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1. Introduction. Let k& > 2 be a fixed integer and let A = {a;
az < ---} be an infinite sequence of nonnegative integers. We write F'(z)
Yaca 2t A(n) = 3 e 4 a<n 1 (counting repetitions). For n = 0,1,2,... let
r1(A,n) denote the number of solutions of
a/i1+"'+af’ik Sn
In 1956, Erd6s and Fuchs [I] proved the following result:

I IA

THEOREM A. If A is an infinite sequence of nonnegative integers, then
ro(A,n) = en + o(n'/*(logn)~/?)
cannot hold for any constant ¢ > 0.

Jurkat (unpublished), and later Montgomery and Vaughan [5] improved
the Erd6s—Fuchs theorem by eliminating the log power on the right-hand
side:

THEOREM B. If A is an infinite sequence of nonnegative integers, then
ro(A,n) = en + o(n'/4)
cannot hold for any constant ¢ > 0.

Up to now, the Erdés—Fuchs theorem has been extended in various di-
rections. For other related problems, see [2], [3], [4] and [6]. Continuing this
work, Tang [7] recently proved the following result.

THEOREM C. If A is an infinite sequence of nonnegative integers and
k > 2, then
ri(A,n) = en + o(n'/4)

cannot hold for any constant ¢ > 0.

In this paper, we obtain a stronger version of the above results:
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THEOREM 1.1. If A is an infinite sequence of nonnegative integers and
k > 2, then for any constant ¢ > 0 and any € > 0,

Ire(A,n) — en| > (h(k) — e)(cn)'/*
holds for infinitely many positive integers n, where
4 —1/4 3/2
h(k) = §(257r) ([k/2]") for 2|k

and

1/49(1—4k)/(2k—2 k—1 1 3k/(2k=2) 3k/(2k—2
h(k) = 4(25m)~ /430 =4k)/( >k+2<1+k+1> ([k/2]1)3k/ (2k=2)

for 24 k. In particular, if 24 k and k > 9, then
4
h(k) > §(257r)_1/4([k/2]!)3/2.

By a simple calculation we have
4

9

h(3) > 0.0432, h(5) > 0.276, h(7) > 2.13.

(25m)"1/* =0.149. . .,

Thus we have the following corollary.

COROLLARY 1.2. If A is an infinite sequence of nonnegative integers and
k > 2, then for any constant ¢ > 0,

Ire(A,n) — en| > 0.04([k/2]1)%/?(cn) /4
holds for infinitely many positive integers n.

Throughout this paper, let z = re(a), where e(a) = €™, r =1 —1/N,
N is a large positive integer and « is a real number.

2. Lemmas

LEMMA 2.1. Let m and N be two positive integers. Then

1
S 11— 2|72
0

1—zm|?

1—

1
da < imQN(l +on(1)).
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Proof. We have
1

1 — om 2 1 m—1 1 2
8\1—2\7217 da:S\l—z\ 2’ 2! da<m28 dov
0 - j=0 ol 7F

1 o oo

=m? S Z rle(ua) - Z r’e(—va) do
0u=0 v=0
o0

=m? ZTQ" = —m?N(1+on(1)). u
n=0

LEMMA 2.2. Let 0 <v <1 and B> 0. Then
’Z nPu™ — (B + 1)(~log v)fﬁ*l’ < e P3P (—logv)~".
n=0

Proof. Define f(z) = 2’v® (z > 0). Then
f(z) = B~ 1" + 2P logv =0 & == —p(logv) L.
It is clear that f(x) is increasing for 0 < 2 < —fB(logv)~! and f(z) is

decreasing for x > —B(logv) 1. Let k be the integer with k < —3(logv)~! <
k+1and b = —B(logv)~t. Thus

n+1
f(n) < S flz)dz, 0<n<k,

i

fle+1)< | f(@)dz+ (b—k)f(b),
b

f(n) < S flz)dz, n>k+1,
n—1

f(n) > S flz)dz, 0<n<k,
n—1

f(n) > S flx)de, n>k+1.

Hence
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00 k+1 00
> nfur = Zf S v)de — | f(z)dx > | f(z)dz — f(b).
n=0 0 k 0
So
‘Zn ’va da:‘ < f(
0
Since
S 2P0 dx = S 2Per1oeY dy = S (t(—=logv) 1)Pe t(~logv) ' dt
0 0 0
= (—logwv)™#! S tPe~tdt = I'(6+1)(—logv)#~1
0
and

F(b) =70 = 37 (—logv)Pe™P = 757 (~logv) 7,
the proof is complete. m

LEMMA 23. Let 8 > 0 and r = 1 — 1/N, where N is a large positive
integer. Then

Znﬁ = P(B41)27PINAH (1 4 on(1)).

Proof. In Lemma [2.2] let v = 2. Then
(—logv) P71 =27~ INPHL (1 £ on(1)), (—logv) P =27PNP(1+0n(1)),
and Lemma [2.2) yield the assertion. =

3. Proof of Theorem Suppose that there exists an infinite se-
quence A = {a; < ay < ---} of nonnegative integers, k > 2, ¢ > 0, g9 > 0
and ng € N such that |ri(4,n) — cn| < (h(k) — £0)(cn)Y/* for all n > ng. By
the assumption and

AFM) = YT =4 M),
@iy +ta, <M

we have
(3.1) A(M) > VeM(1 4 opr(1)).
Let ¥(n) = rg(A,n) — cn. Then, for |z| < 1, we have

= Zrk(A,n)z” = % + Zﬂ(n)z”.
n=0 (1 Z) n=0
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That is,

(3.2) FF(z) =

1(:_22 +(1-2)3 d(n)z
n=0

Using the idea of Jurkat, by differentiation of (3.2)), we obtain
k-1 / _ —
(3.3)  EFFY2)F'(2) = e 219 2" 4 (1 —z)z_:lnﬁ(n)z

By (3.2), the assumption and Lemma we have

FR(r?) = 1_r2 (1—r? Zﬁ
= gN(l +on(1)) + O(N ;n1/47“2">
- gN(l +on(1) + 0<;N5/4> - gN(l +on(1)).
So
e N\ Wk
(3.4) F(r?) = <2N> (1+on(1)).

By (3.3), the assumption and Lemma we have

(3.5)  kFFLGHF (r 2)

1—r2 219 (1—1r?) ng 2n—2
= IN?(1+on(1) + O(Z w120 4 O(N ;ns/zlrm)

n=0
C

= ZN2(1 +on(1)) + O(N**) + 0O <]1]N9/4>

= §N2(1 +on(1)).

By (3.4) and (3.5 we have

(3.6) Fl(2) = %z*lfl/kcl/’wlﬂ/k(1 +on(1)).

Let 6 be a positive constant which will be determined later, m=[6¢~ /2 N1/?]
and let
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1 2
1_ m
O
5 1-=2
1 2
1 1-2m
Ji C(S] T2 : ‘ 1> da,
R 1—zm|?
JQZHZﬁ(n)z” ’ | da
0 n=0
: > 1—zm?
— n—1
Jg—é‘(l—z)z:lnﬂ(n)z ‘ ‘ T do.

By (3.3)), we have
(3.7) J < J1+ o+ Js.

To obtain a good lower bound of J, we need the following estimates. For
[ > 1, from (3.4), (3.6), 0 < F(r*) < F(r?) and 0 < F'(r*) < F'(r?), we
have
(3.8) > a2t 2

i1,...,4; pairwise distinct

2 Z ai1r2ai1+---+2ail o Z Z ai1T2ail+---+2ail

U150l 1<u<v<liy,...,;;

tu=1vy

= P2 (P2 - (= Dt F ) (F)

— =)= 2P P FG(F ()
_ %2—1—l/kcl/kNl+l/k(1 + ON(l)) + O(N1+(l—1)/k)
1

— %2717Z/k‘cl/l€N1+l/k’<1 +ON(]~>)

We also have

m—1
(3.9) 27 > me?™ = m(1 + on (1))
t=
and by (3-1),
(3.10) Z ra+t+s—1 — Z ,r_2t—1
—a+t—s=0,a€A —a+t—s=0,a€A
0<s,t<m—1 0<s,t<m—1
m—1
= LAt > Z P2 (et) R (1 4 on (1))
t=0 Vm<t<m
m—1
k
> F(1+on(l) | tMhdt= mcl/km“l/’“(l +on(1)).

Jm-1
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Now we can give a lower bound of J.

If 2| k, let k = 2I; then by and we have
1 m—1 m—1
(311) =[P EE) T FEN(E ) (X )

T
0 =0 5=0
—1

> é‘ izF'(z)(F(z))ll(F(z))l( zt> (mzl 55) da‘
0

da

~

3

t=0 5=
-k Z ailrail+-~~+ai21+t+5—1
ajy+tag —ag — =iy +t—s=0
0<s,t<m—1
m—1
>kl Z ai17«2ai1+"'+2ail Z p2t=1
i1,...,4; pairwise distinct t=0

> k-l % 2—1—l/kcl/kN1+l/km(1 + ON(l))

= [k/2)12732 2mN3/2(1 + oy (1))
= [k/2)1273/26 N?(1 + on(1)).
If 21k, let k =20 + 1; then by (3.8)) and (3.10) we have

m—1

(3.12) J= ﬁ (zF’(z)(F(z))H(F(z))’“ (mzl zt> (Z zS)
0

t=0 s=0

do

> B @@ (3 ) (5 2)
=k 0 Z tajl T“i1+f:(;i21+1+t+5_1

@iy Feoetai =i~y H—s=0
0<s,t<m—1

> k-l Z ai1T2ai1+"'+2ail Z pattts—1

1,...,4; pairwise distinct —a+t—s=0
acA
0<s,t<m—1

1 k
S o1 Lo 1-l/k kL Lk, 141/k (1 1
>kl c e m (14 o0n(1))
k

_ 19—3/2+1/(2k) 14+1/k 772
[k/2]'2 I<:—|—16 N4(1+on(1)).

Now we give upper bounds of Jy, Jo, Js.
By Lemma [2.7]

(3.13) Ji < %cm2N(1 +on(1)) = %62]\72(1 +on(1)).

By Cauchy’s inequality, Parseval’s formula, the assumption and Lemma 2.3
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we have

2( ‘iﬁ Jon[?

n=0

1 oo 1/2
(3.14) S < mQS‘ZQS‘( )
0 n=0

1
S
0
:m2(§: |19(n)|27“2") = o(m? Z 12 2n)1/2)
n=0 n=0

= O(m>N**) = O(N"/%).

Similarly,

n=1
< (5 ‘ni::l nﬁ(n)zn’lfda)m <S ‘ 11—72:2 (1 2m) 2da>1/2
(N 292 (m)r2n=2) " 2m m—1T2j 1/2
_(; Pmyr2n=2) (1 );0 )
2N 22 ,2n-2) 2
< (2m) (nz::l #2(n)r?=?)

Furthermore, by the assumption and Lemma [2.3] we have

0o no—1 [e%s)
Zn2192( 2n 2 _ Z 77,2192 2n72 + Z n2192(n)7,2n72
n=1 n=ng
no—1 00
Z 7’L2192 2n 2 (h(k‘) _50)201/2 Z n5/2r2n—2
n=ngp
no—1

Z n20%(n)r2"2 4 (h(k) — e0)2cM/ 22 Zn5/2r2"
=0
< F(7/2) “T2(h(k) — £0)%cPNT2(1 + on(1))

< 6145-\/55@(16) —0)c/2NT(1 4 on(1)).

Thus
1
(3.15) J3< g\/ﬁ(zw)l/‘*(h(k:) — o)A m AN (1 4 oy (1))

— %Jﬁ(zw)w(h(lg) —20)0" 2N (1 + oy (1)).
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Cask 1: 2| k. By (3.7), and (3.13)—(3.15)) we have
[k/2]1273/26 N
< %52N2 +O(NT) & é\/ﬁ(%)l/“(h(k) _ £0)0Y/2N2 1 o(N2).
Dividing by N? and letting N — oo, we have
[k/2]1273/%6 < %52 - é\/ﬁ(%)l/‘l(h(k) — £0)81/2.

So
h(k) —eo > 8(15) /2 (2m) /4 ([k:/Q]!23/261/2 - ;53/2)
Taking
1
§ = ——[k/2),
3 ﬁ[ /2]
we have

(k) — 0 > o (25m) A (k/20% = h(k),
a contradiction.
CASE 2: 2t k. By (3.7), (3.12) and (3.13)—(3.15) we have
k

k+1
< %521\72 +O(NT/*) + é\/ﬁ(%)l/“(h(k) —£0)86Y2N?% 4 o(N?).

[k/Z]!2_3/2+1/(2k) 51+1/kN2

Dividing by N? and letting N — oo, we have

[k/2]!2—3/2+1/(2k:) k 51+1/k < 152 + 1\/%(27’()1/4011(]{?) _ 50)(51/2.
k+1 2 8
So
(3.16)
k 1
Cen > 8(15)1/2 —-1/4 19—3/2+1/(2k) 1/2+1/k _ 253/2)
h(k) —eo > 8(15) (2m) <[k/2] 2 T 15 26
Taking
5 — gk L (1 + 1>k/(kl)([k/2]')k/(“)
B V2 k+1 ' ’
we have
k 1
s -1/2 —1/4 19—3/2+1/(2k) _F__ s1/241/k _ ~ 53/2
h(k) —eo > 8(15) (2m) <[k:/2} 2 o 16 26 >
_ 4(25) 1/ Ag(1=4k)/(2k—2) k—1(, L 3k/(2k_2)([k/Q]l)Sk/(%—Z)
k+2 E+1 '
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a contradiction. As a function of §, the right side of (3.16)) has the largest

value h(k). Set
1

o

[k/2]!.
If k> 9, then v/26; > 8 and

h(kﬁ) > 8(15)—1/2(27T)—1/4<[k/2]!2—3/2+1/(2k)k—lf—l(ﬁ/QJrl/k i ;6?/2>

> 8(15) /2 (2m)"1/4 ([k/z]!z?’/?ai/? - ;53/2)

4
= & a1 2,
This completes the proof of Theorem
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