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1. Introduction. Let p be a prime number and Q(sp~) the cyclotomic
field of all p-power roots of unity. Let B, , be the unique real subfield of
Q(ppe=) which is cyclic of degree p™ over Q. Then we call B, oo = ;1 Bpn
the cyclotomic Z,-extension of Q, and By, ,, the nth layer of this extension.
We denote the class number of B, , by hj,. We consider the following
problem:

WEBER'S CLASS NUMBER PROBLEM. Is h,, equal to one for every
positive integer n?

Direct calculation only gives information on hy,,, with small n. To obtain
information for large n, we study the ¢-part of h,, ,, for each prime number /.

PROBLEM. Does a prime number ¢ divide hy, ,, for some positive integer n?

In the case ¢ = p, Iwasawa [I] proved that p does not divide hy . In the
case ¢ # p, Washington [Was| proved that the ¢-part of hy,, is bounded as
n tends to co. Recently Horie [HI]-[H3| developed an ingenious method to
attack hy, by studying the Galois action on the Horie unit (cf. )

In the case p = 2, Fukuda—Komatsu [FK1], [FK2] proved several results
by applying Washington’s method and Horie’s method. Moreover, Okazaki
[O] developed a theory for this problem making use of lower bounds for the
trace of the square of relative units and the Mahler measure of relative units,
where a relative unit is a unit € of By, which satisfies Nrg, /g, ,_, (€) = £1.

In this paper, we investigate the case of p = 3. We will employ one new
idea which enables us to parallel the above works.

To ease notation, put ¢, = exp(2mv/—1/3"), B,, = Bs,, and h,, = hs3 .
Then B,, = Q(2 cos(27/3"*1)). Masley [Ma] and van der Linden [Li] proved
the following:
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THEOREM 1.1 (Masley). We have hy = hy = hs = 1.

THEOREM 1.2 (van der Linden). If the Generalized Riemann Hypothesis
1s valid, then hy = 1.

Horie [H2|] proved the following:

THEOREM 1.3 (Horie). Let £ > 5 be a prime number and 3° the exvact
power of 3 dividing > —1. Put c=2-3°"1 and
(351 1og(3/2) + (65 + 4)log 3)c?(c — 1)(c=1D/2\ ¢
(log 2) - 3@s—D(e=D/4 :
If ¢ does not divide hos_o and £ > H(s), then ¢ does not divide h,, for any
positive integer n.

H(s) =

Horie then treated small prime numbers ¢ to obtain the following:

THEOREM 1.4 (Horie). Let ¢ be a prime number. If { # +1 (mod 9),
then £ does not divide h,, for any positive integer n.

In this paper, we prove the following results by using the methods of
Fukuda—Komatsu, Horie and Okazaki:

THEOREM A. Let £ > 5 be a prime number and 3° the exact power of 3
dividing ¢*> — 1. Put
me = 2s — 1 + [logs /],

where [x] denotes the greatest integer not exceeding x. Then £ does not divide
hp/hm, for any n > my. Therefore, if { does not divide hy,,, then £ does not
divide h,, for any positive integer n.

REMARK 1.5. Friedman-Sands [FSW] give an explicit bound of the sta-
bilization on the ¢-part of the minus part of class groups in the cyclotomic
Zs-extension over imaginary abelian fields.

THEOREM B. Let £ > 5 be a prime number, n a positive integer and 3°
the exact power of 3 dividing ¢> —1. Put r = min{n, s} and c = 2-3"~1, and
denote by f the inertia degree of £ in Q((r)/Q. If ¢ > 2¢/2 . ¢\, then £ does
not divide hy,/hp—1.

This is analogous to a result of [O], which states that no prime number
¢ with ¢9 > (271)! divides hg,, for any n, where g = 1 or 2 according as
¢=1or —1 (mod 4) and 2 is the exact power of 2 dividing ¢9 — 1.

In our case p = 3, we put L(s) = 23" . (2 3°"1)I. Then Theorem
implies that ¢ does not divide h,, for any n if £ > L(s). This lower bound
L(s) is smaller than Horie’s lower bound H (s) in Theorem [1.3] For example,
if £=8,10,17,19 (mod 27), that is, s = 2, then

H(2) = 22658623447201138884681.21742 . ..
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and
(1.1) L(2) = 5760.

We obtain the following result using Theorem [A] an algorithm in [Mo]
and numerical calculation.

THEOREM C. Let £ be a prime number less than 4.0 - 105. Then ¢ does
not divide h,, for any positive integer n.

This corresponds to a result of [FK1], [FK2] that no prime number ¢ <
1.2 - 108 divides hg, for any n.

By and Theorem we obtain the following improvement upon
Theorem [I.4] of Horie:

COROLLARY D. Let £ be a prime number. If £ # +1 (mod 27), then ¢
does not divide h,, for any positive integer n.

2. Proof of Theorem [A] We prove Theorem [A] by using Horie’s
method [H3]. We put ¢, = exp(27y/—1/3") and
_ CnJrl - C;Jh

Cilna1 — GGt
for any positive integer n. Then 7, is a unit and contained in B,. We call

1y the nth Horie unit.
Every element « in Z[(,] is uniquely expressed in the form

(2.1) T

23" '-1
a= Z a;i(, (a; € 7).
i=0
For each such o and each o € Gal(Q((n+1)/Q((1)), we define the element
&y in the group ring Z[Gal(Q(Gr+1)/Q(G1)] by
2.3m7 11 '
Oy = Z a;o".
i=0

Horie proved the following lemmas:

LEMMA 2.1 (cf. [H2]). Let £ > 5 be a prime number, o a generator of
Gal(Q(¢n+1)/Q(¢1)) and F a subfield of Q(y) containing the decomposition
field of £ in Q((y,)/Q. Then £ divides the integer hy/h,—1 if and only if there
exists a prime ideal £ of F' dividing { such that n5° is an {th power of a
unit in B, for any o in the ideal ££™1 of F.

LEMMA 2.2 (cf. [H1]). Let £ > 5 be a prime number and ¢ the Frobenius
automorphism of £ in Q((nt1)/Q. If an element 3 in Z[(p+1] is an Lth power

in ZlGur1], then 82 — B € 2L[(or].

Moreover, we use the following lemma:
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LEMMA 2.3. Let a; be elements in Z and ¢ a primitive 3" th root of
unity. If
2:3n~1-1
Z a;¢* =0 (mod /),
1=0
then a; GEZf0r0§j§2-3”_1—1

Let £ and ¢ be as in Lemma ¢ = (2,4 a primitive 3""'th root of
unity, w = (2, o a generator of Gal(Q(¢)/Q(w)) and recall
1 ¢—1
S w wC—1
is the nth Horie unit. Let s be as in Theorem [A| and choose F' = Q((s). We
assume that n > s and ¢ divides h;,/hy,—1. Then, by Lemma there exists

a prime ideal £ in Q((s) dividing ¢ such that n® is an ¢th power of a unit
in B, for any « in the ideal ££7! of Q((;). Let

2:35711
a= Y a7y
i=0
be an element of €1 with a; € Z and put 7 = ¢ °. Then a, =

2?3571_1 a;7". Noting that

/—1 a
(B+7)" = <ﬁ" +yf > (i) ﬁ’“v‘”“)
k=1
—1

= (490 4 a8 1 X () 8 nod )

1

~

e
Il

for 3, € Z[¢] and a € Z, we obtain, mod £2,

(CTi . 1)40@ = (Céri o )a, + al é'Z’T _ az—l Z ( >Ck7 —k7

(W0 = 1710 = (WA= 1) — (g 1)) Z( Jore
From these congruences and from the consequence

i L 0 e (S VL (S VY
w—rlas - E} (WCTi _ 1)&“ N g (wechi — 1)a
0 (mod ¢£?)
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of Lemmas [2.1) and 2.2 we obtain

2:3571-1

(g (e

1=0
o =y .
~ 1 2 <k> WkaTZ(_l)”) =0 (mod ¢%),

k=1

since CW — 1 are prime to £. By the congruence

(ﬁ) EM (mod £?) (1<k<(-1),

k k
we have
2.35-1-1 ;
> < iri Z CkT R Z kaT) = 0 (mod £%).
= \¢7T — wC -
Hence

2.35-1-1  ¢—1 1 1 Wk )
kTt _
A aiZk<<€‘ri_1_w€CfTi_1>C =0 (mod ).

=0 k=1
By substituting (C?’ )™ = ¢%, we obtain
28711 0=l 301 ' 3°-1
0= Z ai E(Z((ET )] wk Z(wfcf‘r )])CkT
=0 k=1 7=0 7=0
2:3571-1  (-135—1 Oi+k
1 —wht i
= ai ‘; ¢+ (mod 0)
=0 k=1 7=0

Now we have the following:

LEMMA 2.4. Let o be as in Lemma 21l and
2:3571-1

(2.2) a= Y a()

i=0
with a; € Z. If £ divides hy/hyp—1, then

23511  ¢-135-1

Z a; Z Z 1_wj ¢k = (mod ?).

k=1 7=0
We put
S = {bp3" 5T 453" 52 4 b 137 | b; =0,1,2for 0 < j < s—1}
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and define
2:3571-1

S'= |J {res|¢c=¢)
i=0
LEMMA 2.5. Let j and k be rational integers with 0 < 7 < 3% — 1,
1<k<fl{—1andr €S Let/l be a prime number with 5 < £ < 37251 _[f
(r+1)(lj+k)=2-3"%~1 (mod 3"), then j =2-3°"1 -1, k=/(—1 and
r=20 or3".

Proof. We have
—3ns (2.3 g -k —1 < 3nsT
because 0 < j <3°—1,1 <k </f—1and (< 3" >+
Since (2-3%71 — )¢ —k —1 =0 (mod 3" **!), we have
(2-33°1 i —k—-1=0.
Since2<k+1=(2-3"1—j) <l wehavek=/¢—1and j =2-35"1 -1,

which implies 7 = 0 (mod 3™). Hence either r = 0, r = 3" or r = 2 - 3™.
Since r € S/, we have r =0orr =3". =

Proof of Theorem[A] The assertion is trivial when n = my. So we assume

that there exists an integer n > my such that ¢ divides h,/h,—1. Then
¢ < 3" 2F1 and Lemma [2.4] yields

2:3571-1  ¢-13°-1 itk
1— Wit . i
(2.3) Z a; LCMJHC)T =0 (mod ¢)
i=0 k=1 j=0
where a; is the rational integer defined by 1) Since ¢3"" is a unit, we
may assume ag #Z 0 (mod ¢). From Lemmas 2.3 and and (2.3)), we have

1— w2 2.35—1p_1 1— LL)Z
1 R

Hence ag = 0 (mod ¥¢), which is a contradiction. =

w C@3THU=DE" ) = (mod £).

3. Lower bound of Mahler measure of relative units. Let o be
an algebraic number. Denote by d = deg « its degree. Let

a(X —ag) (X —ayg)

be its minimal polynomial in Z[X]. We define the Mahler measure of a by

d
M(a) = a| ] [ max{1, |a [}

j=1
(cf. [EW], [Wal]). From the definition we have:
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PROPOSITION 1. Let a, 8 be algebraic numbers.

(1) Let r be a positive integer. If dega” = dega, then M (a") = M («)".

(2) If a and [ are algebraic integers with deg af < dega and degaff <
deg 8, then M(af) < M(a)M(f).

(3) If o is an automorphism of Q(«), then M(a%) = M(«).

(4) If o is a unit, then M(a~') = M(a).

Schinzel showed that

w2 (1V9)"

whenever o # £1 is a totally real algebraic number of degree d (cf. [S] and
[EW| Theorem 1.14)).

Let F'(x) be the minimal polynomial of a totally real unit e. We point out
Remark 1.16 in [EW] and notice that F'(1)F(—1) has an exponential lower
bound in some important cases as we will see in Lemma below. Now
we can show the following inequality by tracing the proof of Theorem 1.14
in [EW].

THEOREM 3.1. Let € be a unit other than +1 and O the ring of integers

of Q(e). Assumee—1€ M and e +1 €N for some ideals M and N of O.
Then

M(e) >

(Cl/d+ CZ/d+4>d/2

2
where d = dege and C = (O : MN), the absolute norm of IMN.

We come back to the field B,, and we put ¢ = (,+1. Let P be a prime
ideal in Q(¢) dividing 3, and w(x) the normalized additive PB-adic valuation
of x. Moreover, we let p be a prime ideal in B,, dividing 3, and v(z) the
normalized additive p-adic valuation of x. Then v(x) = 2- w(x) for x in B,.
We denote by 7 a generator of Gal(B,,/B,,_1) which satisfies (7 = ¢3"*1.

LEMMA 3.2. Let € be a unit in B,,. If Nrg /g, (¢) =1, then

3n—-1
-1 > .
oe-1z
Proof. There exists z in Z[(] such that ¢ = x!~7, by Hilbert’s The-
orem 90. Since P2 = (1 — ¢3) and (1 — ¢3)” = 1 — ¢, we may assume
w(x) =0,1,2. Note that if o € Z[(] then w(a —a”) > 3". Hence

_ T
w(s—l):w(w Tx>23"—2,

x

that is, 2 - v(e — 1) > 3™ — 2. Since v(e — 1) is a rational integer, we obtain
the assertion. m
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REMARK. We put w = ¢3" and recall the nth Horie unit

_ (=t
U

ST

We have Nrg /g, ,(7,) = 1 and

wC—w Tt =(+ ¢t wP - -+
¢—¢t B -1
—1DC2—(w—-1 1 -1
(w=1)¢ <z(w1 )(w + )=§’21<<2+w2>.

' —1=

Since (¢2—1) =P, (w—1) = P> and ¢? + w? is a unit in Q(¢), we have
(7, —1) =P3" 1 in Q(¢). Hence (1, —1) = p@"~1/2  that is, the inequality
in Lemma [3.2]is best possible.

On the other hand,

w¢—w ¢+ ¢— ¢! :wCQ—w2+C2—1

L e e
W+ = (w?+1)  —w?C+w w-1
- -1 e __w<2_1‘

Hence 7, ! + 1 is a unit, that is, 7, + 1 is a unit.

Note that the absolute norm of p is 3. From Theorem and Lemma
B:2] we conclude the following:

LEMMA 3.3. Let ¢ be a unit in B, with Nrg_ /g, (¢)=1 and put N=3".

Then
3(N-1)/2N | /3(N_1)/N+4>N/2
5 )

M(e)z(

In particular, if n > 4, then

M(e) >

<340/81+ 380/81 +4>N/2

2

4. Upper bound of Mahler measure of the Horie unit. We put
N = 3" and © = 7/6N. Note the nth Horie unit can be written in terms of
real trigonometric functions as follows:

_ Cnt1 — C;il _ sin(40)
Cilns1 — (G sin(4(1 4+ N)O)

n
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Let o be a generator of Gal(Q((n41)/Q(¢1)) with (7,1 = ¢, 1. We have

> e :
0<j 3N sin(4(j + N)O)
j=1(mod 3)

sin(4((2N — j) + N)©) '}
sin(4(2N — §)O)

N-1
M(n,) = [] max{1,ng |} =
=0

= ] max{l,

0<j<3N

j=1 (mod 3)
= H max{l, sm(%(]i—.g)@) ’}
0<j<3N sin(470)
j=—1(mod3)

On the other hand,
N-1 _
M(n,) = M(n, ") = T max{1,(n,")""}
i=0

= H max{l, Sm(4(]2—g)@)‘}
0<j<3N sin(470)
j7=1 (mod 3)

Hence

M= ] max{l,

0<j<3N

- IT' T wexfn

0<j<N 0<i<3

sin(4(j + N)O) ‘}
sin(4j0)

sin(4(j + (1 + 1)N)O) ‘}
sin(4(j +iN)O) ’

where [[* denotes the product over indices coprime with 3. Write the set
{Isin(4(y +iN)O)| | i = 0,1,2} as {so, s1, s2} with sg < s1,s2. Then

H max{l sin(4(j + (i + 1)N)6O) } _ {82/50 if s1 < s2,
0<i<3 | sin(4(j +iN)O) T Usi/so ifs1> s,

max{so, $1, S2}
min{so, S1, 52} '
The maximum on the right hand side can be found by considering the in-
equality
|sin(450 + 4ANiO)| > [sin(470 + AN (i + 1)O)|, |sin(4jO + 4N (i — 1)O)|.
Hence, the maximum is attained at ¢ with
450 +4NiO € (7 /3,27/3) U (47 /3,57/3),

or equivalently
j+iN € (N/2,N)U(2N,5N/2).
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Similarly, the minimum is attained at ¢ with
47O +4NiO € (—7/6,7/6) U (57/6,77/6),
or equivalently

j+iN € (~N/4,N/4) U (5N/4, 7TN/4).

Therefore,
M(nn)? = Hjlﬂv/2<j<N |sin(4j0O)] - H§N<j<5N/2 |sin(450)|
' 1" nyacjenya 1sin(450)] - TI5n 4 jcrya lsin(45O)
Thus, we get
N/2<icn SIn(4jO
M(nn) _ HN/2<3<N ( J )

[0 j<ny/asin(4i0) - [T5n/a<jcany25in(456)

_ [In/2<j<n cos((4j — 3N)O)

 ocjenyasin(iO) - TI5n ac jcan 2 sin((6N — 45)0)

_ ITE vesjsnen cos((4j — 3N)O)

" Toesen/a5i0(470) [Ty <sn—sjeny2 S((6N — 47)0)
 ITocsn—ajencos((BN —45)0) - [Igsj_sn<n cos((4j — 3N)O)

HS<4;‘<N sin(450) - H8<6N—4j<N sin((6N — 45)0)
Noting that the ranges of the products are
{k€Z|k=+3N (mod4), k%0 (mod 3)} N (0,7/3),
{k€Z|k=-3N (mod 4), k#0 (mod 3)} N (0,7/3),
{keZ|k=0 (mod4), k%0 (mod 3)} N (0,7/3),
{k€Z|k=2(mod4), k%0 (mod 3)}N(0,7/3),

we get

H3<k<N, 2tk cos(kO)

(1) [To<k<n, 2 Sin(kO)

Thus we have
(4.1)

My,) = SNV =2)0) 11 cos((3K —2)0) - cos((3K +2)O)

sin((N —1)6) sin((3K —1)0) - sin((3K +1)0)

0<3K<N, 2K
For (t,v) € R? such that 0 <t —v <t < t+ v < 7/4, we have

0 cos(t —v)

— —— =tan({ — v) — cot(? 0.
5, 108 (i T 0) an(t —v) — cot(t +v) <
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Thus
(2N —3)© _ cos((N —2)0)

> .
2 sin((N —1)0)
For (t,u,v) € R¥suchthat 0 <t —u—v <t—-u+v<t<t+u—v<
t+u+uv<m/4, put

cot

cos(t —u — v) cos(t + u + v)
sin(t —u+v)sin(t +u —v)

g(t,u,v) = log
Then

a—g(t,u,v) =tan(t —u—v)—tan(t+u—+v) —cot(t —u+v) + cot(t +u—v).
v

Since
tan(t—u—v) < tant < tan(t+u+v), cot(t—u+wv) > cott > cot(t+u—v),
it follows that

0
— <0.
8vg(t7u70) —0

Hence
g(t,u,v) < g(t,u,0).
Therefore, the factors in the product of are estimated as follows:
cos((3K — 2)O) - cos((3K + 2)O) < cot (6K —3)0 cot (6K + 3)@.
sin((3K — 1)0) -sin((3K +1)0) — 2 2

Summing up, we get

2N — 3)0 6K — 3)O 6K +3)0
i) e Y598 [T (o 8K=50 (6K 2 90)
0<3K <N, 2{K
_ H cot ﬂ
B 4N’
0<J<2N/3,2tJ

Since

d? | 1 d 1 d 2 4cost 50

—logcott=—— ——— = —— =

a2 % dt sintcost dt sin2t  (sin2t)?

for 0 < t < w/4, we have
/6
Jr 2N "
Z logcot — < — S log cot t dt.
0<J<2N/3,2] ANT g
Recall the Lobachevskii function ([GR], [Lol)
0 00 (_ )m
(S)logcostdt = 6log 2 erz_:l 9?2

sin 2mé6
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and its companion function

0 (9]
1
—Slogsintdt =0log2 + Z o2 sin 2mf
0 m=1
for 0 < 6 < w/2. Subtracting, we get
0 00 1
0 m=0
Substituting § = 7/6 yields
w/6 00
1 2m+1)m
1 ttdt = i
(S) 0g co mE:O @m 1) sin 3

- f(1—n§((6m1_1)2 - (6m11)2)>'

5 > 0, the right hand side above is smaller than

. 1 1
Since G2 ~ Gmrn)

3 1000 1 1
{ (1 - ;((Gm T Gm g 1)2>) < 0.845785.
As 20.845785 < 0.53845, we deduce
LEMMA 4.1. Let N = 3". Then
M (n,) < exp(0.53845 - N).

5. Minkowski’s Convex Body Theorem. Let £ > 5 be a prime
number, n a positive integer and 3° the exact power of 3 dividing ¢? — 1. We
put 7 = min{n, s} and ¢ = 2-3"!. In this section, we consider the mapping

piQG) = € am @ = (07) peca) /o)
and the R-vector space
— — i
(5.1) V=R1+R{ +---+RGT =R
We put
c—1 —
X = {Zaig v
i=0
and define | - |; on Z[(,] by
lag + a1¢" + -+ 4 ac—1¢F 1 = lao| + Jar] 4 -+ + |ac—1]-

We consider the volume vol(-) on V induced by the standard volume on R®
via (5.1)). For an ideal a of Q((,), we also denote by vol(a) the volume of the

0
lag| + |a1| 4+ -+ + |ac—1] < }

V2



Mahler measure of the Horie unit 47

fundamental domain of the lattice pu(a). Then

V20)°
c!

vol(X) = ( and vol(£g&™1) = ¢~/

where £ is a prime ideal of Q((,) dividing ¢, and f is the inertia degree of
£ in Q(¢)/Q. Now we apply the Minkowski Convex Body Theorem to get:

LEMMA 5.1. Let £, n, s, v, ¢ and X be as above and £ a prime ideal
of Q(¢,) dividing £. Denote by f the inertia degree of £ in Q(¢,)/Q. If
0f > 2¢/2 ¢l then there exists a non-zero o in X N u(LL=Y). Therefore, if
0F > 2¢/2 . ¢\, then there exists a non-zero o in £L™" such that |a]; < £/V/2.

Proof. Since ¢/ > 2¢/2 . ¢!, we have vol(X) > 2°vol(££71). u

6. Proof of Theorem Let £ > 5 be a prime number, 3° the exact
power of 3 dividing /2 — 1, and n a positive integer. By Theorem we
may assume n > 4. We put N = 3", r = min{n,s} and ¢ = 2-3""1. We
denote by f the inertia degree of £ in Q(¢,)/Q. Assume that ¢/ > 2¢/2 . ¢
and ¢ divides hy/h,—1. By Lemmas and there exist o in ££7! and
a unit € in B,, such that

(6.1) e = e

and

(6.2) i < &
. 1 \/57

where £ is a prime ideal in Q(¢) dividing ¢. Since Nrg /g, (7,) = 1, we
have Nrg, /g, ,(¢) = 1. By Lemma

310/81 1 /380/81 4>N/2

(6.3) M(e) > ( 5

By taking the logarithm, we have

log(340/81 i 2380/81 i 4) > log<\/§;\ﬁ) — % log3 > 0.77661.
Hence
(6.4) M(e) > exp(0.77661 - N/2).
Since dege’ = dege and degn®” < degn,, we have
(6.5) M(e%) = M(e)*
and

(6.6) M (o) < M ()l
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By (6.1)—(6.6) and Lemma[4.1] we obtain

exp(0.77661 - £- N/2) < M(e") = M(n%) < M(n,)h
< exp(0.53845 - N - £/\/2).

Hence 0.77661 < 0.53845 - /2 = 0.761483 . .. , a contradiction.
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