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1. Introduction. Irrationality is a subject with many open questions.
In 1979 Apéry [1] succeeded in showing that ((3) is irrational (cf. Beukers
[2]), but the irrationality of ((5),((7),¢(9),... is still open (cf. Zudilin [14]).
Here ¢(s) = > .2, n~*. In his paper Apéry observed that

X 1yn—1
-3 S

= G

This sum equals

S5 1 22%(2z — 1)
Il ———— where )= 22\ -/
4 szzl 12, Q(n) Q) (x —1)3

and is the motivation to write this paper. However, we have a more modest

goal and study sums
(e.)

P(N)
N
noi = Q1)
with polynomials P(z),Q(x) € Q[z] such that Q(n) € Z for all n € Z and
not with rational functions Q(z).

In 1869 Cantor [3] proved a first irrationality result for sums of the form
S (b /TIA., an) where {a,}2, and {b,}52, are sequences of positive
integers with a, > 2 for all n. His result was generalised in various ways
by Oppenheim [10] in 1954 and their results are the basis of the results in

the present paper; see Theorem 2.1. Extensions of Oppenheim’s results were
given by Erdds and Strauss [4], [5], Han¢l [6], Han¢l and Tijdeman [7]-]9],
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and Tijdeman and Yuan [13]. The authors investigated in [9] the case where
{an}52 is of the form a, = an + b for fixed positive integer constants
a,b. A survey on these and related results can be found in Tijdeman [12,
Sec. 4-6]. The present paper is an extension of that part of [9] in which
an = an + b, b, = P(n) for all n where a,b € Z, P(x) € Z[z].

In Sections 2 and 3 we assume that P(z) € Q[z]. In Section 2 we provide
a criterion for the rationality of S in terms of polynomials which occur in
some expansion of P with respect to ). This criterion is used in Section 3 to
derive sufficient conditions on P and @) for the irrationality of S. Finally, in
Theorem 4.1, we deal with the case that the numerators are integers which
approximate values of a polynomial and we display the underlying principle
of the paper in a more general form in Theorem 4.2.

2. An irrationality criterion for polynomial Cantor sums. We

consider sums of the form
oo

P(N)

S=) =
N=1 Hn:l Q(n)

where P(z) € Q[z], Q(z) € Q[z], P # 0, Q(n) € Z for every integer n, the

denominators do not vanish, and the sum converges. If () is a constant then

Q(n) is an integer a for all n and

— P(N)
S = Z N1 €Q
N=0

(cf. [12, Section 4.1]). In what follows, we assume that ) is non-constant. We
use the convention that an empty product equals 1. Observe that for deciding
about rationality of S we may assume that P has integer coefficients, since
we can multiply P and S by the lowest common multiple of the denominators
of the coefficients of P.

If deg P < deg @, then the irrationality of S is an immediate consequence
of more general results of Oppenheim [10].

THEOREM 2.1 (Oppenheim). Let {a,}52; and {b,}72, be sequences of
integers such that a, > 1 for all n and b,/a, — 0 as n — co. Then
[o¢]

S = ZibN

N
N=1 Hn:l an
is rational if and only if b, =0 for n > ng.

Proof. If there is an nq such that b, has the same sign for all n > nq,
then we apply Theorem 4 of [10] to obtain the conclusion. Otherwise we
apply Theorem 8 of the same paper to prove the statement. m
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COROLLARY 2.1. Let P(z),Q(z) € Q[z], P # 0, deg P < deg @ be such
that Q(n) € Z, Q(n) # 0 for all positive integers n. Then

.~ P(N)
S_
Ao T Qn )¢Q

Proof. Without loss of generality we may assume that P(z) € Z[z] and
apply Theorem 2.1. m

Suppose that deg P > deg (). We write
(1) Pz) =Ao(z) + A1(2)Q(z) +- -+ A(2)Q(2)Q(z — 1) - Q(z — t + 1)
with Aj(x) € Q[z], deg A; < deg @ for j =0,1,...,t and A; # 0. Then

S:i = Aj(N)QN)Q(N —1)---Q(N —j +1)

j=0 N=1 HnN:1 Q(n)
t J t 00
=3 Y A4MQOQ-D QN -+ 3 S )
j=0 N=1 =0 N=j+1 Hn 1 Q(n)
S Y AMNROQD) QN 1+ 3 S AV D)
N=1j=N j=0 N= 1Hn 1Q(”)
We conclude that
t t—N
(2) S= DY Any(NQO)Q(-1)- - Q(—j +1)
N=1 j=0
A;(N +
= 1Hn 1@ Z &

The first term on the rlght—hand Slde is a rational number. To the second
term on the right-hand side we apply Corollary 2.1. As deg(Z;-ZO Aj(x+7))
< deg(Q(x)), S € Q if and only if the polynomial E;:O Aj(x + j) vanishes
for all positive integer values of x, i.e. is identically zero. Together with
Corollary 2.1 this yields the first part of the following general result.

THEOREM 2.2. Let P(x),Q(x) € Q[z], P#0, Q non-constant, Q(n) € Z
for all positive integers n, such that

_\ P(N)
is a well-defined real number. Deﬁne t and Ao(x),..., A(x) € Qlx] by
P(z) = Ao(z) + A1(z)Q(z) + AQ(H«“)Q(%)Q(Z‘ -1
T+ A(@)Q@)Qr — 1) - - Qz -t +1)
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with deg A; < deg@ for j =0,1,...,t and Ay # 0. Then

(3) SeQ & Y Ajz+j) =0

§=0
Moreover, if P(z),Q(z) € Z[z], Q is monic and S € Q, then S € Z.
Proof. The first statement has already been proved. Let S € Q,

P(z),Q(z) € Z]z] and @ be monic. Then Ay(z),..., Ai(z) € Z[z]. Hence the
first term on the right-hand side of (2) is an integer. Using this we obtain,

by (3),

SeQ = SeZ+Z

ZA (N+j)=Z+0=72Z.u
N=1 le

REMARK 2.1. If @ is linear, then all the polynomials A; are rational
constants. Hence S € Q & Y j—0Aj = 0. It follows from a general theorem

of Shidlovskif [11] that if S i—0Aj # 0, then S is transcendental.

EXAMPLE 2.1. Let P(z) = pya* +p3a® + pax® + pro+po € Zlz], Q(z) =
@r’+qr+q € Z[x] with go # 0. Then Ay(z) = p4/q§,

1
Ai(z) = gg{(p3qg — 2p4q1G2 + 2pagd)
2
2 2 2
+ (p2g5 — P3q1q2 — 2P4q0G2 + Paq; + Paq1q2 — P4g3)}s

1
Ao(z) = e (P15 — P2q145 — P3q0d5 + P3qiqe + 2P1goq1q2 — Paqi)w
b

i 3 _ 2 2 2
+ 2 (Pog> — P2q093 + P3G0q192 + Pagyq2 — P4qoqi)-
2

Hence S € Q if and only if

plqg - Pz@hqg - P3QO6]§ + p3Q%QQ + pzqg
+ 2p10q1G2 — Pag; — 2paqige + 2pags = 0

and

Pogs — P240g5 + D245 + P3¢od1d2 — P3q1q2 + D345
+ Paq3a2 — Pagod; — 2Paqod2 + Padi — Paqide + Pagz + pags = 0.
Moreover, according to the proof of Theorem 2.2, if S € Q, then ¢35 € Z.
The special case py = g1 = 0 has been treated in [12]. The even more
special case py = po = p1 = ¢1 = 0, p3 # 0 has been dealt with in [8]. As
mentioned in [12] the condition in [8] should be read as ¢ = 1 and b+ad = 0
in accordance with the above conditions.
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REMARK 2.2. The case of an alternating sum

[e.e]

v PWY)
Nz::l( Y HﬁleQ(”)

can be reduced to the above sum by replacing @ with —Q.

3. Some sufficient conditions for irrationality. In this section we
give sufficient conditions for the irrationality of

. P(N)
S = -\
szjl 132, Q(n)

where P(z),Q(z) € Q[z], @ non-constant such that Q(n) € Z and Q(n) # 0
for all n € N. The following theorem will be our starting point.

THEOREM 3.1. Let P(x) € Q[z], P # 0, Q(z) € Q[z], @ non-constant
and Q(n) € Z, Q(n) # 0 for all positive integers n. Let R be a class of
polynomials which have integer values at integer points. Suppose that Q) has
the property that if R € R, R # 0 then there exist A(x), B(x) € Q[z] such
that

R(z) = A(z)Q(x) + B(z),
deg B < max(deg Q,deg R) and A(z+1)+ B(zx) € R, A(z+1)+ B(x) #0.
Then P € R implies that
> P(N
g3 P
N=1 [T=1Qn)
Proof. If deg P < deg(@, then we can apply Corollary 2.1. Suppose

deg P > deg@. By our assumption there exist A(z), B(x) € Q[z] such
that

¢ Q.

P(z) = A@)Q(x) + B(x)

with deg B < max(deg @, deg R) and A(x+1)+ B(x) € R, A(x+1)+ B(x)
# 0. Furthermore

g f: A(N)Q(N) + B(N) i A(N +1) + B(N)

=AQ)+
= ILLem) AP A TRaYTE

If deg(A(x + 1) + B(x)) < deg @, then we apply Corollary 2.1 to conclude
that S ¢ Q in view of A(z+1)+ B(x) # 0. If deg(A(z+1)+ B(z)) > deg @,
then we apply the above procedure to A(x + 1) + B(z) in place of P(x).
After at most deg P iterations we will arrive at a situation where we can
apply Corollary 2.1 to conclude that S ¢ Q. =
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ExaMPLE 3.1. Suppose that R is the class of polynomials ZzT:O rixt €
QIz] with non-negative coefficients r; and Q(x) = Zf\io ciz' € Zlz), ear > 0,
¢i <0fori=0,1,..., M—1. We shall show in Theorem 3.2 that if P(x) € R,
P #0, then S ¢ Q.

ExXAMPLE 3.2. Suppose that R is the same class as in the previous
example and Q(x) = z2+1. We shall show in Theorem 3.3 that if P(z) € R,
P #0, then S is rational if and only if P(z) = 22

EXAMPLE 3.3. Let R be the same class as in Example 3.1 and Q(z) =
23 — 22 + 2 — 1. We shall show in Theorem 3.4 that if P(z) € R, P # 0,
then S ¢ Q.

EXAMPLE 3.4. Let R be the class of polynomials P(x) such that
P(z) — P(0) € Z[z], P(0) € Q\ Z. Let Q(z) € Z|x] be monic. Then S ¢ Q.

In the remainder of this section R denotes the class of polynomials
Z?:o rirt € Q[r] with non-negative coefficients r;. Observe that by con-
sidering P(xz + xo) in place of P(z) for a suitable integer 9 > 0 we can
always secure that the coefficients of P are non-negative. Of course we then
have to consider the rationality of

o0

P(N + .7}0)
N=1 Hfr]:le Q(n + o)

=(ﬁ@<n>)ip“v)n— Py I @)

N
n=1 N=1 Hn:l Q( ) N=1 n=N+1

so that @) is translated by the same x.

In the next theorem we allow () to be the product of polynomials from
a certain class.

THEOREM 3.2. Let P(x),Q(x) € Q[z], P(x) = Z?:o a;x’ with ap > 0
and a; > 0 for everyi =0,1,...,T—1, Q(x) = H%Zl Cn () with Cp(z) =
kKﬂ) cm’kxk € Rlz] form =1,..., M such that ¢y k,, > 0, but ¢y <0
fork=0,1,..., K, — 1. Assume that Q(z) is non-constant and Q(n) € Z,
Q(n) # 0 for every positive integer n. Then

— P(N)
S = —_— )
NZI ngl Q(n) #aQ

Proof. 1f deg P < deg @, then from Theorem 2.1 we conclude that S ¢ Q
(even without using the fact that @ is a special product).
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Assume that deg P > deg (). Then we obtain, by applying division with
remainder,

P(z) = Ai(2)Ci(z) + Bi(2), deg By < deg A,
Aq(x) = Ay(x)Cy(x) + Ba(x), deg By < deg Ao,
Apr—1(x) = Ay (2)Cos(x) + Bar(z),  deg Bpr < deg Apy.

Hence P(z) = A(z)Q(x) + B(x) with A(z) = A1(z) - - - Ay (z) and
B(x) = Bi(x) + Ba(z)C1 ()
+B3($)Cl(x)02(x)+"'+BM( ) Crp— 1(1‘)

1(z) -
So degB < Kj + -+ + Ky = deg@. Thus A(x),B(z) € Q[x]. Since
P(z) € R, we find by induction on m that A,,(x) and B,,(x) have non-
negative coeflicients in view of

X

1 Ml
; — M, —Cik ivk—M, . .
zt = —— My () + Z R R MG =1, M, = 1,2,..),

which is repeatedly used and yields non-negative coefficients. Therefore
A(x+ 1) + B(x) has non-negative coefficients as well. Thus A(z + 1) + B(x)
€ R. Moreover, since A(z) is non-trivial and A and B have non-negative
coefficients, A(z + 1) + B(a:) is also non-trivial. As before,

N—I— 1) +B(N)
S = .

We now repeat the above argument with P(x) replaced by A(x + 1)
+ B(x). This polynomial has lower degree than P(x). If deg(A(x+1)+ B(z))
< deg @, then we apply Corollary 2.1 to conclude S ¢ Q, otherwise we apply
division with remainder to A(x + 1) + B(z) in place of P(z). After at most
deg P iterations we may apply Corollary 2.1 to conclude S ¢ Q. =

ExAMPLE 3.5. For every positive integer k£ the number

[e.9]

3 (N?+ N +1)F
i [hss(n® — 202 +1)

is irrational. Indeed we have (23 — 222 4+ 1) = (v — 1)(2? — 2 — 1).

COROLLARY 3.1. Let P(z),Q(x) € Q[z] and P(z) = Zz‘T:o a;z’. Sup-
pose that ap > 0 and a; > 0 for every i =0,1,..., T —1. Let all roots of the
polynomial Q(x) be real, non-integral and non-negative. Assume that Q(x)
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is non-constant and that Q(n) € Z and Q(n) # 0 for all n € N. Then

- o
= ~ .
N=1 Hn:l Q(n)
ExaMPLE 3.6. For every positive integer k& the number

>
[0 (n2 —3n+1)

N=1

is irrational.

REMARK 3.1. The condition that the roots of ) are non-integral is only
needed to guarantee that the terms of the series are well-defined.

THEOREM 3.3. Let d, k and r be positive integers with rd < k and
let P(x) = erzo a;z’ € Qlx]. Assume that ar > 0 and a; > 0 for i =
0,1,..., 7 —1. If
- P(N)

S TN (nF + nb—d 4 .- 4 ph—rd)

then k = rd. If k = rd and d > 1 then S € Q if and only if P(z) =
c(xF + k=4 4 ... + 29) where c is a fived positive integer.

S = eQ

Proof.

STEP 1: The case T > k + d. We write Q(x) = aF 4+ 2F=4 4 ... 4 gh—7d
and
ktd—1

- S Y
i=k+d
k+d—1 ' ' ‘
— Z aiNZ + Z ai{(NZ_k*Nl_k_d)(Nk +Nk_d+ et Nk—rd)
1=0 i=k+d
+ Ni—(?"-‘rl)d}
= A(N)(N¥ + N*=% ... 4 N¥"d) 1 B(N)
where
k+d—1

T
= Z aizt k4 (gd — 1), Z air’ + Z gt (r+)d

i=k+d i=k+d
Hence

T d
T = a;(x i—k—d d T
Az +1)= Y ai(z+1) ;(ﬂ) J

i=k+d
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Since ar > 0 and a; > 0 for i > 0, the coefficient of z of A(xz+1) is positive.
Furthermore,

N P A(N) B(N)
NZI Hfj—l Q(n) N=1 <H7]:7—11 (n) i 1_[7]1\[:1 Q(n))
_ A(N +1)+ B(N)

Z [ em)

The degree of A(x 4+ 1) + B(x) = P*(x) is at most 7" < max(T — k,
k+d—-1,T— (r+1)d) < T, its coefficients are non-negative integers and
the coefficient of x in P*(z) is positive. We may iterate this procedure with
P* in place of P and continue until deg(P*) < k + d. From now on we
assume that the conditions of Theorem 3.3 are satisfied with 7" < k4 d and
remember that the coefficient of x is positive if we have applied Step 1.

STEP 2: The case T' < k+d. If T < k, then it follows immediately from
Corollary 2.1 that S ¢ Q if we have not applied Step 1. However, if we have
applied Step 1, then the coefficient of x is positive and also we have S ¢ Q.
Therefore we suppose k < T < k + d. We write P(z) = ZiT:o a;z’ for the
present numerator of S. Hence

k—1 T
P(N) = Z a;N* + Z a;N*

k—1
=Y N +ZaZNZ FINF 4 NFd o NET
=0 i=k

T
o Zai(Nifd NS N’i*T‘d)
i=k

= A(N)(N* 4+ N¥=4 4 ... 4 Nk=7d) L B(N)

where
T k—1 T
Az) = Z azt k. Bx) =) ezt — Z ai(x™ 4 T,
i=k =0 i=k
Hence
Az +1) Z airk(x+1
has positive coefficients in view of ar > 0, a; > 0 fori =k, ..., T, and

A(N +1) + B(N)
S =
Z_ 12, Q(n)
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where P*(x) := A(x + 1) + B(x) has rational coefficients and degree < k.
We distinguish between two cases.

CASE 2A: Let k > rd. Then we have P*(0) = . Fa; 4+ ao > ar > 0
so that P* is non-trivial. By Corollary 2.1 we obtain S ¢ Q.

CASE 2B: Let k = rd and d > 1. Then we have P*(0) = ZZT:_Ok it + ag
and this is positive if T > k. Thus S ¢ Q if T > k by Corollary 2.1.
Suppose T' = k. Then the coefficient of z of P*(z) equals a; because of
T =k=rdand d > 1. If g > 0, then we know that S ¢ Q by Corol-
lary 2.1. This is certainly the case if we have applied Step 1. We conclude
that a; = 0 is only possible if the original T' equals k. Then A(z) = ag
and B(z) = Zf:_ol a;rt — ap(rF=4 + 2% ... 1 1). According to Corol-
lary 2.1, S € Q if and only if A(z + 1) + B(z) = 0. Hence S € Q if and
only if

k
Z a;xt = apa® + ap(F 4+ 24 1 1) —
i=0
= ap(af 2P ).

P(x)

~

This completes the proof of the theorem. m
ExaAMPLE 3.7. Let T,k € N. Then

o0

T
> a ¢ Q.

N=1 HnN:1(nk +nk-l ... 4 p)

EXAMPLE 3.8. Let T € N. By applying Theorem 3.3 with P(z) = 2T
and Q(z) = 3(zF + 2%~1) we obtain

0o oN NT
NZI qu\;l(nk + nk-1) ¢ Q.

REMARK 3.2. The following example shows that we cannot omit the
condition d > 1 if k£ = rd in Theorem 3.3:

e}

Z N® 4+ 2N3 4+ N2
T (3 +n2+n+1)
(N>~ N+2)(N*+ N2+ N+1)-N?2-N -2

= I, (n3+n24+n+1)
N ( N2 - N +2 N2+ N +2 )_16@
N=1 Hivz_ll(”3+”2+”+1) Hivz1(”3+n2+n+1) .
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THEOREM 3.4. Let d, k and r be positive integers with rd < k and
let P(x) = ZZ'T:() a;xt € Qlx]. Assume that ap > 0 and a; > 0 for i =
0,1,...,7—1. Then
- P(N)

N — rpok—r
e Hn:2(nk — nk—d 4+ 4 (_1) nk d)

Proof. Let T < k. Then we apply Corollary 2.1 to conclude S ¢ Q.

Assume that T > k. Now the proof splits into two cases.

S = ¢ Q.

CASE 1: Suppose that r is odd. If T' > k + d then we use

2t — xifkfd(l,kde _ xkfrd) + xi*(?”rl)d

= a7k md(pd 1) (k- ahmd ko) gt (rd
to write
P(x) = A(z)(z® — 2874 + ... — 274 4 B(2)

where A(x), B(z) € Q[z],deg B < T, deg A < T—k, A(z)+B(x) # 0 and the
polynomials A, B have non-negative coefficients. Hence A(x+1)+ B(z) # 0
and, as before,

N+1 + B(N
_Q+Z k—?i ( )kz—d
_n +..._n 7")

= n= 2

where ¢ is some rational number. We iterate this procedure with P(x) re-
placed by A(x + 1) + B(z) until we get

S =q" —l-z P*(N)

k _ nk—d k—rd
n2n n +- nr)

where P*(z) € Q[z|, P* # 0, T* := deg(P*) < k + d and all coefficients of
P* are non-negative.
For k <T* < k + d we use
gl = g Rk ghd y ghm2d L pkerdy
_’_xifd z2d+xz 3d+.__+xifrd
to write
P*(.T) — A*(I)(xk _xkfd_’_ . _xkfrd) +B*(SU)

where A*(z), B*(z) € Qz], deg(B*) < k, deg(A*) < d, B* # 0. The poly-
nomial A* has non-negative coefficients. Since A*(1) + B*(0) # 0, we have
A*(x 4+ 1) + B*(x) £ 0. In this way we get a representation

> P**(N)

N=2 [T, (nk — nk—d 4 ... — pk—rd)
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where ¢** is some rational number, P**(x) := A*(x + 1) + B*(z) # 0 and
deg(P**) < k. We apply Corollary 2.1 to conclude S ¢ Q.

CASE 2: Suppose that r is even. If T > k + (r + 2)d then we use
.,”Ui _ xi—k—(r+2)d(xd + 1)($k o xk—d 4ot xk—rd)(x(r-i-l)d - 1) + xi—Q(r—&-l)d
to obtain
P(x) =: Ay (z)(zF — 244+ ... + 2577 4 By ()

where Ay (z+1), Bi(z) € Q[z],deg B < T, deg A} <T—k, Ai(z+1)+Bi(x)
# 0 and the polynomials A;(z + 1), Bi(z) have non-negative coefficients.
As in the first case we get

- Ai(N +1) + Bi(N)
N - —
Ao T—o(nf — nh=d 4 phord)
where qq is some rational number. We iterate this procedure until we obtain
P (N
=q+ Z - - (d ) —
= [Tap(n? —nfd oo pkord)

where 1 € Q, Pi(z) € Q[az], Py #0, deg Pi < k+(r+2)d and all coefficients
of P; are non-negative. Let T be the degree of Pj.
Ifk+ (r+1)d <T) < k+ (r + 2)d then we use

2t = (:Ei_k + pi—k—d _ xi—k—(r—i—l)d)(xk: _ pk—d 4t xk—rd)

S=qo+

i 42)d o i (r43)d _ i (2 1)d
= Az(a:)(xk —phl 4 :ka’"d) + Ba(x)
where Ap(z) = ' F 4 gih=d — p=k=0+Dd and By(z) = —zi~0+2d 4
gi=r+3)d o4 i=@r+1)d ] The polynomial Ag(z + 1) = (x 4+ 1)7F 4+

(x+1)i—k—d_(m+1)i—k—(r+1)d _ (x+1)i—k—(r+1)d((w+1)(r+1)d+(l,+1)rd_1)
has positive coefficients and deg Bs < k. Therefore the coefficients in the
polynomial Ag(z+ 1)+ Ba(z) of powers 2™ with m > k are all non-negative
and As(1) + B2(0) > 0. In this way we obtain a representation

_QTI'Z P2(N)

k _ pk—d k—rd
n2n n + - nkrd)

with g2 € Q, Py(z) € Q[az], deg Py < k + (r + 1)d and all the coefficients
of z™ in P, with m > k non-negative and P»(0) > 0. Let T5 be the degree
of Pg.
If k+d<Ty, <k+ (r+ 1)d then we use
ZCi _ ( i—k + :L,i—k—d)(l,k _ :Ek_d 4t xk—rd) _ xz’—(r—l—l)d

= Az(x)(2® — 2" 4 4 2P 4 By(a)
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where Az(z) = 2'F 4 2%~ and Bz(z) = —2'~("tD4, The coefficients in
the polynomial Az(z + 1)+ Bz(z) = (z 4+ 1) F 4 (z + 1) F—d — gi=+Dd of
powers ™ with m > k are all non-negative and A3(1) + B3(0) > 0. In this
way we obtain a representation

S Py(N)
N=2 HnN:2 (nk — nk*d + -+ nk—rd)
with g3 € Q, P3(x) € Q[z], deg P3 < k + d and all the coefficients of 2™ in

Ps with m > k non-negative and P3(0) > 0. Let T5 be the degree of Ps.
Next, if £ < T3 < k + d, then we use

S=q3+

= xi—k’(xk — ph—d 4+ .4 xk—?”d) +xi—d _ pi2d 4t xi—(r_l)d _ gi-rd
where A4($) = 2% and B4($) = pi=d _ gi=2d 4 .. 4 gi=(r=1)d _ pi-rd
Hence Ag(z+1)+ By(z) = (z+ 1)k 4 gi=d — zi=2d ... 4 gi=(r—1)d _ pi—rd
satisfies deg(A4(x 4+ 1) + Ba(x)) < k and A4(1) + B4(0) > 0. This leads to
y Py(N)
N - —
N=2 Hn:2(nk — nk d + -+ nk rd)

where ¢4 € Q, Py(z) € Q[z], deg Py < k and P; # 0. Finally we apply
Corollary 2.1 to conclude S ¢ Q. m

S=qs+

ExXAMPLE 3.9. As an immediate consequence of Theorem 3.4 we obtain

o0

Z (3N +5)"+ (3N —5)7
[T (% —nt +n3 —n2+4n—1)

¢ Q.

N=2

EXAMPLE 3.10. Let ay, by, c1, ag, b2, c2 and d be integers with a1 > |aa|,
by > |ba|, ¢1 > |c2| and d > 0. Then, by Theorem 3.4,

> (a1 N? +b1N+cl)d+ (a2N2+bQN+C2)d
Z N 4 3 2 € Q
N—2 [[i=i(n* =n?+n? —n+1)

if and only if a; = —a9, by = —bg, ¢c1 = —c9 and d is odd.

4. Some variations. In this section we present two theorems which
deal with sums related to those studied in the previous sections. In the first
theorem the numerator attains integer values, but behaves approximately
like a polynomial.

THEOREM 4.1. Let P(z),Q(x) € Q[z] be such that Q is non-constant
and Q(n) € Z, Q(n) # 0 for all positive integers n. Let f : N — Z
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be a sequence such that f(N) = P(N) + o(Q(N)) as N — oo. Define
Ao(), ..., A(x) € Q[z] by (1). If

S

= €Q,
N=1 Hﬁle Q(n)
then there exists Ny such that
t
(4) f(N)=P(N) =Y Aj(N+j) for N> Ny
§=0

Proof. Let A be a common denominator of the coefficients of Ay, A1, ...,
A, P. Then, by (1) and (2),
= N
AY o
N=1 Hn:l (n)

P(N) = f(N) — P(N)
= A N S A S S
2 om = T am

t t—N
= > > AANG(NQO)Q(-1) - Q(—j + 1)
N=1 j=0
= A = f(N)—P(N)
A:(N A
+1\171 Hng(”)]Zo AN+ NZ1 r]zV:1 (n)
cT4 = AZ?;oAj(N+j)+A(f(N)—P(N))'
N=1 Hr]yle(”)

The numerator of the fraction is, for every positive integer IV, an integer
which is 0o(Q(N)) as N — oo. Hence, by Theorem 4 of Oppenheim [10] if
the denominator has ultimately a fixed sign and by Theorem 8 of the same
paper otherwise, the infinite sum is rational if and only if Z;:() Aj(N +j)
+ f(N) — P(N) =0 for N > Ny. Thus S € Q if and only if (4) holds. =

REMARK 4.1. Note that Zz':o Aj(z + j) € Q[z] so that, for N large,
f(N) has to be the value at N of a polynomial f(z) € Z[z].

REMARK 4.2. By adjusting the method from Hanél and Tijdeman [9]
it can be proved that if in the above theorem it is only assumed that
P(z) € R[z], then S € Q implies that P(x) € Q[z].

EXAMPLE 4.1. By applying Theorem 4.1 with P(z) = 23, Q(z) = 2?+1,
we obtain

imgé(@, iM¢Q

N N
N=1 Hn:l(n2 + 1) N=1 Hn:l(n2 + 1)
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THEOREM 4.2. Let t € N. Let {an}2>_, and {b,}2>, be two mteger

sequences such that a, > 1 and b, = Zj‘:o b, jnan_1---Gp—jt1 for n =

1,2,..., where the by, ; are integers and Z;:O butjj = olay) as n — oo.
Then

0 bN
S - Ni S Q
N=1 Hn:l an

if and only if Zz':o bntjj =0 for all N larger than some Ny.
Proof. We have, similarly to the derivation of (2),

. z Sy o
Hn 10n

J
Zb N,jA0G_1 """ AN — J+1+Z Z bN’]

1 N= j= ON—j+1 _ian
t—

bN,N+ja0a—1 - - —]+1+E § DN+
=1 j=0 n= 1 j

.
I

1
t N

=2

The first term on the right-hand side is a rational mteger. Suppose
Zz‘:o bn+jj = o(an) as N — oo. Then by Oppenheim’s Theorems 4 and 8
of [10], S € Q if and only if };_oby+j; =0 for N > No.

COROLLARY 4.1. Suppose b, ; > 0 for all n and j in Theorem 4.2. If
22:0 buyjj = o(an) as n — oo, then S € Q if and only if b, =0 for all n
larger than some ng.

EXAMPLE 4.2. Let k € N and d(n) be the number of divisors of n. Then

o0

d(N)N*
NZ=:2 27:2(" —d(n))

¢ Q.
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