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Dedicated to Harald Niederreiter on the occasion of his 65th birthday

1. Introduction. The inequality of Erdés—Turan—-Koksma gives an up-
per bound for the discrepancy of a finite sequence w in [0,1[* in terms
of certain exponential sums; see the monographs Drmota and Tichy [1]
and Kuipers and Niederreiter [7] for its general form, and Niederreiter [10]
for versions adapted to certain sequences w of rationals as they appear in
applications. These inequalities are an important tool to assess the uni-
form distribution of low-discrepancy point sets or correlation properties of
pseudo-random numbers; see the surveys of Niederreiter [11], Niederreiter
and Shparlinski [13] and Hellekalek [4].

The classical inequality of Erdés—Turdn—Koksma is based on the trigono-
metric function system. Variants have been established for Walsh and Haar
function systems in an arbitrary integer base b > 2 in Hellekalek [2, 3].

What is the importance of these variants? Different types of sequences w
require different types of exponential sums to study their equidistribution
properties, by means of discrepancy and other figures of merit. Hence, by
varying the function system, one is able to “synchronize” the exponential
sums with the type of sequence under study.

In this paper, we will introduce a function system closely related to the
dual group of p-adic integers Z,, p a prime, and we will prove a new vari-
ant of the inequality of Erdés—Turdn—Koksma. This leads to general upper
bounds for discrepancy (see Theorem 3.6 and Corollary 3.7). In addition,
we will prove a variant of the Weyl criterion for the p-adic function system
under consideration (see Theorem 3.8). The uniform distribution of the van
der Corput sequence in base p then follows as a simple consequence (see
Corollary 3.9).
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2. Prerequisites. Throughout this paper, p denotes a prime and N
stands for the positive integers. We put Ny = N U {0}.

2.1. The p-adic representation of real numbers. For a nonnegative inte-

ger a, let ,
a:Zajp], a; €4{0,1,...,p—1},
Jj=0
be the unique p-adic representation of a in base p. With the exception of at
most finitely many indices j, the digits a; are zero.
Every real number x € [0, 1] has a unique p-adic representation

x:Za:jp*jfl, zj €{0,1,...,p—1},
720
under the condition that x; # p — 1 for infinitely many j. In the following,
this uniqueness condition will be assumed without further notice. We will
also write the p-adic representation of x € [0, 1] in the form = = 0.zpz; .. ..

For ¢ € N, we denote the initial part of the p-adic representation of
xz € [0,1[ by z(g) = 0.20x1 ... 24—1, and the initial part of the representation
of a rational integer (or p-adic integer) a by a(g) = Z?;é a;p’. Then z(g) €
{btp79:0<b<p}anda(g) € {0,1,...,p9—1}. Further, we define 2(0) = 0
and k(0) = 0.

An interval of the form [bp™9,(b+ 1)p 9, 0 < b < p9, g > 0,band g
integers, is called a (half-open) elementary p-adic interval of length p~9.
Let ag,ai,...,aq—1 be arbitrary digits in {0,1,...,p — 1}, g € N. Let
Iag,a1,...,a9-1] = {z = 0.20z1... € [0,1] s 2; = aj, 0 < j < g—1} de-
note the so-called cylinder set defined by the digits ag, a1, ..., as—1, where,
as throughout this paper, we are assuming the uniqueness condition for the
p-adic representation of x. It is easily seen that, for any elementary p-adic
interval I = [bp~9, (b+1)p~9[ of length p~9, g € N, there is a unique cylinder
set I[ag, a1,...,ag—1] such that I = I[ag, a1, ...,as—1], and vice versa.

2.2. The p-adic integers Z,. Let Z, denote the compact group of p-adic

integers. We refer the reader to the monograph Robert [14] for details. An
element z of Z, will be written as

e=) 4,
Jj=>0
with digits z; € {0,1,...,p — 1}
The dual group Z, of Z, is given by the functions
Zp ={xo} U{z e2miap” Gotaipttzgap?) L < g < p’, g € N},
where xo denotes the trivial character xo : 2 +— 1 for all z € Z,. In the
description of Z, above, for the fractions a/p?, we may assume the condition

(a,p?) = (a,p) = 1.
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DEFINITION 2.1. We define the (p-adic) Monna map ¢ as follows:
¢ :Z,—[0,1], go(szpj) :szpfjfl.
Jj=0 Jj=0

REMARK 2.1. The Monna map ¢ is continuous and surjective, but not
injective. Further, ¢ gives a bijection between the subset N of Z, and the
set {a/p? : 0 <a<pd, geN, (a,p?) = (a,p) = 1} of all reduced p-adic
fractions.

The latter fact allows for the following notation. For a nonnegative inte-
ger k, let

Xk :Zp —{ceC:lc| =1}, xi(z) = e2mie(k)(zo+z1p+--)

Hence, we may write the dual group in the form Zp ={xr: ke Np}.

We will now define a function system which will be the main tool in
our discrepancy estimates. Let = € [0,1] have the p-adic representation
x = 0.xg71 ..., where infinitely many digits x; are different from p — 1. By
z(x) € Z), we will denote the element z(x) = 29 + x1p + - - defined by the
digits of x. We have ¢(z(x)) = z for all = € [0,1].

DEFINITION 2.2. For a nonnegative integer k, let
W01 ={ceCrle =1}, mw(x) = xu(2(2)).
Let I, = {7 : k € No}. It is easy to show that
| w(@)dz=0, VEkeN
[0,1]

For an integrable function f on [0,1[, and for k € No, let f(k) denote the
kth Fourier coefficient of f with respect to the function system I,

fk) = f(a)u()de.
[0,1]

There is an obvious generalization of the preceding notions to the higher-
dimensional case. In the following, let x = (z1,...,25) € [0,1[°, let k =
(k1,...,ks) € N§, and let A\; denote s-dimensional Lebesgue measure, where
we will write A instead of A1 in the case s = 1. We define

() = [[ (@), I ={m:keN},
=1

(

and call Fps) the p-adic function system on [0,1[°. We will write I, instead

of Fp(l) in the case s = 1.
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For an integrable function f on [0,1[, the kth Fourier coefficient of f
with respect to the function system ]}SS) is given by
f) = | Fx)n()dx.
(0,1[°

Further, we define the weight functions

1 if k=0,
M@:{Qﬁt4<k<tteN
ptsin(wki—1/p) P> P ’

pk) =] p(k), k= (k... k) € N,
=1

We also introduce the weights p*: p*(0) =1, p*(k) = p(k)/2 for k # 0, and,
for k € N3, p*(k) = [[_, p* (k:).
For g € N, we define the finite summation domains
Alg) ={k=(k1,...,ks): 0<k; <p?, 1 <i<s},
A*(g) = A(g) \ {0}.

The extreme discrepancy and the star discrepancy of a sequence are
defined as follows (see Niederreiter [10]). Let J denote the class of all subin-
tervals of [0, 1[* of the form [[;_,[u;,v;[, 0 <wy <wv; <1,1 <4 <s, and let
J* denote the subclass of J of intervals of the type [[7_;[0,v;[. For J € 7,
let 1 denote the indicator function of J, 1;(x) =1ifx € J and 1;(x) =0
otherwise.

For a function f on [0,1[" and a sequence w = (Xp)n>0 in [0, 1[%, let

1 N—1
Sn(frw) = D flxn).
n=0

DEFINITION 2.3. Let w = (X,)n>0 be a sequence in [0, 1[°.

e The (extreme) discrepancy Dy(w) of the first N elements of w is de-
fined as

Dy(w) = EEE\SN(lJ — As(J),w)].

e The star discrepancy Dy (w) of the first N elements of w is defined as
Di(w) = sup |Sx(1y — A(7),0)]
JeJg*

3. The results

LEMMA 3.1. Let g € N, let ag,...,aq—1 be arbitrary digits, and let
Iag, ..., ag—1] be the elementary p-adic interval of length 1/p? defined by
these digits.
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() If p=1 < k < pt, 1 <t < g, then the function -y, is constant on

Iag, ... ,ag—1], with value v;(0.aq . ..a4—1), and
. R R
1I[ao,-..,ag71i(k) = ZE e~ 2miv(k) (a0t Fa—1p'™)

(ii) For all k > p9,
1][a0,...,a971}(k‘) =0.
Proof. For any k such that p'~! < k < p', t € N, we have (k) = ¢/p',
with 1 <c < pt, (¢,p') = (¢,p) = 1.
Since k < p9, the function ~; is constant on the elementary p-adic interval
Ifag, ..., ag—1], with value y4(0.a¢ . . . at—1) = xx(ao+-- Aa;_1p'1). Clearly,
]A-I[ao,.i.,agfl] (k) = S ’Yk(x) dz.

Ifag,...,ag—1)

In order to prove (ii), let p'~! < k < p', where t > g + 1. Then we have
the following partition into disjoint cylinder sets:

I[ao,.. y Ag— 1 U U Iag,...,ag_l,bg,...,bt_l].

This implies

A 1
Lrfag,..aq-1] (F) ot Xi(ao + -+ + ag-1p9™t)
p—1 p—1
— 27 -2 t b
Z( 2w(kp‘7 Z 2mip(k Yot
by=0 be—_1=0

/

=0
LEMMA 3.2. Let g € N, let ag,...,aq—1 be arbitrary digits, and let I =
Iag, ... ,ag-1]. Then

1) L) -MD = 3 L), vee 1l
1<k<p9
Proof. We note that, for f(z) = 1;(z) — A(I), £(0) = 0. Further, for all
k0, (k) = (k). Let
S@ = Y L), sl
1<k<p9

Then
p—1 (b+1)pt—1-1

g
= Z i](k)’Yk(fU)-

t=1b=1 k=bpt—!
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Lemma 3.1(i) implies that, for p'~! < k < pt,
j. (]C) (JZ’) = i 62ﬂi@(k)($0+-"+$t,1pt_17(a0+...+at71pt—1))
! Tk pg .

For t with 1 < t < g, let a(t) = ag + --- + a;_1p'~ . By a slight abuse
of notation, we will write z(¢) = xo+- - -+a_1p' L Ifbpt =1 <k < (b+1)pt~!
— 1, then (k) = (b+ ki_op +--- + kop'~1)/p’. Then

1L
S(r) = — 27rz(xo—a0)/p b
() pg(g( )
g p—1 p—1
i Z(Z 2ri(w(t)=a(t)/p')b . Z (e2mile(®)=a(t)/p" yhi-2p
t=2 b=1 ki—_2=0
p—1
(e2mie(®)=a®)/p" yhop 1))
)

Suppose that © € I = I[ag,...,ay—1]. Then z(t) = a(t) for 1 <t < g. As a
consequence,

S(x) = ;,(p— 1 +Zg:(p— 1)17“) 1L

Trivially, 17(z) — A(I) =1 — 1/p7 in this case. Hence, if x € I, identity (1)
holds.
If o ¢ I=1Iag,...,aq—1], define tg = min{t,1 <t < g:x1 # a1}
If tg = 1, then g — ag #Z 0 (mod p). This implies

p—1
Z(€2m(zo—ao)/p)b =1,
b=1
and, for all other ¢,
p—1
Z (62m'(:p(t)*a(t))/pt)kopt_l = 0.
ko=0

Hence, identity (1) also holds in this case.
Now, let 2 <ty < g. From the definition of #g, it follows that

x(t) — a(t)
{0’ 1 <t <y,
(Ttg—1 — agg—1)p 4+ (241 — )P, to <t < g
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Hence
to—1
(2) S( ):7< _1+Z t 1+Z<Z 2mi(x(t)—a(t))/p )b
t=to b=1
p—1 p—1
Z (e2ﬂi(z(t)*a(t))/l7t)kt—zp o Z (627Tl'($(t)7a(t))/pt)kopt_l))’
ki_2=0 ko=0

with the convention that Y90 (p — 1)p!~! = 0 in the case ty = 2. The
nontrivial exponents in the sums above contain a factor of the form (x(t) —
a(t))ptp'=17Y where 0 < v < t—2,2 <ty < t. This factor will be an integer
if and only if 0 < v < tp—2. This is due to the fact that z(t) —a(t) € p"°~1Z
for every t such that tg <t <g.
Let (¢ = egm(x(t)_“(t))/pt, and put

p—1
t—1—v
Spw = ngvp ., 0<v<t—2.
ky=0

If ¢ > ¢ty + 1, then the product Hf};% St» will contain the factor Sy s—1. It
is easily seen that S;;,—1 = 0. As a consequence, the above product will be
zero. Hence, in (2), the sum »7_, has only one nonzero term, namely for
t = to. This term has the value —p~!. As a consequence, S(x) = p~9(—1+
plo—l — plo=1)y = —1/p9. This proves identity (1) in the case 2 < tg < g and
completes the proof of this lemma. =

LEMMA 3.3. Let0 < 8 < 1 and let I =[0, 3[. Suppose that p'~! < k < pt,
t € N. Then:

(i) The Fourier coefficient 11(k) has the following value:

~

1;(k) = plt Xt(Bo + -+ + Bi_opt=2)

e—QWikt—lﬁt—l/p -1
) 6727rikt_1/p -1

n 6—27rikt71/8t71/ppt(ﬂ — ﬁ(t)))

(ii) The following estimate holds:
. 1
1) £ ————m—.
STy

—1 it follows from

Proof. To show (i), we note that, because of k > p!
Lemma 3.1(ii) that
Bt=1)

S Y (x) dz = 0.
0
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Hence
R B
17(k) = S V() dor = S 1ig—1),8((z) Yk() dx
B(t-1) I[Bo,...,Bt—2]
B
ST | et g
B(t—1)
B
= (Bt —1)) S e 2mikiam1/p go.
B(t—-1)

The digit z;—1 may take different values on the interval [3(¢ — 1), 3]. Hence,
in the case where ;1 # 0, we have

B B(t) B
S 6*271'7;]%—15%—1/17 dr = S e*ZWiktflztfl/p dr + S 6*27"“‘315—11'15—1/]) dr
B(t—1) B(t-1) B(t)
Bi—1—1

— E S e*ZWikt—lwt—l/p dx

b=0 I[Bo,...,Bt—2,0]
+ ) e @)em e
I[Bo,...,Bt—2,8t—1]
1 e—2miki—1Bi-1/p _ 1
T
+ e 2Tk B/ (5 B(t)).
If 5;_1 =0, then 5(t — 1) = B(t) and, as a consequence,

B(t)
S 672m'kt_196t—1/p dr = (),
Bt—1)

6727rikt_1/p -1

which implies

g B

S 6727rikt,1xt,1/p dr — S 6*27Tikt71-77t71/p de = 6*27|'ik5t—1/8t71/17(5 _ ﬂ(t))
B(t-1) B(t)

This ends the proof of (i).

In order to prove (ii), we put ¢ = e~ 27*:-1/P and d = p*(3 — B(t)). Due
to the condition p!~! < k < pt, the digit k;—; is different from zero and
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ki—1/p € Z, which implies ¢ # 1. From (i), we deduce the identity
Be-1 _ 1
c

ﬁt—ld
o1 +c

It is 0 < d < 1. Hence

X 1 1 1
< —| |—- .
10l _pt<'c—1 +d’+ |C-1I>

Now, for every real number § with 0 < § < 1, we have the inequality

0 < ———.
-1 ’ ==
The result follows. m

COROLLARY 3.4. Let f(x) = 17(x) — N(I), where I = [ap™9,bp~9], 0 <
a < b < pd, with a,b, and g integers, g > 1. Then f(0) = 0, f(k) = 1;(k)
for all k > 1, and:

(i) If k> p9, then f(k) = 0.
(ii) If p"~' <k <p', 1<t <g, then
A 2
) < ——F—F7—— (=plk)).
F091 < s (= pl0)

Proof. The first statement follows from Lemma 3.1(ii). The second state-
ment is a consequence of the identity f(k) = ]A_[O’bp—g[(k') - i[o’ap—g[(k).
Lemma 3.3(ii) gives the result. m

LEMMA 3.5. Let f(x) = 17(x) — As(I), where I = [[7_;[laip™,bip~ 9],
0<a; <b;<pJ, g>1. Then:

(i) For allk € N§ \ A*(g),
f(k) =o.
(ii) For all k € A*(g),
(k)| < p(k).

(iii) The following identity holds:

(3) f(X) - Z ]A-I(k)’)/k(x)? Vx € [07 1[8'

keA*(g)

Proof. Clearly, f(0) = 0. For all k # 0 we have the identity f(k) =
17(k). Further, 1;(k) = [[;_, 11, (k;), where I; = [a;p~9,b;p~ 9], and k =
(k1. .., ks).

If k € Nj \ A*(g), then either k = 0, hence f(k) = f(0) =0, or k # 0
and there exists an 4 such that k; > p9. Corollary 3.4(i) implies 17, (k;) = 0.
As a consequence, f(k) = 1;(k) = 0. This proves (i).
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(ii) is a direct consequence of the second part of Corollary 3.4 and the
definition of the function p.
(iii) follows from 17(x) = [[;_; 17,(x;) for x € [0,1[", and Lemma 3.2. =

THEOREM 3.6. Let p be a prime number, let w be an arbitrary sequence
in [0,1[°, and let g be a positive integer. Then

(4) Dy(w) <1—(1=2/p)+ Y pk)|Sn(1,w)l,
keA*(g)

(5) Dy(w) <1—(1—=1/p°+ > p"(K)[Sn(m,w)|-
keA*(g)

Proof. For a given positive integer g, consider the tiling of [0,1[* by
elementary p-adic cubes C' = [[7_[aip™, (a; + 1)p79[, 0 < a; < p9, 1 <
< s, of side length 1/p9.

Let J be an arbitrary subinterval of [0,1[* and define J as the union of
those cubes C that are contained in J, that is, J = (Joc; C. Further, let
J = Uomhé@ C. Then J C J C J, where J may be void. It is elementary to
see that

1Sn (L = As(), )] < As(T) = As(d)
+max{|Sy(1; = As(J), )|, [Sn (17 = As(J), W)}

In every coordinate i, the side lengths of .J and J differ at most by 2/p9.
Hence, by an application of Niederreiter [10, Lemma 3.9],

As() = As(d) <1 —(1—2/p7)"
This implies
Dy(w) =1—(1=2/p%)" +max{|Sn(1r — As (1), w)l},

with the maximum taken over all intervals I = [[7_,[aip™,bip~9[, 0 < a; <
b; <pd, 1 <i<s, g>1. We then apply Lemma 3.5, which gives
(6) Dy(w)<1—(1=2/p")+ Y p(k)|Sn(mew)|

keA*(g)

In the case of the star discrepancy, because of the special form of the
intervals, the side lengths differ at most by 1/pY. Therefore, the bound for
the approximation error As(J) — As(J) reduces to 1 — (1 — 1/p9)%. Further,
Lemma 3.3(ii) and its application to the s-dimensional case yield the follow-
ing estimate for the Fourier coefficients of the function f(x) = 17(x)—As({),
where I =[[7_,[0,bip79[,0<b; <p9,1<i<s,g>1

F09] < (), Vi A%(g).

The estimate of the star discrepancy follows. m
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COROLLARY 3.7. Let w and g be as in Theorem 3.6. Suppose that B

is a global bound for the exponential sums Sy (v, w) for all k in the finite
domain A*(g),
ISn (e, w)| < B, Yk € A*(g).

Then
Dy(w) <1—-(1-2/p?)®+ B(2.43gInp + 1)%,
Dy(w)<1—-(1-1/p%)%+ B(1.22gInp + 1)°.

Proof. This is easily seen. We first discuss the estimate for the extreme
discrepancy Dy (w). The discrepancy bound (6) implies that we only have

to estimate
Yok = ) pk)—1.

keA*(g) keA(g)
Because of the identities
pI—1 s
> o) = (3 ok))
kEA(g) k=0
and
p9-1 g p—1(+1)pt~t-1
dopk)=1+> > k),
k=0 t=1b=1 [k=bpt—1
we obtain

> p(k) = (1+29C(p))°,
keA(g)
where C(p) = (1/p) Zlb’;ll 1/sin(7b/p). From Niederreiter [9, p. 574, inequal-
ity (5)] it follows that C(p) < (2/7)Inp + 2/5. An elementary calculation
gives the result.
The case of D} (w) is completely analogous, one only has to replace the
weight function p by p*. =

THEOREM 3.8 (Weyl Criterion for Fp(s)). Let w be a sequence in [0, 1]
Then w is uniformly distributed modulo one if and only if

(7) lim Sy(yk,w) =0, Vk#O.
N—o0
Proof. Let w be uniformly distributed modulo one. Then
lim Sy(1;—As(J),w) =0
N—o00
for any subinterval J of [0, 1[°. The function 7y is constant on appropriately

chosen elementary p-adic intervals I (see Lemma 3.1). Hence, vk is a finite
linear combination of the indicator functions 1; of such intervals I. This
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implies that Sy(7k,w) is a finite linear combination of terms of the form
Sn(1; — As(I),w) and, hence, converges to zero if N goes to infinity.

If we assume relation (7), then inequality (6) implies limy_ oo Dy (w)
= 0, from which the uniform distribution of w follows. =

REMARK 3.1. The weight function p of the present paper is equal to
the weight function pwash of Hellekalek [2], although the p-adic functions
vk are different from the Walsh functions in base p. When we compare the
system [ ISS) to the Walsh system in base p, there is one important arithmetic
aspect to note. The Walsh functions are the appropriate tool for the analysis
of those digital sequences and nets where the construction rule involves inner
products of digit vectors, and hence is related to the theory of linear codes;
see Niederreiter [10, Sec. 4.3], Larcher [8, Sec. 2], Niederreiter and Pirsic
[12], Skriganov [15], and Hellekalek [5] for details. In marked contrast to

the Walsh system, the system I ISS) will be well-suited to study the uniform
distribution of sequences w that stem from elementary arithmetic operations
with integers, hence, elements of Z,, like the van der Corput sequence in
base p. The following corollary will illustrate this point of view.

COROLLARY 3.9. Let w = (xp)n>0, Tn = @(n), be the van der Corput
sequence in prime base p. Then w is uniformly distributed modulo one.

Proof. This is easily seen by the Weyl Criterion for I,: We have v (xy,) =
e2mie(k)n Hence, for every k # 0,
1 |e2mie®N 11 1 1
il I g
¥ <

S = _
| N(’Ykaw” N |SIH7TSO(]€)|
This implies limy 00 SN (7, w) = 0. =

e2mip(k) _ 1
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