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1. Introduction

1.1. Background. The L-functions Ratios Conjecture of Conrey, Far-
mer, and Zirnbauer |[CEZI] [CFZ2| has been a very strong predictive tool for
computing statistics related to a wide variety of families of L-functions. The
conjecture is essentially a general recipe for averaging the values of ratios of
L-functions over a family. These averages can then be used to predict the
answers to deep questions about the distribution of zeros and values of the
L-functions.
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The Ratios Conjecture has been able to very accurately predict a wealth
of statistics related to families of L-functions, ranging from n-level corre-
lations and densities to mollifiers and moments to vanishing at the central
point [CS1| [CS2, [G-P [HuyMil|, [Mil3], [Mil5] [St]. One reason the conjecture is
so useful is that it usually gives its conjectured answer within a few pages of
largely straightforward calculations, as opposed to the in-depth and lengthy
analysis often required to make unconditional statements about these statis-
tics (e.g. |[ILS]). Moreover, the high degree of accuracy—the Ratios Conjec-
ture is expected to be accurate down to square-root cancelation—allows us
to isolate any significant lower order terms.

These lower order terms are of interest for several reasons. For example,
the main term of these statistics is often independent of the arithmetic of
the family. While Random Matrix Theory has successfully predicted these
values, it misses arithmetic @ which frequently has to be added in a some-
what ad hoc manner @ The Ratios Conjecture has the arithmetic of the
family enter in a natural way, and its presence is felt in the lower order terms.
These terms are important in studying finer convergence questions @ Addi-
tionally, the Ratios Conjecture also suggests alternative ways of writing the
lower order terms, and these formulations often clarify the cause of these cor-
rections. One instance is in the lower order terms of the family of quadratic
Dirichlet characters, where one of the correction terms is seen to arise from
the imaginary parts of zeros of ((s) (see [Mil3, [St]).

In this paper, which is a sequel to [Mil5], we investigate families of cus-
pidal newforms split by sign of the functional equation. We first set some
notation; see [IK| ILS| for more details and proofs. Let f € Si(IN), the space
of cusp forms of weight k& and level N, let B;(/N) be an orthogonal basis of
Sk(N), and let Hj(N) be the subset of newforms. To each f we associate
an L-function

L(s, f) = Z)\f(n)n_s
n=1

(*) There are now many families where the main term of the 1-level density agrees
with the random matrix predictions and the lower order terms differ due to arithmetic
features of the families; see [FT, [Mil2] Mil4l [MilPel, [YoI].

(?) For another approach to modeling L-functions which incorporates arithmetic, see
the hybrid model of Gonek, Hughes and Keating [GHK].

(®) For example, at first the zeros of L-functions high on the critical line were modeled
by the N — oo scaling limits of N x N complex Hermitian matrices. Keating and Snaith
[KeSn1l [KeSn2| showed that a better model for zeros at height T is given by N x N matrices
with N ~ log(T/27); we use this for N as it makes the mean spacing between zeros and
eigenvalues equal. Even better agreement (see [BBLM]|) has been found by replacing N
with Neffective, Where the first order correction terms are used to slightly adjust the size
of the matrix (as N — 00, Nefrective/N — 1).
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with completed L-function

N\? k—1
0y aen = (S) (s ) e = a0 s,
with e; = £1. The space H;(N) splits into two disjoint subsets, H; (N) =
{f € H{(N) : ¢4 = +1} and H_(N) = {f € H}(N) : ¢4, = —1}. From
equation (2.73) of [ILS] we have for N > 1 that

P LN o(en ),

24
thus a power savings in terms of the cardinality of the family will mean
errors of size O(N Y 2). We often assume the Generalized Riemann Hypothesis
(GRH), namely that all non-trivial zeros of L(s, f) have real part 1/2.

In this paper, we determine the L-functions Ratios Conjecture’s predic-
tion for the 1-level density for the family H(N), with k fixed and N — oo
through the primes, and we show that it agrees with number theory for suit-
ably restricted test functions. Recall the 1-level density for a family F of

L-functions is
1 log @
D150) = 17 3 305 )

feF ¢

(1.2) [H: (V)] =

where ¢ is an even Schwartz test function whose Fourier transform has com-
pact support, 1/2 + iy, runs through the non-trivial zeros of L(s, f) (if
GRH holds, then each 7y, is in R), and Q) is the analytic conductor of f.
As ¢ is an even Schwartz function, most of the contribution to Dy #(¢) arises
from the zeros near the central point @ thus, this statistic is well-suited
to investigating the low-lying zeros (the zeros near the central point). Katz
and Sarnak [KaSall [KaSa2| have conjectured that each family of L-functions
corresponds to some classical compact group which determines many prop-
erties and statistics related to the family. Specifically, for an infinite family
of L-functions let Fn be the subfamily whose conductors either equal or are
at most N. They conjecture that

Jim Dy (¢) — V()W () da,
where G(F) indicates unitary, symplectic or orthogonal (possibly SO(even)

(*) This statistic is very different than the n-level correlations, where we may remove
arbitrarily many zeros without changing the limiting behavior. Knowing all the n-level
correlations would give us the spacing statistics between adjacent zeros. To date we know
these correlations for suitably restricted test functions for L-functions arising from cus-
pidal automorphic representations of GL,,/Q if m < 3 (and in general under additional
hypotheses, such as the general Ramanujan conjectures for cusp forms on GL.,). See
[Hejl Monl, [RS] [Od1l [Od2] for results on n-level correlations and comparison of spacings
between zeros and random matrix predictions.
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or SO(odd)) symmetry; this has been observed in numerous families, includ-
ing all Dirichlet characters, quadratic Dirichlet characters, L(s, ) with ¢ a
character of the ideal class group of the imaginary quadratic field Q(v/—D)
(as well as more general number fields), families of elliptic curves, weight
k level N cuspidal newforms, symmetric powers of GL(2) L-functions, and
certain families of GL(4) and GL(6) L-functions (see [DMI], [DM2] [FT, |Gl
HRJ, [HuMill, TLS) KaSa2, Milll, MilPe, [OST] (OS2, RR) [Rol Rubl, Yo2]).

We briefly summarize what is done in this paper. In the next subsection
we describe the Ratios Conjecture’s recipe to predict the 1-level density
for a family. We state our main results in §1.3] and then discuss in the
next subsection why this is such an important test of the Ratios Conjecture,
perhaps the most delicate one to date. We begin the main part of the paper by
following the Ratios Conjecture’s recipe for the family of cuspidal newforms
of weight k and level N as N tends to infinity through the primes, and
determine the predicted 1-level density for this family. We then use the
Ratios Conjecture’s prediction to isolate lower order terms in the 1-level
density. Finally, in , we elaborate on computations from [ILS| to show
strong agreement between theory and the Ratios Conjecture (see Theorem
, which validates (for suitably restricted test functions) the computation
of the lower order terms.

1.2. The Ratio Conjecture’s recipe. For a given family of L-func-
tions F, we are interested in estimating the quantity

o L(1/2+ a, f)
Rr(a,7) = J;wfwa

where the wy are weights specific to the family. We use this estimate to de-
termine other statistics related to the zeros of the L-functions in the family
of interest. To determine the L-functions Ratios Conjecture’s prediction for
this quantity, we follow several steps. We describe the recipe in general, high-
lighting how we apply it for our family. See [CS1] for an excellent description
of how to use the conjecture for a variety of problems.

(1) We begin by using the approximate functional equation to expand
the numerator L-function, giving two sums and an error term. In the ap-
proximate functional equation, the first sum is up to x, and the second is up
to y, where zy is of the size of the analytic conductor of L(s, f). In following
the Ratios Conjecture, we ignore the error term. As our family is cuspidal
newforms of weight k£ and level IV, the approximate functional equation reads
(see [IK] for a proof)

Lis,f) = D 2%+ eX1(s) Y 7 + R(s. f),

nl—s
m<x n<y
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where R(s, f) denotes a remainder term (which we ignore in following the
Ratios Conjecture), and X7, (related to the functional equation for L(s, f))
is

(1.3 X1 = (

VRN F (1 - s+ 551)
271') (S+k 1) :

Note that X1(s) only depends weakly on f, as it is a function only of the
level N and the weight k.

(2) Next, we expand the denominator L-function through its Dirichlet
series via the generalized Mdbius function pf, where

1 (b

L(s, f) — hs

For cuspidal newforms, pi¢(n) is the multiplicative function given by

1 if r =0,

- —Ar(p) ifr=1,
pfp )= .

v’ Xo(p) ifr=2,

0 if r > 3;

here o is the principal character modulo the level N (so xo(p) = 1 if pt N).

(3) We now execute the sum over the family F, using some averaging for-
mula for the family in question. As we will be studying families of cuspidal
newforms in this paper, we use the Petersson formula (see Appendix A for
statements). As part of the Ratios Conjecture, we drop all non-diagonal or
non-main terms that arise in applying the averaging formula, and we ignore
the error in doing so. The test performed in this paper is very important
because the non-diagonal terms that are dropped are known to contribute
a main term to the 1-level density (see [ILS]); however, we still find agree-
ment between theory and the L-functions Ratios Conjecture’s prediction.
We discuss this in great detail below.

REMARK 1.1. In the original formulation of the Ratios Conjecture, in
Step 3 we are supposed to replace any products of signs of functional equa-
tions with their average value over the family. For families with constant sign
of the functional equation, there is no difference. Even though our families
are of constant sign, in our expansions above it is convenient to replace the
summation over the family by sums over all cuspidal newforms of weight k
and level N through factors such as 1 & €, as this facilitates applying the
Petersson formula. Following [Mil5], we consider a weaker version of the Ra-
tios Conjecture where these terms are not dropped. The analysis is similar,
and in Appendix C we see these terms (as predicted) do not contribute.
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(4) After averaging over the family (which, in our case, is facilitated by
the presence of the weights wy), we extend the sums from the approximate
functional equation to infinity. Often, we rewrite the sums as products before
extending them, in which case this step is just completing the products.

(5) In order to compute statistics related to the zeros, we typically differ-
entiate the average with respect to the numerator L-function’s parameter,
and set both parameters (o and ) equal. This gives an estimate for the
logarithmic derivative of the L-functions averaged over the family. We note
that thanks to Cauchy’s integral formula, the size of the error term does not
increase significantly when we differentiate (see Remark 2.2 of |[Mil5] for a
proof).

(6) The 1-level density can be obtained by performing a contour integral
of the differentiated average (which represents the logarithmic derivative of
L(s, f) averaged over the family) from the previous step.

1.3. Main results. We try to share notation with [ILS| IMil5] as much
as possible. The following infinite product arises several times in this paper
and in [ILS] (see their Section 7):

_ L L« )
v =11+ ) = 2 ol

p

Note the factorization given in [ILS] is wrong; fortunately their factorization
does give the correct main term, which is all that was studied there.

THEOREM 1.2. For R a constant multiple of N, the L-functions Ratios
Conjecture predicts that the weighted, scaled 1-level density is equal to

B 2logp ~(2logp log N ~
DLH?(N)%R(@ B Zp: plog R ¢< log R logR(b(O)

[e.9]

1
F2 liln(r)l S XL (2 + 2772'33) x(€ + 4mix)p(tlog R) dt

e}

2 I'" [k 2mit
—(= t) dt + O(N~Y/2Fe),
+logR_LF<2+logR>¢() +0( )

In §3] we confirm the prediction of Theorem [I.2] for suitably restricted ¢,
as specified in the following theorem.

THEOREM 1.3. Assume GRH for ((s), Dirichlet L-functions L(s,X),

and L(s, f). For even Schwartz functions ¢ such that supp(¢) C (—o,0) C
(—2,2), and for R a constant multiple of N, the 1-level density DLH;t(N),R(qS)

agrees with the Ratios Conjecture’s prediction up to O(N~1/2+e 4 No/2=14e),
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REMARK 1.4. Theorem[I.3[shows that the L-functions Ratios Conjecture
gives the correct prediction up to square root cancellation for supp(¢) C
(—=1,1), and up to a power savings for supp(¢) C (-2, 2).

Because the lower order terms in the 1-level density can be applied to

several problems, we isolate these terms. The most important is the 1/log R
term, which is used to compute Negrective (see footnote . It is given by

THEOREM 1.5. The L-functions Ratios Conjecture predicts that, for any
fized 6 > 0,

1 2logp ~(2logp 1
Dyt o0l = i 35 = Je0

p
og NQ
0 sm(27rt logR )
+ t)dt
Soo( o )¢<)
(g log%
logR log R
log N ~ 2 T I'(k 2mit
| 2+ = o) dt
log R $(0) + log R _5}0 r <2 * logR>¢( )
+O((log R) 2179,
where , )
logp ¢ I (k
m =2y — 2 —4>(2) —2—1{ = ).
! Z p(p+1) C( ) 72T (2>
In particular, let £ = log 757 (note ¢ ~ 1, as we take R to be a constant

log R
multiple of N ). Then, for ¢ satisfying supp(¢) C (—=¢,0), and for any A > 0,

1 2logp ~(2logp log N ~
D =

2 T I'(k 2mit 1

— =+t — t)ydt+ O ——— ).

+ logR_L r (2 + logR)é( Jdi+ <logAR>
We note that by Theorem (which assumes only GRH for ¢, Dirich-
let L-functions, and L(s, f)), the L-functions Ratios Conjecture’s predic-
tion from Theorem can be proved to be accurate for any ¢ satisfying

supp(¢) C (—2,2).

REMARK 1.6. While performing the analysis contained within this pa-

per, the authors originally determined Theorem as a prediction of the
L-functions Ratios Conjecture. Using the L-functions Ratios Conjecture to
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determine the lower order terms was significantly less involved than show-
ing agreement between the theory and the conjecture, as the Ratios argu-
ment avoided the difficult analysis of the Bessel-Kloosterman terms. This
is an excellent example of the L-functions Ratios Conjecture being used to
streamline the computation of quantities like the lower order terms in the
1-level density.

1.4. Discussion. In [ILS], the main term in the 1-level densities for
H,;t(N) was computed for test functions ¢, where supp(a) C (—2,2). We
extend these results by computing all lower order terms down to square-root
cancelation in the family’s cardinality. We first use the Ratios Conjecture to
predict the answer, and then generalize the analysis in [ILS| to show agree-
ment. A similar test of the L-functions Ratios Conjecture was performed
by Miller [Mil5] for the family H}(N), where there is no splitting by sign
of the functional equation. We briefly comment on why our test, namely
splitting the family by the sign of the functional equation, is of significant
interest.

In the analysis performed in [ILS], we see that the terms arising from
splitting the family by the sign of the functional equation contribute equally
and oppositely for opposite signs of the functional equation. For ¢ so that
¢ is supported outside (—1,1) but within (—2,2), it is shown that the non-
diagonal Bessel-Kloosterman sums (which arise from applying the Petersson
formula) contribute a main term to the 1-level density; these terms did not
contribute a main term when Supp(qg) C (—1,1). In other words, for small
support these non-diagonal terms were not significant, and only became a
main term as the support increased.

Because of this, we were concerned about the results from the third
step in the Ratios Conjecture. That step involves dropping the non-diagonal
terms, and from the analysis in [ILS] we know that, in fact, the non-diagonal
terms contribute a main term. This makes for a terrific test of the Ratios
Conjecture—significantly better than the test in [Mil5] (as the test there did
not split by sign of the functional equation; the non-diagonal terms’ contri-
butions cancel each other out). We ultimately find, however, that the Ratios
Conjecture “knows” about these non-diagonal terms, and is able to deter-
mine both the main term and lower order terms that arise in splitting the
family by the sign of the functional equation. This phenomenal agreement
was somewhat surprising

Another reason that this test of the Ratios Conjecture is so important
is that it is a great example of the predictive philosophy of the Ratios Con-

(°) Tt is only somewhat surprising as the Ratios Conjecture’s predictions have been
shown to hold in numerous cases, which convinced us to have faith.
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jecture. The analysis of the non-diagonal Bessel-Kloosterman sums in [ILS]
is very involved and technical @ and a great deal of effort must be put
into determining their contribution. In contrast, we completely ignore these
bothersome terms in the Ratios Conjecture analysis, and still come to the
same conclusion. In fact, most of the analysis on the Ratios Conjecture side
of the computation is relatively standard, e.g. dealing with contour integrals
(perhaps with a pole on the line of integration, at worst).

Finally, in the 1-level density expansions, the Ratios Conjecture predicts
a term involving the integral of ¢(t) against an Euler product. In all other
families studied to date [G=P| [Mil3, IMil5|, either there is no product term
(as in the unitary family of Dirichlet characters), or the product term is
of size O(|Fn|~1/2%¢) (as in the family of quadratic Dirichlet characters or
all cuspidal newforms). This family is the first time that the product, which
depends on the arithmetic of the family, not only contributes significant lower
order terms but also a main term; this is the first test where the arithmetic
of the family has played such a large role.

2. The Ratios Conjecture

2.1. Preliminaries. In this paper, we are interested in verifying the
L-functions Ratios Conjecture by comparing the conjecture’s prediction for
the weighted 1-level density for the families H ,;t(N ) of L-functions for cus-
pidal newforms of weight k£ and level N, with sign of the functional equa-
tion £1.

The specific quantity we are interested in is

log R
D1,H,;F(N);R(¢) = Z w?(N) Z ¢<'Yf 02g7r )’

+ ol
fEHE M) L(1/24i%7.)=0

where ¢ is an even Schwartz function whose Fourier transform has finite
support, and so can be analytically continued to an entire function.

(%) In fact, when Hughes and Miller [FluMil] study the n-level density (or nth cen-
tered moments) of cuspidal newforms, they encounter a multi-dimensional analogue of
these sums. To avoid having to evaluate these directly, they convert their sums to a one-
dimensional Bessel-Kloosterman sum by changing variables, which leads to a new test
function. The resulting answer looks very different from the Random Matrix Theory pre-
dictions, though, because RMT was expecting an n-dimensional integral to be evaluated.
The two answers are shown to agree through combinatorics, which, though involved, are
more pleasant than generalizing the results from [ILS]. A nice offshoot of this analysis is
a new formula for the n-level density which, for restricted support, is more convenient for
comparisons with RMT than the determinantal formulas of Katz and Sarnak. Formulas
such as these are useful, as it is not always easy to see that number theory and RMT
agree (see for example Gao’s thesis [Gaol).
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We describe the weights w}t(N ). As in [Mil5], we need to investigate sums

such as
Z /\f (n).

feH}(
To avoid technical difficulties @ we introduce weights, and instead consider
D wr(N)As(m)As(n),
fFEH(N)
where the wy (V) are the harmonic (or Petersson) weights. These are defined
by
I'k—1)
(4m)F=(f, )N
These weights are almost constant in that we have the bounds (see [HL Iw])
(2.1) N™17¢ «, ch(N) <p N7t
if we allow ineffective constants we can replace N¢ with log N for N large.
The weights w}t(N ) are just twice the modified Petersson weights w}(N).
We multiply them by a factor of 2 due to the fact that roughly half of the fam-
ily H}(N) has odd, and roughly half has even sign of the functional equation,

and so multiplying by 2 gives a better normalization of the weights. These
weights simplify the Petersson formula (see Appendix A for statements).

wi(N) = where (f,f)v="| [ ()" dudy.

To(N)\H

REMARK 2.1. Technically we should use the weights w¢(N)/w(N), where
w(N) = ZfeH;;(N) w¢(N), as we do not include the level 1 forms. As N — oo

and there are O(1) such forms, this leads to an error of size O(N~1%¢), which
is much smaller than our other error terms. Thus we may safely use these
weights. See §1.2 of [Mil5] for a complete explanation of the choice of weights.

2.2. The Ratios Conjecture’s prediction
THEOREM 2.2. For R(a),R(y) > 0, the Ratios Conjecture predicts that

L(1/2+a, f)
Re(N):= Y wf(N)——22
feHi(N)f L(1/2+7, f)

1
= H ( 1+a+7 + pH%) + X7 (1/2 + )

1 pl—a-i-’y
] (1+
C(l —a+ ,-Y) . p1+2'y(p1—a+’y — 1)

) + O(N~Y2e,

(") In [ILS] much work was done to remove these weights; following them and [Mil3],
we may consider the unweighted sums as well. The unweighted sums are important for
investigating bounds for order of vanishing at the central point; see [HuMil|.
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Proof. In order to compute the 1-level density, we follow the steps in the
Ratios Conjecture to determine

(29) Re(V)= Y wrL2Eo))

L(1/2
ferEm (1/2+7, )
_ " — 15 (h) Ag(m)
= > xS ) | S i
JEH}(N) h=1 m<x

+epXp(1/2+0a) Y :f/g’fq .

n<y
We now split this into two sums through the factor 1 & €;. Note that
we use 1 & € instead of (1 £ €f)/2 because w}t(N) = 2w};(NV). We assume

R(a), R(y) > 0 wherever necessary, as this is the only region we need to
consider. We have

Ri(N) =
> Gy [zlm+wmmﬂz<ﬂ
FEHE(N) gl m<z n<y
- Ag(m) Ap(n)
+ wi(N Z /2+7 [Ef Z ml/2+a +X1(1/2+a) Z nl/2—a |’
fEH(N) h=1 m<z n<y

Following the recipe of the Ratios Conjecture, we ignore terms involving
the sign of the functional equation, as the sum is over H}(N), and for N
prime and greater than 1, the average sign of the functional equation is 0.
We note that by an argument similar to that in [Mil5], it can be shown that
both terms involving the sign of the functional equation here are O(1/N),
so we need not assume this strong version of the Ratios Conjecture (see
Appendix C for more details).

Thus, we define

_ c o S Hr(h) Ap(m)
S1= D> wil) hl/2+7 > ml/2ta’

FEH(N) h=1 m<ax
Spi=% 3 i ) X, (/2 + 3 As(n)
2= wi(N /2+7 L(1/2+a) /2o’
fEH}(N) h=1 n<y

and so we are left to consider S; 4 Sa. Following the steps in [Mil5], we get

1 1 —1/24€
51 = H (1 T pltaty + p1+2'y> +O(NTY2),

p
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Sy =+ X (1/2 1 1 p et
2=+ X1/ +a)€“(10£+7)1;[( +p1+27(p1‘”71)>

+ O(N_1/2+6).

The computation for S; was done in §2.2 of [Mil5]; the computation of S,
follows analogously. =

REMARK 2.3. The error terms arising above are added somewhat ad-hoc.
They are only there because that is the level to which the L-functions Ratios
Conjecture is expected to be accurate.

We now differentiate with respect to a to determine

L'(1/2 + a,
s iR
feH;E ’
note the differentiation does not increase the size of the error term (see
Remark 2.2 of [Mil5]). After determining this sum, we set &« = v = r to
prepare for the contour integration to compute the predicted weighted 1-level
density.

LEMMA 2.4. For R(r) > 0, the Ratios Conjecture predicts that

L'1/2+rf)
> W) L(1/2+ f)

FEHZ(N)

> ( lj’_%;j,) T X1 (1/2 4+ r)x(2r) + O(NV2+e),

where x(s) is defined as

Proof. First, we take advantage of the following expression for %Sl (a,7):

dSl (O[, ,Y)

da = Sl(a77)i10g(sl(a’7))

(2.3) —

a=y=r a=7y=r

We now compute -& log(S1(a,7)):

d d 1 1
% log(Sl (Oé, ’7)) Z df 10g< p1+a+,y + p1+27>

log p

—Z _1+a+v logf) _Z - @

-
pltoty + pit2r plTaFy + plt2y
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With this, by equation (2.3 we have

T 1
DY oy ke

Q=T7=r p p p

dSl (O[, 7)
do

Next,

1 plfoﬁ'y
Sy =+Xr(1/2+ a)m 1;[ (1 + Pl (pl-a+y — 1)>
_S5(ey)
(I—a+7y)

We now use the following observation (see equation (2.13) of [CS1]). For a
function f(z,w) which is analytic at (z,w) = («a, @), we have

d  fley) _
da ((1—a+7)|,-, = flaa).
Thus, we have
dSz _ . p
o s =-=55(r,r) =FX(1/2+7) 1;[ (1 + 7@ — 1)p1+27">'

Summing the expression for the derivative of S; with that of Ss gives the
lemma. =

2.3. Weighted 1-level density from the Ratios Conjecture. We
now evaluate a contour integral to determine D, HE(N),; r(®). We first calcu-
A ’

late the unscaled 1-level density, written as S, HE(N) (g9), where g is related
to ¢ by g(t) = qb(“;grR). With this choice of g, a change of variables shows
Dl,H,jE(N);R(d’) = Sl,Hff(N) (g). Note that SLHéE(N) (g) should not be confused
with S7 above (to which we will no longer refer). Let ¢ € (1/2,3/4) and set

Sy (9) = Z W;(N)ZQ(W)
vf

fEHE(N)

1 <S_ S > Z w}(N)II{(S,f)g(—i(S—1/2))d5'

T omi
(© (107 feHF(N)

Because of its ultimate similarity to the integral over R(s) = ¢, we begin by
considering the integral over (s) =1 — c.

For ease of writing integrals, we introduce the following notation: let
G (s) = g(=i(s—1/2)), G_(5) = g(—i(1/2—s)), and G(s) = G4 (5)+G—(s).
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Note that G+( = G_(1—s). Thus, we have

= ( )0 )Gu o) ds

(1—¢) feHE(N

_LS [ Z wf(N)i(l—c—i—zt f)G+(1—c+zt)]z’dt

271
—% " feHE(N)

~2 V| T smia-erinnein- erin)a

o0 T fEH(N)
By the functional equation L(s, f) = €, X1(s)L(1 — s, f), we have

L X/ r
O =5 =36 - LD

This gives us

—00 ’

X/
| :_%S > wf(N)[XL(cHt)—é(cﬂt,f) G_(c+it)dt
(1-0 % feHE(N) -
1 T /X,
=5 | (}é(cﬂt))c:_(cﬂt)dt

Ly - . .
T or S Z Wf(N)f(c‘f'lt,f)G_(c—i-zt)dt.
—% fEHE(N)

Let the first integral on the right hand side be denoted by S X, and the
second by SZ‘C). Then we have

* 1 L
S =95 S Z W}E(N)f(&f)Gf(S) dt.
(c) (c) feHE(N)

Now, note that

(2.4) Dl,Hki(N);R(d)) = Sl,H,f(N)(g) = S +S a S )
(0 (o Xo

By a simple contour shift and change of variables, we see that

1 oe] / oo /
= — t)G_ it) dt = 1/2 + 2mit)p(t ] dt.
XSL 3r | xyletO-(erid= | H(1/2+ 2nit)o(tlog )

We continue to simplify this integral through the definition of X (equation
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(1.3)), which gives the formula

S /

X
25 - | Xf(l/z + 2mit)¢(tlog R) dt
_ log N ~ 2 ' (k 2mit
N logR¢(0) T iosR log R Soo r (2 + log R>¢(t) dt.

We now evaluate S( ot SE‘C). To begin, we state a lemma from [Mil5] that we
use to improve the convergence of the product in the expression from Lemma
2.4 We note that finding factorizations such as the one from the following
lemma is an important part of applying the L-functions Ratios Conjecture.

LEMMA 2.5. Let R(u) > 0. Then

SRS | [ (-

p

¢(2) pt—1
“era +u)l;[ (1 p(p' T+ 1))'

Here we note that the product on the right hand side of the expression
in the lemma converges rapidly, as each term is equal to 1 + O(1/p?). We
only use this lemma to note that the product on the left hand side of the
expression in the lemma converges for R(u) = 0 as long as S(u) # 0.

Applying this new expression for the product to the estimate from Lemma
2.4l we perform the following deductions:

* 1 1
1) [+ =57 [z
(©) (o) () = P

F Xi(s

el (= ) o

1 logp
=5 (S)zp: s Gls)ds

2s—1 __ 1

1 ¢(2) p
— |\ X ——((2 l——— ds.
+ o (§) L(S)C(4S) ( S) ];[ ( p(pgs + 1) G(S) s
We thus have the following two integrals to consider:

Ty = | XL(S)C(QS) @2s)]] (1 - M)G(s) ds,

p(p? +1)
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We note that the choice of subscript for 77,75 has been made for agreement
with corresponding terms in the theoretical evaluation in Section [3] We first
determine the contribution of T5. Some care is needed in its analysis, as we
cannot use the Fubini—Tonelli theorem to interchange the integration and
summation due to the divergence of the absolute value of the integrand.

tlog R

LEMMA 2.6. For g satisfying g(t) = ¢(=5=

expression for Ty:

), we have the following

1 1 2logp [ 2logp 1 2logp ~(2logp
T =5 g iy et -
27 27 > P 27 log R > p log R
Proof. We want to compute

T = | (Z 1;55)(;(8) s
() > P
with ¢ > 1/2. Let us write c=1/2+ 6, so § > 0 (and s = ¢+ it). While the
prime sum has a pole when s = 1/2 (it is essentially ¢’'(2s)/((2s), differing
from this by a bounded factor from the sum over prime powers), this series
converges absolutely when ¢ > 0. In fact, let X be an arbitrary parameter
to be determined later. Then

log p log p 1
Z 55 | = Z piT2o < Z plr2i— (as logp < pf)

p>X p p>X p>X
oo
< Z n—(14+20-6) S u—1+20-9) 1,
n>X X

< X_26+€.

logp logp logp
Z p28 = Z p23 + Z p23 :
p p<X p>X

We thus write

We now evaluate the following two integrals:

I = S G(s) Z loip ds, I:= S G(s) Z 10%3 ds.

(c) p<X p (o) p>X p

We will change variables to replace g by ¢, where g(t) = <Z>(“°g R ) A straight-

forward computation shows that g(&) = Tog R¢(27T£ /log R).
We show Iy can be made arbitrarily small by choosing X sufficiently
large. As ¢ =1/2+ 4,

G(s) =g(t —id) + g(—t+1id) = ¢<(ti;57)TlogR> + ¢((t+;'(75r)logR>7
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where R = k%N is the analytic conductor for our cuspidal newform (we will
take k fixed and N — oo through the primes). Using the bound from Lemma
we find for any n that

¢<(t—i;57)T1()gR> K p.p €XP (2m )(t2 + (6/log R)*)™

< R J(t? + (6/log R)H)",

dlog R

where Supp(g/f)\) C (—o,0). This implies that I3 can be made arbitrarily small
by choosing X sufficiently large:

R 20+
I - X T ds.
»< | Gy ’
(&
As ds = idt, we see the t-integral converges, and is at most a power of

log R. We are left with the factor R°?/X?0~¢; if we choose X large, such
as X = R(201100+2011)/(26—€) "then this piece is bounded by R~1/2 and thus
negligible; in fact, this piece tends to zero as X — oo.

We are thus left with analyzing I;. Fortunately now we have a finite
prime sum. It is thus trivial to interchange the integration and summation
(especially as g is bounded). We now have

I = Z log p S G(s)p~% ds.
p<X ()

For each integral, everything is well-behaved, there are no poles, and thus
we may shift the contour to ¢ = 1/2. This gives

I = Z log p OSO (g(t) + g(—t))p~2tidt = 2 Z logp S (t)p~ 2 dt.

p<X p —oo p<X —o0

The integral is now handled as in |[Mil5] (we have dropped the 1/27i that
should be outside these contour integrals; that will cancel with the i here):

i ‘ R o 21
V gp?*dt= | g(t)e ™ <2125”>tdt:§< ng>_

2

—00 —00

) logp _.(2logp
L =2 .
=2y (2

p<X

Therefore

2logp

If X is sufficiently large, g( ) = 0 as g has compact support. Thus if X
is large we may extend this sum to infinity with no error, or, equivalently,
sending X — oo means Is does not contribute and thus our original integral
is just 1.
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Since g(&) = Qg“Rgg(%r&/log R), we have

lo
1 _/2logp 1~/ _logp
—9g = ol 2 & .
27 27 log R log R
So, we have just shown that

1 1 2logp _[2lo 1 2logp ~(21o
T = gpg gr\ _ Z gp¢ gp 7
271 27 - P 2 log R B P log R

as desired. =

We now consider the integral
¢(2) pP -1

Ty = (S)XL(S)MS)C(QS) 11 (1 — p(pzsm)a(s) ds.

By equation ([2.6) (which includes the definition of x), we have

T = S Xr(s)x(2s — 1)G(s) ds.
()

To show agreement between the L-functions Ratios Conjecture’s pre-
diction and the theoretical evaluation of the 1-level density, we note the
following;:

LEMMA 2.7. We have the following expression for Ti:
o
T, = 4mi hl%l S X1,(1/2 4 2mix)x (e + 4mix)p(tlog R) dt.
€
Proof. We begin by noting that as the only singularities in the integrand
in the region of interest arise from y, and the only singularity from x occurs
at s = 1/2, the integral is not affected by taking the limit as ¢ | 1/2. So

T = cllilr% (S)XL(S)X(QS —1)G(s)ds

Cc

oo
= ililnol | X0(1/2+ e+ it)x(2e + 2it)G(1/2 + € + it) dt.
€
For a fixed value of ¢, we then shift the contour by s — s — ¢, and as this
does not pass any singularities, we have
o0
T, = ilifg | X0(1/2 +it)x(e + 2it)G(1/2 + it) dt
€

[e.9]

:22'11%1 | Xp(1/2 +it)x(e + 2it)g(t) dt.
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Finally, changing variables to express the integral in terms of the function
o(t) = g(2nt/log R) gives the lemma. u

REMARK 2.8. It is important that the input to x comes in with a factor
of two, as this allows us to greatly simplify the analysis by using a simple
contour shift. If the input was e 4+ 2it instead of 2e + 2it, the result would
still be true, but would require a deeper analysis.

We can now prove Theorem [1.2]

Proof of Theorem . Combining the expressions from equations ([2.4)),
(2.5), and (2.7) with Lemmas and we deduce Theorem n

2.4. Lower order terms. We now evaluate the lower order terms in
the predicted 1-level density.
LEMMA 2.9. For fized 6 > 0, we have the following estimate for T} :

log
] 47
sin (27Tt Tog I

2rt

= ig0) OSO < >)¢(t) dt

—0o0

(- 2y lon ¢,

p+1) <2 I'(k/2)

5(10’34]7\rf2> + O((log R)~2(1-9)
log R & ’

Proof. We begin by evaluating 77 while ignoring the constants in front
in the statement of the lemma. We observe that the infinite product in the
integrand converges for R(s) > 0, and the only singularity of the integrand
in the region R(s) > 1/4 comes at s = 1/2 from the pole of {(2s). In or-
der to evaluate this integral, we shift the contour to ¢ = 1/2, except for
a radius € semi-circle around the singularity at s = 1/2. This leaves us to
evaluate

00 2t
2 PV _§>OXL(1/2 n it)c(;fiit)g“(l +2it) 1;[ (1 - p(]i"'%t—i—ll)>g(t) dt

: ¢(2) p*l -1
+ IS%SXL(S)g(st)C(ZS) 1;[ <1 — p(pzS+1)> G(s) ds,

€
where PV means we take the principal value of the integral. Denote the prin-
cipal value integral (which is taken around ¢ = 0) as {,, and the € semi-circle
integral as §_.
We begin by evaluating {_. As ((2s) has a pole of residue 1/2 at s = 1/2,
and all of the other terms (besides G(s)) in the integrand take the value 1 at

P
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s = 1/2, we see that the integrand has residue G(1/2)/2 = ¢(0) at s = 1/2.
As the path of integration is only a semi-circle, we get half the contribution
of the residue, and we deduce that

2s—1 __
lim ) X (s) < (2s) 1;[ (1 = pl)G(s) ds = 2m‘9(20) - 2m'¢(20).

C(4s) p(p* +1)

€

We now determine the contribution of § p to the 1-level density down

to an error of O(l/logQ(‘S*l)R). First, we change variables to express |, in
terms of ¢(t) = g(t2m/log R), giving us

Ami T 1 2mit ¢(2) it
= pv |\ X, (= : 1+ ——
ISD log R _io L(Q * logR>C(2+ 1igl§)<( - logR)

4mit/log R __ 1

H <1 - p(]i+47rit/10gR+ 1)>¢(t) dt.

p

We now rewrite the X term through the use of its definition:

Xy(s) = (W)l_QSF(l — s+ 1)
) i)
L<1 . 2m’t> _ (z\fz)—i’;’ér(%%;g +;;) _ e—?ﬂtbig% F(;;%;éf +§).
2 logR Am F(logZR +3) F(logZR +3)

Note that this I" ratio is always of absolute value 1, as I'(z) = I'(z) for
R(z) > 0. Because of this, we write this ratio as &(¢/log R).

For ease of notation, we define the function M as follows:

t _ 6(2) ¢ p47rit/logR -1
- M(logR) T2+ =) Qj<10gR> 1;[ (1_p(p1+4””/1°g3+ 1)>'

log R

We now split the integral into two pieces which we will analyze separately:

. (log R)? log _N_ .
47 Corit—® 4x? t 4it
Jp = PV log B V[ 1 t)dt
= _(loi R (m R)c( o R)¢<> |
Ami it B Ari
Jo = I 7TZR S e 2mit oz 1 M<1tR>C<1 + ] WZ;)gb(t) dt.
%8 41> (tog R)? o8 o8

First, we analyze J;. We begin by replacing ¢ (1 + lﬁgz};) with just the

first two terms in its Laurent expansion, (1255 +y+cr (lingtz) + ), where

v is Euler’s constant. By doing this, we introduce an error of size
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(log R)°

1 t ¢
2.9 -+ JO(1) dt
(29) log R S <CllogR T (log R)? * > (1)
—(log R)?
1 = (2011 (log R)%)7+1
o 15 ColosR))
log R ot (log R)7
1
26—2 2(6-1)
< (log R) | Souos A < (log R) .
log R
We are left with determining
(log R)° , log -1V
* 1 471'1’)/ —9mit € 42 t
Ji =PV - log R t)dt.
! S <t+logR>e ’ log R o(t)
—(log R)®

As M(t/log R) is analytic for |t/log R| < 1/2011, we take the Taylor
expansion

M ! =mo+m o +m - 2+
logkR) "\logR *\log R ’

and note that m; < 20117 as the Taylor expansion converges in |t/log R| <
1/2011. Note that as we are considering only ¢ satisfying |t| < (log R)?, this
expansion will hold over the entire region of integration if R is sufficiently
large. We are left to consider

(log R)° , log -1V
1 4 it = anZ t
PV S =4 T ) e it mo+mi| —= | +--- |o(t)dt
t logR log R
—(log R)°

By the evenness of ¢ and cosine, and the fact that we are taking a principal
value integral, the mg term paired with the 1/¢ and the cosine term from
the exponential will give no contribution to the integral.

Note that mg = 1, as all factors in M have value 1 at ¢ = 0. Thus, the
contribution from the sine term will be

(log R)° N
. . log An2
—(log R)®

We now note that there is a $ﬁ outside the 7). Taking this into account,

this term gives
N

(log R)° sin<—2ﬂtlogm>
log R
¥ < o () dt
—(log R)°
lo
oo ssin( 27t 4]”%2
= | ( ( M >>¢<t>dt+oA<<logR>—A>,

— 00
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for any large A. Note that this error term is small due to the rapid decay
of ¢. Next, the fgg;’? term will give

. (logR)® log N . N
dmiry —2it—Ax2 dmiy ~(log 12 —A
ek B(t) dt = ) L O((log R
log R ) e o) dt =1 R g ) T OB R,

—(log R)®

which, with the IF% in front of T3 results in

2v ~(log 4% A
T O((log R .
log R < log R +O((log B)™)

We now determine the contribution from m;i. By similar arguments to
those above, pairing 47ivy/log R with mq(t/log R) will give a term of size
O((log R)~2(1=9)_ If we pair m1(t/log R) with 1/t, however, we get

:F

1 _omi
S - 2mit 1 R m]_ L ¢( )dt
log R
(log R)S,P

m (IOgR)J . logﬁ

=jer ) TR g
5 oz s

N

my ~(log 1= _

=g i qﬁ( 10g4R2) + O((log R)™™).

In Appendix D we show, through a standard computation, that

- Q) Tk
= ZZ p+1 ~STg) T F<2>'

We now show that the remaining parts of the integrand that we have not
yet considered do not contribute significantly to J;. As the Taylor expan-
sion converges absolutely, we can switch integration and summation. The
exponential in the expression for J; is of size O(1), so we can ignore this
term in the evaluation, as we are only looking to bound above the integral of
the remaining terms, and we use no cancellation in determining the bounds.
Define

(log R)° tj_l
S; = S mj———¢(t) dt
(o R’ (log R)J
Then, as ¢(t) = O(1), we have
j (logR)®

2011 . . .
(2.10) S < (11%> | [ dt < 20119 (log R) 979,
%8 og Ry
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Now, as the previous estimate was uniform in j, if R is sufficiently large (so
that (log R)® > 2011) we have

> 20112/ (log R)%(1—9) 2(5-1)
;SJ < T 2011 Qog Ryp < Uos BT

Therefore, the rest of J; just gives an error of size O((log R)>0~1), and we
have shown that

. log X5
1 oo ,gin (27rt log‘lﬁ )
—J1 ==x t)dt
:F2m' ! _SOO ( 2mt >¢( )

2 +ma/2mi ~(log {1z —2(1-5
P (255 ) 1 Of(tog ) H-0),

Now, to show that Js is small, we use the rapid decay of ¢. First, however,
we must estimate the terms in the integrand, and in particular, in M(¢).
As previously explained, both the exponential and the Gamma factors of
Xr(1/2 + it) are of size O(1). Next, note that from the Dirichlet series
expansion of (2 + 8wit/log R), we have

8mit
2—-((2)< (2 < ((2
(@) <624 g <<
so ((2)/¢(2 + 8mit/log R) = O(1). The infinite product is also O(1), as each
term is bounded between 1—2/(p? — 1) and 1+2/p?. Finally, as L-functions
are polynomially bounded in vertical strips, let B > 1 be so that

4mit logR g
1 7.
C( * logR> < t *

Now, ¢ is Schwartz, we have ¢(t) < t=40 for any Ay. Thus the entire inte-
grand is of size O(((log R)/t +tP)t=40). Therefore, for any A, we have (with
an appropriate choice of Ag)

T log R
B< | (( Oi + tB>tA0> dt < (log R)™.
(log R)?

So, we have J; < (log R)™, and combining this with the estimate for Jj,

we arrive at

log 47%

1 0 sin(27rt logR>
AR e L

— 00

2y 4+ my /2w \ ~ 10g% —2(1-46)
;( g 7 >¢<1ogR + O((log R) ),
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and so

oo sgin 27rt dn?
¢%T1 — Fo(0) | ( < o )>¢(t) dt
™ 2

e 27t
2y +my /270 ~ 10g4 3 —2(1—§
s O((log R)~2(1-9)
#2514 0o )09,

giving the statement of the lemma. m
We have thus shown that

« 1 2logp ~(2logp 1
(S)+(S)_logRZ P ¢<logR>:F2¢(0)

N

oo sm(27rt 10gR2>
+ | < oo o(t) dt

—00

2y +my/2mi\ T log 1oz
R omt —A1 ) p(t) dt
i ( log R > §>OC08< a log R o(t)

+ O((log R)~2(1=9)),
Combining this with the fact that D, HE(N)R (¢) =5, Hi(N)( g), and that

SLH;E(N) = S(C) + S?c) §x, + gives Theorem . 5. We also note that by similar
arguments, if we continue to treat individual terms in the Laurent expansions

for M(t/log R) and Ci 1 + 4mit/log R), as opposed to how they are treated

in lines and (2.10), we see that for £ = 10g(N/47r )/log R, if supp(qb)
(—£,0), then all lower order terms are < 1/(log R)* for any positive A. This

proves Theorem [I.5]

3. Number theory. In this section, we expand upon results from [ILS]
to show agreement between the L-functions Ratios Conjecture and theory
for the family H ,;t(N ); specifically, we prove Theorem We begin with
the explicit formula from [ILS| equation (4.11)]:

log N ~ 2 I' (k  2mit
(3.) mﬁmM@—Mwan%Rip( et
~(vlogp\ _,logp
SV ICD I SRR e
- log R log R
fEHE(N) pov=1

where af(p) + B¢(p) = Af(p), and af(p)Bs(p) = 1. We now note that to
determine the above quantity, we convert the sum to a sum over all f €
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H}(N) and split by the sign of the functional equation as follows:

o0

X/
(32) Dy g wyr(9) =~ | X—i @ + 2m’t> ¢(tlog R) dt

y y ~(vlogp\ _, o logp
30 Y@+ 3ot )

where €; = *u(N)NV2)\;(N). We will split the sum by the factor 1 + ¢y,
and consider the two pieces separately. Also, we remove the contribution
from the prime p = N, which we can do as this term gives a contribution of
size O(N~1/2+e),

The $(0) piece and the I'"/I" integral arise naturally in both the theory
and the prediction of the L-functions Ratios Conjecture from the functional
equation. For each of the two pieces arising from 1 & €y, we split the re-
maining summation into three cases: v = 1, v = 2, and v > 3. We will see
that, for suitably restricted ¢, the contribution from v > 3 is negligible, the
contribution from v = 2 corresponds to that from 75, and the contribution
from v = 1 corresponds to that from 77.

REMARK 3.1. Though H}(N) contains only newforms, we still use the
Petersson formula that involves summing over all cuspidal modular forms of
weight k& and level N. This is legal because, as we are restricting the level N
to be prime, there are only finitely many oldforms (those of level 1), and the
Petersson weights are uniform enough (see ) to cause the contribution
from the oldforms to be of size O(1/N'~¢), which is much smaller than we
hope to detect.

We now include a simplified version of equation (A.8) from [Mil5], a
version of the Petersson formula (see also Appendix A).

LEMMA 3.2. For N prime, with k fived, and (m,n) =1, we have

37 WHMAm)A(L) = 8(m, n) + O((mN)*/N)
feH;(N)

+0

<N<¢<m, BT (iw) e 2o ).

We begin by showing the contribution from v > 3 is negligible. Note the
following formula (for v > 1, p # N):

(3-3) af(p) + Bf(p) = A (") = A (0" 7?).
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With this, we can simplify the piece under consideration to:

~(vlogp log p
j: N1/2 v
Z Z PN )’ Z¢<logR p’/2log R

ac{0,1} v=3 p#N
D wHINDE) = AN (N,
fEH(N)

where the sum over a is how we split the factor 1 & ¢y.
LEMMA 3.3. For supp(¢) C (—o,0), we have Vy < Ne=3/4+0/4,

Proof. Note that as g/ig has compact support (Supp(qg) C (—o0,0)),

5 vlogp logp _0 1
logR ) p*/2logR  \p/2)’

as only primes up to N°7¢ will give a non-zero value of $ (as we will take
R to be a constant multiple of V). Thus the previous expression is bounded

by

00 No'/t/+e
Ba Y Y Y N Y WA (DY),
ac{0,1} v=3 p#N p fEH(N)

be{0,2}

We now note that as p # N and v — b > 1, we have (N¢,p*~%) =1, and so
we use Lemma |3.2} ﬂ to get that the expression from equation (3.4)) is

o Na'/u+e

CL 1 N a v
« T OSSN

ac{01}v=3 pzN P

be{0,2}
co NO/vte No/3+e )

<<Z Z l,/4N€ 3/4<<(1OgN)Ne 3/4 Z i < N 3/4+U/4 -
v=3 pzN P — Y

Thus, by ignoring the terms with v > 3, we introduce an error of size
O(N~Y?*¢) for 0 < 1, and we retain a power savings for o < 3.
We now show agreement between 75 and the v = 2 piece. By equations

(3.2) and (3.3]), the v =2 piece gives the contribution Vo := ZaE{O,l}, be{0,2} Sy,
where
. ~(2logp logp
S = (N2 3 5 o)
= logR /plogR
D WHN) (DA A (V).

FEH(N)
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LEMMA 3.4. For Supp((}\) C (—o,0), we have

~(2logp\ logp —1/24 /2-14
> S;:—qu( > +O(N €4+ N° .
et} oy logR /plogR

be{0,2}

Proof. Note that SY gives the contribution
Z 5(2logp> log p
e logR /plog R
which, with the constants from before, gives the exact contribution from 75
up to an error of size O(1/N) (which comes from dropping p = N).

However, for 58 , 5’6, and S1, we are not getting diagonal terms from the

Petersson formula, and again use Lemma [3.2] to bound their contribution:
Na/2+e

Z S W VA EHA(L)

p#N fEH* N)

Na/2+e

NE€ 1 N©/2+e .
< 2 <N N N1/2N>
p#N
< %(NE+N(071)/2+6) < NO’/273/2+€’
while
No'/2+e
= N2 Z > WHNMEPNA(1)
p#EN feH* N)
No'/2+e 1/2
1 1 (Notet!
1/2 €
<N D (N NN1/2< N ) N)
p#N
< N—1/2+5+N0'/2—1+6
and

No/2+s
= N2 Z PR CYRVIGYRVIC)
p#EN fEH*(N)
Ne 1 1
1/2+e € —1/2+€
< N <N+NN1/2N><<N .
We now analyze the piece from v = 1. The term in question is
logp\ _i/plogp
Vi = N)N1/2)a qs( > 222
a%:l}( Z log R log R
> wiHN )Af(p)/\f(N“)

fEHE(N)
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. ~( lo lo
= 3 O Y AN () e
ae{0,1} p#N & &

= > P).

ae{0,1}

LEMMA 3.5. For supp(QAﬁ) C (—0,0), we have
o0

Vi =2lim | ¢(xlog R)x(e + 4miz) X (1/2 + 2miz) dz + O(N/271+).

Proof. We begin by using the Petersson formula to estimate Ay x(pN¢),
noting, as before, that there are no diagonal terms. By equation (2.8) of
[ILS], we have

. S(1,pN%c 4m\/pN@
A7) =2t 57 FLERE (SRR,
c=0mod N

where S(1,pN%; c) represents the classical Kloosterman sum, and Jy_1 is the
Bessel function.

Following [ILS], we now make the following definition:

) 47/pN log p logp
¢(1;e) == 2mi% Y " S(1,pN% ¢)Jj_ .
Qk:( 76) ™ p;éZN ( » D ,C) k 1< c >¢<IOgR> \/f)logR

With this definition, we see that

Pg(g) = (Fp(N)NY2ye N Qz‘i(ClC)

c=0mod N

We now follow the derivation in [ILS], which uses Lemmas 6.5 and 6.6 of
[ILS] to reexpress Q}(1;c). Noting their remarks about the error involved

by evaluating the Kloosterman sums for large ¢ differently (see page 98 of
[ILS]), we get

QR 0) =2 | () (2557 Yy + OV 20) ),

0

and

20
QL(1:) = 20*8(L, (N, ¢/N) f(w(i/]v(){i?]%

K 2log(cy/4mV/' N)
(S)Jk 1 )¢< log R ) Y
+

O(N=1/2+¢(1og 2¢)72).
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REMARK 3.6. The derivation of the above estimates for the Q%(1;c)
terms is conditional on GRH for the Riemann zeta function and Dirichlet
L-functions.

Note that in the expression for Q?(1;c) the main term is absorbed into
the error term. Because of this, we have

Plo)< >

c=0mod N

NO’/2+E

0/2 1+e NO‘/2 I+e
c(log2c)? Z b(lo 2 <
Note that a similar analysis shows that the error from Q}.(1;c) gives an error
term of size O(N?/2714¢) to P}(#). Thus, we have

Qi(1;¢)

Cc

(3.5) PH(o) = (*u(N)N'2) -

c=0mod N

. 2(p)
g WZ)_I VNe()

T 2 log(by\/ﬁ/élw)) dy

. - o/2—1+e€
S Ji-1(y) o log R log R +O(N )

2(p) T ~(2log(byv/N /4m)\ d
2 Y M()Sjkl(y)¢< g(lggR/ )>1OgyR

Recall that supp(gb) (—o0,0). We use this fact to show that the sum over b
from equation (3.5]) converges. By the bound J;_;(z) < 2%~ (from equation
(2.11") in [ILS)), it is enough to show the convergence of the sum

S yk_1$<2log(ll>i/§/4ﬂ)>dy

b=1 0

We note that the compact support of QAS allows us to truncate the integral at
4w R°/? /b, so what we are considering is

oo 47R%/2/b 1
k‘ 1
< | dy < 7.
= 0

As k > 2 for us, we see that the decay in b is enough to give us conver-
gence.

We now introduce a factor that will aid us by allowing us to switch the
integration and summation. The expression from is equal to
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- pAb) T ~(2log(byV'N /4)\ dy
(3.6) 211 . § Jk—l(y)¢< >logR

log R
+ O(No/QflJre).
Now, using the definition of ¢, and the formula ((6.561.14) in [GR])

?Jk-l(@/)ysdyzf <k+8>/F< >

0
we find that the expression from (3.6) is equal to
Amix .
u 27 I'(k/2 — 2mix)
3.7 2lim log R d
(37) eﬂo S ¢(wlog )<b\ﬁN> T(k/2 + 2miz) "

Note that the introduction of b€ gives rise to the ultimate similarity
between the piece we are currently evaluating and the T; term from the
L-functions Ratios Conjecture’s prediction. We now define

o~ 1L (=)

(b,N)= p#EN

REMARK 3.7. As we are following the evaluation in [ILS], we note that a
function x, which serves a purpose similar to that of x for us, is introduced
in their exposition. We note that there is a mistake in their definition of y
that results in certain equalities being incorrect. At least in the case of N
prime and k fixed, however, the difference between these two functions is
small enough that it does not alter the main term in their analysis, which
was all that was considered in that paper.

Now, for any fixed € > 0, we can switch integration and summation (due
to Tonelli’s theorem), and so the main term from (3.5) is equal to

® VN T D (k)2 — 2mia)
21i 1 4 S
co _io ¢(wlog R)xn (e + m)< o > T(k/2 + 2miz) &

Recalling the definition of X, in (|1.3)), we see that this is simply
o

2lim S ¢(xlog R)xn (e + 4miz) X (1/2 + 2miz) dx.

el0

As the p = N factor from x (as defined in (2.6)) is of size 1 + O(1/N),
we can replace xn with y while only introducing an error of size O(N 1),
completing the proof of the lemma. u

Proof of Theorem . We combine (3.1]), Lemmas and and
compare with Theorem [I.2] to deduce Theorem .



L-functions Ratios Conjecture 83

Appendix A. Petersson formula. Below we record several useful vari-
ants of the Petersson formula. We include these versions in this paper for
completeness; the material below is taken from Appendix A of [Mil5]. We
define

Apn(mn) = > wp(N)Ap(m)As(n).
feBR(N)

We quote the following versions of the Petersson formula from [ILS] (to
match notations, note that \/w¢(IN)A¢(n) =1f(n)).
LEMMA A.1 (JILS, Proposition 2.1]). We have

: 47/
Akw(m,n):é(m,n)—{—%rik Z S(m,cn,c)Jk_1< T mn>’

C
c=0mod N

where §(m,n) is the Kronecker symbol,

x d+nd
S(m,n;c) = E exp<2m'm+n>
c
dmod ¢

is the classical Kloosterman sum (dd = 1 mod c), and J,_1(x) is a Bessel

function.

We expect the main term to arise only in the case when m = n (though as
shown in [HuMil, TLS], the non-diagonal terms require a sophisticated anal-
ysis for test functions with sufficiently large support). We have the following
estimates.

LEMMA A.2 ([ILS, Corollary 2.2]). We have

A n(m,n)
- 7(N) (m,n, N)rs((m,n)) [ mn_ \'/?
=d(m,n) + O<Nk5/6 S N) + (1, N) <\/W+ kN) 10g2mn>,

where T3(¢) denotes the corresponding divisor function (which is the sum of
the cubes of the divisors of £).

We can significantly decrease the error term if m and n are small relative
to kEN.

LEMMA A.3 ([ILS| Corollary 2.3]). If 12my/mn < kN we have
T(N)  (m,n,N)y/mn
PN [, N) + (n, )
In this paper we consider N — oo through prime values. We must be
careful. Ay y(m,n) is defined as a sum over all cusp forms of weight k£ and

level N; in practice we often study the families H (V) of cuspidal newforms
of weight k and level N (if 0 = + we mean the subset with even functional

Ap n(m,n) = d6(m,n) + O(



84 S. J. Miller and D. Montague

equation, if 0 = — we mean the subset with odd functional equation, and
if 0 = % we mean all). Thus we should remove the contribution from the
oldforms in our Petersson expansions. Fortunately this is quite easy if IV is
prime, as then the only oldforms are those of level 1 (following [ILS|, with
additional work we should be able to handle N square-free, though at the

cost of worse error terms). We have (see (1.16) of [ILS])
k-1
Hif(N)| ~ ———¢(N

where ¢(N) is Euler’s totient function (and thus equals N — 1 for N prime).
The number of cusp forms of weight k and level 1 is (see (1.15) of [ILS])
approximately k/12. As Ay(n) < 7(n) < n® and wj(N) < N7t we
immediately deduce

LEMMA A.4. Let BE™(N) be a basis for Hi(N) and let w}(N) be

we(1) if N =1,

Al HN) =

A 500 = { e o

where w(N) = 3, wg(N). Note

(A.2) Y wiIN)=1=1+0(N)) Y wi(N).

fEH}(N) fEBK(N)
For N prime, we have

ST WHN)AmAp(n) = Ay (m,n) + O <(m@y>k>
FeBE (V)

Substituting yields

b w;w)xf(m)xf(n)zg(m,n)w((m]f]vyk)

FEBIV(N)
T(N) (m7 n, N)T?)((m; n)) mn 1/2
log 2
+O<Nk5/6 SN+ (m,N) \Vmn+ kN ) 0BT

while if 12m/mn < kN we have

> WHN)Af(m)Af(n) = 5(m,n)
fEBIV(N)

o Yoyt ) + o)

Proof. The proof follows by using equations (A.1)) and (A.2]) in the Pe-

tersson lemmas. m
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Appendix B. Fourier transform bound

LEMMA B.1. Let ¢ be an even Schwartz function such that supp(q/b\) C
(—=o,0). Then
Ot +iy) Knp €7 (82 +y?) "
Proof. From the Fourier inversion formula, integrating by parts and the
compact support of ¢, we have

ot +iy) = S H(€) 2t e ge
= | 3@ () - @mi(t + iy)) eI g

—0o0

< W@ 42 u

Appendix C. Terms involving the sign of the functional equa-
tion. In this section, we treat the terms from involving the sign of
the functional equation. In particular, we will show that, following the other
steps of the Ratios Conjecture, these terms are predicted to be quite small.
Because of the nature of these terms’ dependence on N, through a careful
analysis similar to that in [Mil5] (where the first of the following sums is
treated—see Remark 1.8 in [Mil5]), it can be shown that the final contribu-
tion of these terms to the predicted 1-level density is of size O(1/N), and so
is much smaller than we could hope to detect. Rather than performing the
detailed analysis as in [Mil5], we show that the only N-dependence in the
sum is a factor of size 1/N, which essentially implies that any contributions
from this term will be of size O(1/N).

We consider

o = Hy(h ) x
Z efwf(N) h1/2+
FEH(N) n<y

= Ar(m)
+ Z epwy(N Z /zﬂsz/ﬁa’

fEH(N) h=1 m<x

where €; = i*1i(N)A;(N)V/N. We will only analyze the second of the two
sums, as the first is analyzed in detail in [Mil5]. The analysis is similar to
that contained in the proof of Theorem 2.2 with a few key differences.

After replacing ey with the expression for the sign of the functional equa-
tion, we find that the second sum is

ik (NN Z W) — fi7(h) Z )\f(N>)\f(m)‘

1/24+~ 1/2+a
FEHE(N) il m<z
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The fact that there is a Af(N) in this expression is what will cause it to
be small, since in following the Ratios Conjecture’s recipe, we will drop the
non-diagonal terms (i.e. those without a second factor of A¢(IV)).

Note that in the m sum, m is bounded by z. In the approximate func-
tional equation, we take z = y ~ v/N, and so we can conclude that Ntm.
So, as we consider only the diagonal terms, for the sum over f € H}(N) to
contribute a main term to the prediction, there must be another factor of
Af(N) arising from pif(h).

We now rewrite the sum as a product. Note that 11¢(h) can be defined by
multiplicativity, with pp(1) = 1, pp(p) = =As(p), s (p?) = xo(p) (where xo
is the principal character to the modulus N), and for higher n, ps(p"™) = 0.
So, if there is to be any contribution from a given h, it must be cubefree, and
in order to contribute a diagonal term, we must have N || h. As N || h, the
factor for the prime p = N will be —,u]c(N)/Nl/2+°‘. For a prime p < z, we
have (p, N) =1, so the effect of the prime could be any of 1, us(p)As(p), or
pr(P*)Af(1) (depending on the power of p that divides h), so we can write
the p factor as 1 — )\f(p)2/p1+a+“’ +1/p'*t27. As primes greater than z can
only arise through the h sum, their factors will just have the contribution of
Lor up(p®)As(1), as pug(p) does not give a diagonal term (note that we are
ignoring p = N, as that factor has already been determined). So the factors
from p > x, with p # N will be 1+ 1/p!*27,

So, we have just converted the sum to the product

—\f(N Ar(p)? 1 1
o VR T (1= S+ ) TL (14 i )
= o

We now replace the A¢(INV)? with its value, 1/N (as N is the level of the
modular form). This allows us to use the Petersson formula on the remain-
ing terms, as they are relatively prime to N. We thus execute the sum over
f € H}(N), replacing the A¢(p)? with the diagonal contribution, 1. By then
extending the product over x to infinity, and noting that N is prime, we

get
1 1 1 1
N » <1 plraty +p”2’7)'

Note that the only N dependence in this product is in the 1/N'*7 term,
and as we consider only v with R(vy) > 0, any contribution from this factor
will be of size O(1/N).

Appendix D. Taylor coefficient of M (t/log R). To complete the
analysis of T, we need to determine the value of the linear Taylor coeffi-
cient of M (t/log R).
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LEMMA D.1. The linear Taylor coefficient of M(t/log R), as defined in
equation (2.8)), is equal to

B ) log p C'(2) I [k
mip = _4mzp:p(p+1) —87TZC(2) —47rzF<2>.

In order to calculate this, we Taylor expand all the factors of M in the
variable X = t/log R, where

AmiX 2 I(—2miX +k/2

oo - (1 (12 (@) \(T(-2miX +k/2)\
S p(ptt4miX 4+ 1) C(2+8miX)/\ I'2miX + k/2)

Clearly each factor (the product over primes, the ¢ ratio, and the I ratio)

has constant term 1 in its Taylor expansion around X = 0, and so m; is

just the sum of the linear coefficients of each of the factors. To determine

these, we simply take the derivative of each factor at X = 0. The product
over primes has derivative:

d AmiX 1
dx H <1 B p1+4m‘X 1 ) ‘
. p(p +1) ) [x=o

p47riX -1 , p47'riX -1
l;l < p(p! X+ 1)) l;I p(p X +1) ) ) | x—

Ami X
pt —1 , log p
=1 log/ <1 — >‘ = —4mi — .
Zp: PP +1) i x—g Zp: p(p+1)
Next, the ¢ ratio has derivative
SN o ) N NG
dX ¢(2+8miX)|x_, ¢(2)”

Finally, the I" ratio (&(X)) has derivative
d I'(—2miX + k/2) I'2miX + k/2)(—2mil"(—2miX + k/2))
dX T2miX +k/2) |x_g I(2miX + k/2)?
I(—2miX +k/2)2mil” (2miX + k/2))
I2miX + k/2)? X—0

giving the lemma.
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