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1. Introduction. Let A and B be coprime positive integers and let [J
denote the square of an integer. There have been many papers investigating
the positive integer solutions of the Diophantine equations

(1) Az? — By' = +1,42, +4.

Thanks to Ljunggren, we know the exact number of positive integer solutions
(z,y) of the equation Az?—By* = 1,2, 4. In fact, let A, B be positive integers
and C' = 1,2, 4, such that AB is odd if C' is even; A square-free and AB not
a perfect square; and let C' = 2 when A = 1. Further, only such values of

A, B, C are considered for which Az?—By? = C has a solution, (z,y) = (a,b)
being the minimal positive integer solution. Ljunggren [9] proved that:

THEOREM L1. If 34+4Bb?/C is not a perfect square, then Az?>—By* = C
has at most one solution in positive integers (x,y). The equation Ax? —
By* = 4 has at most one solution in positive relatively prime integers (z,vy).

Let A and B be odd positive integers such that the Diophantine equation
Axz? — By? = 4 has solutions in odd positive integers. Let a1,b; be the
minimal positive integer solution. Define

@ anVA+b,VB _ <a1\/Z+b1\/§)”'

2 2
With these assumptions, Ljunggren [10] proved the following two theorems:
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THEOREM L2. The Diophantine equation Ax* — By?> = 4 has at most
two solutions in positive integers x,y.

(i) If a; = h? and Aa% — 3 = k2, there are only two solutions, namely,

xr=./a1 =h and x = \/az = hk.
(ii) Ifa1 = h? and Aa? —3 # k?, then x = \/a1 = h is the only solution.

(iii) If a1 = 5h?® and A%a} — 5Aa% + 5 = 5k?, then the only solution is
x = \/as = 5hk.

Otherwise there are no solutions.

THEOREM L3. The Diophantine equation Ax* — By?> = 1 has at most
one solution in positive integers x,y. If x = x1, y = y1 s a solution, then

23 AY? 4y B2 = (L(a1 A2 + b B12))°.

Let m and n be odd positive integers and suppose that (aj,b;) is the
minimal positive integer solution of mX? — nY? = 2. Define

3 apy/m+ b/ (ah/—m+b1\/ﬁ)’f
V2 V2 '
Luca and Walsh [11] showed:

THEOREM LW.
(i) If by is not a square, then the equation
(4) mX? —ny*=2
has no solutions (X,Y).
(ii) If by is a square and b is not a square, then (X,Y) = (a1,/by) is
the only solution of (4).

(iii) If by and bz are both squares, then (X,Y) = (a1,+/b1) and (as, v/b3)
are the only solutions of (4).

However, a similar result for the equation Az?> — By* = 4 has not been
obtained yet.

For the results of this section, it will be assumed that A and B are odd
positive integers such that the Diophantine equation

(5) Az® — By? =4
is solvable in odd integers x and y. This assumption will be referred to as

Hypothesis (x). Let (z1,y1) be the minimal positive integer solution of (5),
and define

(6) ﬂﬁn\/z-;yn\/ﬁ _ (:::1\/2—;?;1\/?)"_

We will obtain:
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THEOREM 1.1. Assume that Hypothesis (x) holds.
(i) If y1 is not a square, then the equation
(7) Az® — By' =4
has no positive integer solutions except for the case y1 = 30 and
By3 4+ 3 =30, when (z,y) = (x3,/y3) is the only solution of (7).

(ii) If y1 is a square, then (7) has at most one positive integer solution

other than (x,y) = (x1,/y1), which is either (z,y) = (x3,./y3) or
(z,y) = (22,/¥2), the latter occurring if and only if x1 and y1 are
both squares and A =1, B # 5.

THEOREM 1.2. Assume that Hypothesis (x) holds. Then the equation
(8) Az® — By'=1

has at most one positive integer solution. The only possible solution (z,vy)
is given by y = \/y3/2 = hk, where y; = h?, P3 = 2k>.

COROLLARY 1.1. Assume that Hypothesis (x) holds. Then equation (8)
has a positive integer solution if and only if y1 = 0, y3 = y1 P3 = 200.

Let R > 0 and ) be nonzero coprime integers with R — 4@ > 0. Let
a and f be the two roots of the trinomial 22 — vRxz + Q. The Lehmer
sequence {P,(R,Q)} and the associated Lehmer sequence {Qn(R,Q)} with
parameters R and () are defined as follows:

(@"=p")/(a=p), 21n,
(" = p")/(a® = B%), 2|n,

(" +p8")/(a+pB), 21n,
o + 6", 2| n.

Note that P,(1,—1) and @Q,(1,—1) are the Fibonacci numbers and Lucas
numbers. It is easy to see that P,, @, € Z for all positive integers n.

We say that the terms P, and P, are in the same square-class if their
product is a square. A square-class containing at least one element of the
Lehmer sequence is called nontrivial. For a Lehmer sequence, an important
problem is to decide whether it contains nontrivial classes or not, and then
to find all elements in a nontrivial class. Obviously, the problem is equivalent
to finding all n such that P, = klJ, where k is a given integer.

Recently, many special cases of this type of problem have been consid-
ered. We recall the relevant known facts:

(a) Cohn [4], Alfred [1], Burr [3], Wyler [19] and Ko and Sun [8] showed
that P, = 144 is the only square Fibonacci number greater than 1.

(9) Pn:Pn(RvQ):{

(10) Qn = Qn(Ra Q) = {
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(b) Ljunggren [9] determined, for all odd positive integers R and @ = 1,
all indices n such that @, (R, Q) or nQ,(R, Q) is a square.

(c) Cohn [5]-]7], determined the squares and double squares in {P,}2°
and {Q, }°2; when R = P? is odd or some special even integer and @ = +1.

(d) In his seminal paper [17], Rotkiewicz partly solved the problem for
R and Q with 2| RQ).

(e) In [13], [14] and [16], McDaniel and Ribenboim found all positive
integers m and n such that P, P, = O or Q,,Q, = O with 1 < m < n,
n # 3m when both R = P? and Q are odd integers. Moreover, if P, P, = O
or QmQ@, = O and n = 3m, they proved that there exists an effectively
computable constant C' satisfying m < C. See Theorems 1 through 4 in [14]
for details.

Observe that @, (R, x), Qm(z, Q) € Z]x], and both polynomials have only
simple roots. Hence by Theorems 9.2 and 10.6 of [18], for given R, Q, k, k1, if

(11) Qm(R, Q)Qim(R, Q) = k1y’,

then max(m,r) < C1, where C is an effectively computable constant de-
pending only on R, Q,k,k;; if equation (3) holds for given m, R, k,k; or
m, Q, k, k1, then max(Q,r) (or max(P,r)) < Co, where C5 is an effectively
computable constant depending only on m, R (or @),k and k;. Therefore,
the effective results in [13], [14], [16] are special cases of the above remark.
However, the size of the computable constants—were it computed—would
often be too large to enable finding all the solutions.
In [21], the second author proved the following

ProproSITION 1.1. Let R and @ be coprime odd integers with D = R —
4Q > 0. If Q, =0 or nd, then n=1,3,5.

In the present paper, we will prove

PROPOSITION 1.2. For a given integer k, let dg be the first index d with
k|Qqg. If Qg = kO or 2k0J, then d = dody and dy = 1,3, 5.

ProrposiTIiON 1.3. If Q, = kO, k|n, then n = 1,3,5. If Q,, = 2k,
k|n, then n = 3.

2. Preliminaries. We first list the properties which will be used. For
easy reference, we note that P» =1, Py = R—Q, Q2 = R—2Q, Q3 = R—3Q.
Most of the properties below may be proved directly. For details, we refer
to the book of Ribenboim [15] and the paper of the second author [20].
Unless otherwise stated, m and n are arbitrary integers. For simplicity, in
this paper we denote (a® + 3%)/(ad + 3%) and (a” + 7)/(a + B) by Qrq
and @), respectively.
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ProroOSITION 2.1.

(1) If 3| Qq with d odd, then 3| R.

(2) For odd integers r and d, we have gcd(Qy a4, Qq) | 7

(3) If p is an odd prime with p| R, then p| Q. if and only if n/p is an

odd integer.

) P, is even for m > 0 if and only if 3| m.

) Qm is even for m > 0 if and only if 3| m.

) If d = ged(m,n), then ged(Pp,, P) = Py.

) If d = ged(m,n), then ged(Qm, Qn) = Vg if m/d and n/d are odd,

and 1 or 2 otherwise.

(8) If d = ged(m,n), then ged( Py, Qn) = Qq if m/d is even, and 1 or
2 otherwise.

(9) Let p be an odd prime, and ¢ = (DR|p) be the Kronecker symbol.
If p1 RQ, then P,_. =0 (modp).

(10) Let q be a prime, m, k positive integers, and a, A nonnegative inte-
gers with ged(q, k) =1 and ordy(Pn) = a. If ¢* # 2, then ordy(Py,ue»)
= a+\. Here ord,(n) denotes the rational numbert such that ¢' |n
but ¢t n.

(11) I n > 1, then ged (P, Q) = ged(Qn, Q) = 1.

(12) V2 —DU?, = 4Q™, where Vy, = o™+ 3™, Uy, = (o™ —B™)/(a—f3).

(13) Let p be an odd prime. If p? | D, then ord,(P,) = ord,(n).

The following two lemmas are Lemmas 1, 2(a) and 4(I) of [20].

LEMMA 2.1. Let j = 2%g, 21 g, g > 0, and let 0 < m < j. Then, if
0<v<u,

(i) Q2j+m = _Q]Qm (mOd ‘/2“) and Q2j+m = Q]Qm (mOd VQ“)’
(ii) Q2j—m = —QI""Qp, (mod Vou) and Q2j—m = Q7" Qp (mod Vav).
LEMMA 2.2. Let u > 2 be an integer. Then

(i) Vou = —1 (mod8),
(i) (Q3[Vau) = 1.
LEMMA 2.3.

(1) If p is a positive integer with p | R and p = 3 (mod38), then (p|Vy) = 1.
(ii) If a is a positive integer with a | (R — 3Q) = Q3, then (a|Vy) = 1.
Proof. (i) By the assumption and Lemma 2.2(i),

(p|Va) = =(Valp) = —((R - 2Q)* — 2Q|p) = —(2Q*|p) = 1.

(ii) Lemma 2.2(i) again yields (2|Vy) = 1. Thus it suffices to prove the
assertion for a odd. In fact,

(Vi) = (=1)*" V2 (Vila) = (-1)*V2(~Q%|a) = 1. =
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LEMMA 2.4. Let p, d and a be positive integers satisfying
d =43 (mod8), p=3(modl6), (alVy)=1.
Then
QaQpa # all.
Proof. Suppose QqQpq = all. By assumption, we can write
p=16k+3, d=2j+m, j=2"¢,24g,u>2and m=—-3orm=—5.

First we consider the case m = —3. Note that pd = 2(pj — 24k — 4) — 1.
If v = 2, then by Lemma 2.1 we obtain

Qa=—Q"3Q3 (mod Vy), Qpd = QrI—24k=5 (mod Vy);
if u > 2, then
Qa= Q%Q3 (modVy), Qpa=—QP**75 (mod Vy).
This yields
1 = (a|Va) = (QaQpa|Va) = (—Qs|Va) = -1,
a contradiction.

Next we consider the case m = —5. Similarly, pd = 2(pj — 40k — 8) + 1.
If w =2, by Lemma 2.1 again

Qu=—Q"°Qs (modVy),  Qpa=—QY " (mod Vy);
if u > 2, then
Qa= Q' °Q5 (modVy), Qua= QP %8 (modVj).
This yields
1= (a|Vy) = (QaQpalVa) = (QQs5|V4) = (Q(Va — QQ3)|V4) = —1,
again a contradiction. m
Combining Lemmas 2.3 and 2.4 we obtain the following two corollaries.

COROLLARY 2.1. Let p and d be positive integers such that p| R, p = 3
mo and d = mod8). Then QyQpd ,p0. In particular,
d16 dd= 43 d8). Th pd 7 U, pU. I jcul

(OF(OFY 7£ 0, 201, 34, 61
when 3| R and d = £3 (mod 8).

COROLLARY 2.2. Leta, p and d be positive integers such that a | (R—3Q),
p =3 (mod16) and d = £3 (mod8). Then QqQp¢ # O, all.

COROLLARY 2.3. Let d be an odd positive integer and k a positive in-
teger with k| Qq. If p is a positive integer such that p = +3 (mod8) and
p| (R—3Q), then Qspq # kr0 with r | 6p. In particular, if 5| (R —3Q), then

Q154 # kO, 2k0, 3k0, 5k0, 6k, 10k0, 15501, 30k00.
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Proof. Suppose Q3pq = krd and 7| 6p. Then Q3,9 = QpaQ3pa = kr(.
Since ged(Qpd, @3pa) |3 and k| Qpq, it follows that Q,q = kri0, r1|6p,
and so

(12) deQ3pd = all, a ’ 6p,

and (a|Vy) = 1 by Lemmas 2.2 and 2.3. If d = %1, then pd = +3 (mod 8), and
so (5) is impossible by Lemma 2.4. Now we assume that d = +3 (mod 8).
Since Q3pq = QdQ3pa = kr(d, r|6p, we then have Qg = kr:[J, ra|3p.
Similarly, Qsq = krsd, r3|3p. Therefore

QdQ3d = bD? b ‘ 3p7
which is impossible by Lemmas 2.3 and 2.4. =

LEMMA 2.5. Let d be an odd positive integer and k a positive integer
with k| Qq. Then Q154 # kO, 2k0.

Proof. If Q15¢ = kO, then Q54Q354 = k0. Since ged(Q354, Qsd) | 3, we
have Q54 = k0 or 3k, whence

Q54Q15q¢ = 1 or 30,

which is impossible if d = +1 (mod8) by Lemmas 2.3 and 2.4. Similarly,
Q34 = kO or 3k is impossible if d = £3 (mod 8).

By Corollary 2.3 and the above arguments, we may assume that d = +3
(mod8), 51 (R—3Q) and Q34 # kO, 3k0. Since Q154 = @Q5,3¢Q34 = kI and
ged(Qsd, @5,34) | 5, we have

Q34 = 5k,

which implies that either 5| R or 5| Ps_., where ¢ = (DR|5) is the Kronecker
symbol. If e = 1, then 5| Py. It follows that 5| ged(Py, Q34) = Q1 = 1 by
Proposition 2.1(8), a contradiction. If ¢ = —1, then 5| Fs. It follows that
5] ged(Ps, Q3q) = Q3 = R—3Q, which contradicts 51 (R—3Q). If e = 0, then
5| D. Since V2, — DU3, = 4Q™, it follows that 5| Q, which is impossible by
Proposition 2.1(11). Hence we get 5| R and 5| d. Now Q34 = Q3,4Qq = 5k
and ged(Qq, @3,4) | 3, hence Qg = 5k0 or 15k, and so

QaQ3q4 = U or 30,
contrary to Corollary 2.1. The proof of Q154 # 2kl goes in exactly the same

way. =
3. Proofs of propositions

Proof of Proposition 1.2. Put dy = 3°dy, d = 3°d’, 31 did'. Then s > s
and df, | d'. By Proposition 2.1(2),(3) we have

ng(Qd'7 Q3S,d’) | 357 3 "/ Qd’-
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Thus

ged(Qar, Qzs ) = 1.
Similarly,
(13) ged(Qay> @300 4) = 1.
By Proposition 2.1(6),
(14) ged(Quaryay ayy» @3s0,a1) = 1.
From Qu = Qd()Qd’/d’O,d’Oa (13) and (14), we have
(15) 6ed(Qu, Qgo,qy) = 1.
Let
(16) ng(k, leo) = kl, ng(k, Q350,d’0) = k:g.
Then from k| Qq, = Qa; @30 4, and (6), we have
(17) ng(k‘l, kz) = 1, k= klk}Q.
By hypothesis, we have
(18) Qssar = QurQ3s v = k1k2l.
It follows from (15)—(18) that
(19) Qu = k100,

Write r = d’/dj;. Then by (19), we get
QuyQray = k1.

Since k& | Qg and gcd(Qﬁdé, ng)) | 7, we obtain
Qray =m0, rr

Let r = ryro. Then the above equality becomes
QTl,TQdE)QTQ,dé) = Tll:"

It follows that

(20) Qrg,d6 =0, er,r2d6 =rb.

Since ged(Qpy oy /71, @roay) = 1 and Qg = Qpy gy Qay » by Proposition 1.1
we get 11 = 1,5 and ro = 1,5. The case of r; = ro = 5 is impossible since
then 5| R, and so 5 || Q5 g/, which contradicts the first equality of (20).

If s > So + 2, then Q3,35_1d’Q35_1d’ = k0O and £ ’ QSS_ld” and so

(21) Q3s—14 = kO or 3k0.
In exactly the same way, we have

(22) Q3s—24 = kO or k0.
Therefore

(23) Qgsd/Q?)s—ld/ =0 or 300
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and
(24) Q35—1d1Q3572d/ = or 3|:|

Since 3°71d’ = £3 (mod 8) or 3°~2d’ = £3 (mod 8), one of the equalities (23)
and (24) is impossible by Lemma 2.4. Thus we conclude that s < so+ 1 and
r=1or 5, and so d = dy, 3dy, 5dy or 15dy. However, d = 15d is impossible
by Lemma 2.5. The case of )y = 2k0] is similar, which proves Proposi-
tion 1.2.

Proof of Proposition 1.8. Similarly, we only prove the case @, = kO,
the proof for @, = 2k being similar. Without loss of generality we may
assume that k is square-free. Let n/k = t. Then

(25) Qr @y = k0.

Let p be a prime divisor of k. Then p is odd and p| Q¢(«)R. By Proposition
2.1(9) it follows that ord,(Qp+) > ord,(k). Therefore, by the arbitrary choice
of p and the assumption that k is square-free, we infer that k|Qy;, say
Qrt = km. We first claim that ged(m, Q) = 1. Otherwise there is a prime
p|m with p|Q;, and by Proposition 2.1(9) again, ord,(Qx:) = ordy,(k)
contradicting ord,(Qr¢) = ordy(k) + ord,(m) > ord,(k). Combining this
with (25) we get

(26) Qre =k, Q=01

From @; = O and Proposition 1.1 we get t = 1,3 or 5. If £t = 1 or 5,
from @ = kU and Proposition 1.1 again we get k = 1,3 or 5. However,
k =t = 5 leads to the equation Q)25 = 5], which is impossible by considering
the 5-parts of both sides. Thus we have proved that if @, = kO, k|n and
31 n, then n =1 or 5. We will use this fact in the following argument when
t=3.

Suppose that t = 3. Then Q3 = k0. If 3| k, say k = 3K/, 31 &/, then

Qo Qi = 3K'CL.
Since ged(Qo, Q) |9 and 3§ Q, we get
(27) Qu =k0O, k|FK,

and it follows that k' = 1 or 5 as above. If 3 { k, then similarly we have
k=1orb5.

Combining the above arguments, to prove the theorem, it suffices to
prove that the following equations are impossible:

Qg = 3|:|> Q15 — 5D7
Q15 =30, Q45 =150

By Corollary 2.1, it is easy to prove that Q9 = 30 and Q15 = 3 are
impossible. From @45 = 150 we get Q15 = 5. Therefore we are only left
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with the equation Q15 = 500, which implies that either 5| (R — 3Q) or 5| R
by Proposition 2.1(8),(9). However, it is impossible when 5| (R — 3Q) by
Corollary 2.3 and it is impossible when 5| R by Corollary 2.1. We are done.

4. Proofs of theorems. To prove the above theorems, we need Propo-
sition 1.3 and some results of Ribenboim and McDaniel [16].

Let P > 1 be an odd integer, « = (P+vP? —4)/2, 3 = (P—VP? — 4)/2,

o — Bn

a—08"

Then by Theorems 1 and 2 of [16] (note that @ = 1), we have

LEMMA 4.1.

(i) If V,, =0, then n = 1.

(ii) If V,, = 20, then n = 3.

LEMMA 4.2 ([12]). If A > 1, then all positive integer solutions (z,y) of
the equation (5) are of the form (xy,yyn) with 21 n, where (x,,yy) is defined
by (6). If A =1, then all positive integer solutions (x,y) of (5) are of the
form (xpn, yn,).

LEMMA 4.3 ([22]). If e = 21V A + 41V B is the minimal positive integer
solution of (5), then av/A + bV B = (£/2)? is the minimal positive integer
solution of the equation

U, = Vo=a"+p06"% n=12....

Az? — Byt =1.
LEMMA 4.4 ([2]). The only positive integer solutions of the Diophantine
equation
32t — 22 =1
are (z,y) = (1,1) and (3,11).
Proof of Theorem 1.1. First we consider the case of y; not a square. Let

a_xl\/z"i‘yl\/g a_fm\/Z—?h\/E
_—2 3 —f.

Suppose that (z,y) is a positive integer solution of (7). By Lemma 4.2,

o oA+ VB (eVA+pVBY"
2 B 2

for some positive integer n > 1. Thus

(29) v’ =y1Pn

where P, = (o™ —@")/(a — @). Let d be the square-free part of y;. From
(29) we have

(30) P,=dd, d|y.
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Since D = (a — @)% = By?, we have d|n by Proposition 2.1(13). If n is
an odd, then we obtain n = 3 or 5 by (30) and Proposition 1.3.

When n = 3, we have d = 3. Hence y; = 31J and

Ps=(a®-a%/(a—a)=a’+oa+a°
= (a+a)? —aa=Az? — 1= By’ +3 =30,

and so y? = y1 Py = 3.

When n = 5, we have d = 5. Then 3; = 5u? and
5_ =5

o’ —

P; = ot + a4 o?a? + oad +at

a—a
= ((a+a@)? =22+ (a+@)? —3=(Az? —2)% + Az? -3
= (By? +2)2 + By? + 1 = By} + 5By? + 5 = 5.
Hence 625B%u* +125Bu? + 5 = 5v2. Completing the square and simplifying
the result yields the equation (2v)? — 5(10Bu? + 1) = —1, which implies
that (2v,10Bu? + 1) is a solution of the Pell equation

(31) z? —5y? = —1.

Since 2 + /5 is the fundamental solution of (31), we have

(32) 20 + (10Bu® + 1)v/5 = (24 V5)"

for some odd integer n > 1. Thus

(33) 10Bu® +1 = (n_zl‘iﬂ < " )2("—27“—”/257‘
~ \2r+1 ’

which implies that 10Bu? + 1 is congruent to 1 (mod4) and hence that B
is even, contrary to assumption.
If n is even, say n = 2m, it follows that A = 1 by Lemma 4.2. By (30),
we get
PV = dO,

where V;;, = o™ + @™. By Proposition 2.1(8),(13), ged(Pp, Vin) = 1 or 2
and d| Py, and so

(34) P,=dd, V,,=0, or P,=2d0, V,, =20.

Assume the latter; then m = 3 by Lemma 4.1, and so d = 3, y1 = 30.
Noticing that 22 — By? = 4, we get 2% = 4 (mod9). Since P3 = (a + @)% —
aa = 22 —1 = 600, it follows that 3 = 600 (mod9), so 1 = 200 (mod 3), which
is impossible. Now we consider the former equalities of (34). By Lemma 4.1
again, m = 1, so d = 1, which contradicts the assumption that y; is not a
square. This proves (i).

Suppose now that y; is a square. Let (z,y) # (x1,/y1) be another
solution of (7). We also have equation (30) with d = 1. If n is odd, similarly
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we get n = 3 or 5. Now we are in a position to prove that the case of n = 5 is
impossible. Otherwise write Ps = h?. Then Ps = B2y} +5By? +5 = h?, and
s0 (2By?+5)2—5 = (2h)?, which is impossible. Hence n = 3,y? = y; P3 = y3.

If n is even, then A =1 by Lemma 4.2. Write n = 2m. By (30), we get

PV, =0

By Proposition 2.1(8),(13), ged(Pp, Vin) = 1 or 2 and d| P,,. Therefore we
have

(35) pP,=0,V,=0, o P,=20, 1V, =20
In the former case, we have m = 1 by Lemma 4.1. It follows that y? = yp =
y1P> = x1y1, which implies that z; = O, y; = 0.

From the latter equalities of (35), we have m = 3 by Lemma 4.1. Since
Py =22 —1 =20, V3 = x1(2? — 3) = 20J, we have either

(36) x; =3h% 2% -3 =06k ged(z1,23 —3) =3,
or
(37) vy =0, 2}-3=20, ged(z,2?—3)=1.

(37) implies that 1 = 2 (mod3), a contradiction. From (36), we conclude
that 3h* — 2k? = 1, and so (h, k) = (1,1) or (3,11) by Lemma 4.4.

When (h, k) = (1,1), 21 =3, P =23 — 1 =8, V3 = z1(23 — 3) = 18, we
have Pg = P3V3 = 122, By% = :z:% — 4 =5, which implies that B = 5, y; = 1.
Thus y = /y1 Ps = 12.

When (h, k) = (3,11), z1 = 27, a simple computation shows that 22 —1 =
728 # 200, which contradicts Py = 27 — 1 = 2[1.

This completes the proof.

Proof of Theorem 1.2. Let
$1\/Z+yl\/§ $1\/Z—y1\/§

s 2

By Lemma 4.3, ¢ = o is the minimal positive integer solution of the equa-
tion Az? — By? = 1. Assume that (z,y) is a positive integer solution of (5).
Then

(38) aVA+yVB =¢"

for some positive integer n. Thus

(39) 2y2 =11 Psp,.

Let d be the square-free part of y;. From (39) we have
(40) Py, =2d0, d|y:.

Similarly, since D = (a—a)? = By?, we have d| 3n. If n is odd, we obtain
n = 1 by (40) and Proposition 1.3. Hence d = 1 or 3. If d = 3, then y; = 30.
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Since Az? — By? = 4, we obtain Az? = 4 (mod9). From P3 = Ax? —1 = 607,
it is easy to see that 3 = 60 (mod9). Thus 1 = 20 (mod3), which is
impossible. So d = 1, y; = h?, P3 = 2k?, 2% = y1 P3 = y3 = 2h%k?. Thus
Y =+/y3/2 = hk.
If n is even, say n = 2m, then A = 1. By (40), we get
Py Vam = 2d00.

By Proposition 2.1(4),(5),(8),(13), gcd(Psm, Vam) = 2 and d | Psyy,. Therefore
we have either

(41) P, =2d00, Vs, =0,
which is impossible by Lemma 4.1, or
(42) P, =dl, V3, =200

By Lemma 4.1, we obtain m = 1 from the latter equality of (42). By the
former equality of (42) we get d = 1 or 3. Then P3 = 22 — 1 = O or 30,
and it follows that 3t 2;. It is easy to prove that ged(xq, 2% — 3) = 1. Thus
from V3 = x1(2? — 3) = 20 and 2 { 21, we deduce that 22 — 3 = 200, which
implies that 1 = (2|3) = —1, a contradiction. This completes the proof.

Corollary 1.1 is an immediate consequence of Theorem 1.2.
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