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Adelic equidistribution, characterization of equidistribution,
and a general equidistribution theorem
in non-archimedean dynamics

by

YUsukeE Okuyama (Kyoto)

1. Introduction. Let K be an algebraically closed field of any char-
acteristic and complete with respect to a non-trivial and possibly non-
archimedean absolute value | - |, and let f € K(z) be a rational function
of degree d > 1 on the projective line P* = P!(K) over K. The Berkovich
projective line P! = P1(K) over K provides a compactification of the clas-
sical P!, containing P! as a dense subset. Under the assumption that K
is algebraically closed, K is archimedean if and only if K = C, and then
P1(C) =2 P!(C). The action of f on P! canonically extends to a continuous,
open, surjective and fiber-discrete endomorphism on P!, preserving P! and
PL\ P!. The exceptional set of (the extended) f is

E(f) = {a eP 4| fa) < oo},
neN

which agrees with the set of all superattracting periodic points a € P! of f
such that degy;(q) f = d for any j € N. The Berkovich Julia set of f is

w={ser: N Uro=pr\em}

U:openinP!, ScU neN

(cf. [9, Definition 2.8]). Let ds be the Dirac measure on P! at a point S € PL.

For each rational function a € K(z), which we will call a possibly moving

target, on P! and each n € N, let us consider the probability Radon measure
1

(1.1) Vi =V = > S

d" +d
+dega wePL: fr(w)=a(w)
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on P!. Here the sum takes into account the (algebraic) multiplicity of each
root of the equation f"(-) = a(-) in P!. In Section [2, among other generali-
ties, we recall a variational characterization of the equilibrium (or canonical)
measure jip of f on P! as a unique solution of a Gauss variational problem.

Our principal result determines the conditions on f and a under which
the equidistribution property

(1.2) lim v% = u; weakly on P!

n—oo

holds. Let us denote the normalized chordal distance on P! by [z, w].

THEOREM 1. Let K be an algebraically closed field of any characteristic
and complete with respect to a non-trivial absolute value. Let f € K(z) be a
rational function on P! of degree d > 1, and let a € K(z) be a rational func-
tion on P'. Then for every sequence (nj) C N tending to oo, the following
three conditions are equivalent:

(i) The equidistribution property

(1.3) lim vy =pp  on pl

j—00
holds. Equivalently, for each weak limit v of a subsequence of (V;‘{j),
(1.3 V= puf;
(ii) each weak limit v of a subsequence of (v; ) satisfies

(1.4) suppv C J(f);

(iii) under the additional assumption that K is non-archimedean, on

PL\ P! we have

1
(1.5) lim — log [f™, a]can(:) = 0.
J—00 dnJ
Under these three conditions, we have
i 1 "
(1.6) lim —— S log [f™7, a]can(+) dpy = 0.
j—00 dni p1

Moreover, if a is constant, then holds without assuming ,
or (L.5).

Here, the prozimity function S — [f", alcan(S) of f™ (n € N) and a on
Pl is the unique continuous estension of z +— [f™(z),a(z)] on P* to PL. For
its construction, see Proposition @

In Section [3| we prove Theorem [I] based on the above variational charac-
terization of uy. Theorem [1is partly motivated by the following dynamical
Diophantine approximation result. For a number field £ with a non-trivial
absolute value (or place) v, set K = C,, with the extended v (e.g., K = C,
for k = Q with p-adic norm v) and assume that f € k(z), i.e., f has its
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coefficients in k. Then the dynamical Diophantine approximation theorem
due to Silverman [19, Theorem E] and Szpiro—Tucker [2I, Proposition 5.3
(in the preprint version, Proposition 4.3)] asserts that for every constant
a € PY(k)\ E(f) and every z € P}(k) which is wandering under f, i.e.,
#{f"(z) : n € N} = 0o, we have

.1 n
(1.7) nILH;OTIOg [f"(2),a], = 0.
Here k denotes the algebraic closure of k, and the notation [z, w], emphasizes
the dependence of [z, w] on v. Theorem [l| gives a partial generalization of
to general K for possibly non-constant a.

In Section based on a variational argument and , we give a purely
local proof of the following adelic equidistribution theorem for possibly
moving targets, which is a special case of Favre and Rivera-Letelier’s [9,
Théoremes A et B] (Theorems and below) for non-archimedean K
of characteristic 0.

THEOREM A. Let k be a number field with a non-trivial absolute value
v, and let f € k(z) be a rational function on P*(C,) of degree d > 1 whose
coefficients are in k. Then for every rational function a € k(z) on P1(C,)
which is not identically equal to a value in E(f) and whose coefficients are
in k, im,,_y o0 vy = iy weakly on Pl((Cv). Here the notation iy, emphasizes
the dependence of py on v.

For another application (quantitative equidistribution for non-exceptio-
nal algebraic constants) of the dynamical Diophantine approximation
to adelic dynamics, see [16].

For general K, the equidistribution theorem for constant a € P\ E(f)
is due to Brolin [6], Lyubich [12], Freire, Lopes and Mané [10] for archime-
dean K, and to Favre and Rivera-Letelier [9, Théoreme A] for non-archime-
dean K.

THEOREM 1.1. Let K be an algebraically closed field of any characteristic
and complete with respect to a non-trivial absolute value. Let f € K(z) be
a rational function on P! of degree d > 1, and a € K(2) be a constant
function. Then limy, o0 2 = s weakly on P if and only if

(1.8) a € PLK)\ E(f).

In Section[d] we give a proof of Theorem[I.1], the fundamental equivalence
between and for constant a, based on a variational argument
and on the classification of cyclic Berkovich Fatou components of f (see
Theorem .

For general K of characteristic 0, the equidistribution theorem for moving
targets is due to Lyubich [12l Theorem 3] (see also Tortrat [23, §IV]) for
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archimedean K, and to Favre and Rivera-Letelier [9, Théoreme B] for non-
archimedean K of characteristic 0.

THEOREM 1.2. Let K be an algebraically closed field of characteristic 0
and complete with respect to a non-trivial absolute value. Let f € K(z) be a
rational function on P! of degree d > 1. Then for every non-constant rational
function a € K(z) on P, limy,_,oo % = puy weakly on PL.

In Section [4] we also describe how a variational argument together with
the dynamical uniformization on the quasiperiodicity domain £¢ (see Theo-
rem yields Theorem This is foundational in our study of the problem
of density of the classical repelling periodic points in the classical Julia set
in non-archimedean dynamics [15]. Our proof of Theorem |1.2| complements
the original one given in [J, §3.4] (see also Remark [2.10)).

In Section [p| we discuss the case where f and a are polynomials, and
compute a concrete example.

We conclude this section with an open problem.

PrROBLEM. Let K be an algebraically closed field of positive characteris-
tic and complete with respect to a non-trivial absolute value. Let f € K(z)
be a rational function on P! of degree d > 1. Determine concretely all ra-
tional functions @ € K(z) on P! which are exceptional for f in that the
equidistribution does not hold.

We hope condition (|1.5)) will be helpful for studying this problem.

2. Background. For the foundations of potential theory on P, see [T}, §5
and §8], [8, §7], [11), §1-84], [24, Chapter III]. For a potential-theoretic study
of dynamics on P!, see [1], §10], [9} §3], [T, §5], [4, Chapitre VIII]. See also
[2, [17] including non-archimedean dynamics.

Let K be an algebraically closed field of any characteristic and complete
with respect to a non-trivial absolute value |-|. Under the assumption that K
is algebraically closed, | K| := {|z| : z € K} is dense in R>(. We will say that
K is non-archimedean if the strong triangle inequality |z—w| < max{|z|, |w]|}
holds for all z,w € K. This in particular implies that the equality |z —w| =
max{|z|,|w|} holds if |z| # |w|. When K is non-archimedean, for every
a,be Kandeveryr >0, {ze€e K:|z—a|<r}={2€ K :|z-0 <r}
if |b — a] < r, and the diameters of these sets with respect to | - | equal 7.
If K is not non-archimedean, then K is said to be archimedean. Under the
assumption that K is algebraically closed, K is archimedean if and only if
K = C as valued fields.

Let || - || be the maximum norm on K? if K is non-archimedean, and the
Euclidean norm on C? if K is archimedean (= C). Put pAq := poq1 —p1qo for
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p=(po,p1),q= (g0, q1) € K?; let 7 be the canonical projection K?\{0} — P!
=P}(K), and put oo := 7r(0 1). The normalized chordal distance on P! is
p A q]
[z,w] == ———— € [0, 1],
o[l gl

where p € 771(2),q € 77 (w). We usually identify K with P!\ {co} by the
injection z — m(1,z) on K.

For non-archimedean K, the Berkovich projective line P! = P1(K) is de-
fined as an analytic space in the sense of Berkovich; see Berkovich’s original
monograph [3], as well as [I, §1, §2] for P!. For archimedean K, we have
Pl =p!

FacT 2.1 (Berkovich’s classification of points in P!). Suppose that K is
non-archimedean. A subset B={z € K : |z —a| <r} in K for some a € K
and some r := diam(B) > 0 is called a (K-closed) disk. Any two intersecting
disks B, B satisfy either B C B or B D> B'.

A point S in the Berkovich projective line P! is either oo or a cofinal
class (or tail) of non-increasing and nested sequences (B;) of disks. Here,
two non-increasing and nested sequences (B;), (B),) of disks are cofinally
equivalent either if (i) N; B; = N By # 0 or if (i) N; B; = N B, = 0,
for any j € N, B; contains B) for some N € N, and for any k € N, B},
contains By for some N’ € N. The cofinal class of a non—increasing and
nested sequence of disks (B;) is identified with the disk B = [,y B; if it is
non-empty. The projective line P! is regarded as the set of all dISkS B with
diam(B) = 0 and the point oo (cf. [1, §1], [2, §6.1], [9} §2]).

Let (2.an be the Fubini-Study area element on P! 22 P! normalized as
Dean(P) = 1 for archimedean K = C, and the Dirac measure Js,,, on
P! at the Gauss (or canonical) point Sea, € P! determined by the disk
{# € K :|z| <1} for non-archimedean K.

DEFINITION 2.2 (the generalized Hsia kernel). Suppose that K is non-
archimedean. For the cofinal class S of a non-increasing and nested sequence
(Bj) of disks, set diam(S) := lim;_,oc diam(B;). Then the function diam(-)
is continuous on P!\ {oo}.

For the cofinal classes S,S’ of non-increasing and nested sequences of
disks (B;), (B},), respectively, let S A S’ € P! be the smallest cofinal class
of a non-increasing and nested sequence (Bj) of disks such that for every
¢ € N, B contains By U By, for some N, N’ € N. Here the cofinal class of
(BY) is said to be smaller than that of (B),) if for every m € N, B]" contains
By, for some N” € N.

For each w € P!\ {co}, the function |- —w| := diam(- A w) on P!\ {co}
is a unique continuous extension of |- —w| on P!\ {cc}. We denote |- —0|
by |- | in the case w = 0.
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The generalized Hsia kernel [S,S"]can on P! with respect to the Gauss
point Scan is defined as

diam(S A S’)
{1, 8]} {1,187}
for S,8" € P\ {c0}, [S,0]can 1= 1/max{1,|S|} for S € P!\ {c}, and
[00, 00]can := [00,00] = 0 (see [1, §4], [9) §2.4]).

By convention, for archimedean K, [z, w]can is defined to be [z, w].

(S, 8 )can = € [0,1]

FAcT 2.3. The extension [S,S']can is upper semicontinuous on P! x P!,
continuous nowhere in the diagonal of (P*\ P!) x (P1\ P!) (indeed, [S, S]can
is continuous nowhere on P!\ P!), but continuous elsewhere on P! x P
On the other hand, [S,8’|can is separately continuous in each variable, and
vanishes if and only if S = &’ € P! (see [1], Proposition 4.10]).

We normalize the Laplacian A on P! so that for every S € P!,
(2'1) Alog ['7S]can = 55 - Qcan

on P! (for the construction of A on P! for non-archimedean K, see [II, §5],
[8, §7.7], [22, §3]; in [I] the opposite sign convention on A is adopted).

Since we are interested in dynamics of rational functions, we introduce
only Berkovich (open or closed) connected affinoids in P!.

Fact 2.4. Suppose that K is non-archimedean. A Berkovich closed disk
D is either {S € P'\{o0} : |S—w| < 7} or {S € P!\ {0} : [S—w| > r}U{o0}
for some w € P!\ {oc} and some r > 0, and is said to be strict (or rational) if
7€ | K|. Similarly, a Berkovich open disk is either {S € P1\ {oc0} : |S —w|<7r}
or {§ € PL\ {c} : |S —w| > r} U {oo} for some w € P!\ {oo} and some
r >0, and is said to be strict (or rational) if r € |K|.

A Berkovich open (resp. closed) connected affinoid U in P! is the inter-
section of finitely many Berkovich open (resp. closed) disks and P!, and is
said to be strict if in addition all the Berkovich open (resp. closed) disks
determining U are strict (or rational).

A Berkovich open connected affinoid is also called either a simple domain
or an open fundamental domain in P'. The set of all strict Berkovich open
connected affinoids generates the topology of P! (cf. [1, § 2.6], [2, § 6],
[9, § 2.1]). For non-archimedean K, the relative topology of P! in P! agrees
with the metric topology on P! induced by the chordal distance on P'. Both
P! and P!\ P! are dense in P!.

From rigid analysis, we take the following.

DEFINITION 2.5. For non-archimedean K, a closed (resp. open) con-
nected affinoid in P! is the intersection of P! and a Berkovich closed (resp.
open) connected affinoid U in P!, and is said to be strict if U is strict.
A (K-valued) holomorphic function 7" on a strict closed connected affinoid
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V in P! is defined by a uniform limit on V' (with respect to [+, -]) of a sequence
of rational functions on P! with no pole in V. By definition, a holomorphic
function T on an open subset D in P! is a function on D which restricts to
a holomorphic function on any strict closed connected affinoid V in D.

FacT 2.6. For non-archimedean K, the modulus |T'| of a holomorphic
function T on a strict closed connected affinoid V in P! attains both its
maximum and minimum values on V' (the maximum modulus principle, cf.
[0, §6.2.1, §7.3.4]). If in addition 7" is non-constant, then it has at most
finitely many zeros in V' (this follows from the Weierstrass preparation the-
orem, cf. [2, Theorem 3.5]).

Let ¢ € K(2) be a rational function on P!. For non-archimedean K, the
analytic structure on P! induces the extended action of ¢ on P'. For non-
constant ¢, the extended action of ¢ on P! is continuous, open, surjective,
and fiber-discrete, and preserves P! and P1\P! (see [I, Corollaries 9.9, 9.10],
[9, §2.2]).

Fact 2.7. Suppose that K is non-archimedean and ¢ is non-constant.
Then ¢ maps a Berkovich disk (resp. Berkovich connected affinoid) onto
either P! or a Berkovich disk (resp. Berkovich connected affinoid), preserving
their openness, closedness, and strictness. Each component U of ¢~1(V)
for any Berkovich connected affinoid V is a Berkovich connected affinoid,
and the restriction ¢ : U — V is proper and surjective ([I, Corollary 9.11
and Lemma 9.12], [2, Proposition 6.13], [17, Proposition 2.6]). The local
(algebraic) degree deg, ¢ € N of ¢ at each z € P! also uniquely extends
to the function degg ¢ € N for all S € P! so that for any Berkovich open
connected affinoid V and every component U of ¢~1(V), the function

VoSyr Y. degsp€eN
Se¢—1(So)NU
is constant ([I, §2, §9] and [9, §2.1, Proposition-Définition 2.1]. See also
[2, §6.3], [L1) §4]). We denote this constant by deg(¢ : U — V).

If deg ¢ > 0, then the extended ¢ : P! — P! and the local degree degg ¢
of ¢ at each S € P! induce a push-forward ¢, and pullback ¢* on the space
of continuous functions on P!, on the space of §-subharmonic functions on
P! (functions on P! which can locally be written as the difference of two
subharmonic functions), and on the space of Radon measures on P! (see
[T, §9.4, §9.5], [9, §2.2]). When deg ¢ = 0, for a Radon measure p on P!, we
set ¢*p := 0 by convention. It is fundamental that for each non-constant ¢,
the Laplacian A behaves functorially under ¢* in that for any d-subharmonic
function h on P?,

A¢*h = ¢* Ah
on P! (for non-archimedean K, see [I} §9.5], [9, §2.4]).
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DEFINITION 2.8. A lift Fy = ((Fp)o, (Fy)1) : K — K2 of ¢ is a homo-
geneous polynomial endomorphism of K? such that

moFy=¢om

and that F¢_1(O) = {0} if deg¢ > 0. Such an Fy is unique up to scaling by
an element of K* = K \ {0}, and deg F, = deg ¢. The function

log [|Fy|| — (deg¢)log || - ||

on K2\ {0} descends to one on P!, which in turn extends continuously to a
function TF, : P! — R satisfying

(2.2) ATF¢ = ¢" can — (deg @) 2can
—1

on P!; indeed, for each w € P!\ {oo}, since |- —w| = [, w]can[", 0] ok, [w, 00
on P!, we have Alog |- —w| = 8, — Jo on PL. The homogeneous polynomial
(Fs)o(po,p1) € Klpo,p1] factors into deg ¢ homogeneous linear factors in
K|[po, p1]. Hence the function log |(Fy)o(po, p1)| — (deg ¢) log |po| on K2\ {0}
descends to one on P!, which in turn extends to a d-subharmonic function
SF, on P! satisfying ASF, = ¢* 00— (deg ¢)doo on PL. This yields (2.2) since
T, = Sp, —1og [¢(-), 00]can + (deg @) log [+, 00]can on P

Let ¢; € K(z),i € {1,2}, be rational functions on P* of degree d;. We call
the following extension [¢1, #2]can to P! of the function z + [¢1(2), ¢2(2)]
on P! the prozimity function of ¢1 and ¢ on PL.

]—1

PROPOSITION 2.9. For each n € N, the function [¢1(-), $2()] on P! ez-

tends continuously to a function [¢1, $2]can(:) on P which takes its values
in [0,1] and, if p1 £ P2 and max{dy,ds} > 0, satisfies

(2'3) Alog [¢17 ¢2]can(') = Z 6w - QZ)T*Qcan - d’;gcan-
wePL: g1 (w)=p2(w)

Here the sum Zwepl:qﬁl(w):@(w) Oy takes into account the multiplicity of

each root of ¢p1 = ¢ in PL.

Proof. Let F7 and Fy be lifts of ¢1 and ¢, respectively. Then there are
points ¢; = qfl’FQ € K2\ {0} (j =1,...,d; + dg) such that

d1+d3
Fi(p) AFa(p) = [] (prg))
j=1
on K2 Here, 7(gj) is a root of ¢y = ¢ in P! for each j € {1,...,d; + da}.
On P!,
di+ds
(24) Togldr(),ba()] = 3 (oglm(g)] +1og lgsl) — T [P — T P,
j=1
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where Tr, = log || Fi|| — d;log || - || (extended continuously to P'), i € {1,2},
is the function introduced in Definition The right hand side of
extends [¢1(-), $2(-)] on P! to [¢1, ho]can(-) on P! continuously so that
di+d2
log [¢1, d2lean(-) = D (log [, m(4))]ean +1og [lg5ll) — Try — T,
j=1

on P! (see Fact, and satisfies in view of and . The density
of P! in P! implies that [¢1, 2]can(:) € [0,1] on PL. =

REMARK 2.10 (discontinuity of [¢1(+), ¢2(-)]can). If ¢2 = a € P! on P!,
then [¢1(:), alcan coincides with [¢1, a]can(-) since they are continuous on
P! and identical on the dense subset P! in P'. We point out that if K is
non-archimedean and both ¢; and ¢ are non-constant, then [¢1(+), ¢2(*)]can,
which is the evaluation of [S1, Sa]can at S1 = ¢1(-) and Sy = ¢o(-) in PL, is
not always continuous on P!, so is not always identical with [¢1, ¢2]can(:)-
This discrepancy seems to have been overlooked in the proof of Theorem
in [9, §3.4].

An example is ¢1 = ¢o = Idpi; see Fact [2.3] More generally, let ¢; and
¢2 be non-constant polynomials such that ¢1(0) = ¢2(0) = 0 and ¢} (0) =
#5(0) # 0. Fix r > 0 small enough that on {z € K : |z] < 2r},

[#1(2), $2(2)]ean = [91(2), $2(2)] = [¢1(2) — ¢2(2)] < 5]H1(0)Ir,
and that for the point S, € P!\ P! determined by the disk {z € K : |z| < r},
[61(Sr), $2(Sr)]can = diam(¢1(Sr) A ¢2(S;)) = [¢1(Sy)| = [#1(0)]r > 0.

Since any open neighborhood of S, in P! intersects {z € K : |2| < 2r}, we

have liminfs_,s, [01(S), $2(S)]can < |1(0)]r/2 < [91(S;), P2(Sr)]can- Hence
the function [¢1(+), ¢2(+)]can on Pl is not continuous at S,.

Let f € K(2) be a rational function on P! of degree d > 1, and let F be
a lift of f.

DEFINITION 2.11. The dynamical Green function of F on P! is

oo

1 mn\ * 1 _ . ]'
(2.5) ori= 3 ol (dTF) ~ lim T € R

which converges uniformly on P! ([, §10.1], [9, §3.1]).

The function g is continuous on P!. For every n € N, we have gpn = gp.
For an arbitrary lift of f, given by cF for some ¢ € K*, we have g.r =

gr + (log|c[)/(d —1).
DEFINITION 2.12. The probability Radon measure

1
(2.6) pf = Agr + Qcan = lim —(f")*2can

n—oo "
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on P! is called the equilibrium measure of f on P'. Here the last limit is a
weak one on P

Fact 2.13. By the continuity of g, the measure ;1 has no atoms in P!
Moreover, jiy is both balanced and invariant under f in the sense that

(2.7) fipp = (deg fluy and fupp= py,
respectively (see [1, §10], [7, §2], [0, §3.1] for non-archimedean K).
We define the F-kernel on P! to be
Pp(S,8') ==10g[S, Slcan — gr(S) — gr(S')

for S, S’ € PL. The function @5 is upper semicontinuous on P! x P!, and for
each S € P\ P!, @1 (S, ) is continuous on P! (see Fact . We have

sup |Pr(S,8") —log [S, 8 ]can| < 2sup gr < 00,
(S,5")eP1xP1 p1

and from (2.1)) and (2.6), APr(-,S) = s — uy for each S € PL. For a Radon
measure p on P!, the F-potential on P! and the F-energy of j are

Upu() = | @p(,8)du(S"),  Ir(u) == | Urpdp,
Pl Pl
respectively (see also [II, §8.10], [9, §2.4]). The function Uf,, is upper semi-
continuous on P! and has the following continuity property: for every zy €
P!\ {cc} and every r > 0, if S,(20) is the point in P! corresponding to the
disk B, (z0) :={z € K : |z — z9| <}, we have

(2.8) lim Up (81 (20)) = Ury(20)

(see [I, Proposition 6.12]). By Fubini’s theorem,
AUpy = p— p(Ph)py.

A probability Radon measure ;o on P! is called an F-equilibrium mass
distribution on P! if the F-energy Ir(u) of this u equals

Vg := sup{Ip(v) : v is a probability Radon measure on P!},

which is > —oo since Ip(2can) > —00.

We recall Baker and Rumely’s characterization of py as the unique so-
lution of a Gauss variational problem; see [I, Theorem 8.67 and Proposi-
tion 8.70] for non-archimedean K. For a discussion of the Gauss variational
problem, see e.g. [18].

LEMMA 2.14. There is a unique F-equilibrium mass distribution on P!,
which coincides with the equilibrium measure py of f. Indeed, on PL,

(29) UF,uf = VF
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The functions @, Ur,, and gr depend on the lift F' of f. We will now
introduce more canonical functions @, U,, and g, which do not depend on
the choice of the lift F. The f-kernel on P! (the negative of the Arakelov
Green function for f in [I], §10.2]) is

b= dp — V.

It is independent of the choice of F. For each Radon measure p on P!, we
define the f-potential

Uy =\ &4(,8") du(S)
Pl
on P. We still have AU, = p — u(P')us. From Lemma we obtain

LEMMA 2.15. For each Radon measure pu on P!, we have U, >0 on
supp u if and only if p = pg. Moreover, U,, =0 on Pl

The dynamical Green function gy of f (a canonical version of gp) is
defined as

gf(S) = gr(S) + %VF = %(log [S, S]can — ¢f(578))a
which is independent of the choice of F' and still satisfies
(2.10) Agy = pf — can-
For every (S,S’) € P! x P,
Qf(sv Sl) = log [87 Sl]can - gf(S) - gf(S,)'
Our definition (2.6) of py agrees with Favre and Rivera-Letelier’s [9,
Proposition-Définition 3.2]:
LEMMA 2.16. For every S € P\ P!, weakly on P?,
- (f")"ds
1 e L2 =
Fooe  dn i
Proof. For every S € P! and every n € N, from the balanced property
[rup=d-py,
APy (f(-),8) = (f")"(0s — py) = (f")"ds — d"puy
on P!. Suppose that S € P!\ P!. Then since [S, S]can > 0,
sup [@(f"(S"),S)| < [log [S, Slean| + 25up g5 < 00,
S'ept pi
80 limy—y00 @4 (f™(+),S)/d" = 0 uniformly on P!. By the continuity of A

on uniformly convergent sequences of J-subharmonic functions (for non-
archimedean K, see [I, Corollary 5.39], [9, Proposition 2.17]), as n — oo,

v d)n Sy = A ®s(f7(),8) = 0

weakly on P!. m
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The Berkovich Fatou set F(f) of f is by definition P!\ J(f), which is
open in P'. A Berkovich Fatou component W of f is a component of F(f).
Given such a W, f(W) is also a Berkovich Fatou component of f, and so is
each component of f~1(W). We call W a cyclic Berkovich Fatou component
of fif fP(W) =W for some p € N.

For archimedean K, the classification of cyclic Fatou components (im-
mediate (super)attractive basins of attracting cycles, immediate attractive
basins of parabolic cycles, Siegel disks, and Herman rings) of f is essentially
due to Fatou (cf. [I4, Theorem 5.2]). The following is its non-archimedean
counterpart due to Rivera-Letelier; see [9, Proposition 2.16] and its esquisse
de démonstration, and also [2, Remark 7.10].

THEOREM 2.17. Suppose that K is mon-archimedean. Then for each
cyclic Berkovich Fatou component W of f, either W contains an attracting
periodic point of f in W NP (attracting case), or deg(fP : W — W) =1
for some p € N satisfying fP(W) = W. Moreover, only one case occurs. In
the former case, W is called an immediate (super)attractive basin of f, and
in the latter case, W is called a singular domain of f.

All of E(f), J(f), F(f), and supp py are completely invariant under f.
Here, a subset F in P! is said to be completely invariant under f if f(E) C E
and f~1(E) C E. The following equality is fundamental.

THEOREM 2.18. J(f) = supp ps. Moreover, for each a € E(f), no weak
limit point of (V%) on P! equals pif.

Proof. Since g1y has no atoms in P! and E(f) is a countable subset
in P1, supp i ¢ E(f). Then J(f) € Upen /" ((supp sig) \ B(F)), which is
contained in supp p . Hence J(f) C supp puy.

For archimedean K, (2.., is the normalized Fubini—-Study metric on
P! =P!. By Marty’s theorem [I3, Théoréme 5], which is an infinitesimal
version of Montel’s theorem, F(f) coincides with the maximal open subset
in P! where the family of chordal derivatives of f?, n € N,

(f")*Lcan Lf"(2), [ (w)]

1 T
{]P> Sz o (2) ignz 2]

e[O,w):neN}

is locally uniformly bounded. Hence by the definition (2.6]) of 1f, we have
F(f) C P\ supp puy, i.e., supp s C J(f).

Suppose that K is non-archimedean. If J(f) C P!, then F(f) is itself
the unique Berkovich Fatou component of f, which is completely invariant

under f. Since deg(f : F(f) — F(f)) = deg f > 1, by Theorem F(f)
is the immediate attractive basin of an attracting fixed point a € P'. Since

Scan € PL\P! C F(f)\ {a}, we have ey Upsn [7(Scan) C OF(f) = I(f).
Moreover, since (2can = 0s,,, in this case, by the definition (2.6) of sy,
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supp iy C yvenUnsn f7"(Scan). Hence suppuy € J(f). Finally, if

J(f) ¢ P, then by Lemmam we have supp iy C U,en f7(I(f) \ PY),
which is contained in J(f).

Hence we have supp p s C J(f) in both archimedean and non-archimedean
cases, and the proof of the former assertion is complete.

Recall that for any a € E(f), the backward orbit | J,c f7"(a) is finite
and contained in F(f). Hence any weak limit point v = lim;_, zxgj has its
support in F(f), so v # py by the former assertion. m

Finally, for a rational function f € K(z) on P! of degree d > 1 and a
rational function a € K(z) on P!, we introduce the (logarithmic) proximity
function log [f™, a]can(:) of f*(-) and a(-) weighted by g:

B(f",a)s() :=1log [f"; alean(-) — gy o f" = groa.

The function @(f",a)¢(-) extends the function z — ®;(f"(z),a(z)) on P!
continuously to P! and plays a crucial role in the rest of the paper. It agrees
with @¢(f"(-),a) when a is constant. For each n € N, we have

(2.11) sup [P(f",a)f(-) —log [f", alcan(-)] < sup 2g7| < o0.

LEMMA 2.19 (cf. [20, (1.4)]). For every n € N,

(2.12)

T 1 1 .
d745(f ,0) £ (1) = U4 (deg a) jaryve — == Uarpy + an \ o(f",a)s() dpy

dn
pl
on PL. Similarly, the function Uy, = a*g5 + UgrGuny — Spi(a*gy) dpy is
continuous (hence bounded) on P1.

Proof. For each n € N, from (2.3) and ({2.10)),
AD(f",a)f(-) = (d" + dega)vy — (f") pg — a’puy,
and using the balanced property f*u; =d- py, we have

A@(f”,a)f(-) = A(U(d"—l-dega)l/% - Ua*uf).
Hence the function

1 1
din@(f aa)f(') - <U(1+(dega)/d“)l/ﬁ(') - dnUa*,uf(')>

is constant on P! (for non-archimedean K, this holds on P!\ P! by a basic
property of A (see [I, Lemma 5.24], [9 §2.4]) and indeed on P! by continu-
ity ) We determine the constant by integrating this against du ¢ on Pl
by Fubini’s theorem and the fact that U,, = 0, the integrals of the second
and third terms in dyuy vanish. Hence holds.
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Similarly, from AU+, = a*uy — (dega)uy = A(a*gs + Uar0e,n), the
function Uy, — (a*gf + Ua*@.,,) is constant on PLl. The constant is deter-
mined by integrating this function against du; on Pl w

3. Proof of Theorem Let K be an algebraically closed field of
any characteristic and complete with respect to a non-trivial absolute value.
Let f € K(z) be a rational function on P! = P}(K) of degree d > 1, and
a € K(z) arational function on PL. Let (n;) be a sequence in N tending to oo,
and v be any weak limit of a subsequence of (v} ) on Pl = PY(K). This is

a probability Radon measure on P!, and the equidistribution property (I.3))
is equivalent to

(L.3) V= pf.

Taking a subsequence of (n;) if necessary, we can assume that v =lim;_,« z/gj
weakly on P! and that the limit

(3.1) lim —— § B(f", a)y dpiy
Pl

exists in [—o0, 0].
LEMMA 3.1. On P!,

(3.2)  limsup L log [f™, a]can(-) = limsup f@(fnj a)s(-)

Jj—o0 dri j—o0 dni

—oo d™i

1
<U,+ hm — S D(f",a)¢dpy < min{U,,0}.
1

Moreover, on P!\ P!,

1 e 1 .
88)  Jim G108l alan() = Uut Jim G § (7™ )y

Proof. By a cut-off argument, on P!,

(3.4) lim sup Uya < Uy;

j—o0
indeed, for every N € N, UV%j < (o max{—N,®s(-,S")} dvy, (S') on Pl and

since for every S € P! the function &' — max{—N, ®;(S,S’)} is continuous
on P!, we have

hmsupUya < Smax{—N,(ﬁf(-,S’)}dy(S’)

Jj—ro0 p1

on P!. Taking N — oo, we obtain (3.4)) by the monotone convergence theo-
rem.
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On the other hand, for every S € P!\ P!, the function &' — @¢(S,S’) is
continuous on P!, so we have limj_>oo Uya =U, on PL\ Pl
J

By the comparison (|2 and [, alcan < 1,

lim sup —@(f”f a)f(-) = limsup L log [, a]can(-) <0

j—o0 dni j—o0 d"i

on P!. Now taking lim SUp;_,o Of ((2.12) for n = n;), we have (3.2) on P,
and also (3.3) on P\ P!, m

If a is constant, then by convention, we identify a with its value in P!.

LEMMA 3.2. If a is constant, then (5, @¢(f"(-),a)dpy = 0 for every
neN, and U, >0 on J(f).

Proof. Let a € PL. Then for every n € N, by the invariance fatty = py
and the fact that U,, =0 on P!, we have

V @7("(),a) dpg = Ugpny, (@) = Upp (@) = 0.
Pl

Hence by Fatou’s lemma and ({3.2)), this implies that

1 N
p1

1
S hmsupﬂdif(f”a() a)dpy < S U, dpy.
pr T {Uy<03n(f)

Since J(f) C supp g (by Theorem 2.18), {U, < 0} NJ(f) =0. =

We show the following counterpart of Lemma [3.2] for non-constant a.
LEMMA 3.3. If a is non-constant, then U, > 0 on J(f).
Proof. Assume that {U, < 0} N J(f) # 0. Then since {Uy < 0} is open,

U /U, <0ynP!) = (U U, <0}))mP>1 S P B(f).

neN neN
If there exists z1 € E(f), then J,cy /"({Uy < 0} NP') intersects the im-
mediate attractive basin of z1, so by (3.2)), @ = z1. This contradicts that a
is non-constant, and so we have E(f) = 0.

Let z be a fixed point of f in P! = P!\ E(f). Then by the assump-
tion {U, < 0} NJ(f) # 0 and the definition of J(f), J(f) N{U, < 0} C
(NeenUjze f7(20)) N {U, < 0}. Hence if #(Upen f7"(20) N {U, < 0})
< 00, then J(f) N {U, < 0} is a non-empty and finite subset in P!. Since

J(f) C supp py (by Theorem [2.18), this contradicts that sy has no atoms
in P,
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Hence there is an N € N such that f~V(z0) N {U, < 0} ¢ a~'(20)
since #(U,en f"(20) N {U, < 0}) = oo and #a '(20) < co. Let z_n €
(fNM(20)N{U, <0})\ a '(20). Then

1 1
limsup — log [f™ (2_n), a(z—n)] = lim sup — log [z, a(z_N)] = 0,
j—00 dri j—00 dri
which contradicts (3.2)) at z_n since U, (z2_n) < 0.
Hence {U, < 0} N J(f) =0, and the proof is complete. =

LEmMMA 3.4. If (L.3[) holds, then

(3.5) tim = § @™, a)() dpg = 0.

Indeed, ([3.5) holds for every a € P* without assuming (1.3)).

Proof. If a is constant, then this follows from the former assertion in

Lemma |3.2] without assuming ([1.3[)).
Suppose that a is non-constant. If ([1.3[)) holds but (3.5) does not hold,

then by (3.2)) and U, = U, =0,

1 1
(3.6) lim sup 2 log (7, alean(’) < Uy + lim PS B(f",a)fdpp <0
on PL. If there exists z; € E(f), then holds on the immediate attractive
basin of z1, so a = z1. This is a contradiction, and we have E(f) = (.

Let 29 € P! = P!\ E(f) be a fixed point of f. Then oo > #a~!(z
# Unen f"(20) = 00, so there is an N € N such that f~V(z0) ¢ a™*
Let z_n € f™(20) \ a*(20). Then

0) <
(20)-

1 1
lim sup —— log [ (=_x), a(=_x)] = lim sup —— log [z0, a(>_x)] = 0,
Jj—roo dni j—00 dni

which contradicts (3.6) at z_n. =

We can now complete the proof of Theorem (1| If holds, then by
the latter assertion in Lemma Lemma, and Lemma the condi-
tion holds. The reverse implication follows by Theorem m

Suppose now that K is non-archimedean. If holds, then U, =

U, =0 o0n P!, and by (3.3) and Lemma we have

1 1
lim ——1log [f™, alean(-) = Uy + lim —— | &(f",a)sdps =0,
1

j—oo d™i j—oo d™i

i.e., (1.5), on P1\ P!. Conversely, if (1.5 holds on P!\ P!, then by (3.2)), we
have {U, < 0}\P! = 0, so {U, < 0} = . Hence by Lemma[2.15 (L.3]) holds.

If one (so ultimately all) of (L.3)), (L.4) and (L.5]) holds, then by Lemma[3.4]
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and (2.11)), the final (T.6]) holds; indeed, (1.6)) holds for every a € P! without
assuming (1.3), (L4) or (L3).
This completes the proof of Theorem

4. Proof of Theorems [A] and We give some addenda to our
argument in Section |3| Let K be an algebraically closed field of arbitrary
characteristic, and complete with respect to a non-trivial absolute value.
Let f € K(z) be a rational function on P! of degree d > 1, and a € K(z) a
rational function on P!. If a is constant, we identify a with its value in P!,
Let v = lim;j_,oo vy, be the weak limit of a subsequence (v ) of (v;;) on
Pl = P}(K). Taking a subsequence of (n;) if necessary, we can assume that
the limit exists in [—o0, 0].

We first give a purely local proof of Theorem [A| based on and
Lemma

Proof of Theorem [A] Under the assumption in Theorem [A] we set
K = C,. The set of all points in P!(k) which are wandering under f and,
if in addition a is non-constant, do not belong to a~'(E(f)), is dense in
PL. Since U, is upper semicontinuous, the inequality , combined with
the dynamical Diophantine approximation result , implies that U, > 0

on P'. Hence by Lemma [2.15 (1.3[) holds. =
Next, we prove Theorem

Proof of Theorem|1.1. We will show that (suppv)N{U, < 0} = (. This
means that, by Lemma will hold.

Suppose first that a € J(f) NPL. Then as f~1(J(f)) = J(f), we have
suppv C J(f). Hence by Lemma [3.2] (suppv) N {U, < 0} = 0.

Suppose that a € (F(f) NP!)\ E(f). By the upper semicontinuity of U,,
{U, < 0} is open. From (3.2),

(4.1) lim sup d% log [ (), alean < Uy(-) < 0
j—o0 J

on {U, < 0}. This implies that lim; oo f% = a on {U, < 0} NP, so
{U, < 0} nP! C F(f), and that the Berkovich Fatou component W of f
containing a is cyclic under f, i.e., fP(W) =W for some p € N. Then from
the classification of cyclic (Berkovich) Fatou components (see Theorem
for non-archimedean K), it follows that either a is the unique attracting fixed
point of fP in W (attracting case), or deg(fP : W — W) = 1 (singular case).
In the attracting case, by , a is the superattracting fixed point of fP in
W satisfying deg, fP = dP. This contradicts the assumption a € P* \ E(f).

Hence the singular case occurs. Let U be a component of {U, < 0} and
put N := min{n € NU{0} : f*(U) C W}. Then for every n > N, there is
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at most one root of f"~N(.) = a in W, which is simple if it exists. Hence

1-dN
0 <v(U) < limsup d =0.

j—00 d"i

This implies that (suppv) N{U, <0} =0. =

REMARK 4.1. For a purely potential-theoretical proof of Theorem
for non-archimedean K, see [11I, §5].

An application of Theorem [I.1]is the following.
LEMMA 4.2. The Berkovich Julia set J(f) of f coincides with

(2) {sept: ) N Urmwo=p\emnh

(nj)CN: infinite U: open inP!, SeU jEN

which is a priori contained in J(f).

Proof. By Theorem J(f) C supp py. By Theorems and
supp jty is contained in (4.2). Clearly, (4.2)) is contained in J(f). =

Suppose now that a is non-constant.

Proof of Theorem[1.3 for archimedean K = C. We will show that U, > 0
on supp v. Then by Lemma will hold.

By the upper semicontinuity of U,, {U, < 0} is open. Let U be a
component of {U, < 0}. By Lemma U C F(f). From (3.2), we have
lim; . f™ = a on U. Since a is non-constant, this implies that there are
an IV € N and a cyclic Fatou component Y of f such that Y is a Siegel
disk or a Herman ring of f, and that for every j > N, f"(U) C Y. Then
a(U) C Y. For some ko € N, we have f*(Y) =Y and for every j > N, we
have ko|(n; —ny).

Let h : Y — C be a holomorphic injection (a linearization map) such
that for some o € R\ Q, setting A = €™, we have ho f*0 = \-h on Y.
Taking a subsequence of (n;) if necessary, Ao := limj o Ami—nn)/ko ¢ C
exists and

hoa= lim ho f™ = Xy - (ho f™)
]*)OO
on U. Moreover, for every j € N large enough, A% —"¥)/k0 £ )\ and
hofli —hoa= (A"—N)/ko _ \g). (ho fmN)
on U. Since h has at most one zero in Y, which is simple if it exists, we have

0 < v(U) < lims L
SV S 1§n_>£pd”j+dega_

This implies that {U, < 0} N (suppv) = 0. =
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Suppose now that K is non-archimedean. In the following definition, &
is a Berkovich version of Rivera-Letelier’s quasiperiodicity domain of f.

DEFINITION 4.3. Let £ be the set of points in P! having a neighborhood
U such that for some (n;) C N tending to oo,
(4.3) lim sup [f™,Idp1] = 0.
J]—00 Unp!
LEMMA 4.4. & is open, f(Ef) C &, and Ey is covered by singular do-
mains of f. In particular, Ef N P! £ Pl

Proof. From the definition, £ is open in P!. For every open subset U
in PY, [f%,1d] o f = [f%*Y, f] < L[f",1d] on U N P!, where L > 0 is
a Lipschitz constant of f|P! with respect to the chordal distance. Hence
if holds on U, then im0 sup nyqpt [f™, Idp1] = 0, so f(Ef) C &y

By Lemma and , Er NPY C F(f). Moreover, by ([4.3)), & is

indeed covered by some cyclic Berkovich Fatou components W of f, and by
Theorem and , each W is a singular domain.

Since &y is covered by singular domains of f, f has no critical points in
Er NP so from deg f > 1, we have £y NP! £ Pl »

For non-archimedean K of characteristic 0, a non-archimedean counter-
part of the uniformization of a Siegel disk or a Herman ring of f is given by
Rivera-Letelier’s iterative logarithm of f on &y.

THEOREM 4.5 ([I7, §3.2, §4.2]; see also [9, Théoreme 2.15]). Suppose
that K has characteristic 0 and residual characteristic p. Let f € K(z) be
a rational function on P! of degree > 1 and suppose that Er # 0, which
implies p > 0 by [9, Lemme 2.14]. Then for every component Y of £ not
containing oo, there are a ko € N, a continuous action T : Zp x (Y N K) 2
(w,y) = T¥(y) € YNK and a non-constant K -valued holomorphic function
T. on Y N K such that for every m € Z, (ff)™ = T™ on'Y N K, that for
each w € Zyp, T is a biholomorphism on'Y N K and that for every wy € Zp,

T — T
(4.4) lim —— =T, 0T
Zpow—wg W — Wo
locally uniformly in Y N K.
We also need the following.

LEMMA 4.6. For every compact subset C in {U, < 0},
lim sup [f™, a]can(-) = 0.
J]—00 C
Proof. By a lemma of Hartogs (cf. [9, Proposition 2.18], [I, Proposi-
tion 8.57]) and (3.4), for every compact subset C' in P!,
(4.5) limsupsup Uya < supU,.
7 C

j—oo  C
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By Lemma

sup (™, ) ()
C

1 1 _
= sup Ul (dega)/dmayws, + Za; sup Uar g + 2 PSl P(f",a)y dpy.

Let us take limsup;_,, of both sides. Then by (2.11)), the estimate (4.5),
and the boundedness of Uy« , we have

1

lim sup —— log sup [f"7, a]can(-) < sup U,.
j—00 J C C

If C C {U, < 0}, then by the upper semicontinuity of U,, sup- U, < 0. This

completes the proof. =

Suppose now that K is non-archimedean and of characteristic zero. By
Lemma we can assume oo € & without loss of generality.

Proof of Theorem[I.3 for non-archimedean K of characteristic zero. We
will show that U, > 0 on supp v. Then by Lemma will hold.

By the upper semicontinuity of U,, {U, < 0} is open. Let U be a com-
ponent of {U, < 0}. For every compact subset C' in {U, < 0}, sups U, < 0.

LEMMA 4.7. a(U) C &;.

Proof. Fix zyp € U NP!. By Lemma there is a Berkovich open disk
D relatively compact in U and containing zg such that

(4.6) lim sup [f™, a]can(:) = 0,
j—oo p

and without loss of generality, we can assume that D is so small that a(D) is
a Berkovich open disc (see Fact . Fix a Berkovich open disk D’ relatively
compact in a(D) and containing a(zp). Then by (4.6)), for every j € N large
enough, f™ (D) is a Berkovich open disk intersecting a(D), and moreover
containing D’. Hence, since [f"+17 " TId]o ™ = [fM+1, fr] < [f%+1 a](-)+
[f%,a](-) on P!, we have

sup [f™*17", 1d] < sup [f"*, a](-) 4+ sup [f™, a]("),

D/NPt DNP! DNP!
so by (4.6)), lim sup,_, . supp/qpr [f"+1 7", 1d] = 0. This implies a(U) C &f. =

Let Y be the component of £; containing a(U). Let p > 0, kg € N, T,
T, be as in Theorem associated to this Y.

For any Berkovich closed connected affinoid V' in U, by Lemma 4.6
lim;j 00 sUpy [f™, @]can(-) = 0. Then there exists an N € N such that for
every j > N, the Berkovich closed connected affinoid ™ (V') is contained
in Y, and ko | (nj — nn).
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For every j > N, fi = T(i—nn)/ko o fnn on V' NPl Taking a subse-
quence of (n;) if necessary, the limit
. Ny —NN
Jliglo ko o
exists in Zp, and a = lim;_, "7 = lim; o T(ni—nn)/ko o [N =Two o fN
on V NP For every j > N,
(4.7) ff—a= (T(”j_nN)/ko — T o f™N

on V NPL Increasing N if necessary, we also have (n; — ny)/ko # wo.

Let Z, be the set of all zeros in the closed connected affinoid f"~ (V)N K
of the non-constant holomorphic function T, oT*“° on Y NK. Then #7, < oo
(see Fact [2.6). Hence #f~"~(Z,) < oo, and we can assume that f~"N(Z,)
C K without loss of generality.

Now we also assume that the Berkovich closed connected affinoid V is
strict.

LEMMA 4.8. (suppv) N ((int V) \ f7"(Z,)) = 0.
Proof. For each € > 0 in |K*|, set
Vo=V | {SeP'\{c}:|S—w|<e}
wef’”N(Z*)

which is a strict Berkovich closed connected affinoid. Then f™~ (V;) is a strict
Berkovich closed connected affinoid in Y. Hence by the maximum modulus
principle, the minimum

min{|T, o T*°(2)| : z € f"(Vo)N K} >0

exists (see Fact and is positive by the choice of V. Then from the
uniform convergence (4.4) on f™¥ (V) N K, for every j € N large enough,

[r(i—na)/ko _pwo| >

on f™(V.) N K, which together with (4.7) implies that there is no root
of f% = a in V. N PL. Hence (suppv) NintV, = (), which implies that
(supp¥) 1 (im6 V) \ £~ (Z,)) = 0. m

LEMMA 4.9. (suppv) N ((int V)N f7"~(Z,)) = 0.

Proof. Let zg € (intV) N f7"~N(Z,). If zp is a root of f = a, then

by (4.7) and the uniform convergence (4.4) on V', the multiplicity of zy as a
root of f = a is bounded from above by

(48) (degan(ZO) (T* o TWO)) AN — 1.

For any Berkovich open disk D in V' containing zp and satisfying the condi-
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tion DN f~"N(Z,) = {20}, from the upper bound ( and Lemma
0 <limsupvy, (D) < limsupvy ({20}) + hmsupy ,(D\{z0})

j‘)OO ]*)OO ]*)OO

(degrn (o) (T 0 T0)) - d"™¥

<limsup +v((int V) \ [N (Z)) = 0.

J—00 d"i
Hence v(D) = 0 if D is small enough, so zp & suppv. =

From Lemmas and (int V) N (suppv) = 0. This implies that
UnN (suppr) =0, so {U, <0} N (suppr) =0. m

Now the proof of Theorem is complete.

5. The case of polynomials. Let K be an algebraically closed field of
any characteristic and complete with respect to a non-trivial absolute value.

For every polynomial ¢ € K[z] on P!, the factorization of ¢ extends
|| continuously to P!\ {oc} using the extended |- —w| on P!\ {co} for
each w € P!\ {oo}. For polynomials ¢; € K[z] (i € {1,2}), ¢1 — é2 is also a
polynomial. Hence the continuous extension S + |¢1 — ¢2can(S) to P\ {co}
of the function z + |¢1(2) — ¢2(z)| on P\ {oo} exists so that on P!\ {oo},

(5.1) |61 = P2lcan(+) = [d1, P2]can(-) max{L, [¢1(-)[} max{L, [¢2(-)[}-

Let f € K|z] be a polynomial on P! of degree d > 1. The Berkovich
filled-in Julia set of f is

K(f) i= {SEPI lim (S )7500}.

Noting that f(oo) = 0o € E(f), let Asw = Ax(f) be the fixed immedi-
ate attractive basin of f containing co. Then f~1(Ay) = A since deg(f :
A — Ax) = deg,, f = d. Hence A, is completely invariant under f,
and K(f) = P! \A Moreover, 0As = OK(f) = J(f). Indeed, by The-
orem . J(f) C supppuys. Fix S € Ao N P'. Then by Theorem

supp py C ﬂNeN U,sn f7(S), which is contained in 0A C J(f).

For each R > 0 in |K*|, let D% := {S € P!\ {oc} : [S| > R} and Dp :=
D}, U {oo}. If R > 0 is large enough, then since oo is a (super)attracting
fixed point of f, we have inf,cp: p1 |f(z)] > R. Hence by the continuity
of |f()], infps [f(-)] > R. This implies that Dr € f~Y(Dg). Since A, =
Unen /7" (DRr), for every Berkovich closed disk D in A \ {oo} we have
liminf,_, infp | f"(-)| > R. Hence

(5.2) hnrgloréflgf | (-)] = oo.

LEMMA 5.1. Suppose that K is non-archimedean. For every polynomial
f € K[z] on P! of degree d > 1 and every polynomial a € K[z] on P!, the
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condition (1.5)) holds on Ax(f) \ {0}, and on K(f),
suII\)I |log [f", a]can(:) — log | f™ — a\can(‘)‘ < 0.
ne

In particular, (1.5) holds on P*\ P! if and only if the condition

(L.50)

holds on K(f) \ PL.

Proof. For every Berkovich closed disk D in Ay \ {oo}, fix an R > 0
in |K*| so large that R > max{1,supp |a(-)|}. By (5.1)) and (5.2)), for every
n € N large enough, on D N P!,

log [f"(-), a(-)] = log [f"(-)| = log [ /" ()| —logmax{1, |a(-)|} > —log R.
Hence log [f™, alcan(-) > —log R on D since both sides are continuous. This

implies that (1.5 holds on Ax(f) \ {o0}.
Next, fix an R > 0 in |[K*| so large that Dg C As. Then (J, o f"(K(f))

C P\ Dg. Hence by (5.1),

sup ‘log [f", alcan(") — log [f" — a|can(')‘
neN

.1 .
Jlggo dni log[f™ — alcan(:) =0

< logmax{1, R} 4+ log max{1, |a(-)|} < o0
on K(f) u

We conclude this section with an example. Suppose that K has character-
istic p > 0, and set f(z) = 2z + 2P and ¢ = Id. Then K(f) =
{S € P\ {oc} : |S] < 1}. For each j € N, f”(2) = z + 2" and the
equality

log ‘fpj — Id|can = 77p7 log | - |
holds on P!\ {oo}. By the continuity of both sides, this extends to P!\ {oo}.
In particular, (1.5[)) does not hold on K(f) \ P'. Hence the equidistribution
property (1.2)) for f(z) = z 4 2P and a = Id does not hold.

Of course, this could be more directly seen since

lim v% = lim

j J—
j—o00 p j—o0 ppj +1 (pp 60 + 600) N 60

weakly on P!, but supp pr = J(f) = OK(f) = {Scan}-
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