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On the logarithmic factor in error
term estimates in certain additive congruence problems

by

M. Z. GARAEV (Morelia)

1. Introduction. In additive number theory an important topic is the
problem of finding an asymptotic formula for the number of solutions of a
given congruence. In many additive congruences the error term estimates
of asymptotic formulas contain logarithmic factors. The aim of the present
paper is to illustrate application of double exponential sums and a multi-
dimensional smoothing argument in removing these factors for a class of
additive problems.

Let g be a primitive root modulo an odd prime number p and let K, N
and M be any integers with 1 < K, N < p. We start by recalling the well
known formula of Montgomery [6]:

(1) J= -t O(p'/? log” p),

where J denotes the number of integers € [H + 1, H + K| such that
g% € [M + 1, M + NJ. In this paper we establish the following statement.
THEOREM 1. The following estimate holds:

KN
(2) J-—< p"/21og>(KNp—3/% + 2).

We recall that the notations A < B and A = O(B) are both equivalent
to |A| < ¢B for some absolute positive constant c.
Estimate (2) gives the asymptotic formula J ~ K N/p in the range

K'Np_3/2 — 00  asp — o0,
while formula (1) gives the same asymptotic formula when
KNp_3/2 log™2p — o0 asp— .
Moreover, if KN < p*?2, then our estimate guarantees the bound J <
p'/2, while formula (1) provides the bound J < p'/2log? p. Also note that
mthematics Subject Classification: 11A07, 11L03.
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estimate (2) improves (1) in the range KN < p?/27°(1) and coincides with (1)
for larger values of K N.

The method that we use to prove Theorem 1 is applicable to a class
of other well known additive problems. For a given integer h #Z 0 (modp),
denote by J; the number of solutions of the congruence

9" —g¢'=h (modp), 1<z,y<N.
In [7] (see also [10]) the asymptotic formula

N2 1/2 2
(3) Ji = 7+0(p/ log? p)

has been established. In the present paper we prove

THEOREM 2. The following estimate holds:
N2
Ji — — < N?Plog?3(Np=3/* 4 2) + p!/2.
p

We see that Theorem 2 provides the asymptotic formula J; ~ N?/p in
the range
Np*3/4 — 00 as p — 00,

while (3) gives the same asymptotic formula when
Np_3/410g_2p — 00 as p — 00.
We mention that in a series of recent works it has been proved that any
residue class h (mod p) is representable in the form
h=g"—g¢' (modp), 1<uzy<ep’?,

for a suitably chosen constant ¢ (see [2, 5, 9]). In [3] it is shown that one
can take ¢ = 25/4,
The following result has been obtained in [8]:

LetU,V C {0,1,...,p—1} with u and v elements respectively, and let S
and T be any integers with 1 <T < p. If Jo denotes the number of solutions
of the congruence

xy =z (modp), zxzelU, yeV, S+1<z2<S5+T,
then

(4)

T
Jo — % < 2(puv)1/2 log p.

Our approach leads to

THEOREM 3. The following estimate holds:

T
Jy — % < (puv)?log(uvT?p~> + 2).
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From Theorem 3 we derive the asymptotic formula Jo ~ wvT/p under
the condition

wT?p™3 00 asp— oo,
while estimate (4) gives the same formula only when
wT?*p3log™2p — 00 as p — .

We remark that estimate (4) (even with constant 2 on the right hand
side replaced by 1) is a consequence of the Vinogradov double exponential
sum estimate (see Lemma 5 below) and the inequality

p—1 S4+T ‘
Z‘ Z e27rmn/p‘<pl/2logp
a=1 n=S5S+1

(see, for example, the proof of Lemma 5 in [4, p. 109]).

THEOREM 4. Let h # 0 (modp) and let J3 denote the number of solu-
tions of the congruence

xy =h (modp), 1<z,y<N.
Then
fv2
J3 — r < p?log?(Np~3/4 4 2).
In particular, the asymptotic formula J3 ~ N2/p holds when N p3/4
— 00 as p — 00. In passing we remark that the argument of our paper can
be used in a series of other related problems.
For more information on very recent results on distribution properties of
special sequences related to our paper we refer the reader to [1]-[3], [5], [7],
[9], [10] and references therein.

2. Lemmas

LEMMA 5. Let m be a positive integer, and let a be an integer coprime
to m. Then

55 vty < vmxy

for any complex numbers v(z), o(y) with

m—1 m—1
Y @P=X, > leP=Y.
=0 y=0

The proof of this lemma can be found in [11, p. 142].
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LEMMA 6. Let L1, Lo, A, B and m be any integers, 1 < A, B < m. Then

m—1 L1+A Lo+B
W = Z ‘ Z 627”‘”/7”‘ ’ Z e%lay/m‘ < mAlog(BA™! +2).
a=0 zx=Li+1 y=Lo+1

Proof. If A > B, then applying the Cauchy inequality we obtain
m—1 L1+A m—1 Lo+B

W2 < Z ‘ Z e?m’aac/m‘2 Z ‘ Z 6271'1'(1y/m‘2 _ mzAB < 77121427

a=0 x=L1+1 a=0 y=La+1

whence the result.
Let A < B. Then

W <2W7 + 2Wy + 2Ws,

where
L1+A L>+B
Wy = Z ‘ Z e27riaa:/m‘ ‘ Z eQm'ay/m ’
0<a<m/B x=L1+1 y=Lo+1
Li+A Lo+B
Wo = Z ‘ Z e27riax/m‘ ’ Z e27riay/m‘7
m/B<a<min{m/Am/2} z=L1+1 y=Lo+1
Li+A Lo+B
Wy = Z ‘ Z eZWiaz/m‘ ‘ Z e?m‘ay/m“
min{m/Am/2}<a<m/2 z=Li+1 y=Lo+1

The trivial estimate shows
W1 < (m/B)AB < mA.

To estimate Wy we recall that for 1 < a < m/2,
Lo+B
Z eQTriay/m‘ < E
a
y=Lo+1
Then, estimating the sum over z trivially, we obtain
m
Wo<A Y — <mAlog(BA™' +2).
m/B<a<m/A a

Finally, for W3 we have

m2

a>m/A

Therefore, W < mAlog(BA™' +2). m
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LEMMA 7. Let Ly, Lo, A, B be any integers with 1 < A, B < p—1. Then
for any integer a with (a,p) =1,
Li+A La+B
Yoo el < pl 2 Alog(BAT! + 2),
x=L1+1 y=L2+1
The same estimate holds if in the exponent the function g**Y is replaced by
g
Proof. Applying the smoothing argument, we obtain
p—2 L1+A L2+B p-1

1‘2 Z Z Ze%zag /pp2mib(z+y—z)/(p— 1)‘

b=0 z=L1+1y=La+1 2=1

p—2 p—1 Li+A L2+B
Z ‘ Z 2miag? /pe—27rzbz/ p—1) ‘ ‘ E : E 27er (z+y)/(p— 1)‘
p b 0 2=1 z=L1+1y=La+1

The sum over z is a Gauss sum, so its absolute value is equal to p*/2 for any

integer b # 0 (mod (p — 1)) and is equal to 1 for b = 0 (mod (p — 1)). Thus,

— L1+A Lo+B
I<<p_1/22‘ S b/ H Y 627riby/(p—1)‘
b=0 x=L1+1 y=La+1

< p'?Alog(BA™! +2),

where we have also used Lemma 6 with m = p — 1.
The estimate of the sum with ¢*~¥ in the exponent instead of g**¥ is
completely analogous. m

3. Proof of Theorem 1. If N > p/2 then J is equal to K minus the
number of integers x for which

H+1<z<H+4+K, ¢*€[M+N-+1,M+p] (modp),

where now p — N < p/2. For this reason it is sufficient to consider the case
N < p/2. By the same argument we may suppose that K < p/2. Also note
that if K < 10 or N < 10, then the estimate becomes trivial, since in this
case we have J < 10. Therefore, we may assume that 10 < K, N < p/2.

Let K7, N1 be some positive integers with K7 < K and N7 < N. Denote
by J' the number of solutions of the congruence

9" =y -+t (modp)
subject to the conditions
H+1<z<H+ (K- K), 1 <2< Ky,
M+1<y< M+ (N-DNy), 1<t < Ny
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It is obvious that for fixed integers z and t the corresponding number of

solutions of the above congruence (in variables z and y) is not greater than J.
Therefore,

Jl
>
(5) J2 K{Ny

Similarly, let J” be the number of solutions to the congruence

r—z —

g " =y —t (modp)
subject to the conditions

H+1<x<H+ K+ Ky, 1 <2< Ky,
M+1<y<M+N+N, 1<t<N.

Then we have

Jl/
<
(6) TS 'RN

We claim that
J! _ KN

1/21 2 KN —-3/2 2
TN <L p/7log"(KNp™/* +2)

and
l]/l
KiN;

KN
T < p?log?(KNp~>/? + 2)

for some K71, N7. To prove it we express J' by means of trigonometric sums:

p 1 H+K—-Ky K1 M+N-N; Np

Z Z Z Z Ze%ia(g“z—y—t)/y

aO r=H+1 z=1 y=M+1 t=1
Isolating the term corresponding to a = 0 we find
KiNi{(K — K1)(N — Ny)

p
p 1 H+K-Ki Ki M+N-Ni1 Np

S D VD D DR el

ale—i—l z=1 y=M+1 t=1

J =

For 1 < a < p—1 we have, according to Lemma 7,

H+K-Ki, K;

| e < p R log (KK + 2).
r=H+1 =z=1
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Therefore,
B KiNi(K — K1)(N — Np)

p p—1 M+N-N;

N1
< pfl/QKl lOg(KKl_l + 2) Z ‘ Z eQmay/p‘ ’ Z eQﬂ"Lat/p"
a=1  y=M+1 t=1

J/

According to Lemma 6 the sum over a is < pN; log(NNl_1 + 2). Hence,
 KiNi(K - K )(N — Vy)
p

J/

< p'?K1Ny log(KK; 4 2)log(NNy ! +2),

whence
7) J _ (K — K1)(N — Ny)
KNy p

+ O log(KK; ! +2)log(NN;t +2)).
If KN < 100p%/2, then we choose K1 = [K/2], Ny = [N/2] and obtain
= 00 = B 0 g2 (N2 4 2),
If KN > 100p3/2, then we put

V = KNp~3/?log 2(KNp~3/?),
and observe that 2<V <min{K, N}. Thus, we can choose K; and N; to be

Ki1=[K/V], Ni=[N/V].
Therefore, from (7) we obtain
K;]]/Vl - I;N < I;‘]/V +p'?log? V < p'/? log? (K Np~3/?).

Thus, in both cases we have

J KN 5 s
— = < p?log?(KNp 3% 1+ 2),
TN, Spllles (KNp )

whence, in view of (5), we deduce the bound

KN
(8) J > 7+O(p1/210g2(KNp_3/2+2)).

The above argument applied to J” leads to

J" KN 1/27. 2 -3
- log2(KNp~3/2 42
N SP og”(KNp™/=+2),
which, due to (6), implies
KN 1/27..2 —3/2

The result now follows from (8) and (9). =
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4. Proof of Theorem 2. We may suppose that N > 10 and also, due
o (3) for example, that N < p/2.

Let N7 be a positive integer to be chosen later, Ny < N/4. Denote by J;
the number of solutions of the congruence

g" T — g¥ = hg™" (modp)

subject to the conditions
1<z<N-2N;, 1<z<N;, 1<y<N-N;, 1<t<N;.

Let J{ denote the number of solutions of the congruence

T

9""" —g¥ = hg" (modp)
subject to the conditions
I1<z<N+2N;, 1<z<N;, 1<y<N+N;, 1<t<DNg.
Then
Ji Jy
(10) Nll <Jp < R
We express Ji in terms of trigonometric sums and obtain

p 1 N-2N; Ny N—-N; N;

S D DSBS

aO z=1 2z=1 y=1 t=1

Isolating the term corresponding to a = 0 and applying Lemma 7 to the
sum over x and z, we deduce

Ji (N —=2N1)(N — Ny)

N12 p

p—1 N-—-N;
<<p_1/2N 1log(NN +2) Z‘ Z 27”09”/1" ‘Z 2miahg™ t/p‘

Application of the Cauchy inequality yields

p—1 N-—-N;
Z’ Z 27rzagy/p’ ‘Z 2miahg™ t/p‘
p—1 N-—-N; 1/2 1/2
< (Z‘ Z e?wiagy/p‘ ) (Z‘ZeQWth t/p‘ ) Sle/QNll/2_
a=0 y=1
Hence
Ji N? NN 1/2 A71/2 A7—1/2
11 L <« L p!2NY2N P log(NNTE + 2
< T il )
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If N < 100p®/* then we let N; = [N/4] and obtain
Ji N? 2/31_ 2/3/nr. —3/4 1/2
W ?‘FO(N log (Np +2)+p )
i
If N > 100p>/4, then we define
V= N4/3p71 10g72/3(Np73/4)

and observe that 4 <V < N. Now put N7 = [N/V] and observe that in this
case from (11) we again have

‘]_{ _ N—2+O(N2/310 2/3(N —3/4_|_2)+ 1/2)
ng = D g p p .

Thus, for the N1 chosen the above asymptotic formula holds, and hence due
to (10) we have

=0('?) =

N2
Ji = — + O(N*Plog?¥(Np~3/* + 2) + p'/?).
p
Analogously,
J" N2
g =+ O(N* P log? 3 (Np ¥t 12) /%),
N7 P
whence, in view of (10),

2
Jl < N—+O(N2/310g2/3(Np_3/4+2)+p1/2)
p

Therefore,
N2
Ji =+ O(N*Plog®*(Np=*/* + 2) + p'/%)
p

and the result follows. =

5. Proof of Theorem 3. We remark that if T' < 10, then the statement
follows from the trivial estimates Jo < 10u, Jy < 10v and the fact that the
error term in this case dominates. Furthermore, without loss of generality
we may assume that T < p/2.

Let Ty < T'/2 be an integer to be chosen later. Denote by Jj the number
of solutions of the congruence

xy =z +t (modp)
subject to the conditions
xeUd, yeV, S+1<2<85+T-T, 1<t<Ty.
Let J§ denote the number of solutions of the congruence

xy =z —t (modp)
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subject to the conditions

xeld, yeV, S+1<z2<85+T+Ty, 1<t<Ty.

Then

Jb JY
12 = Jy < ==,
(12) TP

Expressing J} via trigonometric sums, isolating the main term, applying
Lemma 5 to the double sum over x € U, y € V, and Lemma 6 to the
double sum over z and ¢, and following exactly the same lines of the proofs
of Theorems 1 and 2, we obtain

Jyo wT wTy

+ (puv)?log(TT ! + 2).

Ty P
If T2uv < 10000p3, then we put T} = [T'/2], and in this case obtain
!/
T
2 = O((pu)*”?) = "L 4 O((pun) " log (w7 +2)).
1

If T?uv > 10000p?, then define

V = (wT?p )2 log™ H(uvT?p~?).
Observe that 2 <V <T. Let 71 = [T'/V]. Then we immediately obtain
Jy  wT

(13) T < (puv) 2 log(wT?p > + 2).
1
Analogously,
JY T
(14) ?2 - % < (puv) 2 log(woT?p ™3 + 2).
1

Putting (12)—(14) together, we deduce Theorem 3. m

6. Proof of Theorem 4. For N < 10 the statement is trivial. Further-
more, we have the well known asymptotic formula

N2
Ji=— O(p'/*1og? p).

Therefore, to prove Theorem 4 we may assume that 10 < N < p/2.
Let J; be the number of solutions of the congruence

(@ +uw(y+v)=h (modp), 1<zy<N-K 1<uuv<K,

where K < N is a positive integer to be chosen later. By the same argument
that we have used in the previous sections, we have the inequality
J3
Jg Z ﬁ
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ext, we express in terms of trigonometric sums:
Next, p Jé t ft t
1P IN-KN-K K K

Z Z Z ZZQQMQ(z—i-u h(y+v)~ 1)/

a=0 z=1 y=1 u=1lv=1
Using the standard technique, we obtain
p—1p—1p—1N-KN-K K K

(15) / QZZZ Z Z ZZ 2mi(a(z+u—hz 1) +b(z—y— v))/

a=0 b=0 z=1 z=1 y=1 u=lov=1
From the classical Weil estimate of Kloosterman sums we have

p—1
(16) ‘ Z e27ri(bz—ahz*1)/p‘ < 2p1/2

for any a # 0 (mod p). This also holds if a = 0 (modp) and b #Z 0 (modp)
(even with the right hand side replaced by 1). Therefore, (16) holds if at
least one of the numbers a and b is not divisible by p. Hence, in (15) isolating
the term corresponding to a = b = 0 and using (16) for other values of a
and b, we obtain

N — K)2K2(p—1 p oot ek Ko 2
3y = B g2 (D3| 5T cmeat] | S i)
a=0 x=1 u=1

where |0 < 1. We use Lemma 6 to bound the sum over a. This yields

_IN\2 72
gy - WoLTED 102 (N 4 9)
Hence,
Jy N? KN
17 =3« —— 4+ p 2 log (NK 4 2).
(17) o< ( )
If N < 100p>/%, then define K = N — 1 and deduce that in this case
J/ 2
=< p'/? < p'/?log?(Np~3/* 4 2).

Let N > 100p*/4. Choose
V = N2p73/2 10g72(Np73/4)

and note that 2 <V < N. Now define K = [N/V] and observe that in this
case as well from (17) we have

N2
K < p'/? logz(Np_?’/4 + 2).
Hence,

)
(18) Jz > N7 + O(pl/2 log2(Np_3/4 +2)).
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To obtain a similar upper bound for J3, define J§ to be the number of
solutions of the congruence

(x —u)(y—v)=h (modp), 1<z,y<N+K, 1<uv<K.
Then J3 < K~2J§ and
plp 1p—1N+KN+K K K

2 ZZZ Z Z 22627” a(z—u—hz"1)+b(z— y+v))/p

a=0 b=0 z2=1 z=1 y=1 u=lv=1

The argument used to obtain lower bounds for J; and J3 leads to the upper
bound

N2
Js < — + O(p'?log*(Np~#/* + 2)).
p
Combining this with (18), we conclude that
N2
Jz — — < p?log?(Np~3/* + 2).
p
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