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The torsion elements in K5 of some local fields
by

XUEJUN GUo (Nanjing)

1. Introduction. Let F be a field. Then K»(F') can be generated by the
Steinberg symbols. It is always an interesting problem to express elements
in Ko(F') in certain special forms. John Tate proved [7] that if a global field
F' contains an nth primitive root of unity (,, where n is a prime number,
then every element of order n in Ky(F') is of the form {(,,a} for some
a € F*. Later Merkurjev and Suslin proved [4] that Tate’s theorem holds
for any field F' and any n, i.e., if a field F' contains an nth primitive root of
unity (,, then every element of order n in Ks(F) is of the form {(,,a} for
some a € F™*.

For a field F' # Fy, Jerzy Browkin proved [1] that if n =1, 2, 3, 4 or 6,
then every element of order n in K3(F) is of the form {a, X,,(a)} for some
a € F* satistying X,,(a) # 0. He conjectured that the same does not hold for
other values of n. Later Hourong Qin proved [5] that Browkin’s conjecture
holds for n =5 and F = Q.

Let F be a local field with a g-element residue field of characteristic p.
In [9], Xu and Qin proved that if n| (¢ —1), then every element of order n is
of the form {a, X,,(a)} for some a € F* satisfying X,,(a) # 0. Their proof is
quite long. We will give a simple proof of their result in this paper. In [8], Xu
and Qin proved that every element of order p in K9(Qp((p)) is of the form
{a, X,(a)} for some a € F* satisfying X, (a) # 0. Let F' be an unramified
extension of Q, and E = F((,m). We will prove that every element of order
p" (1 < k < m) in Ky(E) is of the form {a,X,.(a)} for some a € F*
satisfying X« (a) # 0.

2. Main results. The following theorem is proved in [9]. Here we give
a much simpler proof.
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THEOREM 2.1 ([9]). Let F' be a local field, m a uniformizer of F', R
the ring of integers in F' and Fy the residue field with characteristic p. If
n|(qg—1), then every element of order n in Ko(F') is of the form {a, X,,(a)}
for some a € F* satisfying X, (a) # 0.

Proof. Let S ={1<i<n/|(i,n) =1}. Let ¢ be a primitive nth root of
unity in F. For every i € S, let a; = m+(* € F. Let T = {{a;, X (a;)} | i € S}.

Browkin proved [1] that {a;, X,,(a;)}" = 1. And we know [3] that there
are exactly ¢(n) elements of order n in Ky(F'). Hence it is sufficient to prove
that every element in 7" is of order n and the cardinality of 7" is ¢(n). Let
0 be the tame symbol:

9: Ko(Q,) — k,  {a,b} — (—=1)"@v®gv® /po(@) (mod ),

where v is the standard discrete valuation of F'.

Since Xn(a;) = [[jes(m + ¢t — ¢7), we have v(X,(a;)) = 1. Hence
0({ai, Xn(a;)}) = ¢" (mod ) for every i € S. So the images of {a;, X,,(a;)}
€ T under the map 0 are different and of order n. This implies that all the
{a;, Xn(a;)} (i € S) are different and of order n. Hence every element of
order n in Ky (FE) is of the form {a;, X;,(a;)} for some i € S. m

THEOREM 2.2. Let F' be an unramified extension of Q, and E = F((pm),
where Cym is a primitive p'th root of unity. Then every element of order pF
(1 <k <m) in Kao(E) is of the form {a, X,k (a)} for some a € E* satisfying
ka (a) 7& 0.

Proof. If p =2 and m = 1, then Q2((2) = Q2 and every element of order
2 in K3(Q2) is of the form

{-l,a}={a—-1l,a}={a—1,14+(a— 1)} ={a—1,X2(a—1)}.

Hence in the following, we assume m > 1 if p = 2.

It is sufficient to prove the theorem for k = m. As the group (K2(F))tors
is cyclic of order (¢ — 1)p™, it follows that every element of it of order p* is
the p™ Fth power of an element of order p™. If we prove that every element
in Ky(F) of order p™ has the form {a, X,m(a)}, then raising such elements
to the power p™ % we get all elements of order p¥. We have the identity

Xy () = Xpu (27" ).
Hence

{a, Xpn (@} = {a"™
with a; = a?™ k, and the claim follows.

Let ¢ be a primitive p™th root of unity, ¢, = Cp"kl a primitive pth root
of unity, 7 = 1 — ¢ a uniformizer of E. Let (, ) be the p™th norm residue
symbol for E. Let Tr,, be the trace from F to Q,. Then by the law of

X (@)} = {a1, X, (a1)},
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Artin—Hasse ([2, p. 94]) and Sharifi’s formulae in Section 2 of [6], we have
(7,1 —7P") = (%, where

1 pm+1 g m
—(1+9) (ZTrm<Z, 1—Ci>+ 5 ZTrm<7>> (mod p™Zy),
pmli
with 6 = 0 if p is odd and 6 = 2™~ ! if p = 2. Let

B | _pm+1 it
A_ZTrm<71_Ci>, B=" ZTrm<7>.

p™i p™i

We will prove the following two assertions:
(1) B=0 (modp) if pis odd, B=1 (modp) if p = 2;
(2) A= —1 (modp) if p is odd, A =0 (modp) if p = 2.
Let b; = Tr,, (7% /). If i = p™, then

B <1 B %><1 e +%<§ <j]j’:_1><—1)a‘pml+l>.

If p is odd, then it is very easy to prove that b,m = 0. If p = 2, then bom =
1- %(2,2,:'11) We will prove that bem = 2 (mod 4). Since Z?:O (2?) = 22" is
divisible by 8 (note that we have assumed m > 1 in this case) and 4 | (27)
if i #£0, 2771, or 2™, we have

2m 2m am—1_1 2m 2m
—2 =2 .
15025 ()=o)
Hence (272,1 1) = 6 (mod 8), which implies bgm = 1 — —(272,:”1) = 2 (mod 4).
So bym = 0 for odd p; and b,m =2 (mod 4) for p = 2.

By the proof of Lemma 2 in [6], the different of E/Q, is ® = (p™/(1—(p))
= (m(mp™ =(m+Dp™ ")) Hence for any o € DL, Tryn(a) € Zy. Let v be the
standard discrete valuation of E, i.e., v(m) = 1. Then v(7/i) is an increasing
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function of i. So if p™ |4, i > p" and p is odd, then
1 7Ti m m m—1 m m—1 m—1 m
=i =2 2p™ = (p" =p" ) =20 =P ) =3 —p
> (m A+ 1)p™ " —mp™,
If p™|i, i > p™ and p = 2, then
1 ﬂ-i m m m—1 m m—1
ol )z —(m+ 1" —p") =20 —p")
= (m+3)p" ™" — (m+1)p™ = (m+ 1)p" " —mp™.

In both cases, we have

1 )
v<— 7T—> > (m+1)p™ ™t — mp™.

p* i
So '
1 2
— ﬂ— € @_1,
p? i
which implies p? | b;. Hence (1) is proved.
Let '
w1
a; = — -
Lo 1=t
Then
m—1 oo
Z Try,(a;) = Z Trp(ay;).
pm'i’i t=0 j=1

j
We will study this sum by the considering the following three cases.

(a) If t <m —1 and pt j, then the ideal
1 y m— m
(5 am) (G Em )y

is contained in the ideal D1 = (7~™P"+(m+1p"™ ") Hence

1
Tr —apti | € Ly,
m<p p]) P

which implies Try,(a,:;) € pZy for every t <m — 1.
(b)If t=m —1and j > 1, p{j, then the ideal
(1 apm1j> = (Wp’"*l(j—l)er(pm’l—pm))
p
is contained in ® ! for p™ L (j—1)+m(p™ L —p™) > (—=mp™+(m+1)p™1).
Hence Try,(ay;) € pZy if 0 <t <m —1or j > 1, where j satisfies p{ j.
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(c) Ift=m—1and j =1, then

1 1 =
Trm(apm—1) =— TrF(Cp)/F (1_— (TTE/F(C,,)(1 - C)p 1))
p Cp

1 1 ! pm—l :
— e TrF<<p>/F<1 5 (TrE/F(m ( z; < ; >(—<) >>>

L+ G-
= TI"F<<p>/F< =, )

for Trg ) pc,)((—¢)") = 0if i is not 0 or p™ . Hence Try, (am—1) = 0 if p = 2,
and Try,(apm-1) = p — 1 if p is odd. Hence (2) is proved.

So we always have C = 1 (modp), which implies (7,1 — 7P") is of
order p™. Since (m,1—7?") = (m,1— 7" ")(n, Xpm(m)) and (7,1 — "
is of order p™ !, we know that (7, X,m (7)) is of order p™. So {m, X,m ()}
is of order p™ in Ks(FE).

Note that the Galois group Gal(E/F') acts transitively on the set of all
primitive p™th roots of unity. And the p™th norm residue symbol ( , )
is commutative with the Galois action. Hence {{o(m), Xym(o(7))}|o €
Gal(E/F)} = {a € Kz(FE) | a is of order p™}. m
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