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A class of permutation trinomials over finite fields
by

XI1ANG-DONG Hou (Tampa, FL)

1. Introduction. Let [F, denote the finite field with ¢ elements. A poly-
nomial f € Fy[x] is called a permutation polynomial (PP) of F, if the map-
ping = — f(z) is a permutation of F,. There is always great interest in
permutation polynomials that appear in simple algebraic forms. In this
connection, a considerable amount of research has been devoted to find-
ing and understanding permutation binomials. For a few samples from a
long list of publications on permutation binomials over finite fields, see
[AW], [Cl, H3|, KL, MPW, MZ, [T, VRl W1l W2]. As for permutation tri-
nomials, there are not many theoretic results. Discoveries of infinite classes
of permutation trinomials are less frequent than those of permutation bino-
mials [BZ, Bl IGl [LP].

The main results of the present paper are the following theorems.

THEOREM 1.1. Let g be odd and f = —x + tx? + x*71 € F,[x], where
t € F,. Then f is a PP of Fp if and only if ¢ =1 (mod 8) and 2 = -2

THEOREM 1.2. Let q > 2 be even and f = x+tx9+ %271 € F,[x], where
t € Fy. Then f is a PP of Fp if and only if Try/5(1/t) = 0.

The polynomials in Theorems and arose from a recent study of
certain permutation polynomials over finite fields defined by a functional
equation [FHL] (we discuss this connection in Section 6). The same study
also led to the discovery of a class of permutation binomials over . similar
to the ones in the above theorems [H3]. However, the method of [H3] does
not seem to work in the current situation, and we will discuss the reason in
Section 4. The method of the present paper is different from that of [H3].

The proof of Theorem [I.2]is quite easy and will be given in Section 2. The
proof of Theorem is rather involved; here we briefly describe the strategy
and method of the proof. For the sufficiency part, we try to show that for

every y € 2, the equation f(z) = y has a solution x € F 2. This is quite
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obvious when y € F,. When y € F 2 \ Fy, the problem is reduced to proving

that a certain cubic polynomial over I, is always reducible. For the necessity

part, we use the criterion that > _p  f(z)° = 0for 1 < s < ¢— 2. The
q

sum Y p , f(z)® can be expressed as a double sum in terms of binomial
q

coefficients, and can be made explicit for s = (¢ — 1)q and 1 + (¢ — 2)q.
When s = (q — 1)g, the equation ) p 2 f(z)* = 0 implies that 1 + 4¢2

a square in Fy; when s = 1 + (g — 2)q, the equation implies that t2 = —2.
The proof of Theorem spans over three sections: proof of the suffi-
ciency in Section 3, computation of ) r . f(2)® in Section 4, proof of the
q

necessity in Section 5.

In [D2], Dobbertin developed a method to study certain types of permu-
tation polynomials over finite fields through multivariate rational functions;
see also [BZl, (D1, M]. The technique used in the proof of the sufficiency part
of Theorem bears some resemblance to Dobbertin’s method. However,
on the whole, the two approaches are not the same.

REMARK. The polynomial f in Theorems and [L.2] can be written as
f = xh(x971), where h(x) = —1 + tx + x> By [Z, Lemma 2.1], f is a PP
of F2 if and only if xh(x)9~! permutes the (q 1)th powers in IF:; . However,
as described above, our approach does not rely on this observation.

2. Proof of Theorem [1.2] Recall that in Theorem [I.2] ¢ > 2 is even

and ¢ € IFy.

Proof of Theorem - ) Let y € Fy2 be arbitrary. We show that the
equation
(2.1) x4 trl 4+ 227 =y

has at most one solution z € Fg2. Assume that x € F2 is a solution of (2.1)).

CASE 1. Assume y # 0. Then x # 0. Put 7 = 279y = 297! 4 219 + ¢
€ Fy. Then xz = (y/7)? and (2.1) becomes

q 2—q
(y> HM(@/) _
T T T

1
(2.2) —(y i ) =1
T

ie.,

Thus 7 is unique, hence so is z.

CASE 2. Assume y = 0. We show that (2.1) has no solution x € }F(’;Q. If,
to the contrary, (2.1)) has a solution x € }FZQ, then

(2.3) 24Tt =0.
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Since t # 0, we have 2279 £ 1 ie., zla=1)? # 1. Thus 297! ¢ F,. By ,
2971 is a root of x? 4 tx + 1 € Fy[x]. Then x? + tx + 1 must be irreducible
over F,. Hence Tr,/5(1/t) = 1, which is a contradiction.

(=) Assume to the contrary that Try/5(1/t) = 1. Then x* + tx + 1 is
irreducible over IF,. Let x € ;2 be a root of this polynomial. Then e =
Ng2/q(z) = 1, hence z = y?~! for some y € F 2. Thus we have ¢4ty =9+
= 0. Then does not have any solution for 7. Following the argument
in Case 1 of (<), we see that f(z) = y has no solution = € F 2, which is a
contradiction. m

3. Proof of Theorem sufficiency. Recall that the discriminant
of a cubic polynomial g = x3 4 bx? + cx + d over a field is given by
D(g) = —4c¢® — 27d?* + b*c* — 4b3d + 18bcd.
We first prove a lemma which appeared as an exercise in [K| p. 53].
LEMMA 3.1. If g € Fy[x] is an irreducible cubic polynomial, then D(g)
is a square in K.

Proof. T s is the splitting field of g over F,. The Galois group Aut (s /IF,)
of g over F,, as a permutation group of the roots of g, is ((1,2,3)) = A3. By
[Hul, Chapter V, Corollary 4.7], D(g) is a square of F. m

Proof of Theorem . (<) Assume ¢ =1 (mod 8), t € Fy, t2 = —2. For
every y € F 2, we show that the equation
(3.1) —rttat+ 27 =y
has at least one solution z € Fp2. If y € Fy, = y/t is a solution. So we
assume y € Fo \ Fy.

Assume for the time being that z € F . satisfies (3.1). Put 7 = 279y =
t+ 297t — 2179, Since (2971 — 21794 = — (297! — 2179), we may write
(3.2) T =1+ eu,

where € € F2, €971 = —1, and u € F,. Making the substitution z = (y/7)4

in (3.1), we have
q 2—q
T T T

i.e.,

t—7 1—gT? 41
3.3 al 1=
(33) Y T s Y
In the light of (3.2), we can write (3.3) as

—€u t—eu 1

3.4 T e T el —
(34) it Y Gtz ¥V it
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A routine computation shows that (3.4]) is equivalent to

qg—1 _ ,1—¢q 2 _ 9t qg—1 1—q qg—1 _ ,1—¢q
35) ot - Y y e (v 2+y )ut2¥ vy,
€ €
Note that the left side of (3.5]) is a cubic polynomial in u with coefficients
in [Fy.

At this point, it is necessary to reverse the above reasoning to ensure
the correctness of the logic. If u € F, is a solution of (3.5)), then 7 =t + eu

is a solution of (3.3)), and consequently, z = (y/7)? is a solution of (3.1)).
Therefore, all we have to do is to show that

(3.6)

g(u) == u® — v - yliquz + 2= Qt(yq;l * yliq)u +2 7yq71 ;yliq € Fylu]
€ € €

is reducible, where € € F 2, ¢9=! = —1. (Note that the reducibility of g is

independent of the choice of ¢.)

If y=1 —y'=9 = 0, g is clearly reducible. So we assume 391 — 3= £ 0.
Since (y?=! —y!79)7 = —(y9=1 — y179), we may choose € = y9=! — 479, Let
s=y? ' +y'79 € F,. Then

st 4=y YT —d =y Y ) =€
which is a nonsquare in F} since € ¢ F,. We can express g(u) in terms of ¢

and s: oy, 2-2s 9
g(u) =u’ —u*+ 52_4u+52_4.

We proceed to compute the discriminant of g. We have

2 - 2ts\? 2 \? 2 —2ts\ 2 2
D(g):_4<32—4) _27<s2—4> +<32—4> +432—4

2—2ts 2
s2—4 52 -4

— 18

— _(52144)3 [—8(ts —1)° +27(s* — 4) — (ts — 1)*(s* — 4)
—2(s* —4)? — 18(ts — 1)(s* — 4)]
= —@ [—8(t3s3 — 3t25% 4+ 3ts — 1)
+ (8% —4)(27 — 13s% + 2ts — 1 — 18ts + 18) — 2(s* — 852 + 16)]
— _(8;:4)3 [—8(—2ts” 4 6s° + 3ts — 1)
+ (s* — 4)(2s% — 16ts + 44) — 2(s* — 85% + 16)]
= _(321—2)?’(82 +10ts — 50) = —m.
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Since —16(s + 5t)? is a square of F, and since s> — 4 is a nonsquare in Fg
D(g) is not a square in Fy. By Lemma H 3.1, g is reducible in Fy[u]. =

4. Computation of Y _p . f(z)%. Let f = —x 4 tx9 + tx*I"!, where
q

t € Fypand ¢ > 2. Let 0 < s < ¢> — 1 and write s = o + B¢, where
0<a,B<qg—1. We have

Z f(.’L‘)S _ Z f([IJ)S _ Z xaq+,3<xQ—l _xl—q_i_t)oﬁ-ﬂq.

xGIqu :JcE]F;2 xEJFZQ

This sum is clearly 0 when o + 8¢ # 0 (mod g — 1).
Now assume a + 3¢ = 0 (mod ¢ —1). Since 0 < a+ Bq < ¢*> — 1, we must
have a + 8 = ¢ — 1. The above computation continues as follows:

Z flz)*tha = Z 2OtV (a1 _ pl=a 4 pye(gl=a _ o=l 4 p)f

.
zEIqu xqu2

(a+1)(g—1) O\ (BN a1 d—qyiti(_ 1\ patB—(i+))
@ Z(i)@(w ) (1)

zeF;2 i,j
— Z platl)(g=1) Z (C)‘) (?)ZE(H-]')(q—l)(l B $2(1_q))i+j(—1)jt_(i+j)
— \1 )\
xe[F* i,j
- Z Z< >< > (a=D)(at1+i47) (_1)i¢~ (Z+])Z<Z+]> )z 2k(a-1)
:EE]F*

-y Y < )( >(Z+]>(_1)k+jt—(z’+j)$(q—1)(a+1+i+j—2k)

:L"E]F* 4,5,k

R Qe

a+14i+5—2k=0 (mod g+1)
It is easy to see that when 0 < < a,0<j < f3,and 0 < k <1i+j, we have
—(g+ 1) <a+1+i+j—2k<2(qg+1).

Therefore,

(4.1)
S Fa)etin = — 3 <C;> (f) <Z Zj>(_1)k+jt(i+j).
xGIF'qz 1,7,k>0

a-F1+itj—2k=0, g+1

REMARK. In [[3], binomials of the form h = tx + x?¢=! where t € Fy,
were considered. The power sum ) g, h(z)284 where o, f > 0 and o+ 3
q
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= g — 1, was expressed in terms of two sums involving binomial coefficients;
see [H3, Lemma 3.2]. Those two sums in [H3| are over one variable and
essentially depend only on « but not on ¢ (hence not on ). However, the
sum in is over two variables and depends on both a and g. These
differences are the reason that the characteristic-free approach in [H3] has
not worked in the current situation.

5. Proof of Theorem necessity. Let p = charF, and let Z, be
the ring of p-adic integers. For z € Z, and a € Z with a > 0, written in the
form 2z =37 Soznp", a =) ,50anp", 0 < zp,a, < p—1, we have

(=) i

Therefore, if 2,2’ € 7Z, are such that v,(z — 2') > log, a, where v, is the
p-adic order, then (?) = (Z/) (mod p).

a a

LEMMA 5.1. Let z € F and write x2+x—z = (x—r1)(x—72), 71,72 € F 2.
Then
1/2 ifri=mry € Fq,

—k
Z < )zk_ 1 ifT’l,TQEFq, 7“1757“2,

0<k<q/2 0 ifri,r2 ¢ Fy.

Proof. We denote the constant term of a Laurent series in x by ct( ). We
have

Gy Y <‘k"7)zk: T (;’“)k

0<k<gq/2 0<k<g—1
(when ¢/2 <k <q—1, (_kk) = (q;k) =0 (mod p))

= > el )

0<k<g—1
- {okz(aﬂ)k] - )
)
() )
<+—>:t( <x—m><x—r2>>'
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First assume 1 = 2. We must have r = —1/2. By (j5.1), we see that

3 <_/<;k> - (;f(x - 7«1)—2>

0<k<q/2

=~ () =1 (modp)
2

=3
1

= (cz=1)

Now assume r1 # ro. By (5.1), we have

3 (7!“)2’“

0<k<q/2

1 1
X—" X—T92 /)71 —T9
1 1 1
= ct
rl—rgxq rll—ﬁ 7“21—5
22

1
o L — T2 r1Q+1 r2q+1

2 q+1 q+1 q+1 q+1

_ o~ Ty i Ty
(r1re)?Tt =y Ty — T2
2 2
ry —r

1 2 .
. — ——(7“1—1—7'2):1 1leaT2GFq7
= L= T2

0 if r1, 72 are conjugates over F,. m

LEMMA 5.2. Let z € FZ‘] and assume that x2+x— 2 has two distinct roots

in Fy. Then
_k .
Z <k:+1>z =1

0<k<(q—1)/2
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Proof. The computation is similar to that for Lemmal5.1} Write x> +x— 2
= (x —r1)(x — rg), where 71,73 € Fy, 71 # 2. We have

2 (kfl) N

0<k<(q—1)/2

)

0<k<q—1
(when (¢ —1)/2< k< q—1, (kjfl) =0 (mod p))

1 k
= > Ct<xk+1(1+x)k>z +1

0<k<q—1

(since (*(qqfl)) = (qZ*(qq*l)) = (FTamb9) = (171 = —1 (mod p))

- 1 Z(M)] 41
“alisira s 0wt )

= ct )((11—1——|_)(;{—z <1 + (1 _fx)q> B xqz+1 x()ldj—j{_)xj Z] !
:_i(1+z)+ct[};i<1+x(1fx)_zﬂ +1

——l—i-ct = !
oz x0T (x —r1)(x —r9)

_ 1 22 1 1
oz e \p0TE it

(see the computation in the proof of Lemma
1 22 <1 1)_ 1 22 -3

z ri—ro\ri 13 z (rire)3 r1 — 1o
1 1
:—;4-;(7“%4-7'17‘2"-7'%) (7“17"2:—2)
11 ) 11
~ A [ re)? =] = -+ S (14 2) .

LEMMA 5.3. Let z € IFZ and assume that x2+x— z has two distinct roots

in Fy. Then
—k 2z
> (k4 1)< )zk = .
0<k<(g-1)/2 bl 14z
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Proof. We have

—k —k
(5.2) (k+1)( > k— (k:+1)< >zk
oszcs(zqz—l)m k+1 OSkZSq—Q k+1
1
= O<kz<q_2(k? + 1) ct (W) z
1 P k
=ct|— E+1) ——— ) |.
‘*[xoggﬂ( (5rr) |
Since
_ 1— yq 1— yq
g 5 ()
1§k2§q—1 0<kz<;1 1 L—y (1-y)?
it follows that
b1 (2/(x(1 + %))
5.3 k41 i >
63 2, (sa5m) = Ty
. (1+x) 2 1
_<X1+X —Z> ( X)q
Therefore, by and ,
k ko 1 x(1+x
> wen( ) el _z) (EET
0<k<(q—1)/2

59

k

2 2
“ (i) |- ol 0 )]
xdt1\ x(1+ x) -z x4+l x(1+ x) -
“al ()]
xa+l rl—rg X—7r X—7T9
asx +x—z=(x—r1)(x—r), 1,72 € Fy, 11 #12)
_ 2z 1
=t Xq+1<T1—T2(X—T1_X—T‘2)
1 1 2
(r —7“2)2 (<x—n>2 JCEEE (x—m(x—m)))_
2( = —1>+Z(1—1)
I Cxtt I\ — o \x—1 x—19 (r1—re)2\(x—711)2 (x—12)?
2z 1 1 1
e —r2)? T 77’2 X’I“l_X’I“2>>_
- 2 1 11
= ct Xq+1<<rl—r2 rl—rg >< Tl—x/rl T 1—X/r2>
1 1 1
(r1 —ro)? (% 1—X/7"1 5 (1 —x/r9)? )]
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) 2 2z 1/1\ 11\
r —T9 (7'1 — 7“2) T \" ro \ T2
z 1/ =2 1\ 1/ =2 1\

+ 2\ .2 T + 2 N
(r1—mr2)? \ri \g+1 71 r5\q+1 79
9 2 2z 1 n 1 n z 2 " 2
= —Z — _—— _— _— _— —_
rn —T9 (7“1 — 7“2)3 T‘% T‘g’ (7“1 - 7"2)2 T‘le T‘%

(since (;1) =2 (mod p))
2 ( z )ri’—r§’+ z r1+r2]
ro—ry (r1—r2)3 ) (rire)®  (r1 —r2)? (rirg)?
.2 r%+r1r2+r%+i ri‘—l—r%
(r1 — 7"2)2 —2z3 23 (ry —rg)?

2|
22 (1-
<7“1—r2 >( +2) + (r} —r3)? +zr1rﬂ
(5

2
z (7“1—7"2)
2 222
== -1 2, __ =
HI\CErSE >( +2) + (ry +72) +(r1_r2)2}
2 z 222 2z
=_Z —1J(1 1 = .
z_<1—|—4z >( +2)+ +1—|—4z] 1+4z "

Proof of Theorem [I.1. Recall that in Theorem we assume that ¢ is
odd and t € Fy.

(=) 1°Let a=0and f=¢q—11in (4.1). We have

0= fl@r=— 3" (q B 1) (i) (— 1)+

mGFq2 7,k>0 J
145—2k=0, g-+1

—— ¥ (Dt (=

(=1)? (mod p))

7,k>0
0<5<qg—1
1+5—2k=0
2k -1 k,1—-2k —k 1-2k
- ¥ (e 2 (05
1<k<q/2 1<k<q/2
/

— —t<0§£/2 <:>t2k — 1>.
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Thus
—k\, ok
(5.4) > <k )t =1.
0<k<q/2

Put z = ¢~2. Then by (5.4) and Lemma x% — x — z has two distinct roots
in Fy, i.e.,, 1+ 4z is a square in F7.
2° Let a=1and f=¢q—2in (4.1). We have

= Z f($)1+(q—2)q

xGqu

-9 i o
. J k
J;k>0
2+5—2k=0, g+1

_ Z <q - 2) <1 J]g]> (—1)k+ig—1-i

k>0 J
34j-2k=0, g+1

== ¥ () )

1<k<q/2
q—2\(2k-2 k,2—2k
—1 1
D SN s [ G [E
2<k<(qg+1)/2
=- Y (@-1 (‘k; 1>t2_2k - > (2k-2) <_kk+ 1>t2_2k +1
1<k<d 2<k< el

(since (2qk:22) =2k -1, (2qk:23) = —(2k — 2) (mod p))

=— > (k-3 (_k]: 1>t2—2k +1

1<k<(¢+1)/2

=- Y (4k+1)(kfl>t2’“+1

0<k<(¢—1)/2

=4 ) <k+1><k_f1>z’“+3 >, <k+1><kfl>zk+1

0<k<(g—1)/2 0<k<(g—1)/2

0 (as z = t~2)
:_41+z4 +3-1+1 (by Lemmas[5.2] [5.3)
z
:41+2z.
1442

So we have z = —1/2, i.e., t> = —2. By 1°, 1 + 4z = —1 is a square in Fg-
Since both —1 and —2 are squares in F;, we have ¢ = 1 (mod 8). =
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6. The polynomial g, ,. The polynomial f = —x+tx? + %2971 consid-
ered in the present paper is closely related to another class of polynomials
which we will discuss briefly in this section.

For each prime power ¢ and integer n > 0, the functional equation

S (x4 )" = gug(x — %)

a€ly
defines a polynomial g, , € Fp[x], where p = charF,. The polynomial gy 4
was introduced in [HI] as the g-ary version of the reversed Dickson poly-
nomial. (gn2 is the reversed Dickson polynomial in characteristic 2.) The
rationale and incentive for studying the class g, 4 are the fact that the class
contains many interesting new PPs; see [FHLL [H2]. We are interested in
triples of integers (n,e;q) for which g, 4 is a PP of Fge, and we call such
triples desirable. Among the known desirable triples (n,e;q), n frequently
appears in the formn=¢* —¢* — 1, 0 < b < a < pe.

Let us consider triples of the form

(6.1) (¢*—q®—1,e5q), e>2,0<b<a<pe.

(We assume e > 2 since all desirable triples with e = 1 have been determined
[FHL, Corollary 2.2].) It is known that if (a,b) = (2,1) and ged(q — 2,
¢¢ —1)=1,o0rif a =b =0 (mod e), then the triple (6.1]) is desirable. It is
also conjectured that the converse of the above statement is true for e > 3.

When e = 2, the situation becomes very interesting and complicated [FHL,
Section 5 and Table 1]. It is known that for ¢ > 2 and 7 > 0,

I —q14(®) = (i — Dz~ —ix972 (mod x° — x).
Note that ngi,q,lvq(x‘f—q_l) = (i—1)x—ix27" (mod x?" —x), where x4° 7~
is a PP of F2. So g,2i__1, is a PP of F2 if and only if (i — 1)Ax —ix201is,
The attempt to determine the desirable triples of the form (¢* —q — 1,2;q)

has led to a more general result: In [H3], all PPs of F 2 of the form ¢x+x%1,
t € Fy, have been determined. For ¢ > 2 and ¢ > 0, we also have

9grit1 —q—1,4(X) = —x® 72 g el g2 (mod x? — X).

Note that gq2i+1,q,1’q(xq2_q_1) = ix —x7 — ix27 (mod x?° — x), which is of
course the prototype of the polynomial f considered in the present paper.
The following corollary immediately follows from Theorem (Note that
i2 = —1/2 has a solution in F, if and only if p=1 or 3 (mod 8).)

COROLLARY 6.1. Suppose that q is odd, i > 0, and i # 0 (mod p). Then
(¢** —q—1,2;q) is desirable if and only if p =1 or 3 (mod 8), ¢ = 1
(mod 8), and i? = —1/2.

The corresponding corollary of Theorem is already known [FHL]
Theorem 5.9(ii)].
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7. Hindsight of Theorem Assume ¢ = 1 (mod 8) and t € Fy,
t? = —2. Then by Theorem and (4.1), we have

(7.1) 3 (i‘) <f> <’ ZJ> (—1)FH )

1,5,k>0
ot 14i+j—2k=0, g+1

for all integers «, 8 > 0 with a+5 = ¢—1. We have not found any direct proof
of (7.1)). We refer the interested readers to [H4) §7] for a further discussion
of (7.1).
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