ACTA ARITHMETICA
133.1 (2008)

Diophantine equations with products of
consecutive terms in Lucas sequences II

by

FLORIAN LucA (Morelia) and T. N. SHOREY (Mumbai)

To Wolfgang Schmidt at his seventy-fifth birthday

1. Introduction. Let r and s be nonzero integers such that A = r2 +
45 # 0 and let o, 3 be the two roots of the quadratic equation 2% —rz—s = 0.
We assume further that /3 is not a root of 1. Let (up)n>0 and (vy)n>0 be
the Lucas sequences of the first and second kind with roots « and (3, given
by u, = (o™ — ") /(e — ) and v, = o™ + " for all n > 0, respectively.
These sequences can also be defined by ug =0, u; =1, vg = 2, v1 = r and
the recurrence relations u,42 = rupy1 + Sty and vy 1o = rv,41 + sv, for all
n > 0. When r = s = 1, the resulting sequences (up)n>0 and (vy,)n>0 are
the sequences of Fibonacci numbers (F},),>0 and Lucas numbers (L, ),>0,
and when r = 3, s = —2, the resulting sequence u, = 2™ —1 for n > 0 is the
sequence of Mersenne numbers.

In [7], we investigated Diophantine equations of the form

k
(1) Hun—i-i = byma
=1

in integers k > 1, n > 0, |[y| > 1, m > 1 and b such that P(b) < k,
where for an integer [ we use P(l) for the largest prime factor of [ with
the convention that P(0) = P(+1) = 1, as well as the similar Diophantine
equation where (uy)n>0 is replaced by (vp)n>0. The main result of [7] is
that the above Diophantine equations have only finitely many effectively
computable solutions. When (uy,)n>0 is the sequence of Fibonacci numbers,
the above equation has no solutions when b = 1 and n > 0. A similar
equation to (1) where the consecutive indices n+i were replaced by arbitrary
indices n; for ¢ = 1,...,k, but with the additional restriction that m is a
prime exceeding k was treated in [3].
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In [2], Bilu, Kulkarni, and Sury investigated the Diophantine equation
(2) zx+1)--(x+(k=1)+t=y™
with a fixed rational number t and unknowns (z,k,y,m) with =, k,m € Z,
y € Q, |y| # 0,1 and min{k,m} > 1, and showed that if ¢ is not a per-
fect power of some other rational number, then (2) has only finitely many
solutions, which are moreover effectively computable.

In this paper, we investigate an inhomogeneous analogue of equation
(1), which is nothing else than equation (2) with the product of consecutive

integers replaced by the product of consecutive members of a Lucas sequence
of the first kind.

THEOREM 1. Let (un)n>0 be a Lucas sequence of the first kind, t be a
fixed rational number, and assume that the equation
(3) UpUn41 " Upyk—1 +1=y"
holds with integers n > 0, k > 1, m > 2 and rational y, |y| # 0,1. Assume
further that t is not a perfect power of some other rational number, that when
t is written in reduced form its numerator is coprime to s, and that A > 0.
Then equation (3) has only finitely many solutions (n, k,y, m). Both param-
eters k and m are effectively computable in terms of the sequence (un)n>0
and the number t. Moreover, if a and 3 are multiplicatively dependent, then
n is also effectively computable in terms of (un)n>0 and t.

We do not know how to prove an analogue of Theorem 1 with (uy,),>0
replaced by (vy)n>0. However, in order for a result like Theorem 1 to be
valid for (v)n>0, one also needs to eliminate the numbers ¢ = £2, as can
be seen from the example

Lop +2(-1)" = L2,

which holds for n > 0.
In particular, Theorem 1 shows that if ¢ is a rational number which is
not a perfect power of some other rational number, then the equation

FnFn+1"'Fn+k—l +t:ym
has only finitely many effectively computable integer solutions (n, k,y,m)

withn >0, k> 1, m > 2 and |y| > 1, and that if ¢ is an odd integer which
is not a perfect power, then the equation

(4) 2" =" =1) @ ) =y

has only finitely many effectively computable integer solutions (n, k,y, m)
with m > 0, £k > 1, |y| > 1 and m > 2. Indeed, these consequences follow
from the fact that for the Fibonacci sequence one has f = —a~!, while for
up = 2" — 1 for all n > 0 one has o = 1 = 3!, and therefore in both cases
« and @ are multiplicatively dependent; hence, according to Theorem 1,
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all solutions are effectively computable. In (4), the assumption that ¢ is
odd is not required if m exceeds a sufficiently large effectively computable
number depending only on t. This follows from the theory of linear forms in
logarithms.

The above restrictions on ¢ not being a perfect power of some ratio-
nal number are essential in order to guarantee finiteness of the number of
solutions, as can be seen from the examples

(5) FonFopmyry +1= Foia
and

1 2L4nss — 3 2
(6) FonFopi1Fony0Fon 3+ 1= <4nl+5> ,

which both hold for all n > 0.

Acknowledgements. We thank the referee for a careful reading of the
manuscript and for many useful suggestions. Work on this paper started
during a visit of F'. L. to the Tata Institute in Mumbai with an Associateship
from the TWAS in the Fall of 2005. This author thanks these institutions
for their hospitality and support.

2. The proof of Theorem 1. The line of attack here is as follows.
We first show that k is bounded in an effective way. We then show that
m is bounded in an effective way as well. Finally, we show that with &
and m fixed, the number n can assume only finitely many values, which
are furthermore effectively computable when o and (8 are multiplicatively
dependent. We begin by noticing that n > 0 because t is not a perfect power
and there is no loss of generality in assuming that m is a prime, which we
assume from now onwards. Also, we always assume that |a| > |3].

STEP 1. k is bounded.

Assume first that t is an integer. Then so is y. Since t is not a perfect
power, we conclude that |t| > 1 and further either —¢ is a perfect square, or
the greatest common divisor of all the numbers ord,(t) with p|¢ is 1. Here,
ord,(t) is the exponent at which p appears in the prime factorization of .
Assume first that —t is not a perfect square. Then there exists a prime p
dividing ¢ such that

ord, (y™ —t) < ordy(t),

and the assertion follows from (3) and the fact that ged(p,s) = 1. So, it
remains to consider the case when ¢t = —a? with some positive integer a
which is not a perfect power of odd exponent > 1 of some other positive
integer. Now we argue as above to conclude that m = 2. Therefore, we see
from (3) that all the prime divisors larger than a of upup41 -+ Upyk—1 are
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congruent to 1 modulo 4, which implies that k£ is bounded since there are
infinitely many primes congruent to 3 modulo 4.

Assume now that ¢ is not an integer. Then we write ¢ = a/b, where
a,b > 1 are integers and ged(a,b) = 1. We multiply both sides of equation
(3) by b and we observe that ord,(by"™) = 0 for every prime divisor p of b.
Therefore b = b7", where by > 1 is an integer. Now we argue as above for
the equation

buntn+1 -+ Untk—1 +a = (bry)™
to conclude that k is bounded.

STEP 2. m is bounded.

Here, we assume that k is fixed. The fact that A > 0 implies that o and
3 are both real and so |a| > |3|. Write ¢t = a/b, where a and b are coprime
integers with b positive. Then
(7) Wy, = bupni1 - Upykp—1 +a forn >0

is a linearly recurrent sequence of order either k + 1 or k + 2, all of whose
roots are simple and are precisely {a* 3" :i =0,1,...,k} U {1}. Clearly,

(8) la|F > max{1, |a/F B i =1,... k).
Furthermore,
k
wn = 71(F)" + Z Vi1 (P TIB) 4 Y

i=1
with some coefficients 71, ..., yx+2, Where

bak(k—1)/2
9 Nn=—"7 #0.
) (@ =By

In particular, the linearly recurrent sequence (wy),>0 has a dominant root
which is precisely . Now the assertion follows from a result of [8] applied
to the equation w, = by = y*, where y; is an integer. m

STEP 3. a and 3 are multiplicatively independent.

We suppose that both k£ > 1 and m > 2 are fixed. All we want to prove
in this case is that equation (13) below has only finitely many solutions n.
We return to the sequence (wy,)n>0 given by (7) and write it as

k—1 PN [als)
ata™ — ('3
wn:b”() + a,
i=0 a-p
or, equivalently,

(10) Wy = Y100 + Yoy + -+ V2 o,
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where 7; € K= Q(«), and
{ oF==Dgi=1 forie {1,...,k+1},
fori =k + 2.
We observe that none of o; with 1 < i < k+ 1 is 1 since a and (§ are
multiplicatively independent and
of* > Jos| > |8[F
for all i € {2,..., k}. Further,

ho (k=172 paHE-1)/2
(12) m= Ta—pgF T (—1)F (a=pF and Y2 =a

(11) a; =

are all nonzero. Should equation (3) have infinitely many nonnegative integer
solutions n, it would follow that for infinitely many n there exists an integer
y = y(n) such that

(13) wy, =y,
To see that this is impossible, we use the following extension of Fuchs [6] of
a result of Corvaja and Zannier [4].

THEOREM 2. Let (Gy)n>0 be a linearly recurrent sequence of integers of
the form

(14) Gn =mof + 205 + -+ 90 forn =0,
where the o; are algebraic integers for all i =1,...,s, the ratios o; /o are

not roots of unity for any i # j, and the v; are nonzero algebraic numbers
belonging to the field K = Q(ayq,...,as). Assume further that 1 # |aq| >

max{|o;| : i = 2,...,8}. Let ¢ > 2 be any fized prime number and assume
that for infinitely many n there exists an integer y such that

G, =1y
Then there exist an integer t > 1, algebraic numbers (1, ..., B¢ in the multi-
plicative subgroup of K generated by {c; : i =1,...,s}, some other algebraic
numbers 01, .. .,0; (not necessarily in K), and two nonzero integers ¢ and d,
such that
(15) Getnd = (0187 + -+ 6:8;")1

for all nonnegative integers n.

The above theorem is basically Corollary 2 in [6]. In that paper, it is

only stated that fBi,...,0: are algebraic numbers, but a close inspection
of the proof of the main result in [6] shows that the §; can be chosen to
be of the form o/f Y ... ak* where the exponents f;j are rational numbers

of denominators dividing gq. Now the assertion of Theorem 2 follows by
considering Geip(gd) = Ge(ng)a for all nonnegative integers n in (15). Here,
we replace 3; by ﬁ?, and ¢; by 6jﬂj‘?. Hence, the §; can indeed be chosen
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to be in the multiplicative subgroup of K generated by {a; : i =1,...,s}.
Applying Theorem 2 above to the case in which equation (13) has infinitely
many integer solutions (n,y;), we find that there exist positive integers ¢
and d such that

k+2

(16) > ey = (i 507)"
i=1 j=1

identically for all nonnegative integers n, where 7/ = v;af and o = Oz;-i
for all i = 1,...,k 4 2, with some integer ¢ > 1, algebraic numbers J; for
J =1,...,t, and algebraic numbers 3; in the multiplicative subgroup of K

generated by {«, 5} for all j = 1,...,t. By replacing n by 2n if needed, it
follows that we may replace o and 3 by o? and 32, respectively, and thus we
may assume that o > 3 > 0, and that 3; > 0 for all j = 1,...,¢. Now the
positive real numbers a > § are multiplicatively independent, and therefore
the functions n — o” and n — B" are algebraically independent over C.
Thus, relation (16) implies that we may formally replace in it @™ by X and
6™ by Y to obtain an equality of the form

k+1
Z%(Xd(kf(jfl))yd(jfl) +a=FX,Y)"
=1

with some F(X,Y) in Q[X,Y, X!, Y ~1]. Specifically, if

Bj = 0/1171 . .aiﬁg’f — it li,j(k—(j—l))ﬁZ?if L G=1) = omigng
with some integers [y j,...,lr42, then
t
(17) FX,Y)=> §XmY".
j=1

Thus, we have arrived at a relation of the form
E+1 t -
(18) S X UG-y g ( 5ijanj)
i=1 j=1

in Q[X,Y, X1, Y. Since the left hand side of (18) is a polynomial in X
and Y, it follows that F'(X,Y) is a polynomial in X and Y as well.

To prove that (18) is impossible, we argue as follows. We notice that the
left hand side of (18) is of the form Hgy(X,Y) + a, where Hg,(X,Y) is a
homogeneous polynomial in X and Y of degree dk > 1, and «a is a nonzero
constant. Evaluating (18) at (X,Y) = (0,0), we find that F(0,0) =4 satisfies
0™ =a # 0. Thus, 6 # 0. Let di > 1 be the degree of F', and write

(19) F(X,Y) = Hy,(X,Y) + -+ Hy (X,Y) 46,
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where 1 > 1,0 < d, < --- < dy, and Hg,(X,Y) is a nonzero homogeneous
polynomial of degree d; in X and Y for all ¢ = 1,..., u. Clearly, the repre-
sentation (19) is unique. Comparing the degrees, we get dk = dym. If u > 2,
then

(20)  Hu(X.Y)+a=F(X,Y)"
= Hy, (X,Y)™ +mHg, (X,Y)"  Hy,(X,Y)
+ monomials of degree less than (m — 1)d; + da.

This relation is impossible because the nonconstant polynomial Hg,(X,Y)
+ a appearing on the left hand side of (20) does not contain monomials
of positive degree (m — 1)d; + do < dim = dk. If p = 1, we derive a
contradiction similarly. Thus, equation (13) has only finitely many solutions
(n, k,y,m) in this instance. m

STEP 4. « and 3 are multiplicatively dependent.

Here, we shall distinguish two instances, according to whether « is ra-
tional or not.

CASE 1: a € Q. Since « and (3 are algebraic integers, they are both
integers. Moreover, since they are multiplicatively dependent, there exist an
integer o with |g| > 1 and nonnegative coprime integers e > f such that
a = e10° and 3 = e90/, where 1,69 € {#1}. As e and f are coprime, one
of them is always odd. Thus, replacing ¢ by —o if necessary, we may assume
that €1 or g9 is +1.

We split all the solutions of equation (13) into two classes, with n even
or n odd. We shall show in detail that there are only finitely many solutions
with n even and they are furthermore effectively computable. Up to some
minor differences which we will point out, the arguments for n odd are
entirely similar. For k fixed, consider the polynomial

k-1
1 A .
21 P(X) = o' X — X)) +t.
(21) )= g 1L )
Any solution of (13) will be a solution of the Diophantine equation
(22) bP(0") = by™ = yy"

with an integer y; such that |y;| > 1, and a bounded prime number m.

Here is a criterion which is useful for us. Let K be an algebraic number
field and Ok its ring of integers. Let P(X) € K[X] be nonconstant. Let
01,...,0, be all the distinct roots of P of respective multiplicities o1, ..., 0.
Let ¢ € K be such that the greatest prime factor of Nk(¢) is bounded.

CRITERION 1. Let o € K be an algebraic number which is not a root of
unity and P(X) € K[X]. Assume that the multiplicities of the nonzero roots
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of P(X) are relatively prime. Then the Diophantine equation
(23) P(o") = oy™

has only finitely many effectively computable solutions (n,y, m) with m > 2,
n >0 andy € Ok.

We shall use the above criterion only when m is bounded.

Proof. Write
m
P(X) =ao [[(X —6)7,
i=1

where 61, ...,d, are the distinct roots of P(X). Let . = K(d1,...,0,) be the

splitting field of P(X). Write d for the degree of P, and D for a positive inte-

ger which is divisible by the denominators of g, of the roots 41,...,d, and of

the leading term ag of P(X). We write 7 = oD and v; = §; D fori = 1,..., .

Multiplying now equation (23) across by D"t4tl we get an equation
which can be rewritten as
o

(24) (Dayg) H(T" — ;D™ = Dntdtlgym

i=1
Since the left hand side above is an algebraic integer, so is the right hand
side. We may suppose that 71 # 0 and that ged(oq1, m) = 1. Now we argue
as in [1] to conclude that

(25) " — D" =mAT",

where n is a positive integer, A; is an algebraic integer in . and 7 is an
algebraic number in L having both bounded denominator and largest prime
factor of Ny, (m1). Since o = 7/D is not a root of unity and ~; # 0, the left
hand side of (25) is a binary recurrent sequence of algebraic integers in L
which is nondegenerate. It follows from known results about perfect powers
in nondegenerate binary recurrent sequences (see, for example, Corollary 9.2
in [8], or the book [9]), that (25) has only finitely many such solutions n
and ~;, which are, moreover, effectively computable. This completes the
proof of the criterion. =

REMARK. The above proof of Criterion 1 proves more, namely that if
0 € K is an algebraic number which is not a root of unity such that the
equation P(o") = ¢y has infinitely many solutions (n,y, m) with y € K
and m prime, then for all but finitely many such solutions, m divides all the
multiplicities of all the nonzero roots of P(X). We shall use this formulation
in what follows.

We use Criterion 1 to infer that (22) has only finitely many solutions.
Assume first that 0 is not a root of P. In this case, by the criterion, (22) has
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only finitely many solutions except when m is a prime number dividing the
multiplicities of all the roots of P. Then there must exist a nonzero rational
number ¢ and a monic polynomial F' with rational coefficients such that
P(X) = ¢cF(X)™. We now show that ¢ is not an mth power of a rational
number. Indeed, if f > 0, then P(0) =t = ¢F(0)™, and since t # 0 is not
an mth power of a rational number, we infer that F'(0) # 0, and ¢ is not an
mth power of a rational number either. If f = 0, then e = 1 and we may
assume that o = p. In this case, P(1) =t = ¢F'(1)™. Since ¢ # 0 is not an
mth power of a rational number, we find again that neither is c.

We now show that (22) has no solutions when |g|" >max{d; : i=1,...,
p}. Indeed, if it had such a solution, we would get an equation of the form

cF(o")" =y™
with some rational number y. Since the roots of F' are the same as the
roots of P, and since n is large, we infer that F(o") # 0. In particular,
¢ = (y/F(o"))™ is an mth power of a rational number, which we have seen
to be impossible.

Thus, we are left with the case where 0 is a root of P. In this case, f = 0,
and therefore e = 1, &« = p and § = +1. Moreover, since P(0) = 0, we get

(_1)k6k(k—1)/2
(a=pB)F

We now show that 0 is a simple root of P, and that P has no triple roots.

Indeed, the first fact comes from the observation that the coefficient of the
monomial X in P(X) is precisely

(—1)k=1gk(k=1)/2 k1<a>i B (—1)k=150k=1)(k=2)/2

(a—B)F 8 (a — B)F+1

and this is nonzero because «/3 = £ is not a root of unity. Now observe
that P(X) assumes the value ¢ at the points (3/a)? with i =0,1,...,k—1,
which are all real and distinct. We apply Rolle’s theorem at these points to
conclude that the roots of P’(X) are simple. Thus, P has no triple root. We
shall use this argument several times in this paper.

Since we already know that 0 is a simple root and P(X) has no triple
roots, it follows that all the nonzero roots of P(X) are either simple or
double. If one of them is simple, then we are in the hypothesis of Criterion 1,
so (13) has only finitely many effectively computable solutions (m,n) with
n even. The case of n odd can be handled similarly. Assume now that all
the nonzero roots of P(X) are double. Then k& must be odd. But then (26)

yields
. I@(kfl)/Z k
a—f3 '

(26) t=—

(o — 8%),

=0



62 F. Luca and T. N. Shorey

Thus, t is a perfect power of a rational number when k& > 1. We are therefore
left with the case of k =1, s0t=1/(a — 3), and

am + (1 — 67
a—pj

If n is even, or n is odd and 3 = 1, we get

(27) Up +1 =

an

Uy +1 =
a_

Assume now that the equation

aTL

a—p3
admits a solution (n,m,y) with n > 2 and y a rational number. Notice that
la|™ = |o|™ > |o| + 1 > |a — (], because |p| > 1 is an integer. Assume first
that m is odd. Since o™ and |a— 3| = a£1 are coprime, it follows that o — 3
is an mth power of an integer since m is odd. In particular, ¢t is an mth power
of a rational number, which is impossible. Assume next that m = 2. Then
either both o™ and o — # or both —a™ and —(a — (3) are perfect squares.
The first instance implies again that ¢ is the square of a rational number,

(28)

:ym

which is impossible, while the second implies that n is odd, —a = a? is a
perfect square, and so is a? + 1 = —a + 3 = a3. However, the only integer
solutions (ag,az) of the equation a? £ 1 = a3 have |a1| < 1, s0 |o| = |a| < 1,

which is impossible. This takes care of the case when n is even, or when n is

odd but = 1. Finally, when n is odd and 8 = —1, equation (27) becomes
a+2
a+1

Since n is odd, a+ 1| (a” + 1), and therefore &+ 1 and o™ 4 2 are coprime.

Since their ratio is an mth power of a rational number, we deduce that a4+ 1

is an mth power of an integer, so, in particular, ¢ is an mth power of a

rational number, which is a contradiction.

The case a € QQ is therefore settled. m

CAsE 2: a € Q. Let K = Q(«). Then [K : Q] = 2. Since « and 3 are
multiplicatively dependent, there exist integers i >0 and j such that o’ =37.
Conjugating this relation by the only nontrivial Galois automorphism of K,
we also get 3 = of. Thus,

7 = (B = (&) =a¥ = (o' = (#)) = ",

m

and therefore
grEIt =1,

Since (3 is not a root of unity (otherwise, so is «, and therefore also a/f3,
which is impossible), we must have i2 = j2, so i = j or i = —j. The case
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i = j leads to (a/B3)" = 1, which is impossible. The case i = —j gives
(ap)! = 1, implying 8 = Ca~!, where ¢ € {£1}.

In particular, s = —¢ = +1. Since A = r? 4+ 4s = r? + 4 and rA # 0, we
get A > 0, and therefore K is a real quadratic field.

We shall write R(X) for the element of K[X, X ~!] given by

k-l n Qg
(29) R(X):1H<az’X_CXﬁ>+t:cP1(X),
1=0

(= L. X
where
ok(k—1)/2

30 c= ——1,
) (@ BF
and P;(X) is the monic polynomial in K[X] given by

k-1
(31) P(X) = J[(X?-¢mo') + taxF,

i=0
with

_B_ ¢ _t_ (a=p)"
(32) 0 = a = E and tl = E =t ak(k—l)/Q'
Any solution (n,y) of equation (13) leads to a solution of the equation
P1 ($)

y"=R(z)=c e

with = o™, and therefore of the equation

ank

(3) Pia") =y
with some rational number y with |y| # 0, 1, which has a bounded denom-
inator. Since « is a unit in K (but not a root of unity), it follows that we
may apply Criterion 1 to conclude that equation (33) has only finitely many
effectively computable solutions (n,y), provided that the polynomial P; (X)
satisfies, of course, the conditions from that criterion.

From now on, we focus on proving that P;(X) satisfies the conditions
from Criterion 1. We assume that this is not the case. Clearly, 0 is not a
root of P;(X), because the constant term of Pj(X) is (—1)¥gF(k=1)/2 £ 0,
By the Remark following the proof of Criterion 1, it follows that we may
assume that (33) has infinitely many solutions (n,y, m), where m is a prime
dividing all the multiplicities of all the nonzero roots of P;(X).

To ensure first that P;(X) has a sufficiently large degree, we shall start
by treating separately the cases in which k € {1, 2}.

SUBCASE 2.1: k = 1. In this case, we have Pj(X) = X? + ;X — (",
whose discriminant is A; = 3 + 4¢" = 0 implying 2 = —4¢", n is odd,
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(=-1,t1 = £2, and t = ¢t; = +2/(a— () = £2/Vr? + 4, which is
impossible since t € Q. =

SUBCASE 2.2: kK = 2. In this case,
(34) Pi(X)=(X?=(")(X*= (") + 01 X? =X = (("+("o—t) X +o.
The degree of P;(X) is four and 0 is not a root of P;(X). Since all the roots
of P;(X) are multiple, we get m = 2. Equation (3) now implies that o > 0
since if @ < 0, then
UpUn4+1 +1 <0

for all sufficiently large n, so this expression cannot be a perfect square.
Further, P;(X) has a double root if and only if

(" + "o~ 1) = 40 = 4(/a?,
implying ¢ =1 and t = 1/(r — 2¢), where € € {£1}.
Returning to our original problem, we get
(@™ —1/a™) (a1 —1/a™H) 1
r2—4 + r—2¢

1 2n+1 1 1
:M<an +a2n+l—<a+a>+7’+2€>

1 2n+1 1
_T2_4<O‘n + e T2

v ()

Let ay = y/a. If the equation (13) has at least one solution (n,y) with an
integer n > 0 and a rational number y, then

2n+1
(30 vapris(S2) —sn/odek,
2 2n+1

and since af = o € K, we deduce that af € K, so aq € K. Let 81 be the
conjugate of a; € K. If 51 = £/ay, it follows that

2n+1
(37) (\/a)2n+1 + (\/i;) — a%n—l—l _‘_ﬁ%n—l-l e Z,

because this is the (2n + 1)th member of the Lucas sequence of the second
kind (v, )m>0 with roots a7 and ;. Now (36) and (37) together imply that
V1?2 — 4 € Q, which is impossible. Thus, 31 = —&/a1, and therefore

1
(38) UplUnt1 + 1= = (a2nt1 _ gintly2

(041 o 51)2 <a%n+1 _ %n+1>2

7“2—4 Oél—ﬁl
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We now observe that the number ( )/(a1 — (1) appearing on
the right hand side of (38) is an integer (it is the (2n + 1)th member of
the Lucas sequence of the first kind with roots «; and (1), and therefore
(a1 — 31)?/(r? — 4) must be a square of a rational number. However,

(a1—61)2_a+ﬂ—2a151_r+2£_ 1 —y
r2—4 r2 —4 24 p—2 7

so t is a perfect square of a rational number, which is impossible.

2n+1 2n+1
Qg - B

REMARK. Incidentally, we have proved a somewhat stronger statement:
if (up)n>0 is a Lucas sequence of the first kind with s = £1, then there
exists a rational number ¢ such that the equation upupy1 +t = y® has
infinitely many solutions (n,y) with a nonnegative integer n > 0 and a
rational number y if and only if a = o is a perfect square in Q(a1), and in
this case, with —¢ = a1, the number ¢ must be equal to 1/(r — 2¢) and
must be a perfect square. In particular, ¢ is unique. Such a result also appears
in [5]. As an example of this phenomenon, when (uy,)n>0 = (Fapn)n>0 is the
Lucas sequence of the first kind of all even indexed Fibonacci numbers, the
resulting value of ¢ is precisely ¢t = 1, which explains formula (5).

From now on, we assume that k > 3. To understand the multiplicities of
the roots of P;(X), we use the obvious fact that § is a root of multiplicity
o of P;(X) if and only if § is a root of multiplicity o of

(39) Ry(x) = )

Also notice that the functions R;(X) and

k-1 n i
Ro(X) = H(X— CXQ > = Ri(X)-t

=0

differ by the additive constant ¢;. In particular, R} (X) and R,(X) are equal,
so they have the same roots with the same multiplicities. Based on these
observations, we shall show that we may apply Criterion 1 when m > 3.

When ¢ = 1, Ri(X) assumes the value ¢; at exactly 2k distinct real
points {a~% : i = 0,...,k — 1}. By Rolle’s theorem, R} (X) has 2k — 1
roots in the interval [—1,1] and they are all distinct. In particular, P;(X)
cannot have a triple root, because R} (X) would then have a double root,
and this is impossible. Thus, we may apply Criterion 1 when m > 3.

When ¢ = —1, the situation is more complicated because Ry(X) has
complex nonreal roots, so we cannot apply Rolle’s theorem right away. Let
us consider just the case where n is even because the case of n odd is entirely
similar. For n even,
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k—1 j
(40) Ry(x) =] <X — 2—2];))( >

j=0

By an argument as before, R;(X) assumes the value ¢; at 2| (k —1)/2] + 2
real points, namely {+a 7/ :0 < j <k —1and j =0 (mod 2)}; therefore,
by Rolle’s theorem, R} (X) has at least 2| (k—1)/2] + 1 real roots which are
all distinct. Let ¢ = v/—1 and

k—1 ;
(41) R3(X) =i "Ry(iX) = [ <X — (;;);1)

j=0

It is clear that id is a root of Ry(X) if and only if § is a root of R3(X).
Further, we see from Rolle’s theorem again that R4 (X) has at least 2| k/2]—1
distinct real roots; thus, R, (X) = R} (X) also has at least 2| k/2] —1 distinct
complex roots, all of them on the imaginary axis. Thus, we have identified
2|k/2| +2[(k—1)/2] = 2k — 2 roots of R} (X) which are all distinct (notice
that the intersection of the real axis with the imaginary axis is the origin,
which is not one of these roots), and so we conclude that either all the roots
of P1(X) are of multiplicity at most two, or there exists only one root of
multiplicity three, and all the others have multiplicities at most 2. But the
degree of Pi(X) is 2k > 4 and even, so if there exists a triple root, there
must exist another root of Pj(X) which is simple, and therefore we can
apply Criterion 1 for all m > 2.

Thus, it remains to investigate the case where m = 2 and all the roots
of P;(X) are double. In this case, there exists a monic polynomial P»(X) €
K[X] such that

(42) Pi(X) = Py(X)%.

We now show that k is even. Indeed, suppose that k is odd. Notice that
all the monomials appearing in Py (X), except X*, are of even degrees. Let
j be the smallest possible odd degree of a monomial that appears in Py(X).
Thus,

(43) Py(X) = X Py(X) + a; X7+ ) a X7
0<i<j/2

Such a j exists, for if not, then P;(X) = P»(X)? will not contain any mono-
mial of odd degree. One proves immediately that ;7 = k, and since the degree
of Py(X) is precisely k and P»(X) is monic, we get P»(X) = X* 4 Py(X?)
with some Py(X) € K[X] of degree < k/2. Thus,

(44)  P(X) = (XF + Py(X?))? = X% + Py(X?)? + 2XF Py (X?).

Equating the monomials of odd degrees on both sides of (44), we get t; =
2P4(X?), and so P;(X?) = d is constant. In particular, P;(X) = (X*¥+d)? =
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X% 4+ 2dX* 4+ d? does not contain the monomial X2?*=2, because k > 2.
However, the coefficient of X2=2 in Py (X) is obviously

k—1 k

n 7 n
¢ 2%@ ==, #0

7=
because ¢ is not a root of unity. This contradiction shows that k& must be
even. Thus, k > 4.

SUBCASE 2.3: kK = 4. In this case,
(45)  Pi(X) = (X2 = (")(X? = (") (X2 = (") (XP = ("0%) + 1 X
Since P(X) = Py(X)? and Pi(—X) = P;(X), and 0 is not a root of P;(X),
it follows easily that P,(X) contains only monomials of even degrees. Thus,
there exist @ and b in K such that P»(X) = X4+ aX? + b, and substituting
X2 by Z in (42), we get
(46) (Z =2 = C"o)(Z = (") (Z = (") + 1 Z° = (Z° + aZ + b)*.
Equating the coefficients in (46), we get
(47) 20=-C"(L+o+0"+0%), a®+2b=0+0"+20"+0"+ 0" +1,
(48) 20b = —C"’(1+ 0+ 0" +0°), ° ="
From the first equations in (47) and in (48), we get b = o3, and inserting
this into the second equation of (47) we find

t1 = a*>+2b— (0 + 0® +20° + 0* + 0°)

1
:1(1+Q+Q2+Q3)2+2Q3—(Q+Q2+2Q3+Q4+Q5)

1-20—0*+40° — 0" —20° + ¢°
= 1 )
Thus, with formulas (32), we get
a6 o 2045ﬁ _ 04462 +4O¢3ﬂ3 _ a2ﬂ4 o 20455 +/36
d(a—p)* '
If we write af = —s = £1, and use (vy)n>0 for the Lucas sequence of the
second kind with roots a and f3, the above formula (49) can be rewritten as

(49) t=

v + 25v4 — v9 — 458

4(r2 + 4s)?
Since vg = 2 and v1 = r, one can use the recurrence relation v, 1o = rv,11+
svy,, which holds for all n > 0, to check that vy = r2+2s, vq = r*+4r2s+2,
vg = 10+ 6r*s+9r2 4 25, and plugging all these into (50), we get, after some
simplifications,

B r0 + 8rts + 1602 1r2(rt + 8125 +1652) 12 B (r>2

(50) t=

51 t= = - _ (L
(51) 4(r? + 4s)? 4(r? + 4s)? 4 2
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Of course, (51) is impossible, because t is not allowed to be a perfect power
of some other rational number.

REMARK. Incidentally, we proved that if (u,)n>0 is a Lucas sequence
of the first kind with s = 41 such that there exists a rational number ¢
with UpUp1Untounts + t being a perfect square for infinitely many n > 0,
then t = (r/2)2. In particular, ¢ is uniquely determined, and is a perfect
square. When (uy)n>0 = (Fy)n>0 is the Fibonacci sequence, we have r = 1,
so t = 1/4, which explains the example in (6). m

From now on, we assume that £ > 6. We notice that either 4|k, or ¢ = 1.
Indeed, the fact that ( = 1 when k = 2 (mod 4) follows by identifying the
constant term of P;(X) from (42), which on the one hand must be a perfect
square (the perfect square of the constant term of P»(X)), while on the other
hand it must be, by (31) and (32),

1
_ vk k(k=1)/2 _ ~k(k—1)/2
and oF*=1) ig already a perfect square in K, while when ¢ = —1, we have
¢Fk=1)/2 — _1 because k = 2 (mod 4), and —1 cannot be a square in K,

because the quadratic field K is real. Hence, 4 |k when ¢ = —1. We also
write ¢ = t% for some algebraic number ¢5. Note that to € K when ( =1
(or when ¢ = —1 and n is even) because in this case by evaluating (42) at
X =1 we find that t; = P(1) = P»(1)? is a square of an element of K.

We shall first treat the case where 4 | k. In particular, £ > 8. As pointed
out before, P;(X) has only monomials of even degrees, hence so does Py(X).
In particular, if we write P5;(X) for the polynomial in K[X] such that
Py(X) = P5(X?) and Z = X2, formula (42) becomes

k-1
[[(2 - co)) + 3252 = py( 2%,
i=0

where € = (" € {£1}, which can be rewritten as

k-1
(52) [[(Z - cd) = (B5(2) ~ 122"4)(P5(2) + 1 241%).

i=0
From (52), together with the fact that P5(Z) is monic of degree k/2, it
follows that there exists a partition of {0, ...,k — 1} into two subsets I and

J of the same cardinality k/2 such that

(53) P5(2) - 22" =[[(Z2 —e0'), P5(2Z)+t2"* = [](Z —e0).
el jeJ



Products of terms in Lucas sequences 69

Thus,
(54) 26,7 = T[(Z — 20’) - [[(Z - =d").
jeJ icl
By equating the coefficients of Z*/2~1 on both sides of (54), we get
(55) dYo=> 0
icl jed

since k > 5. If we write ag = o2, equations (32) and (55) lead to a relation
k=2

(56) okt = Zsiag with some ¢; € {1} for i =0,...,k — 2.
i=0

This implies that as < 2. However, as = o2, and « is a quadratic unit, so
la] > (14 +/5)/2, which is a contradiction.

Finally, the case of k = 2 (mod 4) can be dealt with in a similar way.
Namely, in this case we have ¢ = 1. Further, &« > 0 by (3). Indeed, if
a < 0, then upup4+1 < 0 for all large n. In particular, for £ = 2 (mod 4),
the inequality

k—1 k/2—1
H Upti T+t =1+ H Un4+2iUn+2i+1 < 0
i=0 i=0

holds for all large values of n, so (3) cannot hold with some rational number
y and m = 2. Thus, a > 0 and we may write

k—1
[I(X? =0 +5Xx* = Py(X)?,
i=0
and therefore
k—1
(57) [T(X = )X +0') = (Pa(X) = 62 X¥2)(Po(X) + to X2,
i=0
Hence, again we may partition the set {£o’ : i = 0,...,k — 1} into two

subsets, say A and B, each of cardinality k, such that

Py(X) - taX*? = TT(X - ),
€A

Py(X) + 1 X%2 = TT (X = o).
o'eB

(58)

Thus, we get the relation

(59) 26, XF2 = [T (X - &) - [](X - o).

o'eB €A
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Since k > 3 in this case, we may equate the coefficients of X*~1 to get

(60) =) e

0'eB oA
The above relation (60) may be trivial or not. That is, if there exists o € A
such that —p € A, then, as in the previous case, equation (60) leads to the
conclusion that there exist 4 > 1, indices 0 < iy < --- <, in {0,...,k—1},
and signs ¢, € {£1} for v =0, ..., u such that

W
(61) D e =0
v=0

The conclusion is again that o < 2. However, since ( = 1, it follows that
« is a quadratic unit of norm 1, and the smallest such is again at least
2 + /3 > 2, which is a contradiction.

Assume that (60) is trivial. In this case, whenever p € A then also
—o € A. But if this is so, since k/2 > 3, we may equate the coefficients of
X2 on both sides of (59), and since both A and B have the property that
once they contain an element they also contain its negative, we get

1 1
) syt
o'eEB €A
With ag = a?, equation (62) yields

k—2
ag_l = Zeiaé with some ¢; € {£1} fori =0,...,k — 2,
=0

which again leads to the conclusion that as < 2, which is impossible.
This completes the analysis of the case a € Q, and Theorem 1 is proved.
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