convex hull H. Then

(24) fd—l < 2(3add')d/(d+1) (ClM)d(d_l)/(d+1) < 36d|(clM)d(d—1)/(d+1)

Proof. This is Theorem 3.4 of [15], where we have used (7)) to obtain the
second inequality. m

LEMMA 3.10. For 0 < j < d—2, let f; be the number of j-faces (that is,
j-dimensional faces) of the convex hull H. Then

(25) i < 2(3aqd)) YD (2( 4 1)e M)A/ (d+1)
< 36d!(2(j + 1)cp M)Ud=D/(d+1),
Proof. This is Theorem 3.6 of [15]. =

LEMMA 3.11. Let R = c1M and let F' be a facet or hyperplane face of
H that lies in a hyperplane ¥ with outward normal n. Let X be the point of
C1 at which n is the outward normal. Let h be the distance from X along
the inward normal to the nearest point Y on the hyperplane ¥. Let E' be
the (d — 1)-dimensional section of E contained in ¥, so that E’ contains
all parts of the face F' that lie in the shell E. Then the (d — 1)-dimensional
volume V' of E’ is bounded above by

(26) V < 20@+9/235( e MY(@-D/2p(d=3)/2,
Proof. This is Lemma 4.2 of [15]. m

4. Boundary components. Let S*(V;) be the subset of S'(V;) con-
sisting of integer points on the boundary of H. We will call this a boundary
component. We have shown that for each enlarged vertex component S’(V;),
if § is sufficiently small then S’(V;) lies in a hyperplane and so S*(V;) lies in
the same hyperplane.

The dimension of the integer point set S*(V;) is defined to be the least e
for which S*(V;) lies in an e-dimensional hyperplane, and |S*(V;)| to be the
number of elements of S*(V;) in S. When e = 0 we merely have to count the
vertices of H. When e = d, the points of the enlarged vertex component lie
on two or more hyperfaces of H, and we use a volume argument (Lemma
4.3 below). When e = d — 1 we have a straightforward but complicated
estimation (Lemma 4.2 below). For intermediate dimensions 1 < e < d—2 we
consider “girdles” of parallel planes and use a solid angle spacing argument.
This takes its simplest form when e = 1 (Lemma 4.1 below). The cases
2 < e < d — 2 require more combinatorial geometry and will be considered
in the next section.
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We define a one-dimensional girdle to be the set of all the boundary
components S*(V') of H which are one-dimensional and which lie paral-
lel to some primitive integer vector e. When considering the j-dimensional
boundary components with 7 < d — 2, we must also take into account the
possibility that many of these components may be parallel. To clarify the
parallel condition in higher dimensions, we introduce the idea of degrees of
parallelism as described in [19].

DEFINITION. Let IT; and I1s be two planes of dimension p and ¢ (p > q)
respectively in E¢ that have no point in common. Let ¥ be the plane of least
dimension d that contains both II; and Ils. Let r = p + q¢ — d. Then II;
and Il intersect in an r-plane at infinity and we say that II; and Ils are
(r 4+ 1)/q-parallel.

Ifp=qgqand r=p—1, then d =p+ 1, and II; and I, are contained in
the (p + 1)-plane ¥. We say that II; and IIy are completely parallel. When
this occurs, then through each point O in ¥ there is a unique line in ¥ that is
normal to both I1; and Il,. If two normals are drawn through two points O,
O’, cutting IT; and II5 in A, B and A’, B’ then ABB’A’ is a rectangle and
AB = A’B’. The distance AB is called the distance between the completely
parallel p-planes.

We deduce that if two completely parallel p-planes share a common point,
then they are in fact the same p-plane.

In contrast to complete parallelism, we again refer to [19] in order that
we may clarify complete orthogonality in higher dimensions.

DEFINITION. Through any point O in E? we can find d lines that are
all mutually perpendicular. We begin with a line ;. All lines perpendicular
to 1 through O form a (d — 1)-plane II; whose normal vector at O is [j.
Let I3 be one of these lines and let ITs be the (d — 1)-plane whose normal
vector at O is 9. Then all lines perpendicular to both [; and Iy at O lie in the
(d—2)-plane that is the intersection of IT; and 1. Let I3 be one of these lines.
Continuing in this manner we create a system of d lines [y, ...,[; that are
all mutually perpendicular. Any p of these lines determine a p-plane ¥,,, and
the remaining d — p lines determine a (d — p)-plane ¥y_,,. These two planes
only intersect at O and have the property that every line of ¥, through O is
perpendicular to every line of ¥;_, through O. The two planes ¥, and ¥;_,
are said to be completely orthogonal.

We deduce that for ¥,, defined as above and containing the point O,
there exists a unique (d — p)-plane ¥;_,, that is completely orthogonal to ¥,
through O. Hence for a given system of d mutually orthogonal lines in E?
and any point O, for each partition of the lines into two sets containing p
and d — p lines there exists a unique pair of completely orthogonal planes,
¥, and ¥;_,,, that intersect only at O.
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LEMMA 4.1. The number of integer points on one-dimensional boundary
components is estimated by

26d71336§d—1)/2ﬂ.d71 i
(27) doIsr W)l < s dle M)
dim S*(V;)=1 Qgq—1¢,

Proof. In the proof of Lemma 6.1 of [I5] we noted that at most two
one-dimensional boundary components can lie on the same straight line.

We consider all the boundary components S*(V;) which are one-dimen-
sional lying parallel to some primitive integer vector e. Suppose that the
component contains [ points of S(H ), where

(28) L+1<I1<2L
for some L equal to a power of two. We can take g = (I —1)e in Lemma 3.5,
with

gl > (I—1)le| > Lle].
In Lemma 3.5 the angle a between the vector e and the normal to Cy at T,
the point of C] nearest to V, satisfies

| | < 52(501
CoSs «v
- coL|e|
Hence
T 26c1 o
2 — .
( 9) 2 ) CoL’e|

We want to discuss the spacing of the vertices V; that label the enlarged
components S’(V;) and so the boundary components S*(V;). Each V; has a
normal projection 7T; on C;. Consider a d-dimensional sphere B of radius
c1M. We map T; on C] to the point W; on B where the outward normal n
to B is parallel to the outward normal to C; at T;.

Let V; and V; be distinct vertices labelling enlarged vertex components.

Since V; ¢ S(V;), we have
T;TYJ > v/ cpdM,
by of Lemma 3.2. Since C has sectional radii of curvature at most
01M y
Win > TZTJ >/ Co(SM.
Hence d-dimensional balls B; of radii %\/coéM , centred at the points W;
on B, are disjoint.

The d-ball B; meets the surface of the d-sphere B in a (d—1)-dimensional
set A; which contains the centre W; of B; and is a (d — 1)-ball in spherical
geometry. As the B; are disjoint, the (d — 1)-dimensional volumes of the
sets A;, on the boundary surface of the d-sphere B;, are also disjoint and do
not overlap. Hence different sets S’(V;) correspond to disjoint sets A;, with
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centre Wj, on the surface of the d-sphere B. The (d — 1)-volume of A; is
greater than the (d — 1)-volume of the intersection of a hyperplane through
Wl’ with Bi’ which is

(30) og—1(v/codM/4)37L.
As V; € S*(V;) and S*(V;) C S'(V;), different sets S*(V;) also correspond to

disjoint sets A;, with centre W, on the surface of the sphere B.

For each vector e, there is an equatorial hyperplane of the d-sphere B
at right angles to e. By the point W on the surface of B, where the
normal is parallel to the normal n to C; at T, lies

267 (501M
coLle]
from the equatorial hyperplane measured along the surface of B. As stated,
the set A; is the intersection of the surface of B with a d-ball of radius
%\/005M , so it forms a (d — 1)-ball in the spherical geometry of the surface
of B, whose radius in spherical geometry is

_m [edM _  [eodM 4VGaM _ wdeM (o 1/2 _ mdelM
T i/ _ o

-2 4 = 16 Lle] Lle] \a ~ coLle|’
by (@) and (LI).

Hence, each point of A; lies within a distance

26moci M mwoerM 2Twéer M
CoL’e| 00L|e‘ N C()L|e‘

from the equatorial hyperplane, measured along the surface of the d-sphere B.

We consider the “girdle” of one-dimensional boundary components S*(V;)
which are parallel to the fixed vector e. The components in the girdle sat-
isfying correspond to points W; and sets A; on the surface of B, such
that every point of A; lies close to the equatorial hyperplane perpendicular
to e. The sets A; lie in a (d—1)-annulus whose volume in spherical geometry
is at most

(2mey MYI-2 (54m5c1M> _ 27(2m) 15 (ey M )41

CoL’e| C()L|e’

By the number of disjoint sets A; in the girdle is at most

2d-1 27(2m)4 16 (cy M )41
ag_1(cod M)d=1)/2 coLle]

(31)

27(4mey )4 MA1/2
ad_lc(()d+1)/2(5(d—3)/2L|e|

so the boundary components S*(V;) in the girdle for which the number [ of
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points is in the range contribute at most

54(4mey )41 M d=1)/2
(()d+1)/25(d73)/2|e|

(32)

aq—1€
integer points. The estimate refers only to components in the girdle for
which [ lies in the range . We keep the condition , and sum over

primitive integer vectors e. Since the component is a straight line segment
lying within the strip F, by we have

Lle| < (I—1)|e| < 4+/dc1 M.
We note that if two boundary components lie on the same line, then the
vertices V; which label the boundary components S*(V;) must be differ-
ent, so they are counted separately in this argument. We use the bound
of Lemma 3.6 with j = 1 to sum over e, so that the number of points on
one-dimensional boundary components with [/ in the range is at most

54(4mep )1 M d=1)/2 .22d+1<4\/501M>d1
L

d+1)/2 5(d-3) /2

(33 :

B 26d—233ngfl)/%rd—l(;(clM)d—l

Oédflc(()d—i_l)/QLd_l

Finally, we remove the condition by summing L through powers of 2,
noting that
1+i+i+i+< 2k <92
2k 4k " 8k —2k—1 7
Hence the total number of integer points of S(H) which lie on one-dimension-
al boundary components is at most

26d—1336§d*1)/27rd—1

(d+1)/2

(5(61M)d71. =

LEMMA 4.2. The number of integer points on (d—1)-dimensional bound-
ary components, when § < dg, is estimated by

(34) Y. st

dim §*(V;)=d—1

(d—1)/2 3 (d-1)/2
< di(d+ 1)1 <01> <(01M)d(f+11> +92 (Cl> 50(01M)d1>.

€0 o

Proof. Each (d — 1)-dimensional boundary component S*(V;) is part of
a hyperplane. The intersection of all such hyperplanes forms a convex poly-
tope, H*, that is contained within the convex hull H, and the vertices of
H* are points of S(H). Let ¥ be a hyperplane face of H*, with outward
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normal vector n with respect to H* (a primitive integer vector). Let Z be
the point of C' at which the normal m to C' is parallel to n. Let m cut
¥ in Y and the boundary surfaces Cyp and C7 in W and X respectively
(Figure 1). Then m is also the outward normal to Cy at W, to Cy at X,
and the boundary hyperplane ¥ of the convex hull H* at Y. Let h = XY,
h' = WY be the heights of X above ¥ and of W above or below ¥ as de-
picted in Figure[I] Each component in the annulus ENII is convex. We apply

m

Fig. 1. Heights along the common normal m

Lemma 2.2 with j = d — 1. The set of points is strictly (d — 1)-dimensional
so we use the minor arc case of Lemma 2.2 with j = d — 1, and lattice
determinant n = |n| by Lemma 2.1. The volume V is estimated in Lemma
3.11, so we have an estimate for the number N (¥) of integer points that lie

in ENY:
— 1) !
@-nw ., o _dv
n| n|

- d!Q(d+9)/2d5(ClM)(d—l)/Zh(d—?))/z

(35) NW) <

n|
We sum over all the outward normal vectors of the hyperplanes ¥. We get

the total number, N, of integer points on the (d — 1)-boundary components
to be

1
(36) N <> NW) < di2@/2d5(c M) @D/2pd=9/2 Y Tl

We distinguish various cases according to the order of the points W, XY
and Z on the normal m. If A > 2§ then the point W lies between X and Y
and h' > 0, as shown in Figure [1} By the Curvature Condition, a d-ball By
of radius coM, touching Cy at W, fits completely inside Cy. Since h' > 0,
the hyperplane ¥ cuts both Cy and By. A “cap” of the hypersurface Cy lies
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above the hyperplane ¥. The (d — 1)-dimensional surface content A of the
cap cut from Cj is greater than the content A’ of its projection onto the
plane ¥. If h < cgM + 20, then the equator of the d-ball By lies below ¥,
and A’ > A" the (d—1)-dimensional content of BoN¥. This was calculated
in the proof in [I5] of our Lemma 3.11, so we have

(37) A>A > A" = ag_1((2coM — B )R)@=D/2,

For given hy > 49, let Q(hg) be the number of hyperplane faces of H with
height in the range h > hg. Let hy = hg — 26 (> 20).

First we consider the extreme case
(38) h > coM + 26.

The equatorial plane ¥* parallel to ¥ through the centre of By, cuts off a
cap from Cj of smaller (d — 1)-dimensional content A*. Then A* is greater
than or equal to half the surface content of the ball By, which is greater
than By N¥*, so that

1
(39) A>A* > 5 dag(coM)¥1 > By n&* = ag_i(coM)? .

The boundary content of Cy is less than or equal to that of a d-sphere of
radius ¢ M,
(40) < dOéd(ClM)dil.

Let Qg be the number of “extreme faces” satisfying . Dividing the upper
bound by the lower bound gives

dag(cp M)t doyg <cl>d_1 \
= — = Ag,
ag_1(coM)4=1 g1\ o

(41) Qr <

say.

Secondly we consider the usual case
(42) h < cgM + 26,
so that A, = hg — 20 < h — 2§ < cgM. Then from ,
(43) A > ag_1((2c0M — W' )R E"D/2 > 0y ((2e0M — hly)hp)@=1/2,

Let Qu(ho) be the number of “usual” faces with height h > hg satisfy-
ing . Dividing the upper bound, , by the lower bound, , for this
case gives

dad(clM)d_l
Oédfl((2COM — h6)h6)(d_1)/2 ’

We simplify the upper bound . When 46 < hy < ¢gM + 26, then 2§ <

(44) Qu(ho) <
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h{, < coM. This implies that
1 1 o1
2c0M — h6 N 2coM — hg +20 — coM
and 1/h{, < 2/hy. Hence we can write

Z(d_l)/2dad(clM)d_1
45 ho) <
( ) QU( 0) o Oéd_l(COMho)(dfl)/z

dad <Cl>(d1)/2<201M>(d1)/2 (261M>(d1)/2
< - = )\U )
aqg-1\ o ho ho

say.

Each face ¥ is contained within the outer shell boundary C7, which itself
is contained within a d-hypersphere of radius ¢; M. Therefore all heights are
at most 2ci M, and we have

(46)  Q(ho) < Qu(ho) + QE
(d—1)/2 d—1 (d—1)/2
< ()\E+)\U)<261M> < 2dad<ﬂcl> <01M>

0 T ag-1\ ¢o ho

d- d- d—
< 9(d+5)/24( €L NELIAS -\ el ) D2
B Co ho ho ’

say, where we have used . This result is valid for all faces with height
h > hg > 496.

For a fixed height hg, the sum in is maximal when as many short
vectors as possible are counted, up to the upper bound in . In the proof
of Lemma 3.6 we saw that there are at most 224~ 1F? vectors in each of the
partitions and the inequality is calculated assuming this maximum.

The total number of faces counted is

22d71((20)d + (21)d + (22)d NS (Qk)d)

_ 21 (24)k+1 —1
- 2d — 1
> gd(k+1)+d—1 - od(k+1)

Therefore, to ensure that all possible faces are counted, we require

d—1)/2
9d(k+1) > ), ey M\ @/
- ho )

which implies that

2dk>& M\ [@D/2
—2d ho ’

Hence if

(d—1)/2d 1/d (d—1)/2d
1dfaM < ok = A aM
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in Lemma 3.6 with j = 1, then is maximal. We have

1 sast [ 1ya [ @M (d—1)/2d d—1
(48) > ng A\ " :

1<|e|<2k

We now consider three cases.

CASE 1:
1
> > 40.
(49) hz (ey M)(d=D/(d+1) = 40
Let L be the total number of (d — 1)-faces satisfying . We partition
these (d —1)-faces into sets Gy, ..., Gy, according to their respective heights
hi,1 < i < n, where h, > -+ > h; > 44. Let L; = |G;|, the number of

hyperplane faces whose height is h;; let n; 1,...,n; 1, be the normal vectors
of the faces in GG; and let

Li
(50) o=

= n; ;|

By we have

n 1 o M (d1)/2d d=1
< = < 92d+1 1/df 1 '
;O P> el ~ <)\1 hi

1<|e|<2k

Hence for each h;, there exists a real number 7;, 0 < 7; < 1, with

(d—1)/2d~ d—1
14 aaM
(51) g; = Ti22d+1 <)\1/ ( hl ) ) 5
and
(52) 0<> 7<1.
i=1

Let N(h;) be the number of integer points lying in G; N E. Then by
and , we have

1

n;

L;
N(hi) < d12@9/2q5(c, M) @-D/2p0 972 57
j=1

(d—1)/2dx d—1
< 1204925 (o, M) (@-D/2 D2 g2a k1 <)\}/d <c1hM> )

— /\QTié(clM)(df1)/2+(d71)2/2dh(d—3)/2—(d—1)2/2d

1 I

say. Summing over all heights h; gives N1, the total number of integer points
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contributed in this case, to be

n
(53) < )\25(CIM)(d—1)(2d—1)/2d Z Tihi—(d-i-l)/?d.

i=1
The exponent of h; in is negative, and as the h; are positive, the sum
is maximal when the h; are as small as possible and the 7; are as large as
possible for the smallest h;. Hence we take Y ;" ; 7, =1 in , and

b 1
vt (c1 M)(d=1)/(d+1)

for all 7. Substituting for A; in gives the total number of integer points
N7 contributed to be

(54) Ny < Aob(e M) a5 127 = Aod(ey M)
i=1
CASE 2:
(55) 1< h< !

(c1 M)@1)/(@+1)”
By Lemma 3.9, the maximum possible number of faces is
< 2(3agd!) @D (¢, M)/ (@),
Hence if
E = 4(3add!)1/(d+1)(CIM)(dfl)/(dJrl)
> 9% > 2(Borgdl) /() (g 1) D/ D)
in Lemma 3.6 with j = 1, then is maximal. We have
(56) Z |1’ < 22d+1( (3add!)1/(d+1)(ClM)(dq)/(dH))dq
1<|e|<2k
Let Ns be the total number of integer points in this case. Then substituting
into yields
(57) Ny < d12W 897245 (¢ Myd=1/2p(d=3)/2
% 22d+14d_1(3add!)(d_1)/(d+1) (ClM)(d_l)Z/(d+1).

Taking
1

(1 M) @ D/(@D)

B =

to maximise (57) we have

(d=1)2  (d—3)(d—1)

(58) Ny < )\36(61M) d+1 2(d+1) gt 2 = )\35(61M)d 1

CASE 3: 0 < h <44. As in the previous case, we assume the maximum
number of short vector faces and we take h = 49 to maximise . Let N3
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be the total number of integer points in this case. Then

(d-1)2

N3 < A36(40)( 37 (¢ M)~ 5
= Agd( @325y M) A=D/2 (¢ pp)(d=1)/(d+1)

When

2/(d+1
5 < b = co e )( M)~/ ()
=90 =\ 92d5d-1134d1¢, “

= ,u(clM)*(dfl)/(dH)’
we have the bound
(59) Ny < )\3M(d—1)/22d—3((CIM)Z/(d-i—l))(d—l)/Z(ClM)(d_l)Q/(d.H)
— N4 D/294=3 () pp)ydd-1)/(d+1),
Finally, we add together the upper bounds for Ny, No and N3 in ,

and respectively. When § = §p this gives the total number, N, of
integer points lying on the (d — 1)-dimensional boundary components to be

N < ()\2 + )\3)(50(61M)d71 + ASH(dfl)/22d73(clM)d(dfl)/(dJrl).
After simplification we find that
C1

Ao < d(d+ 1)1234+8 <

d—1
> . A3 < dl(d+ 1)1204H1D/2)
co

and
9d=3,,(d-1)/2 < |

where we have used @ Hence, if § < dg then N does not exceed

(d—1)/2 _ (d—1)/2
di(d +1)12°5 <Cl> ((clM) 4o <Cl> 50(C1M)d_1> -

Co €o

LEMMA 4.3. The number of integer points on d-dimensional boundary
components, when § = &g, is estimated by

(60) Z |S*(Vi)| < 2(d + 1)(3add!)d/(d+1)(2clM)d(d*1)/(d+1)
dim S*(V;)=d
< 36(d + 1)!(2¢; M)A D/(d+1)

Proof. From , the d-dimensional boundary component S*(V;) will
have a d-dimensional volume Vol(H;), with

Vol(H;) < 520c1 (201/0c M)+

€0

Since 0 = Jp this gives a d-volume of at most 1/d!. Applying the minor arc
case of Lemma 2.2 gives
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where K; is the number of integer points contained in S*(V;). However, the

existence of a d-dimensional S*(V;) in S’(V') requires that K; > d+1, and so

if we consider 0 = dg, then K, the number of integer points in the boundary

component, is exactly d + 1. The number of vertices of the convex hull is
< 2(3add!)d/(d+1) (QCIM)d(dfl)/(dJrl)’

by in Lemma 3.10 with j = 1. Hence, when § = §p, the total number of

integer points in the d-dimensional boundary components is estimated by

(61) 2(d + 1)(3argd) ¥ (@D (2¢, M) dd=D/(@HD)

5. Girdles and lattice determinants. We now recall Minkowski’s
Second Theorem [7].

LeEMMA 5.1 (Minkowski’s Second Theorem). Let K be a conver body

symmetrical in the origin. Let A be a lattice. Let the successive minima of
K with respect to A be \i,..., Ay, defined by

Ai = inf{\ > 0 : AK contains at least i linearly independent vectors of A},

h
where 0< A < - < Ay < +00.

Then they obey the inequality
2¢D(A)
d!
where V(K) is the volume of K and D(A) is the determinant of the lattice.

COROLLARY. Let A and D(A) be defined as above, with A\1,...,\q the

ordinary FEuclidean lengths of the lattice vectors. Let K be the open unit
d-ball. Then the determinant or fundamental volume of the lattice satisfies

(62) <A1 MVI(K) <29D(A)

Al A
(63) 1de < D(A) < A1... .

Proof of Corollary. By construction, if ej,...,eq are the linearly in-
dependent vectors of A with respective Euclidean lengths Aq,..., Ay, then
the e; are ordered by length. Let 6; be the angle between e;;; and the
i-dimensional plane lattice defined by eq,...,e; with determinant D(A;).
Then

D(A) = /\d sin Qd—lD(Ad—l) = Ad)\d—l sin ad—l sin ed_QD(Ad_Q)
d
=S :)\1---/\dHSiH9¢ S )\1---)\d-
i=1
The upper bound of gives
A AVI(K
At AdV(EK) < D(A),
2n

and taking V(K) = aq4 gives the required result. m
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Here we introduce the idea of a j-dimensional girdle, 2 < j < d — 2,
with fixed basis vectors ey, ..., e;. The vectors eq,...,e; through the origin
generate a j-dimensional lattice A in a j-plane IIy. Each j-girdle is therefore
defined to be a set of j-dimensional boundary components whose j-planes
II are all completely parallel to Ily. The sets of integer points on each
j-plane IT are cosets of A, congruent to A by translation, and the number of
integer points lying on each j-girdle is related to the fundamental j-volume
or determinant of the lattice A. Conversely, the lattice A determines the
linearly independent vectors eq,...,e; in the Corollary to Lemma 5.1. We
write [(A) for the length A; of the longest basis vector e; and introduce the
following lemma to assist with our counting argument.

LEMMA 5.2 (Sums of reciprocal lattice determinants). Fork=1,...,d—1
we have
1 (22d—|—2k}Ed—k)j
64 <
(64) Z (D(A))k = k ’

IAN<E %

where the sum ranges over all possible j-dimensional lattice determinants,
j < d—1, whose basis vectors have length < E. When we take E to be
the mazimum possible length of a boundary component basis vector, then by

, E =10v/6c1 M and
Z 1 - (23d+k(5 /(501M)d_k)j
(D( ‘

D(A))k — ozé‘?

(65)

UAN)<E

Proof. By the Corollary to Lemma 5.1, there are linearly independent
vectors e;,1 < i < j, of the lattice A with

le1] - .- |ejloy
S < D(A) < e - el

Hence by Lemmas 5.1 and 3.6,

1 27
2 <D<A>>k§<aj> 2 - Z |1\k Teilt

IA)<E le1|<E  |ej|<E
i\ * 2d+2k ppd—k\j
< (23) (22d+kEd—k>j _ (2 kE ) )
a4 Oéj
By the vectors |e;| are non-zero integer vectors with
(66) le;| <1(A) < E =101 M
so that
Z 1 _ (22d+2k(10\/m)d7k)j B (23d+k(5\/m)dfk)j
(D(A)F o - of ’
(A)<E J i

which establishes the result.
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6. Summing the boundary components. When we consider a j-
dimensional boundary component S*(V), 2 < j < d — 2, there are ge-
ometrical considerations. The points of S*(V') lie on some j-dimensional
plane II containing the vertex V. The lattice of integer points meets IT
is some j-dimensional lattice A with a basis consisting of j integer vectors
ei1,...,€;. The points of S*(V) lie in the set E, the shell bounded by the
surfaces C and Cp. By the calculations of Lemma 3.3 the points of S*(V')
lie in a d-dimensional cylindrical slab G whose axis is the normal n to C}
at R, the point of Cy closest to the vertex V. The upper and lower faces of
the d-cylinder G lie in the tangent hyperplane F' at R and in a completely
parallel hyperplane F’, separated by a small distance

n = 52dc1/co.

The upper and lower faces of the d-cylinder are (d — 1)-spheres of radius
10v/6c1 M by of Lemma 3.3.

As defined at the beginning of Section 4, in d-dimensional space, through
a given point V on a j-plane II, there exists a unique (d — j)-plane ¥ that
is completely orthogonal to IT.

Let W7 be a point of F’ not in IT or ¥ and lying at a distance 10y/0c1 M
from the axis of the d-cylinder. As 2 < j, d—j < d—2, we can choose W7 such
that Y, the (two-dimensional) affine plane defined by n and W;, contains
at least one other point P of the j-plane II in addition to the vertex V.
Then Y N G is a rectangle containing P, R and V, and Wj is a corner of
the rectangle. Hence the line segment V P is also contained in Y N II. Let
k be the line V P produced in Y N II, cutting the hyperplanes of the upper
and lower faces of the cylinder in W3 and Wy. Let W5 be the corner of the
rectangle on F' that is diametrically opposite W; as depicted in Figure

k W,
r R
\ W,
v
P 0 n
o
e J
-
W] W3 n F' m
Fig. 2

We can construct in Y a line m, through V, that is orthogonal to the
line k. By the definition of completely orthogonal planes, all lines perpen-
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dicular to k and not in IT must lie in ¥. Therefore the line m lies in Y N¥
making an angle § with n, the normal to the tangent hyperplane to C at R.

By construction, any vector lying wholly within the d-cylinder G has
length < W;Ws, so that

W3Wy = ncosec < W1Ws = 1 cosec a.
By equation , the distance of points of S*(V') from V is at most
r =10y dc1 M,

so that S*(V) lies within a distance r of the line k in a j-dimensional
plane IT. Hence S*(V) must be contained in a j-cylinder, G/, with axis k,
whose upper and lower faces are (j — 1)-spheres of radius r. The j-dimen-
sional volume of G’ is therefore

(67) aj,lrj_1W3W4 = aj,lrj_lncosec&

Suppose that the j-dimensional boundary component S*(V;) contains [ points
of S, where

(68) L+1<1<2L

for some L equal to a power of two. By Lemma 2.2 in dimension j, the
convex hull of S*(V') has j-dimensional volume

l—7 L—-—j+1 L
09 Vols ) = S o = EE by
where |S*(V)] lies in the range of (68)).
Comparing (@ and , we see that
(j + Dajqr? !
D(A)L ’

Y

(70) sinf <

and for acute angles we can write

7(j + 1)Inaj_q1ri—1
2D(A)L

As stated before, a j-girdle is a set of j-dimensional boundary components
whose j-planes II are all completely parallel. We want to count the number
of components in the girdle for which holds for each L equal to a power
of two. Each boundary component S*(V;) gives rise to a set A; along the
surface of the sphere B, of radius ¢y M, introduced in the proof of Lemma 4.1.
The set A; has a centre, the point W; where the outward normal is parallel
to the line V R normal to C;. Corresponding to the unique pair of completely
orthogonal j- and (d — j)-planes IT and ¥ through V, there are diametric
planes of the sphere B, II’ parallel to I, ¥’ parallel to ¥, that form a unique

(71) eggmwg
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completely orthogonal pair of planes through the centre of B. The distance
of W; from ¥’  measured along the surface of B, is 6cy M. The distance of
each point of A; from W; is

< v Co5M/4,

so that the distance of each point of A; from the (d — j)-plane ¥’ is

(72) < OcrM + /copdM /4 < 2max(0cy M, Ogc1 M),
where
1 605
00 — a m

There are two cases according to which term gives the maximum in .
In both cases we consider the maximum (d — 1)-dimensional surface region
available on the surface of the d-sphere B and relate this to the minimum
surface requirement for each set A; on the surface of B. We note that if
more than one j-dimensional boundary component in a j-girdle of the convex
hull H lies on the same j-plane, then the vertices V; which label the boundary
components S*(V;) must be different, so they are counted separately in this
argument.

First we consider L so small that

1
Snf>0> 0= L]0

(5 + 1)Inoj_qri 1 E
2 C1 aM

2D(A)L

(73) >
Then
(5 + Dinaj_1ri~tey M
D(A)L

> 2max(0c1 M, 0pc1 M).

The intersection of ¥’ with B is a (d — j)-dimensional sphere, By, with
diameter 2c; M. The (d — j — 1)-dimensional surface of B; is contained
within the (d — 1)-dimensional surface of B, and by @ this is given by

(74) (d — j)ea—j(cr M) 71

The set A; has distance at most 20cy M from the (d — j)-plane ¥’ on the
surface of B in j further perpendicular directions, and so has cross-section
at most 40cy M in these j dimensions. Hence the search region on the surface
of B has (d — 1)-dimensional volume at most

(d = §)aa—j(c1 M) 97140y M) < (2mey M)T 971 (40, M)

27T(j + 1)!?704]'_17“3'7161]\4 J
DAL !

< (27T01M)d_j_1<
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where we have used . By , the number of such sets A is at most

— < . )d_1(2wclM)d—j—1<27r(j+1)!77%'17”j_101M>j

—Veom DAL
2D+ 510-D13707_ md=L((j + 1))ie, 2 Phimdtl dbs? g1
_ ) p} M 2 .

d+2j—1

ag1cy > (D(A)L)

The corresponding boundary components S*(V) have at most 2L points.

We then sum over L = 2,4,8, ... to get a contribution of at most
2d4+52rj(j—1)125 AJ  —d 1(( )i 7%“22“_2
2 57U=H13 o T j + 1))e 24 i—d+1 d4j2—j—1
(75) L : ST M

ag1cy > (D(A))I

points to S from all the boundary components in the girdle in the cases .
For ranges of L for which is false we have

(j + Dnog_qri~1 200 1 Jeod

ing < _ 1 Jed

107} ) e Vi Vi
T 1 Jcod
0<Zsing<by=—1/ 2
Sgsmv <=9\

Qmax(ﬂclM, 9061M) < 20pc1 M = \/cod M.

The sets A; corresponding to the extended components with all L for which
is false are disjoint, and they lie within a region of (d — 1)-volume at
most

(2mer M)A (400 M) < (2mey M)TI 7124/ cod M)
_ 2d—1(ﬂ_cl)d—j—1(Coé)j/QM(Zd—j—2)/2’

using the same reasoning as that of the previous case.

By , the number of such sets A; is at most

1 4 \ %1 e )
( 5M) 2d71(ml)d7371c(7)/25g/2M(2d7372)/2
Qg1 &)

<22d—2(ml)d—j—lc(()jﬂ—d)/?

> SGHL=d)/2 g p(d—i-1)/2
Ag—1

However small 6 is, the integer points of S*(V') lie in a j-dimensional cube

of j-volume
(20+/6c1 M),

so if there are [ > j+ 1 integer points in S*(V'), by the minor arc case d = j
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in Lemma 2.2,

l l—7+1 .
D(A D(A 204/ 6c1 M),
so that
< J
D) (20+/6c1 M)

and the boundary components S*(V') in the girdle for which is false
contribute

. j+1-d

(7 + 1! , 22d*2(7rcl)d*3*100 2 Jtl—d  d—j—1
20/ 0ci M)?

D(A) ( 1M) Qg1

U+ 1)!22d+2j—25j7rd‘j‘lcé+# CTTH 5

- Oédle(A)

(76) <

2j+1—d d—1
2 M

integer points to S(H).
We use Lemma 5.2 with j = k to estimate the contribution of all bound-
ary components with L small in all j-girdles given by as

4 o o 1 - (2d+4jd+j—2)/2
93jd+2d+2j 5_](d 1)13]a;71ﬂ_d 1((]"‘1)')‘705 jd+j—=2)/

j (d+2j-1)/2
Qd—1005Cq

(77)

% gD (E=1)/2+1 p r(d=1)(5+1)/2

integer points, and the contribution of all boundary components with L
large from all j-girdles given by as

78) (j+1)!23jd+3j+2d—25jd7rd—j—1Céj-i—l—d)/2ngd+2d—2j—2)/2
78

Ag—105
% §lA+D)(G=1)/2+1 r(d=1)(5+1)/2

After some calculation we find that
(2d+jd+5—2)/2

o T T (H1-d)/2 (jd+2d—2j-2)/2
@r2j-n2 =% 51 ;
€
Q-1 _ . . S (G+1
— <j, GG+ > 7

for all j > 0, d > 1, where we have used , @ and to obtain the above
inequalities. Hence we can write the sum of the two terms from and

as
2 G=1/2 o\ (@12
(79) <\ (; 5d+1(c1M)d—1> <C> §(e M)At
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where we have written

23jd+2d+2j2+2j(5jﬂ.)d—1(9j(]’ + 1);)]‘
Jj = )

Qd—1
We now consider the total number of integer points contributed by the
j-girdles in all boundary components with d < §g, defined in . Hence

2
d+1 _ sd+1 _ Co —(d-1
<% = (22d5d113d!cl> (cnh)™,

C% d+1 d—1 b7z 1 =
<c§5 (c1M) ) < <22d5d—113d!> = 15,

say, where p; is a constant depending only on d and j.
In this notation, the upper bound in for the components with § < &g

and

is

1 (d+1)/2
(80) )\juj <> 5(61M)d_1.
€o
Using the inequalities
9J .
W <9, j=21,
FG+ 1)V .
T <d, j<d-2,
we can write
\ 98d+3jd+2j |
i <
g g1
Now
iz (29 — 8)(24 + 8)
=2
and
d—2 Q72
3 9% = 234" — 2% < 93P -5
26d 23d
7j=2

Hence we estimate the contribution of integer points from all j-dimensional
girdles, with 2 < j < d—2, and § < Jp as

93d*+5d—3 <Cl ) (d+1)/2

(81) Ng S (50(61M)d_1.

Od—1 o

Next, for 0 < dg, we consider the integer points contributed by the boundary
components of dimension 0, 1, d—1 and d, along with the points lying strictly
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inside the convex hull H. These individual upper bounds correspond to ,
, , and respectively, and adding them we have

d—1 d—1
2 e d(d—1) 04 e
(82) <2 7" “‘z““sdl(“) <(01M) ZEnt (Cl) 60(01M)d_1>

co Qd—1 \ Co

integer points. Combining with then gives the total number of
integer points lying within a distance dg from the convex hull H as at most

d2410d+18 c =R d(d—1) QE)CZZT_QZ c =R
(83) 27z d! <1> <(01M)d+1 + (1) 50(c1M)d_1>.
] ad—-1 \Co

This result is valid for a shell of thickness § = dg and consists of terms
independent of 0 (degree zero), and those with a factor of ¢ (degree one).

We cover the shell F of all extended vertex components, bounded inter-
nally by Cy and externally by C1, by R thinner concentric shells Fy, ..., EFr
of thickness dg. The distance between C7 and Cy along any inward normal
vector to these two surfaces is 2. Hence we choose R to be the smallest
such integer with

Roy > 29, (R — 1)50 < 26,
so that
(84) R < 20/0p + 1.

The shell E, consists of the points on some inward normal whose distance [
from the hypersurface C lies in the range

(7" — 1)(50 S l S 7“(50.

Replacing § with rdy in Lemma 2.1 implies that each shell E, will satisfy
the Curvature Condition, so that any two-dimensional plane sectional curve
of F, will lie in the range

coM < o < 1 M.

Therefore, gives a uniform upper bound for the number of integer points
contributed by any shell E,. Now let

- st c 2/(d+1) 1
(85) n = do(c1M) = = < —.

22d5d-113(\¢; 26
Then
2drd—119 7] 2/(d+1)

(6) 1 (2 5 13d.cl> < gdt8 L

n €o o
and

n 1

(87) 0o =

(e M)@1)/(d+1) = 26 (¢ M) ([@=D/(@+D)”

We are now ready to prove Theorems 1.1 and 1.2.
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Proof of Theorem 1.1. We multiply the upper bound by the maxi-
mum number of shells allowed by . For the degree zero terms this yields

d—1

2 9 -
(88) < <%+1>2‘”18‘”18d!<q> C ()
do €o
2%& . a1 2 c & d(d—1)
| d“+10d+18 —
<= - - <1> (5(01M)d_1 + 2+2+d!<1> (1 M) "+t
" <o €0
, dt1 ) ot
2 2 —
< gt (“) 5ler M)I1 4 2 g <Cl> (cr)
Co o

For the degree one terms we have

2 23d2+5d72 | d—1
89) < ((55 + 1> 2 (Cl> So(cr M)
0

Od—1 €0
2
23d +5d_1d! <Cl d(d—1)

d—1 d—1
> 5(cr M)t 4 ) n(erM) o+
g—1 Qg—1

2 g d—1 3d%+5d—8 d—1

23d +5d 1d! c1 B 2 d! c1 d(d—1)

= (2) M)y —— () (M) T
Og—1 Co ag—1 €o

Finally, we combine the terms from and to estimate the total
number of integer points by

_ 23d2+5d77d! <C1

d—1
) (e M MDD 995 (cq A1),
0

2
a 23d +5d_2d! c
(&)

€0

IN

ad—1
as required. m

Proof of Theorem 1.2. In the proof of Theorem 1.1, we consider an en-
larged component S’(V), where all the calculations for distances between
points on the outer surface C take place within the reach U(V) of S'(V),
with respect to V.

By Lemma 3.7, the Local Curvature Condition holds at all points in
U(V), so the calculations which establish Theorem 1.1 are valid under the
weaker hypothesis of the Local Curvature Condition. =
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