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A hybrid of theorems of Goldbach and Piatetski-Shapiro
by
HoNGzE L1 (Shanghai)
1. Introduction. It is well known that almost all sufficiently large even

integers can be written as a sum of two primes. We state this in the form
that for almost all sufficiently large even integer n,

(1.1) Z (logp1)(logpz) = (1 + 0(1))C(n)n,
n=p1-+p2
where
n 1
(1.2) C(n) = M]HL (1 P 1)2)

It is interesting to find more familiar thin sets of primes which serve this
purpose. An example is the set of Piatetski-Shapiro primes of type v which
are of the form [n'/7]. We denote this set by P,.

For the counting function of P, Piatetski-Shapiro [8] first proved that
for 11/12 < <1 (the case v > 1 is trivial),

(1.3) P =Y 1:<1+o(1))1§x.
p=p[7§llx/”]

Heath-Brown [3] extended the range to 662/755 < v < 1. The best result is
due to Liu and Rivat [6].

In this paper we shall apply the sieve method combined with the circle
method to prove the following theorems.

THEOREM 1. If ~ is fized with 8/9 < v < 1, then for almost all suffi-
ciently large even integers n,

Tim) == 3 pl " (logp)(logps) = (1+0(1)C(n)n.
p1+p2=n
plep’y
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THEOREM 2. If 1,72 are fized with 27/29 < ~; < 1, then for almost all
sufficiently large even integers n,

Ty(n S b ey (logpy)(log pz) = (1 + o(1)C(n)n.
71’72 p1t+p2=n

piEPy,;

THEOREM 3. If 7 is fized with 21/23 < ~ < 1, then for almost all
sufficiently large even integers n,

T(n) = Z 1_M7

p1+p2=n log n
Di EPﬂ/

where g is a definite positive constant.

Throughout this paper, we always assume that n, N are sufficiently large
even integers and ¢ is a sufficiently small positive constant. Assume that
¢, c1, co are positive constants which have different values at different places.
m ~ M means that there are positive constants ¢y and co such that ci M <
m < coM. We also assume that v is fixed with 21/23 < v < 1 and that

(14) N(d) = [~d"] - [~(d+ 1)),

2. Some preliminary lemmas. In the following, we assume that
(21) H = Nl—’Y+A+88'
By the discussion in [1], the asymptotic formula, valid for 0 < A <1 —+,
(22) > Nelap)=7 > p'e(ap) + O(NT"A7),
N/10<p<N N/10<p<N
depends on the fact that for J < H and 0 < u <1,

(2.3) min <1, N;_AY) Z ’ Z A(n)e(an + h(n 4 u)?)| < N1=476,

h~J n~N

LeMMA 1 ([1, Proposition 2]). Assume that N'™7+24+30e <« N <«
NOV=4=64=1202 4 that a(m),b(k) = O(1). Then for J < H and 0 < u < 1,
we have

mln( )Z ‘ Z Z Oék:m+h(l<;m_|_u) ) < Nl—A—IOa‘
h~J m~M km~N

LEMMA 2 ([1, Proposition 3]). Assume that M < N47—3754-50s ()
=O0(1) and

(2.4) 6(1—v)+2A<1.
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ThenforJ<Hcmd0<u<1 we have

min < ) Z ’ Z e(akm + h(km +u)7)| < N1=4-10,

h~J m~M kmNN

LEMMA 3. We have
(2.5) > N(pelap)=v Y p"e(ap) +ONT).
N/10<p<N N/10<p<N

Proof. Taking A =0 and V = N177+3% in the proof of Lemma 4 of [5]
yields the assertion.
We define w(u) as the continuous solution of the equations

(2.6) w(u) =1/u, 1<u<2,
(2.7) (vw(u)) =wlu—1), u>2.

w(u) is called Buchstab’s function; it plays an important role in finding
asymptotic formulas in the sieve method. In particular,

1+log(u—1)7 2<u<3,
U
(2.8) w(u)= B u—1 B
M_,_l S Mdt, 3<u<4.
U U t

2
LEMMA 4 ([5, Lemma 8]). We have the following bounds:
(1) w(u) > 0.5607 for u > 2.47;
(2) w(u) < 0.5644 for u > 3.
LEMMA 5 ([5, Lemma 9]). Assume that € = {n:xz <n <2z} and that

z < x. Let
p<z

Then for sufficiently large x and z, we have

SEz= Y 1:(‘”@??)*0(5))10;'

r<n<2z

(n,P(2))=1

3. The proofs of Theorems 1 and 2. The reduction of Theorems 1
and 2 to the estimate (1.1) is by means of the identity

(3.1) fifa—q192 = (fi = g1) f2 + 91 (f2 — g2).
We let g1 = g2 =g =3, e(ap)logp. Then the sum in (1.1) is given by

)
1
SgQ (—an) dao.
0
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We let, for 1 < <2,

ZN e(ap)p' i log p,

p<n

and
1

T(n) = | fi(a) fa(a)e(—an) da.
0
Thus T'(n) = R(n) + E, where E = Sé(flfg — g192)e(—an) da.
By the Parseval theorem, Cauchy’s inequality and (3.1) we have
1

32 > [EP<|IAf—ngl da

N<n<2N 0
1 1
< sup|fi — g | fo|* da+ sup | f2 — g|* | |9/ dav.
@ 0 @ 0

Since

—

1
S|f2|2doz < n??logn, S|g|2da<<nlogn,
0 0

we require, for 1 <14 < 2, an estimate

sup Ifi —g| < pl-di—e
for some ¢ > 0, where do =0, §; = (1 v2), and then we have
> B <N
N<n<2N

Hence Theorems 1 and 2 follow from

THEOREM 4. Let vy, 6 satisfy 0 <y <1,0<4d and 9(1 —v) + 116 < 1.
Then uniformly in o, we have

1 . .
— > elap)p'logp =Y e(ap)logp+ O(N'?),
v p<N p<N

p=[n1/7]

where the implied constant may depend on ~ and § only.

Proof. f9(1—~v)+116 <1, then 1—4(1—~)—55—& > 5(1—7)+60 +¢
provided ¢ is sufficiently small, hence by Propositions 2 and 3 of [1] we
can take a = 1 — (1 — ) — 20 — ¢ in Proposition 3 of [1]. The condi-
tions (3.7) and (3.8) of [1] are satisfied by Section 6 of [1], the condition (3.9)
1—a < ¢/2 of [1] follows for sufficiently small €. Since 3(1 —v) +6J < 1, by
Propositions 1, 2 and 3 of [1], the conclusion follows.
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4. Mean value formulas in the sieve method. From now on we
assume 21/23 < v < 27/29.

LEMMA 6. Assume that M, K < N7/? and that a(m),b(k) = O(1). Let

(4.1) = Y 2 (mana) 771

et log no

n/10<ni,n2<n
Then for N < n < 2N, except for O(Nlog=2 N) values, we have

1 N2v-1
Z a(m)b(k)< Z N(mkl)N (p2)— S(mk) I(”)) :O(logTN)

m~M, k~K n=mkl+p2
(m,yn)=(k,n)=1 n/10<mkl<n
n/10<pa<n

Proof. We have
Ti= D almbk) Y N(mE)N(p)

m~M, k~K n=mkl+p2
(m,n)=(k,n)=1 n/10<mkl<n
n/10<p2<n

1

= S Z a(m)b(k)N (mkl)e(amkl) - Z N(p)e(ap)e(—an) da.

0 n/10<mki<n n/10<p<n
m~M, k~K
(m,n)=(k,n)=1
Let
gla) = > a(m)b(k)N (mkl)e(amkl),
n/10<mkl<n
m~M, k~K

(m,n)=(k,n)=1

flay=v > a(m)b(k)(mkl)’" e(amkl).
n/10<mkl<n
m~M, kK
(m,n)=(k,n)=1
By the discussion in [1], the asymptotic formula
(4.2) g(a) = f(a) + O(N*/271/275%)

depends on the fact that for J < H; = N3(1=7)/2482 and 0 < u < 1,

1—
(4.3) min <1, ?)
3 ( S 33 am)b(k)e(akml + h(kml +u)")

h~J m~M k~K mkl~N
< N1/2+'y/2—6a.
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If either M or K is larger than N%/23 then by Lemma 1 with A =
2(1-7), (4.3) holds. If M, K < N%/23 then MK < N®/?3 < N137/2-11/2=50¢,
By Lemma 2 with A = %(1 — ), (4.3) also holds. Hence (4.2) holds.

Let

D(a)= Y Nelap), S@)=v Y p 'elap).

n/10<p<n n/10<p<n

By (2.5) and (4.2) we have
9(@)D(a) — f(a)S(e) = (9(a) = f(a))D(a) + f(a)(D(e) — S(a))
< NOVZRZ5 D(a)| + N7 ().

Thus
1 1
XY= Sg(a)D(a)e(—om) do = S f(a)S(a)e(—an)da+ V.
0 0

We note that N(p) = 0 or 1 and that p € P, is equivalent to N(p) = 1;
we also have the estimate »_, ., N(p) < >, N(I) < N7. Hence by the
Parseval theorem, a a

1

(4.4) Y. 17 < {lg(@)D(a) - f(a)S(a)|* da

N<n<2N 0
1 1
< N3'y—1—105§ |D(Oé)|2 do + N27—1Oe§ |f(0é)‘2 do < N47—1—95‘
0 0

In the following we investigate
1

Yoy = Sf(a)S(a)e(—om) dov.
0
Let Q = Nlog 3 N and

(45) El = U U I((I,q), E2 = (_1/Q51_1/Q]\E17
1<q<log® N (1§a)§ci
a,q)=

where
(4.6) Ia,q)=a/qg—q¢'Q " a/g+ ¢ Q7.
Then E; is the major arcs, and E5 is the minor arcs. Thus
Yoy = ( S + S )f(a)S(a)e(—an) dov.
E, FE

For any a € Es, there is one ¢ (log® N < ¢ < Q) such that |a — a/q| <
1/(¢Q). By (2) in Section 25 of [2] we have S(a) < N7log™3® N. Hence by
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the Parseval theorem and Lemma 6 of [5] we have

(4.7) Z ‘ S fla)S(a)e(—an) da

N<n<2N E»

’ 2

1
<V If(@S(@))Pda < N 1og™ ™ N | |f(a)]? do < N*'" ! log™® N.
FEo 0

Ifa=a/q+ € FE1, let R=MK and
(4.8) jry=~r >,  a(m)b(k).

As in (25) of [5] we have

@) sw= Y LS o rom,
(”5;]1%(1# ' n/10<s<n

By (27) of [5] we obtain

(4.10)  S(a) =~ #la) > S e(Bs) + O(N7 exp(—cz+/log N)).

¢(q) n/10<s<n lOgS
Hence
XYy = S f(a)S(a)e(—an) da
Eq
q-1 an 1/(a@) a a
= Z Z €<__> S f<—+ﬁ>5<—+ﬂ>e(—ﬂn)dﬂ
q<log® N a=0 1 1/(4Q) 1 a
a,q)=1
. 1/(aQ)
Cl(q,— _
=~ Z M(Q)¢((Q) n) Z @ S ( Z §7 16(58))
q<log®® N q r~R —1/(¢Q) n/10<s<n
(rm)=1,q|r
S“/—le(l@s) N2'y—1
% < Z log s )e(_ﬁn)dﬁ—i_O<log20N>7
n/10<s<n
where

Since
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1/2 1
_ s s
(X ) X (f)) (~6m) dg
1/(¢Q) n/10<s<n n/10<s<n 08
1/2 01
dﬂ qN“"Y
< | w0 <
1/(4Q) p7 logm N
we obtain
Z ,u ) Z m _|_O< N2w—1 >
20 )
q<log80N ) ( ng’;}l% q|r T log N
where 72( ’ )7_1
Yo (nin2
M= 2 Togn
n=ni+nga
n/10<ni,n2<n
Let ) )
M Q7 —-n J\r
2 = JAN
> > =
aslog™ N (r nSZ? qlr
3 j(r) 3 #a)Clg, —n)
oo St S AC)
(ryn)=1 alr
Now
i(r) > 1(q)C(g, —n) 1 d*(r) 1
d o == < —m= O —
ooy S SR AC) log N = r log™® N
. (rn)=1 qlr
J(r) = 1(g)C(g, —n) < 1 >
2= +0
721:% qXT: ?(q) log®® N
(ryn)=1
J(r) ~ 12 (q) 1
-y Oyl o
r~R " qlr <Q) log N
(r,n)=1
j(r) 1 a(m)b(k) < 1
% o oleww) - X S ol
(rn)=1 (m,n):&k,n):l
Hence
a(m)b(k) N1
(4.11) Y3 =1(n) ———— 4+ 0| —+— ).
mN];CNK gf)(mk;) 10g20N
(m,n)=(k,n)=1

By (4.4), (4.7) and (4.11), the lemma follows.
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LEMMA 7. Assume that M, K < N7/?% and that a(m),b(k) = O(1). Let

(412) A= S = % 72(”17”2_27_1

lo
77«7/23<P1 <nl/2 1 n=ni+nso g p1
- n/10<ni,n2<n

(413) B = 3 > Loy fuwrd

. . p1ip2 g
n7/23< 1<n1/5 < / n=ni+nso p1p2
p1= PL<pa=y/n/p1 n/10<ni,n2<n

Then for N < n < 2N, except for O(Nlog=2 N) values, we have
(4.14) > a(m)b(k)

m~M, k~K
(mn)=(kn)=1 1
X( > N(mkz)mplm)——h(n))
e P(mk)
n=m P1p2
n/10<mkl, pip2<n
n7/23 nl/2 —
s _ (L” )
log?® N )’
and "
(4.15) Y. a(m)b(k)
m~M, k~K

(m,n)=(k,n)=1

1
X ( Z N(mkl)N (p1p2p3) — B(mk) J2(n)>
n=mkl+p1p2p3
n/10<mkl, p1p2p3<n

7/23 <y <nl/3 o1
! P1<1§)21<PT:L’> =0 N7 .
log?® N
Proof. This can be proved in almost the same way as Lemma 6; we only
give the outline of the proof of (4.14). Let

D(a) = > N(pip2)elapipa),
n/10<p1p2<n
n7/28 <p;<nl/3
p1<p2
S(a) =~ Z (p1p2)" " e(apip2).
n/10<p1p2<n
n7/23 <p1<nl/3
p1<p2
For any a € Es, there is one ¢ (log® N < ¢ < Q) such that |a — a/q| <
1/(¢®). By Lemma 5.7 of [7] we have S(a) < N7 log™ N.
If « =a/q+ 0 € Ep, then just as for g(a) in the proof of Lemma 18
in [5], we obtain
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S) =40 Lo T o exp(—ca g ).

(b(Q) n7/23<p;<nl/2 p1 n/10<s<n

Then we can prove (4.14) in the same way used in Lemma 6.

5. Asymptotic formulas

LEMMA 8. Assume that N'6/?% < M <« NY/?3 0 < a(m) = O(1) and
that a(m) = 0 if m has a prime factor < N¢. Then for N < n < 2N,
except for O(N log=2 N) values, we have

o= Z a(m)N (mp1)N (p2)
n=mp1-+p2
n/10<mp1, p2<n
m~M
271 N2t
— (1+0()Z()C(n) Togn d am) > 1+ O<1og170N>,
m~M n/m<p<2n/m

where
9/10

(5.1) Z() =7 | w71 —w T du,
1/10

Proof. We have

1
Si=\ > am)N(mpe(ampr)- > N(pe(ap)e(—an)da.
0 n/10<mp1<n n/10<p<n
m~M

As in Lemma 6, for N < n < 2N, except for O(N log=2 N) values, we have

N2v-1
Sy = ESI g(@)S(a)e(—an)da+ O <logTN>

where F; is defined in Lemma, 6,

gl =Y alm)(mp) te(ampr), S(@)=xy > p’e(ap).
n/10<mpi1<n n/10<p<n
mn~M

By page 22 of [5] we have
gla) =7 a) Z a(::) Z w + O(N7 exp(—ci1y/log N)),

S
qb(q) m~M n/10<s<n log m

S(()z):’yM Z ol (ﬂs) O(N7exp(—ca24/log N)).

¢(Q) n/10<s<n log s
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Hence

ne 5 0) T oe)s(iesaoma

o 0 a=0 —
q<log® N (=1 1/(¢Q)
N2'y—1
O ————
i <10g10N>
1/(qQ 3
s /ﬁ(q (¢,—n) /(§ : 3ol g~ seld)
q<10g8°N q) —1/(qQ) m~M m n/10<s<n log 77
sTle(3s) N2l
X( Z log s >(_ﬂn)dﬁ+0<log20]\7>
n/10<s<n
N2'y—l
=y @) o X0,
log?® N
q<log®® N
where
2 a(m) (ning)?™
K(n) =7 m;/[ m nzg—:i-ng log logn2
n/10<ni,n2<n
n27—1 a(m)
=1+ 0ENZ0) o X e
n2’y—l
= (14020 Hoe Y alm) 3 L
m~M n/m<p<2n/m
Moreover,
#2(@)C(q,—n) _ = #*(9)Clg, —n) < 1 )
= 0]
2 *(q) 2 ¢*(q) * log3® N

q<log8® N q=1

Hence the lemma follows.

LEMMA 9. Assume that N'6/?% < M <« NY/?3 0 < a(m) = O(1) and
that a(m) = 0 if m has a prime factor < N¢. Let

5= Y a(m)N(mp)N(),
n=mp-+d
n/10<mp,d<n
m~M
where d=pipy (n7/? < py <nl/2, p1 <pa) or d=pipaps (n7/? < py <nl/3,
p1 < p2 < p3). Then for N < n < 2N, except for O(Nlog=2 N) wvalues, we
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have

n2'y—1

nlogn Z a(m) Z 1

m~M n/m<p<2n/m

(I (T, P
_ i 8N /)
773 t(1—1) 773 t wl-t-w) log® N

Proof. In almost the same way as in Lemma 8, referring to Lemma 7,
for N < n < 2N, except for O(Nlog™2 N) values, we obtain

25 = (14 0(e))Z(v)C(n)

a(m) 1 ¥ (ning)7 !
T = (1+0@E)CMm) }, — DD SRS o v o vy
mn~M n7/23<p1<n1/2 n=ni+nsg g m g P1

- n/10<ni,n2<n

1 2(ning)Y ™1
DY Oy

p1p2

B log ™1 log
n7/28<p <nl/3 p1<p2<\/% n/ﬁ);n;;r;;in pipz
N?'y—l
" o<78 >
log® N
a(m) 1
= (1+0()Cnp* ) m( Y.
mn~ M & m n7/23<p;<nl/2 p1log p1

Y Y o) X

n
p1p2 log _
n7/23<p1§n1/3 pL<pa< n/p1 n=ni-+ns

p1p2
n/10<ni,ne<n
N2’yfl
tO0l 5w
log® N
n2'y—1

= (1+ 0E)ZG)CE) Mo 3 alm) 3 1

m~M n/m<p<2n/m

(Ve T e Y o)
tH1l—1) + w(l —t —w) loo® N/~
7/2315(1 t) 7/23t L w(l—t—w) log® N

6. Sieve method. Set

A={a:a=n—-p, Na) = N(p) =1, n/10 < p <n},

B={b:b=n—d, N(b)=N(d)=1,0<d<9n/10,
d=pip2 (N < py <n'% p1 < py) or

7/23

d = pipaps (n7/? < p1 <03, p1 < py < p3)},
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P(z) = H p, S(A z2)= Z 1, SB,w)= Z 1.

p<z,pin acA beB
(a,P(2))=1 (b,P(w))=1

Note once again that p € P, is equivalent to N (p) = 1. Applying Buchstab’s
identity, we get

(6.1)  T(n) > S(A,n?)
=SARYP - Y S - Y S(Ap)

n4/28 <p<nT/23 n7/23 <p<nl/2
=8 -8 —8s.
Using Buchstab’s identity again, we get
(62) Si=8UnT— S S(A,.p)
n7/46 < p<p4/23
_ S(A,n7/46) o Z S(.Ap, (nl4/23/p>1/5)
n7/46 <p<p4/23

+ Z Z S(Apg> q)

nT/46 <p<nd/23 (n14/23 p)1/5<q<nT/23 /p

+ Z Z S(Apg, @) = D1 — P2 + D3 + Dy.

n7/46 <p<nd/23 n7/23 Jp<q<p

Next,
(63) Ss= > S(Ayp)
n7/23<p<nl/2
=t{d:d=n—ps, N(d) = N(ps) =1,n/10 < py < n,
d=pips (n7? < p1 <n'2 p; < po) or

d = pipaps (n7/?® < p1 <n'/3 p1 < p2 < p3)}
—#{ps:pa=n—d, N(ps) = N(d) =1, 0 < d < 9n/10,

d=pip2 (N < py <n'? p1 < pa) or
d = pipaps (N7 < p1 <03, p1 < py < p3)}
= S(B,n'/?).
Using Buchstab’s identity again, we have
(6.4) S(B,n'?)=8B,n~ > S(B,p)
n7/46 <p<nd/23

- Z S(prp) - Z S(Bpap)

n4/23 <p<n7/23 n7/23<p<nl/2
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<S8BT~ N S(By, (B /p)1?)

n7/46 <p<p4/23

+ Y > S(Bpy: q)

n7/46<p§n4/23 (n14/23/p)1/5<q§n7/23/p

+ Z Z S(qu’ Q) - Z S(Bp’p)

nT/46 <p<nd/23 1T/23 [p<q<p n4/28 <p<p7/23
=In—Iy+1I5+1,—I5.
LEMMA 10.
n?'y—l
P1 = S(A,nY?) > 3.60972Z(7)C (n) —5—.
log“n
Proof. Take
2 -1
77 (ning)”
X=1I(n)= SR
(n) Z log no
n=ni+nz
n/10<n1,n2<n
. 4/6(d). (d.n)=1
9 7n = ) X
d) = d)=48A4 — —.
A {o, @n>1, DM

By Theorem 7.11 and (7.40) of [7], we have

Wz =[] <1 - %) =C) 1Zg7z (1 +O<lo;Z>>’

p<z

where v is Euler’s constant.
Let z = n™/% D = pl%/23 By Iwaniec’s bilinear sieve method (see
[4, Theorem 1]), we obtain

C(n)X log D
> _ _
T (f( logz) O(e)) > a(m)b(k)r(mk),
m<nT/23 k<nT/23
(m,n)=(k,n)=1

where f(u) is a standard function. In particular
2
—log(u — 1), 2<u<4,
u

(6.5) f(u) — 9 u—1 dt t—1 1 1
—(log(u—l)—i— S — S wds), 4<u<6
U 3 t > s

By Lemma 6, we have

S a(m)b(k)r(mk) = o( N )

10
m<n/23 k<n7/23 log N
(m,n)=(k;n)=1
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On the other hand,

(1+0(e)? -1 n?1~!
a2 () = (0020 o
n/10<n1,n2<n
Hence,
n2’y—l
D1 > 3.60972Z(y)C(n) —5—.
log“n
LEMMA 11.
2v—1
By= > S(Ay, (P /p)V/%) < 0.842332(7)C(n) .
nT/46 <p<nd/23 log“n
Proof. Take
n14/23>1/5 nl4/23
z(p) = , D(p) = .
w=(" ="
By Iwaniec’s bilinear sieve method we obtain
1 log D
By < (L+0(E))CMX Y 1 F( log (p)> +RY,
w/s6 epemaz P1082(P) -\ log 2(p)
where
Rt = > c(h)b(k)r(phk),
nT/46 <p<nd/23 pan/23 [p k<nT/23
(pm)=1 (h,n)=(k,n)=1
and F(u) is a standard function. In particular,
2/u, 2<u<3,
u—1
=< 2 1 —1
(6.6) F(u) _<1+ S %dt), 3<u<b5.
u

2
In RT, let ph = m. By Lemma 6 we have

Rt =0 (ﬁ) .
log'®n

From the above discussion and the prime number theorem, we have

2y-1 5F(5 271
B2 < Z()C(n) 7 ) o<sn 2 )
ogn n7/46 < p<n4/23 plog *—— log”n
21 Y2 o Nog(u— 1 27-1
- Z(’y)C(n)TlZ - (1 +S og(u )du> +O<5n i
ogn 746 t(2—3 — t) 5 U log“n
2v—1

< 0.84233Z(7)C/(n) —5—.
log“n
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LEMMA 12.

n2’y—l
I = 8(B,n"/%) < 3.18061Z(~)C(n)

log?n’
Proof. We take Y = Ji(n) + Ja(n), where Ji(n), Jo(n) are defined in
(4.12) and (4.13) respectively, and

Y
r(d) =tBs — —.
“ #(d)
By Iwaniec’s bilinear sieve method, we have

< C(n)Y 46
logn 7

(F(4)+0(e)) + E a(m)b(k)r(mk).
m<nT/23 k<nT/23
(mom)={km)=1

Applying Lemma 7, we have

S a(m)b(k)r(mk) = o( N )

10
m<n/23 k<nT/23 log N
(m,n)=(k,n)=1

On the other hand,

n2'y—1
. Y=(»1 Z
(67) (1+0()Z0) T
) 1§2 it N 1§3 dt (1—§)/2 dw
t(1—1) t w(l —t—w)
7/23 7/23 t
Hence,
n2fy—1
I <3.18061Z(y)C(n) —5—.
log“n
LEMMA 13.
2v—1
L= Y 8By (0% )p)!/%) > 0.70826Z(7)C(n) -y
log“n

n7/46 <p<nd/23

Proof. Using Lemma 7, in almost the same way as in Lemma 11, we
obtain

5f(5) n?71
n7/46 < p<n4/23 plog — — og-n
LEMMA 14.
n2'y—1
=5 > S(Bpgq) <0.10885Z(y)C(n) oZn’

n7/46 <p<nd/23 n7/23 [p<q<p
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Proof. We have

nl4/23\ 1/3
ns 2 2 5<qu,< pQ> )

nT/46 <p<nd/23 n7/23 Jp<q<p

Take
n14/23
D(p,q) =
(pq) o
By Iwaniec’s bilinear sieve method, we have
3F(3) _
L<(1+0E)Cmy > > ——— — R,

o)
nT/46 <p<nd/23 /23 [p<q<p bq Pq

RF= > > Y. D> cmulg)r(pghyg).

n7/46 <p<nd/23 n7/23 [p<q<p h<nT/23 /p g<n7/23/q

In R™, let ph = m, qg = k. By Lemma 7, we have

N2’y—1
R = 0(1—0>'
log™ N

Hence,
n2fy—1
Iy £0.10885Z(v)C(n) —5—.
log“n
7. The estimation of Sy, 3, I3 and [
LEMMA 15.
n2’yfl
Sy = Z S(Ap,p) < 1.38679Z(7)C(n) R
n4/23 <p<nT/23 og-n
Proof. By Lemmas 4, 5 and 8, it follows that
Sy = > N(rp)N (p2)
Nn=rp-+p2

n/10<rp,p2<n
n4/2<p<n7/23, (r,P(p))=1

n2'y—1

= (1+0()Z(y)C(n) logn Z Z 1 +O<n y— >

log®n
n4/23<p<n/23 n/p<r<2n/p g
(r,p)=1

2v-1 1 log 2 2y-1
n N
=Z(v)C E Pl+oOl ——
(1)C(n) logn plogpw(logp> ( loan )

n4/23 <p<n7/23
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2v—1 7/23 1 1— 2vy—1
:Z(fy)C(n)n—2 S —2w< u)du+0<€n2 >
log“n 4/23 U U log“n
271 19/4

Z(v)C(n)

en®Y n2r—1
— | w®) dt+O< 5 > < 1.38679Z(~)C(n)
log n.. 17 log“n

log2 n
LEMMA 16.

nQ'yfl
> > S(Apg, q) 20.309672(7)0(71)1 —
n7/46 <p<nd/23 (n14/23 /p)1/5<q<n7/23 /p og 1

D3

Proof. We have

P3 = > N(rpq)N (p2).
n=rpq-+p2
n/10<rpgq,p2<n
n7/46 <p<nd/23
(n14/23 /p)1/5<q<nT/23 /p
(. Pa)=1

Note that n%/?? <« pg < n'/? and n'%/23 « r < 19/, By Lemma 8 with
a small modification, and Lemmas 4 and 5, we have

n2’yfl
25 = (14 0() Z(1)Cln) 11—

> )3 > rso(io)

. 10g8 n
n?/46<p<n4/23 (n14/23 [p)1/5<q<n™/23 /p n/(pg)<r<2n/(pq)
(r, P(q)=1
Z(1)Cm)
(O o

1 log 7% en®~1
X E E w ( Pa ) +0 (7,”
7/46 4 ., pqlogq
n7/46 <p<n/23 (n14/23 /p)1/5<q<n/23 /p

log q log?n
2y M2, T/t
>056072(7)C(n) —— | & | 55
log=n t w
7/46  (14/23—1)/5
n2'y—1
> 0.309672(7)C(n) ——s—.
log“n

LEMMA 17.

2v—1
I S S(Byp) = 116780Z(7)C(n) —g—

n4/23 <p<n7/23
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Proof. We have
Is = > N(rp)N(d),

n=rp+d
n/10<rp,d<n
n4/23<p<n/23, (r,P(p))=1

where d = p1ps (n7/?3 <p1 <n'/2, p1 < po) or d = pipaps (N7/2 < py <n/3,
p1 < p2 < p3). By Lemmas 4, 5 and 9, in almost the same way as in
Lemma 15, we have

21 19/4
I's = Z(v)C(n) — w(t) dt
log“n 16/7
1/2 13 (1-1)/2 S
dt dt dw ) <£n gl )
x ——+ | = —— )+ O ——
(7/823 t(1—1t) 7/823 t § w(l —t—w) log?n
n2'y—1
> 1.16780Z(7)C(n) —5—.
log“n
LEMMA 18.
n2’y—l
= Y > S(Bpg; q) < 0.26308Z(~)C(n) o’

n7/46 <p<nd/23 (n14/23 /p)1/5<q<nT/23 Ip

Proof. We have

Iy = > N(rpg)N(d),
n=rpq+d
n/10<rpq,d<n
n7/46 <p<nd/23
(n14/23/p)1/5<q§n7/23/p
(r, P(q))=1

where d =pips (n7/? < py <nl/2, py <p2) or d=pipaps (n7/?3 < py <n'/3,
p1 < p2 < p3). By Lemma 9 and the deduction in Lemma 16, we get

91 4/23 & /23—t d
I3 < 0.5644Z(7)C(n) — — V3 ) _U?)
log“n w
7/46  (14/23-1)/5
1/2 /3 (1-t)/2 21
i@t gt dw en“?
(e ] e ol
7/23 t(1—1) 7/23 t : w(l —t—w) log™n
2v—1

< 0.26308Z(~)C(n)

log?n’
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8. The proof of Theorem 3. Applying Lemmas 10, 11 and 16 to the
expression in (6.2), we obtain
n?’y—l

Sy > 3.07706Z(v)C(n)

log2 n
Applying Lemmas 12, 13, 14, 17 and 18 to the expression in (6.4), we get
2v—1
n

S5 < 1.67648Z(v)C(n)

log?n’
In (6.1), the above two inequalities and Lemma 15 yield
n2v—1 - ro(n)nQ'y—l

T(n) > 0.01379Z(y)C(n) —5— > 3
log”n log”n

Hence, Theorem 3 follows.
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