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EMRAH CAKGAK and FERRUH OzBUDAK (Ankara)

1. Introduction. Let IF, be a finite field with ¢ elements and Fq de-
note its algebraic closure. Let X be a Deligne-Lusztig curve of Ree type
defined over Fy, ¢ = 3251l s> 1, and F be its function field. Then F/F, is
Fq(x,y1,y2) defined by the system of equations

(1.1) Yl — oy =a®(@? —2), yd—yp =2?®(2? - 2),
where gqo = 3°. For the function field F', we have the following properties

(H-P], [P]):

(P1) F/F, has genus g = %qo(q—l)(q—i—_qoi—l).
(P2)  The automorphisms in G = Aut(FF,/F,) are Fy-rational and G is
a Ree group of order

g—1lqg+1
¢*(a=1)(¢" +1) =8¢" == — (q+ 300+ 1)(¢ — 390 + 1).
(P3) F/F, has ¢® + 1 rational places on which G acts as a permutation

group.
(P4)  The L-polynomial ([S, V.1.14]) of F'is

L(t) = (14 3qot + th)QO(QZ—l)(l 4 th)QO(q—l)(CI+3QO+1)/2_

(P5)  For any integer m > 1, the number of rational places of FFym /Fgm is

mm dmm
Nm:qm+1—qoqm/2(q—1) (q+3q0+1)cos7+2(q+1)cos 5 |

In particular FFgm /Fym is maximal if and only if m = 6 mod 12.

Note that properties (P1), (P2) and (P3) uniquely determine F' (see [H-P)).
Throughout this paper, F' will denote Fy(x, y1,y2) defined in (1.1) and G

its automorphism group Aut(F/F,). For a subgroup H < G, we denote by
2000 Mathematics Subject Classification: 11R58, 11G20, 14G15.

[79]



80 E. Qakcak and F. Ozbudak

FH its fixed subfield
Fl={;cF|oz=2z forallo € H}.

In [C-O], we have determined the genera of a large family of subfields
F, € FH C F corresponding to subgroups H < G. Function fields with
many rational places are interesting and have many applications to coding
theory and related areas ([T-V], [S], [N-X]). A function field E of genus g(E)
with full constant field I, is called optimal if it has as many rational places
as possible among the function fields of genus g(F) with full constant field
F,. It is well known that F'is an optimal function field. We will show that
some subfields of F' also have many rational places. Using the methods of
[C-0], it is easy to determine the number of rational places under degree 1
places of F for the subfields constructed in [C-O]. However, for most of the
subgroups H < G, there will be rational places of F below higher degree
places of F' (cf. [C-O, Remark 4.38]).

In this paper we determine the exact number of rational places of some
subfields of the form F. We also determine the genera corresponding to
subgroups of the normalizer of a 3-Sylow subgroup of G, which was not
considered in [C-O]. We note that, as the L-polynomial of F' has two irre-
ducible factors, the knowledge of the genus and the number of rational places
of a subfield of F' enables us to determine its L-polynomial completely (see
Remark 7.2).

Let E/F, be a function field and H < Aut(E/F,) be a subgroup of the
automorphism group Aut(E/F,). In Section 4, under some assumptions, we
introduce a method in order to compute the number of rational places of B
below higher degree places of E. This method allows us to determine the
exact number of rational places of F¥ for some H < G. In particular we
determine the number of rational places corresponding to subgroups of the
normalizer of a 3-Sylow subgroup of G or to subgroups of a dihedral group D
of order 2(¢ — 1) in G.

The paper is organized as follows. In Section 2, we give some basic ob-
servations on the number of rational places of the subfields of E¥ < E of
a function field E/F, corresponding to subgroups H < Aut(E/F,). In Sec-
tion 3 we determine the number of rational places below degree 6 places of F'
and hence, for an involution k, we determine the number of rational places
of FH and FW)*H where H is an elementary Abelian 3-group in the cen-
tralizer of k. We introduce our method and compute the number of rational
places below higher degree places of F' in Section 4. Then we determine the
genera and the number of rational places of the subfields corresponding to
subgroups of the normalizer of a 3-Sylow subgroup of G. Section 6 considers
the subfields corresponding to subgroups of the dihedral group D. We give
some numerical examples in Section 7, including some function fields with
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the best known number of rational places (cf. [G-V]). Moreover we find a new
entry for the table [G-V] and we determine its explicit defining equations.

2. Some general observations. Let E be a function field over I, and
H < Aut(E/F,) be a subgroup of the automorphism group of E over F,.
In this section we give some basic observations on the number of rational
places of EH.

For m > 1, let B,, denote the set of degree m places of E. We can
determine |B,,| using the L-polynomial of E. For each m > 1, Aut(E/F,)
and hence H acts on B,,. Let O(H,m) denote the set of orbits of the action
of H on B,,. We have

(2.1) Bul= > Ol

OcO(H,m)
For any orbit O € O(H, m), we have
Q1,Q2€0 = Qi NEH =Qy,nET,

We call P = Qi NE™ the place of E under the orbit O. Conversely, for any
place P of Efl| there is a uniquely determined integer m > 1 and a uniquely
determined orbit O € O(H,m) such that P is the place of Ef under the
orbit O. We call O the orbit of E over the place P.

Let O € O(H,m) be an orbit, Q1,Q2 € O be places in O and P be the
place of EX under the orbit O. As E/E is a Galois extension, we have
e(Q1IP) = e(QaIP), f(Qi|P) = F(Qa|P) and

| H]|
(Q1]P)e(@Q:1|P)
Moreover if P is a rational place of E¥, then we have a tower of subgroups
Hy(Q) < H_1(Q) < H such that

(2.3) H_1(Q)/Ho(Q) = Znm,
where H_1(Q) and Hy(Q) are the decomposition and inertia groups of a
place Q € O of the orbit O of E over P.

We denote the number of rational places of Eff by N(E®). For m > 1,

N(EH m) denotes the number of rational places of EX under the orbits of
O(H,m). Then we have

(2.2) 0] = 7

N(EH) = i N(EH m).
m=1

We note that for g € Aut(E/F,;) and m > 1,
N(E",m)= N(EM9" m).
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Consider now the function field F' defined by (1.1) and let H be a sub-
group of G = Aut(F/F,). The number N(F 1) can be calculated using the
action of G on the degree 1 places of F' (see [C-O, Examples 4.39, 4.40]). It
follows from property (P5) of Section 1 that there is no degree 2 or degree 3
place of F. Again using the action of G on the degree 6 places of F' we show
how to compute N(F 6) in Section 3. In Section 4 we introduce a method
to compute, under some assumptions, the number of rational places below
unramified places of degree m > 1 for a function field £ and apply this
method to F.

3. Rational places below degree 6 places. Let F' be the function
field defined by (1.1). Let H be a subgroup of G = Aut(F/F,) containing
elements of order 6. In this section we compute N(F 6), the number of ra-
tional places of F below degree 6 places of F.. We show that the methods of
[C-O] can be used for determining the number of rational places of subfields
below degree 6 places of F', as in the case of degree 1 places of F'. There is no
degree 2 or degree 3 place of F'. To determine the number of rational places
below degree m places with m ¢ {1,2,3,6}, we will need another method
introduced in Section 4. Let x be an involution of G. Then the centralizer
C(k) of k can be written as C(k) = (k) x L', where L’ is the unique sub-
group of C'(k) isomorphic to PSL(2, ¢) (cf. Subsection 4.1 in [C-O]). In this
section, we also compute the number of rational places of the function fields
F&) | FH and FXH for all elementary Abelian 3-groups H < L.

First we recall some group-theoretical notions that will be used through-
out the paper ([Ro], [C-O]). Let B be a finite group. A Hall subgroup A of B
is a subgroup with ged(|Al, |B : A]) = 1. If A is an Abelian Hall subgroup
of B, then every subgroup of order dividing |A| is contained in a conju-
gate of A. The Ree group G has cyclic Hall subgroups of orders (¢ — 1)/2,
(g+1)/4, ¢+ 3q0+ 1 and ¢ — 3gp + 1. A finite group I is called a Frobenius
group if it has a subgroup W < I with (1) # W # I such that

WnWw?=(1) foralloe '\ W,
where W7 = ¢Wo 1. Then

K=r\|JWw\ @)
ocel’

is a normal subgroup of I" such that I' = KW and WNK = (1). K is
called the Frobenius kernel and W is called a Frobenius complement. The
Frobenius kernel K is uniquely determined by the conditions above and W
is uniquely determined up to K-conjugacy.

Now we fix some notation that will be used throughout the section.
From [C-O, Theorem 3.5] we know that there is a one-to-one correspondence
between the degree 6 places of F' and the Hall subgroups of order ¢—3¢o + 1.
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Let K be a Hall subgroup of order ¢ — 3qp + 1 and N(K) be its normalizer.
From property (6) in [C-O, Proposition 2.3] (see also [L-N]) we know that
N (K) is a Frobenius group with kernel K and a cyclic Frobenius complement
of order 6. The number of distinct Frobenius complements in N(K) is ¢ —
3qo + 1. Let W be one of these Frobenius complements. Let 6 be the unique
involution of W and W3 the subgroup of order 3 of W. We have

N(K)=KW and W <C(0),

where C(#) is the centralizer of § in G. Let V be the 3-Sylow subgroup of
C(6) containing Ws.

LEMMA 3.1. We have
NW)=(0)xV
where N (W) is the normalizer of W in G.
Proof. If g = 6v with v € V| we have
gWg™t = 0uWv'e
=0W0 asV is Abelian and V < C(6)
=W.
Next we will prove the other direction, i.e. that
N(W) < (0) x V.

Let g € G satisfy gWg~! = W. Then gfg~! = 6 and gW3g~! = W3. Let
U be the 3-Sylow subgroup of G containing W3 (or equivalently contain-
ing V). We have g € C(0) and from property (9) in [C-O, Proposition 2.3]
we deduce that g € N(W3) < N(U). We have (see [C-O, Theorem 4.9(i)])

CO)NNU) = VT,

where T' < G is a cyclic group of order ¢—1 containing 6. Therefore g € V'T'.
Let 7 € T be an element of order (¢ — 1)/2. Then g can be written as

g= 9y

where v € V, 0 <i < (¢—1)/2 and j = 0,1. We want to show that 7¢ = 1.
Since (0) x V' < N(W), we have

gVVg_1 = TiWT_i,
which implies 7¢W37~¢ = W3. Let hg € W3\ {1}. Then
TihgT_i =hsg or TihgT_i = hg.

So either hy € Cy (%) or hg € Cy(7%). But from property (8) in [C-O,
Proposition 2.3] (see also [W]) and since ged(|7[,2) = 1, we have 7" = 1. m
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LEMMA 3.2. Let Ky be a Hall subgroup of G of order ¢ — 3qy + 1 and
W1 be a Frobenius complement of the normalizer N(K7) of Ki. Then there
erist g € G and t € K such that

Ky =gKg' and Wy =gtW(gt)~L.

Conversely, for each g € G and t € K, Ki = gKg~' is a Hall subgroup of
order ¢ — 3qo + 1 with Wy = gtWt 1g~! being a Frobenius complement of
the normalizer N (K1) of K.

Proof. Since all Hall subgroups of GG of order ¢ — 3qg + 1 are conjugate
in G, there exists g € G such that K; = gKg~!. Let W; be a Frobenius
complement of the normalizer N(K;) of K. Then g~'Wjg is a Frobenius
complement of N(K). Since all Frobenius complements of N(K) are conju-
gate by means of a t € K, we have

W=t (g 'Wig)t
for some ¢t € K. This is equivalent to

Wi = gtW(gt)™L.
We prove the converse similarly. m

COROLLARY 3.3. W is also a Frobenius complement of the normalizer
of a conjugate K1 of K with K # K if and only if there exists g € N(W) \
N(K), in which case K1 = gKg~1.

Proof. Assume that K7 is a Hall subgroup of G of order ¢ — 3gg + 1 and
K1 # K. We have K7 = gKg ! for some g € G and g ¢ N(K). Assume
also that W is a Frobenius complement of the normalizer of K; as well. By
Lemma 3.2 there exists ¢ € K such that (gt) € N(W). Let g1 = gt. By
Lemma 3.1, we have g; € () x V and obviously g; ¢ N(K).

Conversely assume that ¢ € N(W) and g ¢ N(K). Let K1 = gKg~'.
Then W is a Frobenius complement of the normalizer of K; as well and
Ki#K. =

LEMMA 3.4. We have
NE)NNW)=W.

Proof. We know that W < N(K) = KW and W < N(W). But |N(K)|
= 6(¢ —3q0 + 1) and |[N(W)| = 2¢ (by Lemma 3.1) so that ged(|V(K)|,
|IN(W)|) =6 = |W|, which finishes the proof. m

PROPOSITION 3.5. Let {a1W, ..., aW} be the set of all left cosets of W
in N(W) and hence k = q/3. Then {a1Kaj',... ,axKa; '} is the set of all

distinct Hall subgroups in G of order ¢ — 3qo + 1 with W being a Frobenius
complement of their normalizers.
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Proof. By Corollary 3.3 we need only consider the conjugates aKa~!
of K with elements a € N(W). For a1,as € N(W), we have

alKal_l = agKagl & al_lagKaz_lal =K
& ajlag € N(K)NN(W)
& al_lag e W by Lemma 3.4.
This completes the proof. =

We recall that for a given Hall subgroup K of G of order ¢—3¢p+1, there
are ¢ — 3qo + 1 distinct Frobenius complements in N(K7). Now we consider
the union of all of these Frobenius complements over all Hall subgroups of
G of order ¢ — 3qg + 1.

COROLLARY 3.6. The number of Frobenius complements corresponding
to Hall subgroups of G of order ¢ — 3qo + 1 is

(¢® +1Dg*(g - 1)
5 .
Proof. The number of Hall subgroups of G of order ¢ — 3gg + 1 is the
number of degree 6 places of F', which is
¢*(q = 1)(g+1)(q+3g0 +1)
6
(see [C-O]). The normalizer of each of these Hall subgroups has exactly

q—3q+1

distinct Frobenius complements.

By Proposition 3.5, each Frobenius complement corresponding to some
Hall subgroup of G is a Frobenius complement of exactly ¢/3 distinct Hall
subgroups of G of order ¢ — 3qg + 1. Therefore the number of Frobenius
complements corresponding to Hall subgroups of G of order ¢ — 3gg + 1 is

ClaD@ntl) (o 360 41) (¢ + Dg¥(g - 1) ]

q/3 - 2
PROPOSITION 3.7. Any cyclic subgroup of order 6 in G is a Frobenius
complement of exactly q/3 distinct Hall subgroups of order ¢ — 3qp + 1.

Proof. Let S be the set of all subgroups of order 6 in G. Any W; € S
can be written as Wi = (01) x W31 where 6; is an involution of G, and
W31 < G is a subgroup of order 3 which is contained in a 3-Sylow subgroup
Vi of C(6).

There exists a unique involution of G fixing any two distinct rational
places of F' (cf. [C-O, Proposition 2.5(i)]). Moreover each involution of G
fixes exactly ¢+ 1 rational places of F' (cf. [C-O, Proposition 2.5(iii)]). There-
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fore the number of involutions in G is
3+1
(q 2 ) (@ +1)¢*

(@ " (g+1g
Let 61 be an involution of G. The number of 3-Sylow subgroups of C(6,)
is ¢ + 1 and each of them has (¢ — 1)/2 subgroups of order 3 (cf. [C-O,

Proposition 4.8 and Theorem 4.11]). Hence

(¢> +1)¢* a1 (¢* +1)g*(g — 1)

(¢q+1)g 2 2 '
Using Corollary 3.6 we observe that the right hand side of (3.1) is equal to
the number of Frobenius complements corresponding to Hall subgroups of
G of order ¢ — 3qp + 1. Therefore we have equality in (3.1) and any element
of S is a Frobenius complement for exactly ¢/3 distinct Hall subgroups of
G of order g — 3qp + 1 (see also Proposition 3.5). =

(3.1) 5] < (g+1

Proposition 3.7 implies that for any subgroup W < H of order 6 there
are ¢/3 degree 6 places P such that W < H_;(P). As the results of this
section will be used in Section 5, we show in the following lemma that for H
a subgroup of the normalizer of a 3-Sylow subgroup, two distinct cyclic
subgroups of H of order 6 cannot be contained in the decomposition group
of the same degree 6 place.

LEMMA 3.8. Let Wy and Wy be two distinct cyclic subgroups of order 6
in the normalizer of a 3-Sylow subgroup of G. Then there is no Hall subgroup
K1 of G of order ¢ — 3qo + 1 such that

Wl Q N(Kl) and W2 g N(Kl)

Proof. Assume the contrary. Then W5 is the conjugate of W; by a non-
identity element of K. Since both W7 and Ws are contained in the normal-
izer of the same 3-Sylow subgroup of G, they both fix the same rational place
of F' and do not fix any other rational place. But no nonidentity element of
K fixes a rational place, hence a contradiction. m

Let H be a subgroup of the normalizer of a 3-Sylow subgroup of GG, and
let ng(H) be the number of distinct cyclic subgroups of order 6 of H. Then
from Proposition 3.7 and Lemma 3.8, there are ng(H)q/3 degree 6 places
P such that |[H_1(P)| = 6 (note that the extension F/F is unramified at
degree 6 places). So N(F 6) is calculated as

6 q
= — H) =
"3

Let x be an involution of G and L’ be the subgroup of C(k) isomorphic
to PSL(2,q). There exists an elementary Abelian subgroup H < L' with
|H| =3/ if and only if 1 < f < 25+ 1.

(3.2) N(F",6)
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THEOREM 3.9. For 1 < f < 2s+ 1, let H be an elementary Abelian
subgroup H < L' with |H| = 37 and for f =0 let H = (1). For the number
of rational places of F™ and F*H we have

3
Hy _ a
(3.3) N(FM) =1+ 2z,
3 — 3 —1)
4 N(pxEy 1 94 ¢ —a .
(3.4) ( ) =ltgrt oyt

Proof. From [C-O, Subsection 4.1.1] we know that all rational places of
F split completely in F//F H except a place P which is totally ramified. Then

3
H . q
N(F ,1)—1—|——3f.

There is no cyclic subgroup in H of order distinct from 3. We recall that
F has no degree 3 places, which follows from property (P5) in Section 1.
Therefore

N(FH)y = N(FH ) 1).

Let {F,..., P;} be the rational places of F' fixed by x and assume that H
fixes Py, without loss of generality. From [C-O, Subsection 4.1.1] we know
e(P;|P;n Xy =9 f(P|P;n F®*H) =1 for 1 < i < q. Moreover the
rational places of F' distinct from Py, ..., P, split in F/ F{®)>H Therefore
WxH 1y _ 1. 9, @ —a

NEEH 1) =14 g5 + T
There are (3/ —1)/2 distinct subgroups of degree 6 in (k) x H. Therefore
using (3.2) we get

3/ -1)
N F(R)XH — q(
(piet, ) = 48 1)

The result follows from the observation that N (F*H) = N(FRI*H 1) 4
N(F#>H 6). u

Recall that the genera of F and F*H in (3.3) and (3.4) are (cf. [C-O])

1[3qoq* +¢* — ¢
H
1[3q04> +¢%> —2
g(F</i>><H):Z[ 909 -g;] Q_3q0+1}

4. Rational places below unramified higher degree places. Let E
be a function field over a finite field F, and H < Aut(E/F,) be a subgroup of
the automorphism group of E over F,. In this section we develop a method
to compute NV (EH ,m), the number of rational places of EH below the degree
m places of E. The problem here is that, even if the ramification structure of
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the extension E/EH is known, the computation of the decomposition group
H_(P) at an unramified place P of E is difficult. Our method uses the
defining equations of the function field E/IF, and the explicit descriptions
of the automorphisms in H.
Assume that the function field E/F, (with F, its full constant field) is
defined as
E =TFy(z20,21,.-.,2n)

where 2, ..., z, satisfy the equations

(4.1) Fi(z0,...,20) =0, i=1,...,r

where, for each i = 1,...,r, Fj(Zy,...,Zy,) is a polynomial over F, in
the variables Zp,...,Z,. Let m > 1 be an integer. We want to compute

N(Ef m), so we assume E contains places of degree m (otherwise N(EH m)
= 0 trivially). We need the following definition.

DEFINITION 4.1. For r > 1, n > 0, let R;(Zy,...,Zyn), i = 1,...,7, be
rational functions over I, in the independent variables Z, ..., Z,. Then, for
m > 1, we call an n + 1-tuple (p,...,(n) € Fgrﬁl a purely Fym-solution of
the set of equations {R;(Zo,...,Zy) =01]i=1,...,7}if Ri({o,...,(n) =0
for each ¢ = 1,...,r and the set {Cp,...,(n} € Fgm is not contained in a
smaller subfield of Fym. Note that if (Co, ..., () is a purely Fgm-solution of
a set of equations defined over IF, then the m distinct Fy-conjugates

(CD»--an)’(Cg""vcg)""v(cgm_l"'wg{ )

are also purely [Fym-solutions.

m—1

We make the following assumptions on the degree m places of E:

A1l  Any degree m place P of E is unramified in the extension E/E*.
A2 For any degree m place P of E and for each i = 0,...,r, we have
zi € Op.
A3  For each purely Fym-solution ({p,...,¢(n) € IFZ;C L of the defining equa-
tions of E/F,, Fi(Zo,...,Zy),i =1,...,r, there is a unique degree 1
place P of the constant field extension F.F,m with zo — (o, 21 — (1, .. .
vy 2Zn—Cn € P.
Let P be a degree m place of E. From assumption A1, the place P¥
of EH below P is a degree 1 place of Ef if and only if H_;(P) is cyclic of

order m, in which case H_;(P) is generated by an element o € H acting as
the Frobenius morphism on the residue field Op/P:

o(z) =27mod P for all z € Op,

where o is called the Frobenius substitution of P (see [Se]). So we assume
that H contains elements of order m (otherwise N(E* m) = 0 again). Now,
given an element 7 € H of order m, we want to find the number of degree m
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places P such that H_;(P) = (7). If H_1(P) = (1), then some generator
of the cyclic group (7) is the Frobenius substitution of P. So we first find a
method to find the number of degree m places P such that H_(P) = (1)
and 7 is the Frobenius substitution of P. Repeating the procedure for each
element in H of order m will determine the number N(E* m).

LEMMA 4.2. Let E = Fy(20,21,...,2n) be a function field over F, defined
by the equations (4.1). Let 7 € Aut(E/F,) be an automorphism of order
m > 1 and H be a subgroup of Aut(E/F,) containing 7. Assume that, for

each i =0,...,n, we can write the element 7(z;) explicitly as
7(2i) = Ti(20, - - -, 2n)
where T;(Zy, . .., Zy) is a known rational function over Fy in n+1 variables.

Assume moreover that the degree m places of E satisfy assumptions Al,
A2 and A3. Then there is a one-to-one correspondence between the sets of
Fy-conjugate purely Fgm-solutions

(T W (e S ) NSO (A

of the set of equations

(4.2) Fi(Zy,...,Zp) =0, i=1,...,r,

(4.3) Ti(Zy, ..., Zy)—Z1 =0, i=0,...,n,

and the degree m places P of E such that H_1(P) = (1) and T is the
Frobenius substitution of P. In particular the number of such places is equal

to the number of purely Fym-solutions of the equations (4.2), (4.3) divided
by m.

m—1

)}

Proof. Let P be a degree m place of E. Observe that the statement
H_1(P) = (1) and 7 is the Frobenius substitution of P
is equivalent to
(44) 71(z)(P)=7(2)+ P =214+ P =2%P) foreach z € Op.

From assumption A2 and the fact that zp,...,z, generates E over Fy,
Op/P is generated by zo(P),...,z,(P) as a field over F,. So (4.4) holds
if and only if

(4.5) 7(2)(P) = z}(P) foreachi=0,...,n.

Consider now the constant field extension E,, = E.Fym and let Py, ..., Py,
be the degree 1 places of E,, extending P. Let z; be any of zg,..., 2.
From assumption A2, z; does not have a pole at a degree m place of E.
As 7 € Aut(E/F,;) maps degree m places to degree m places, 7(z;) is an
element of Op and also of Op; for each j =1,...,m. So we have
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7(z)(P) = 21(P) iff 7(2;)(P;) = 2}(P;) for some j =1,...,m,

in which case 7(z;)(P;j) = 2{(P;) foreach j = 1,...,m.

For each ¢ = 0,...,n and j = 1,...,m we can identify z;(P;) with a
unique value (;; € Fgm C Ep, such that ¢;; = G ;j(P;) = zi(P;). So (4.5)
holds if and only if

(4.6)  Ti(Coj»---+Cny) :Czj foreachi=0,...,nand j=1,...,m,

equivalently if and only if the tuples ((oj,...,Cnyj), J = 1,...,m, are so-
lutions of the equations (4.3). Observe that the tuples ((oj,...,Cnj): J =
1,...,m, are Fj-conjugate purely F,m-solutions of the defining equations
(4.2) of E/F,. Now assumption A3 implies that there is a one-to-one corre-
spondence between the sets of F;-conjugate purely Fym-solutions
m—1 m—1
{(CO?"’?C_’VL)J(CgJ"'7(3)7"'7(4-8 7"‘7C’rql, )}

of the equations (4.2) and the degree m places of E. Restricting this corre-
spondence to the solutions of the equations (4.3) will settle the result. m

Given an element 7 € H of order m, let M(7) denote the number of
degree m places P of E such that H_1(P) = (7) and 7 is the Frobenius
substitution of P. This number can be calculated using Lemma 4.2 provided
the corresponding number of [Fgm-solutions in Lemma 4.2 can be calculated.
Now, for any degree m place P with H_;(P) = () there is a unique integer [,
1 <1 < m, with ged(l,m) = 1 such that 7! is the Frobenius substitution
of P. Therefore the number of degree m places P with H_1(P) = (7) is

>, M)
1<i<m
ged(m,l)=1

and the number of degree m places P with |H_1(P)| = m can be written

. > M(r).

TeEH

|7|=m
Now, assume that P is a degree m place of E with |H_1(P)| = m (equiva-
lently the place of Eff below P is rational). Then, since P is unramified in
the extension F/E (by assumption A1), the orbit of H containing P has
|H|/m elements. Therefore the number N(E¥ m) is calculated as

(4.7) N(EH m) = ’mﬁ ;j M(7).
|T|=m

Unfortunately, this method may be difficult to apply in general. First,
one needs to know explicitly the elements 7(2p),...,7(2,) for every auto-
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morphism 7 € H of order m. Even in that case, it may be hard to find the
number of solutions of the equations (4.2), (4.3) in Lemma 4.2.

Now, we shall apply the method described above to the function field F'.
Let Gp,, be the subgroup of G fixing the place P, the pole of z. From [P],
we know explicitly the automorphisms in Gp_ (see (5.1) in Section 5). So in
what follows, we will consider automorphisms of distinct orders in Gp_ . In
particular we will compute M (7) for elements 7 € Gp_ of order m|(q — 1)
with m > 2, m =9 and m = 6.

Let m|(¢—1), m > 2, 7 € Gp_ be an element of order m and H < G be
a subgroup containing 7. From [C-O, Theorem 2.6], 7 fixes one more place
Py of F. As the value of M (1) does not change by taking a conjugate of T,
we shall assume that Py is the common zero of z, y; and y,. Then, from [P],
T is written as

o290+l

(4.8) T(z) =ax, T(y) =Py, T(y2) = Yo,

where o € Ff and |a| = m. Let us check that the degree m places of I satisfy
assumptions A1-A3. Since m ¢ {1,6}, any degree m place is unramified
in the extension F/FH so Al is satisfied. Now, each of z, y; and g has
a unique pole, Py, which is rational. So A2 is also satisfied. To check A3,
it is enough to check whether the affine curve defined by equations (1.1) is
nonsingular. Therefore A3 also holds. Now by Lemma 4.2, M (7) is equal to
the number of purely [F m-solutions of the equations
Y-V - X®(X?-X)=0,
Yy — Yy — X?0(X9 - X) =0,
(4.9) aX — X1=0,
oy, v =0,
a(2q0+1)Y'2 _ Y2q =0,
divided by m. We have:

PROPOSITION 4.3. The set of nonzero solutions (in Fg) of the system
(4.9) is given by

S = {(X, v1,Yy) € Fo

Xq_lza,lefi_lX,Yg:ai_lX}.

The set S has q—1 elements and each solution in S is purely Fym. Therefore,
for any T € G of order |T| = m, with m|(q— 1), m > 2, we have
qg—1
M(r)=——.
=1

Proof. 1t is easy to see that S is indeed the set of nonzero solutions of
the system (4.9) and that S has ¢ — 1 elements. For each X € F, with
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X! = o, the smallest ¢ with X ¢ = X is m. So each solution in & is purely
Fgm. The last assertion follows from Lemma 4.2. =

Let us now consider the case m = 9. So let 7 € Gp,_ be an element of
order 9 and H < (G be a subgroup containing 7. So the automorphism 7 can
be explicitly written as

T(z) =z + 5,
(4.10) T(y1) =y + B2+,
T(y2) = y2 — %1 + 7%z + 6,
where 3,7, € Fy and 8 # 0. It is easy to check that the degree 9 places of F'

satisfy assumptions A1-A3. By Lemma 4.2, M (7) is equal to the number
of purely [Fjo-solutions of the equations

(4.11) Vi -Y) — X®(X?-X) =0,
(4.12) Yy — Yy — X20(X9— X) =0,
(4.13) X+pB-X1=0,
(4.14) Yi+ BPX +v-Y=0,
(4.15) Yy — BV 4 210X + 65 - Y =0,

divided by 9. Let Tr(-) denote the absolute trace of an element of F,. We
have:

PROPOSITION 4.4. The system of equations (4.11),...,(4.15) has solu-
tions over Fy, if and only if

(4.16) Tr(6~@*ty) = s mod 3,  where qo = 3%,
and in that case the solution set of the system is given by
=3
S={(X,"1,Y2) € F; |
B3X3— (X +1— (Ig—(qo-i-l),y)?' _ (Ig—(qo-l-l),y)?ﬂ]o) =0,
Yi— fT0(F0X — X*03+6) =0, Yy — (Y2 + X*%3) = 0}

The set S has 3q elements and each solution in S is purely Fqo. Therefore,
for T € Gp,, defined by (4.10), 5 # 0, we have

M(r) = {3/3 e
Proof. From (4.11), (4.13) and (4.14) we get

(4.17) Bro0X0 = g=1x 4 g(@0t+l)y,

Equation (4.17) together with (4.13) gives

(418)  BXP = BTN 41— (870 q)P — (gl
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and calculating 479 X% using (4.18), we get

(4.19) BroXx®© = g71x 4 g0ty 4 g Tr(g— (0t

Now equating the right hand sides of (4.17) and (4.19), we conclude

(4.20) Tr(3~(@0H)y) = .

So if Tr(3~(@+1)y) £ s then the system (4.11), ..., (4.15) has no solution.

Let us assume that (4.20) holds. Let X = x be a solution of (4.18). Then
the other two solutions are x + 0 and x + 26. Any of the three solutions
of (4.18) also satisfies (4.13), and the smallest extension of F, containing
solutions of (4.13) is Fys. From (4.12), (4.13), (4.15) and (4.17), we get

(4.21) Y, = Ig—‘IO(QQQOX _ X2q0,3 +6).
Using equations (4.12) and (4.13) we get
(4.22) Yy =Yy + X208,

So any solution of the system of equations (4.11),...,(4.15) is an element
of §S. We leave it to the reader to check that any element of S satisfies
equations (4.11),...,(4.15).

For each solution X = x, x + 3 or x + 25 of (4.18), the solution for Y7 is
uniquely determined from (4.21) and is also an element of F 3. The equation
(4.22) has ¢ distinct solutions for Y2. So S has 3¢ distinct elements.

Using (4.17), we get

X200 4 (XQqO)q + (Xqu)q2 _ 252(107

and combining with (4.22) we get Y2q3 = Y3 +23%% and Y2q9 = Y5. Therefore
if X is replaced by x, x+ 0 or x+20 in (4.22) then any of the ¢ solutions for
Y5 is in Fyo, and F o is the smallest extension of Iy containing them. So any
solution in § is purely F 0. The last assertion follows from Lemma 4.2. u

Now we shall show how to compute N(FH,m) when m = 6 by using the
method described in this section. Observe that any two cyclic subgroups
of order 6 in G are conjugate. Indeed any cyclic subgroup of order 6 is a
Frobenius complement of a Hall subgroup of order ¢ — 3qo + 1 (cf. Proposi-
tion 3.7). Since Frobenius complements of the same Hall subgroup of order
q — 3qp + 1 are conjugate and the Hall subgroups of order ¢ — 3gg + 1 are
conjugate, we see that any two cyclic subgroups of order 6 are also conjugate
(cf. Lemma 3.2). So we will consider the cyclic subgroup (7) generated by
the following element:

(4.23) T(x)=—2, 7(p1)=wn1+1, 7(y2) = —y2,

and then compute M (7) and M (7°). Note that the definition of 7° differs
only at y1, namely 79(x) = —z, 7°(y2) = —y2 and 7°(y1) = 1 — 1. We
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assume that the extension F//F is unramified at degree 6 places, so that
the degree 6 places of F satisfy assumptions A1-A3. Consider the equations

(4.24) Vi -Y) - X®(X?-X)=0,
(4.25) Yy — Yy — X20(X9 - X) =0,
(4.26) X - X9=0,
(4.27) Yi+y-Y!=0,
(4.28) -Y, - Y =0,

where v = 1 or —1. Then by Lemma 4.2, M(7) (resp. M(7°)) is equal to
the number of purely F-solutions of the equations (4.24),...,(4.28) with
v =1 (resp. v = —1) divided by 6. We have:

PROPOSITION 4.5. The system of equations (4.24), ..., (4.28) withy =1
(resp. v = —1) has solutions over Fy if and only if s is odd (resp. s is even)
and in that case the solution set of the system is given by

S:{(X,}/i,)/é) EF2|X2:—1, qu_YIZ'Y, Y2:_X}.

The set S has 2q elements and each solution in S is purely Fy 6. Therefore,
for T defined by (4.23), we have

M(r) = q/3 z‘f s z.s odd,
0 if s s even,
M) = q/3 z.f s 1s even,
0 if s s odd.

In particular, for any cyclic subgroup of H of order 6, the number of degree

6 places P of F' such that H_1(P) = (1) is q/3.
Proof. From (4.24), (4.26) and (4.27) we get

(4.29) X0+ —

Raising (4.29) to the power qp — 1, we get

which implies X% = X,

(4.30) X7 = X3

The equations (4.26) and (4.30) give

(4.31) X3 =-X.

The nonzero solutions of (4.31) are w and —w € F2 where w? = —1. It is

easy to check that w and —w satisfy (4.26). Replacing X with w or —w in
(4.24) we get

(4.32) Vi —Y) = (1),
which together with (4.27) implies v = (—1)**1. Hence, for v = 1 (resp.
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v = —1) the system has solutions iff s is odd (resp. s is even). Assume
v = (=1)*TL. Replacing X with w or —w in (4.25) and combining with
(4.28), we get Yo = —X. So the solutions of the system (4.24),...,(4.28)
satisfy

(4.33) X% =1,
(4.34) Y-V =7,
(4.35) Yy = —X.

Now the system (4.33)—(4.35) has 2¢ solutions over IF,. Moreover any solution
of (4.33) is purely F,2 and any solution of (4.34) is purely F s, so that any
solution of (4.33)—(4.35) is purely Fc. m

REMARK 4.6. Using Proposition 3.7 and Lemma 3.8, we already know
how to compute N(F 6). Nevertheless we prefer to keep Proposition 4.5,
which uses a different method and gives an application of Lemma 4.2.

5. Normalizer of a 3-Sylow subgroup. In this section we compute
the number of rational places of subfields of F' fixed by subgroups of the
normalizer of a 3-Sylow subgroup of G. Let U be a 3-Sylow subgroup of
G = Aut(F/F,) and N(U) be its normalizer. We assume U fixes the place
P, the pole of z. Then the automorphisms in N(U) = {085 | @ €
Fy, B,7,6 € Fg} are explicitly written as (see [P])

T — ax + [,
(51 Yapys = oy +apr+ 7,
Yo — a2QO+1y2 _ aqo-&-lﬁqoyl + aﬁ2q0$ £ 0.

The group N (U) is of order ¢3(¢—1) and is written as N(U) = UT where
T is cyclic of order ¢ — 1. Tt follows from property (7) in [C-O, Proposition
2.3] that U has order ¢® and U has trivial intersection with its conjugates.
Its center Z(U) is elementary Abelian of order ¢, U is of class 3, and U
contains a normal elementary Abelian subgroup U; of order ¢? containing
Z(U) which is both the derived group and the Frattini subgroup of U. The
members of U — U have order 9, their cubes forming Z(U) — (1) (see [C-O]).
Let us assume that T fixes the place Py, the common zero of z, y; and ys.
Then we have

T = {va000 | @ € F}, Ui = {Y1,04,5 | 7,0 € Fy},

U={d18405183,70€F}, Z(U)={P100s]0€Fy}.
Let H be a subgroup of N(U) of order |H| = n3"*t? where n| (¢ — 1)
and 0 < bye,d < 25+ 1. Let |[HNUy| = 37 and |H N Z(U)| = 3%
Unfortunately, the possible values of n, b, ¢, d are not all known. Recall that
N (FH ,m) is the number of rational places of FH under the degree m places

(5.2)
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of F. Let us now find for which values of m > 1, N(F m) can be nonzero.
Since any place P of degree m > 1 is unramified in the extension F/FH,
H_,(P) is a cyclic group. So let us find the order of elements in N(U). Let
Kk = 1_1,0,0,0 be the involution of T'. Let us first consider the elements in the
subset S; = U.(T \ {s}) = {¥a,8~, | @ # —1}. Observe that any element
in 51\ U is contained in some conjugate of T'. So, for any ¢ € S1, we have
|| = 3,9 or m where m | (¢ — 1), m # 2. Let us now consider the subset
So =UAk} ={v¥-18~,5} By (5.1), the orders of elements in Sy are

W*Lﬁﬁb’%“,é‘ =2 for 3,0 € Iy,
W)—lﬁmﬂ =6 for 3,7,0 € Fy and v # _ﬁQO—H'

In particular we have:

LEMMA 5.1. Let H = 51 U Sy be the disjoint decomposition of H as
defined above. The set of orders of the elements in Sy is {3,9}U{m : m # 2
and m divides ¢ — 1} and the set of orders of the elements in Sy is {2,6}.

Now, F' does not have any degree 2 or degree 3 place. Therefore we need
only compute N(FH m) for m =6 or 9 or m| (g — 1), m > 2. For the case
m = 6 we will use the results of Section 3, and for the cases m = 9 and
m| (g — 1), m > 2 we shall use the results of Section 4. Let us first prove a
result on the number of elements of distinct orders in H.

PROPOSITION 5.2. Assume that n > 1. Then H has a cyclic subgroup
Ty of order n, which is contained in a conjugate of T such that H = TyUgy
where Uy = U N H. Moreover, Ty normalizes Uy and n| ged(3° —1,3¢ — 1,
39—1,q—1). If n # 2, then Ty has 3°7¢+? distinct conjugates in H and for
anym|n, m > 2, H has 3"+t 4¢(m) distinct elements of order m, ¢(-) being
Euler’s Phi function. In the case 2|n, let k be the involution of Tr. The
order of the centralizer Cy,, (k) of  in Uy is 3¢, and H has 3**¢ distinct
involutions and 3*T4(3¢ — 1) distinct elements of order 6.

Proof. We first prove that H has an element of order n. As Uy is the only
3-Sylow subgroup of H, Uy is normal in H. Therefore H/Up is a subgroup
of N(U)/U which is isomorphic to the cyclic group 7". Then H /Uy is a cyclic
group of order n and there exists ¢ € H such that o” € Uy and o' & Up for
1 <4 < n. Since Uy < U, the order of o is either n, 3n or 9n. Using Lemma
5.1 and the equality ged(q — 1,3) = 1, we deduce that the order of o is n if
n # 2 and is either 2 or 6 if n = 2. Taking ¢ if necessary, we choose and fix
o € H such that |o| = n.

Let Ty = (o) be the cyclic group generated by o. Since T' is an Abelian
Hall subgroup of N(U), Ty is contained in a conjugate of T' (cf. [C-O,
Theorem 2.1]). Note that Ty normalizes Uy and Ty N Uy = (1). Then we
have H = THU H-
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Recall that a characteristic subgroup of a group is invariant under the
group automorphisms. Note that the derived group U; and the center Z(U)
are characteristic subgroups of U. Moreover T' and hence Ty normalizes U.
Therefore Ty also normalizes Uy and Z(U).

If 247, then o (respectively o2 if 2|n) acts without a fixed point on the
nonidentity elements of U by conjugation (cf. [C-O, Proposition 2.3(8)]).
Let k = n if 2{n and k = n/2 if 2| n. Therefore k| (|Uy| — 1) = 30Te+d — 1,
El(JUhnH|—1) =3~ 1 and k| (|Z(U)N H| — 1) = 3¢ — 1, or equiva-
lently k| ged(3” —1,3¢—1,3% —1). As ged(2, (¢ —1)/2) = 1, 44n and hence
n| ged(3® —1,3¢—1,3¢ - 1).

For the case n # 2 and m|n with m > 2, we now determine the number
of distinct elements in H of order m. It follows from [C-O, Proposition
2.3(8)], that o does not commute with a nonidentity element of Uy. So Ty
has |Ug| = 3T°td distinct conjugates in H. Therefore in this case H has
3b+etdg(m) distinct elements of order m.

Finally, we consider the case 2| n. It follows from properties (7) and (8)
of [C-O, Proposition 2.3] that for any u; € U; there exist v € Cy(k) and
z € Z(U) such that u; = vz. Foruy € HNUy, let v € Cy(k) and z € Z(U) be
such that u; = vz. As kzk € Z(U) and k(kzK2)Kk = KzKz, using property (8)
of [C-O, Proposition 2.3] we obtain xkzx = 2z~ 1. Since U is an elementary
Abelian 3-group, this implies that ku1x = vz~! € HN Uy, v € Cy, (k) and
z€ HNZ(U). Therefore HNU; = Cy, (k) x (HNZ(U)) and |Cy,, (k)| = 3€.

Any involution 6 of H is a conjugate of k by an element of Ug. Therefore
|Cuy, (0)] = 3¢ for any involution of H and the number of distinct involu-
tions in H is 3*+¢*+4 /3¢ Each involution 6 of H commutes with exactly 3¢ — 1
elements of order 3 in H, namely the nonidentity elements of Cyy,, (). There-
fore there are 3°+9(3¢ — 1) elements of order 6 in this case. m

First we compute N(FH 6) and we assume that 2 | |H|. As ¢(6) = 2, by
Proposition 5.2, H has 3*+9(3¢ — 1)/2 distinct cyclic subgroups of order 6.
So from (3.2), we have

6 33 —1) ¢ -1
5.3 NFl )= — .22 . T2 )
(5:3) (F7.6) = 71 2 3 3

Let us now calculate the number N(F¥ m) where m|n, m > 2. So
assume n > 2 and let m |n, m > 2. From Proposition 4.3, for each element
T € H of order m, M(7) = (¢ — 1)/m. So we need only find the number of
elements of order m in H. Using Proposition 5.2 and (4.7) we get

m qg—1 qg—1
. 3b+c+d 1 -1 - )
3 oom) - = = s o(m)

Consider now the case m = 9. Unfortunately, we cannot give a formula
for N(FH,Q) in terms of n,b,c,d. Note that the number of elements of

(5.4) N(FH m) =
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order 9 in H is 3°T¢td — 34 Let ng(H) be the number of order 9 elements
in H which satisfy the condition (4.16) in Proposition 4.4, i.e.

(55)  Tio(H) = Htnpns € H | 60, Te(3~@+)y) = 5}
Then, by Proposition 4.4, M(7) = q/3 for ng(H) elements of order 9 in H

and M(7) = 0 for the remaining elements of order 9. So from (4.7) the
number N (FH,9) is calculated as

(5.6) N(FH,9) =

Now, we are ready to calculate the number of rational places of F:

THEOREM 5.3. Let U be the 3-Sylow subgroup of G fixing the place Pso,
the pole of x, Uy the derived subgroup of U, Z(U) the center of U and
N(U) the normalizer of U in G. Let H be a subgroup of N(U). Assume
the order of H is |H| = n3"T¢*? where n| ged(q — 1,3 — 1,3¢ — 1,37 — 1),
0<bed<2s+1, |HNU| =3 and |[HN Z(U)| = 3%. Let N(FH") and
g(F™) denote the number of rational places and the genus of F'H respectively.
Let ng(H) be defined by (5.5). We have:

(i) if n =1 then
3

Hy q 3
N(FT) =1+ 3brcrd T gbrerd no(H)g,

1
9(F") = o5 - 3a0(a” + ago — 37 — 9037);
(ii) if n > 1 and 2{¢n then

o q3 _ 3b+c+d _ q— 1
N(F7) =2+ n3btetd + n3btetd ng(H)q + (n—1),

1

g(FT) = Sgprerd 3q0(¢® + qqo — 3°T% — qo3%);

(iii) ifn>1 and 2 | n then
2(¢/3° = 1)  ¢* —g¢3""
Hy _
N(F ) =2 n n3btectd
3 g3 —1) q-1
+ —prera o(H)a+ =5 —+ ——(n—2),

1
9(F") = oy [Bao(q” + qao— 377 — qo3”) — 3"7°+(q/3°= 1)].

Proof. Recall that for a subgroup H < N(U), FH may have rational
places below places of F' of degree 1, 9, 6 or m where m|n, m > 2. So the
number of rational places of F¥ is computed from

(5.7 NET)=NEF? 1)+ NET 9+ NET6)+ Y NEFH

mln
m>2
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If n =1 or 2, the last sum in (5.7) is equal to 0. Otherwise, from (5.4), we

have
-1
N(FH _ q

SO N(Fm) = L2 3 ()

m>2 m>2
where

n—1 if 24n,

5.8 m) =
(5:8) mzmd)( ) {n—2 if 2| n.

m>2

Observe also that N(F¥,6) = 0 if 2¢n. As N(F¥,6) and N(F,9) are
computed in (5.3) and (5.6) respectively, we need to calculate N (F*,1) and
g(FH) in each case. So we need to find the ramifications at rational places.
The place Py is fully ramified in the extension F//FH and the different
exponent at P is

dp, = (n3Fetd — 1) 4 (37 — 1) 4+ 3¢o(3°T — 1) + (37 — 1).

If n > 2, each cyclic group of order n in H fixes P, and one more rational
place of F. In the case 2 | n, each involution in H fixes Py, and ¢ more
places. Moreover, two distinct involutions in H do not fix the same place
except Ps, (cf. [C-O, Proposition 2.5(i)]). Let g = 3go(¢ — 1)(¢ + qo + 1) be
the genus of F' and gz be the genus of FH.

In the following, in each case, we list the ramified places of F', write
N(FH 1) and state the Riemann-Hurwitz formula from which g(F) is
calculated:

(i) If n =1 then only P, is ramified and we have
3
NFF 1) =1+ ﬁ
29g—2=|H|(295 —2) +dp,,.
(ii) If n > 1 and 2 { n then

o P is fully ramified,
o 30Tt places are ramified with ramification index n,
o 3 — 3btetd places are unramified.

We have
¢ — gotetd
n3btetd
29 — 2 = |H|(295 — 2) +dp,, + 3" (n —1).
(iii) If n > 1 and 2|n then

o P is fully ramified,

NFL 1) =141+
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o 30Tt places are ramified with ramification index n,

o ¢3btd _gbtetd — 3b+d (g 3¢) more places are ramified with ram-
ification index 2,

e ¢3 — g3 places are unramified.

We have
2(¢/3° - 1) ¢ —q3"*
n3btetd
29 — 2 = |H|(2gx — 2) +dp, +3"7T4(n — 1) +379(g — 3°). m
Unfortunately, we do not know all the possible values of n, b, ¢, d in Theo-
rem 5.3. Now we construct some subgroups of N(U) with all possible values
of n, ¢ and d for the case b = 0. First we give some properties for some

elements of N(U). Let a1, az,a € Fy\ {0} and v1,72,7, 61,92, € F,. The
following properties are easy consequences of (5.1):

NFEE 1) =1+1+

%01,0,0,0 © Va2,0,00 = Ya102,0,0,05
(5.9) V107181 © V10728 = V1,0, (11 472),(51462)

Ya-1,0,0,0 © ¥V1,0,7,6 = V1,0, 7000+1 5a2a0+1 © Pa—1,0,0,0-
For integers ¢,d < 2s + 1, let e = ged(c,d, 2s + 1). Note that

ged(3¢—1,3¢ -1, —1) =3°—1.
Let {71,..-,%/e} and {d1,...,d4/c} be Fze-linearly independent subsets
of Fy. The set
S = {wlvov('ylal,1+72041,2+“'+'Yc/ea1,c/e)7(61052,1+62a2,2+"'+6d/ea2,d/e) |
QL5 O o)y Q215+ Q2 d/e € Fse}

is a subset of N(U) of size 37, Moreover using (5.9) we observe that S is
a subgroup of U; with [SN Z(U)| = 3.

For n|(3°—1), let ap be an element of Fze \ {0} of multiplicative order n.
Let

Using (5.9) we observe that H is a subgroup of N(U) of order n3°t<. It is
easy to observe that H = TyUg, where Uy = S and

Th = {thaj 000 | 1 < i <n}.

In the following corollary, we give the number of rational places and the
genera of the subfields F of F with H as in (5.10).

COROLLARY 5.4. Let 0 < c¢,d <2s+1 and n| ged(q—1,3¢—1,3% —1).
Then N(U) has a subgroup H, given in (5.10), of order n3°t¢ where

| HNU|=|HNU| =3 and |HNZU)| = 3%
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We have:

(i) if n =1 then
P

Hy _
N(FM) =1+ 2,

1
g(F™) = 5 3etd 3¢0(¢” + qq0 — 3T — g03%);
(ii) ifn>1 and 21 n then

1
9(F") = 55 - 3a0(a” + aq0 — 3t — go3%);

(iii) ¢fn > 1 and 2| n then

2(¢/3°—1)  ¢@—q37 q(3—-1) q-1

Hy — —
1

g(F') = on3ctd [3q0(q” + qg0 — 37" — qo3%) — 3°7%(q/3° — 1)].

In Section 7, for ¢ = 27 we give more examples, including some examples

with b # 0.

REMARK 5.5. We note that Theorem 3.9 corresponds to the very special
subcase of Corollary 5.4 with d =0 and n € {1, 2}.

6. Dihedral groups of order 2(q — 1). Let F' be the function field
defined by (1.1) and G be its automorphism group Aut(F/F,). Let T be a
Hall subgroup of order (¢ — 1)/2 and D be the normalizer of T, which is a
dihedral group of order 2(¢ — 1) (cf. property (5) in [C-O, Proposition 2.3]).
Let T be the cyclic group of order g—1 in D. Let « be the involution of T. We
note that D is a subgroup of the centralizer C'(k) of k and C(k) = (k) x L,
where L’ is the unique subgroup of C(k) isomorphic to PSL(2,q) (cf. Sub-
section 4.1 in [C-O]). There exists a dihedral subgroup D’ of L’ such that

D= (k) x D

In this section we determine the number of rational places of a subfield
FH fixed by a subgroup H < D. We note that any dihedral subgroup of G of
order 2n with n| (¢ —1) is contained in a conjugate of D (cf. [C-O, Theorem
2.4, property (5) in Proposition 2.3 and Remark 2.2]).

As H < D and ged(2(¢—1),g —3qo+ 1) = 1, the degree 6 places, so the
nonrational places of F, are unramified in the extension F/F™. Any cyclic
subgroup of D is either of degree 2 or contained in 7T'. Since F' has no degree 2
place, N(H,m) can be nonzero only for integers m # 2 dividing ¢ — 1.
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If the order of H is 2, then N(F) = N(FH 1). Assume that the order
of H is greater than 2. So H is either a cyclic subgroup of T" of order n or a
dihedral subgroup of order 2n with n|(q¢—1). If H is a cyclic subgroup of T,
then it is also a subgroup of the normalizer N(U) of a 3-Sylow subgroup U
of G and its number of rational places is already determined in Corollary 5.4
(corresponding to the case ¢ = d = 0 in Corollary 5.4). We assume that H
is a dihedral group with |H| =2n and n|(q — 1).

Let P, and Py be the places of F' corresponding to the pole of z, and
to the common zero of z, y; and y, respectively in (1.1). There exists a
conjugate of T" fixing Py and Py (cf. [C-O, Remark 2.2 or Proposition 2.5]).
Therefore we assume, without loss of generality, that T fixes Py and Pa.
For m > 2 and m|n, H has a unique cyclic subgroup of order m and the
number of distinct elements of order m in H is ¢(m), where ¢(-) is Euler’s
Phi function. The number N (F m) will be determined using the results
of Section 4. It follows from (4.7) and Proposition 4.3 that

N(FH m) = % (m).

Now we are ready to calculate the number N (F) of rational places of F7.

THEOREM 6.1. For n|(q — 1), there exists a dihedral subgroup of or-
der 2n. For a dihedral subgroup H of order 2n with n|(q — 1) we have:

i) if 21 n, then
Wz g+1 ¢ -1 q—1

N(F") =1 —1

1
g(F") = - (a = 1)(3a00 + ¢ + 3q0 — n);
(ii) if 2|n, then
-1 q¢+1 ¢F—q q-1

Hy _ q _
N(F") =1+ - + 5 + o +2n (n—2),

1
g(Ff) = (¢~ 1)(3q0q + ¢ + 3q0 —n— 1).
Proof. We have

(6.1) N(F*) = NF 1)+ > NEH m),
NEE
and using (5.8) we get g—1
(n—1) if 2¢n,
(6.2) SONETm)=¢ 2
q .
:;LnQ o (n—2) if 2|n.

When 2{n, the number of involutions in H is n and none of them fixes P
or Py. So there are n(g+ 1) more ramified places with ramification index 2.
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Therefore, we have

3 1-n(g+1
(6.3) NFH 1) =1+ (g+1)+ 2 2n(q ).
In the case 2|n, H has n + 1 involutions and exactly one of them fixes the
places Py and Py. So (¢—1)+n(g+1) places are ramified with ramification

index 2. We have

—1 P-1—(¢q—1+n(g+1
(6.4) N(F,l):1+qT+(q+1)+q (g - (g +1)
Using (6.1)—(6.4) we calculate the number of rational places in both cases.

The genus in each case is computed in [C-O, page 153]). u

7. Examples. Let F' = For(z,y1,y2) be the function field over For
defined by

27 _ .3/.27
Yy =2 (x

—x), Y~y =@ ),

let G = Aut(F/Fa7) be its automorphism group, N(U) the normalizer of a
3-Sylow subgroup U < G, and D < G a dihedral subgroup of order 52. In
this section, we give the number of rational places N(F) and the genus
g(FH) of subfields FH fixed by various subgroups of N(U) and D.

Let H < N(U) be a subgroup of order |H| = n3*+**? with n|26 and
0<b,c,d<3where |[HNU;| =3 and |[H N Z(U)| = 3 as in Section 5,
and let ng(H) be defined by (5.5) (here we assume U fixes the place P,
the pole of ). The following examples are a consequence of Theorem 3.9:

e Hwithn=2,0=0,¢c=0,d=0,ng(H) =0:
N(FH) = 9856, g(F) = 1800.

e Hwithn=1,b=0,c=3,d=0, ng(H) = 0:
N(FH) =730, g(FH) = 117.

e Hwithn=2,0=0,c=3,d=0, ng(H) =0:
N(FH) =379, g(FH) = 65.

Using Corollary 5.4 we obtain the following examples:

o Hwithn=26,b=0,c=0,d=0, 7g(H) = 0:
N(FH) =784, g(FH) = 139.

e Hwithn=1,b=0,c=1,d=3, ng(H) = 0:
N(FH) =244, g(FH) = 36.

o Hwithn=1,b=0,c=3,d=1, ng(H) =0:
N(FH) =244, g(FH) = 40.

e Hwithn=2,06=0,c=0,d=3, ng(H) =0:
N(FH) =379, g(F1) = 52.

Using Theorem 5.3 and constructing subgroups of N(U) with b # 0 explic-
itly, we obtain the following examples:
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H withn=1,b=1,c=1,d =3, ng(H) = 81:

N(FT) =109, g(F7) = 12.

e Hwithn=2,b=1,c=1,d=2,ng(H) = 18:
N(FH) =145, g(FH) = 19.

e Hwithn=1,b=1,¢=0,d=3, ng(H) = 27:

N(FT) =271, g(FT) = 39.

Hwithn=1,b=2,¢c=2,d=3, ng(H) = 729:

N(F1) =37, g(FH) = 1.

Let now H be a subgroup of D. From the results in Section 6, the fol-
lowing examples are obtained:

o |H| =22, dihedral: N(F) = 4942 g(FH") = 897.
e |H| =213, dihedral: N(F") =796, g(F") = 133.
e |H| =226, dihedral: N(F") = 406, g(F") = 63.
We note that the examples above with genera 12,36, 39,40 are function
fields with the best known number of rational places (cf. [G-V]). Moreover
the example with genus 19 is a new entry for the table of [G-V]. In the

following we work out this example and moreover we determine its explicit
defining equations for the corresponding function field.

ExAMPLE 7.1. Let H be the subgroup of G generated by ¢ = 1114420
and k = 19,00 where v € Fo7 with Tr(y) # 0. By explicit computations
we get

HNU = (%1120, %1,07,05%1,00,1,¥1,00.) 5
HNOU = (¥1,07,0,%1,0,0,15¥1,0,07) »
HNOZU) = ($1,00,1,%1,005) -
Moreover the elements ¢ g 5 in H satisfying 4’ # 0 and Tr((8")~(0+1)4")
=1 are
Qpl,k,’y-‘rQ,i-‘r]”ya 27] = 07 17 27 k= 17 27 when TI'(’)/) = 17
wl,k,27+2,i+j’y7 Z?] = 07 17 27 k= 17 27 when TI‘(")/) =2.
Therefore we have n = 2, b = 1, ¢ = 1, d = 2, ng(H) = 18 and from
Theorem 5.3 it follows that g(F7) = 19, N(F") = 145. We first find
defining equations for the function field FH"V1, Let w;, ws € F be given by

9 9 3
3 9 9 V=7 3,7 —"
wy =Yy — Yy,  wa=y; — +

! S R

The elements of H N Uy fix x,wy, ws. Moreover FHML = For(x, w1, ws)
where

Y2.

w% + fylgw% + 4wy — x?’(m27— x) =0,
v=7°

3 6,27
wy + —g——= we— (" —x) = 0.
2T 4943
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Now we will determine defining equations for the function field F HAU
Let ¢ be the restriction of 11120 to the function field Fo7(x, w1, w2). We
have

P(z) =2+ 1,
P(wy) = wy + 2% — y?x + 4%+ 2,
P(wg) = we — w3 + 3_’Yw +x9_73—7x T,
7= 7=
Let u, v, v9 € FHOUL be given by
w=z>—ux,
vy = wp —xt — (v* + 1)2?
7 _ 9 _ 9 _ 3
vgzw2+xw?—73 Vszl—l—a:ll—fyg’ 7x5+fy3 Pyx.
v Y= Y=

Then E and so the restriction of each element in H N U to For(x, wy, ws)

fixes u, v; and vy. Moreover FHOWU = F27(u v1,v2) where
o) + 7181)3 + %o +ut? 4+ (8 — Db + (v + 1) =0,
3 3 7T_ .9
3, V=7 ’Y—V 3 24 Y= 5, =7 3
vy + v2 + uvy] + v uvy — u” + u> —u=0.
2 79— ~3 79— ~3 1 79— ~3 79— ~3
Let ® be the restriction of k = 120,00 to the function field Fa7(u, v1,v2).
Then %(u) = —u, ®(vy) = v; and K(vg) = —va. Let t = u?, 21 = v1 and 25 =

uvg. Then %, and hence the restriction of each element of H to Fo7(u, v1, v2),
fixes ¢, 21 and z3. Therefore F = Fa7(t, 21, 22) with its explicit defining
equations

2+ 82 % 0+ (718 DE? + (v + 1)t =0,

7 9
22+’Y 7 t22+’>’ o 75223+,Y24tQ ’Y ol t+79_73t3—t2:0.
79— 73 70 =93 70 =3 7=
REMARK 7.2. Let E be a subfield of F' with full constant field F,. Let
N(FE) and g(E) denote the number of rational places and genus of E. In this
remark we determine the L-polynomial Lg(t) of E completely, using N (F)
and g(F). The L-polynomial L(t) of F'is given in property (P4) of Section 1.
We note that the polynomials 1 4 3got + ¢qt% and 1 + ¢t? are irreducible in
Zt]. Using [La] we observe that Lg(t) divides L(¢) and hence

(7.1) Lp(t) = (14 3qot + qt*)*(1 + ¢t?)°.
Moreover,
(7.2) 2a +2b=2g(E)

and as the coefficient of ¢ in Lg(t) is 3goa we have
(7.3) N(E) = q+ 1+ 3qa
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(cf. [S, Theorem V.1.15]). Using (7.1)—(7.3) we obtain
Lp(t) = (1+ 3qot + qt>) N E)=a=1/3q0 (1 4 g42)9(B)=(N(E)=a=1)/3q0
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