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Cuspidal groups, ordinary Eisenstein series, and
Kubota—Leopoldt p-adic L-functions

by

MARC NIRENBERG (New York, NY)

Throughout this paper p will be a fixed prime > 5 and N a positive
integer prime to p. Our main result is an analogue of Stickelberger’s theorem
for ordinary subgroups of the cuspidal divisor class groups attached to the
congruence groups [1(p"N).

Denoting the ring Zy x (Z/NZ)* by Zj v, let Z,[[Z; y]] be the com-
pleted group ring of Zj \ over Z, which we identify with Dist(Z; N> Lp).
Often we will refer to the elements of Z,[[Z; y]] simply as measures. Re-
garding Zy([[Zy ]| as A[(Z/pNZ)*], where A is the Iwasawa algebra, the
p-primary parts of the ideal class groups of the cyclotomic fields Q(ppn )
are Zpl[Z;, y]]-modules. One may derive from Stickelberger’s theorem [20]
that these groups are all annihilated by a certain ideal of the ring Z,[[Z; y]]-
This ideal is generated by the “weight one” Bernoulli measures E. where
¢ € Ly, c? # 1. As shown by Iwasawa and Mazur any of these measures may
be used to construct the Kubota-Leopoldt p-adic L-function L,(s, x).

The p-primary parts of the cuspidal divisor class groups attached to
the congruence groups I'1(p™N), which we denote by C,,, are also naturally
Zp|[Zy, n]]-modules. In Proposition 5.10 we show that with respect to Hida’s
idempotent e we have direct sums

(i) Co=CllgpCl, n>1,

where CO = eC,, is the ordinary part of C,.

Now suppose that N > 1 is squarefree. Our main result, Theorem 5.14,
is the construction of a canonical “weight two” Bernoulli measure § which
has the property that

(ii) 3 annihilates CY for all n > 1.

Moreover, the measure (3 leads naturally to the construction of an every-
where analytic p-adic L-function L;(s,§) which turns out to be a modifica-
tion of the Kubota—Leopoldt p-adic L-function.
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2 M. Nirenberg

Subgroups of the cuspidal groups C,, have been analyzed in detail when
N =1 [9]. These results have been extended to the case N > 1 by Yu [25].
In both cases these groups have properties similar to the groups C? but are
themselves not ordinary. The Kubert-Lang theory played a major role in
Mazur and Wiles’ proof of the Main Conjecture of Iwasawa theory [12].

Let O be the ring formed by adjoining to Z, the values of even primitive
Dirichlet characters of conductor dividing pN. In [12] Mazur and Wiles

analyze certain cuspidal groups for general IV, Cin), defined in terms of Igusa
curves of characteristic p. For n > 1, if N > 1 the union of these groups
is isomorphic to a proper subset of CO ®z, 0. If N =1 the union of these
groups is isomorphic to C2. Although the author was unaware of this at the

time the work in this article was carried out, for each group C,((n) Mazur and
Wiles construct a corresponding element in the group ring Q[(Z/p" NZ)*|
which annihilates it. These elements are similar to those that may be fit
together to construct the measure 8. Thus if N > 1 is squarefree our results
extend some of those of Mazur and Wiles to the groups C2.

Stevens has shown that the cuspidal divisor class group associated with
any Iy (M) may be analyzed in terms of weight two Eisenstein series. A ma-
jor part of this analysis relies on a theorem, Theorem 5.7, which relates the
periods of Eisenstein series to special values of L-functions [19]. To analyze
cuspidal divisor class groups Stevens constructs a basis of Eisenstein series
which consist of eigenfunctions for the associated Nebentype and Galois
groups. These are then modified by Euler factors for each prime [ dividing
M leading to a particularly canonical basis.

We now assume for the rest of this introduction that N is squarefree. In
Section 1 we give the construction of the measure § and the corresponding
p-adic L-function Lj(s,€) when N > 1. The exact relation between L;(s,§)
and Ly(s,x) is given in Theorem 1.13. In Section 2, following Hecke [3],
we construct a generating set for the space of weight k Eisenstein series
for each k£ > 2. In Section 3 we specialize to design a basis for each space
of generalized weight k FEisenstein series for the group I'1(M). These se-
ries are well known, but are presented here in a form by which the actions
of the Nebentype and Galois groups are determined by simple transfor-
mations. Essentially these are weight k£ analogues of weight two Eisenstein
series defined by Stevens [19], and many of our proofs are simple general-
izations.

In connection with his study of the Tate module Ta,(Jx), and its
ordinary part, Hida defines spaces of ordinary p-adic Eisenstein series
E(I1(p"N);Q,)°, for each weight k and level I'i(p"N), and gives a ba-
sis for each [5]. In Section 4 we present a different basis for these series, all
of which are related to the p-adic L-function Lj(s,&) (Proposition 4.8).
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In Section 5 we use our results for £k = 2, and Theorem 5.7, to estab-
lish Theorem 5.14. The measure (3 is constructed by smoothing the un-
bounded “weight two” Bernoulli measure by each prime [|N for N > 1.
In Theorem 5.15 we present some evidence that this smoothing for each [
is necessary to annihilate generalized cuspidal groups. Finally we consider
the case N = 1 and give a different proof of a theorem of Mazur—Wiles
(Theorem 5.16).

We may take a direct limit of the ordinary cuspidal groups, setting C* =
li_n)lC?L. Let C* be the Pontryagin dual of C°, equipped with a natural action
of Zp[[Z3 y]]- As shown in [13], C* is a finitely generated torsion A-module.
Thus our results here may be a step in the direction of a structure theorem
for cuspidal groups analogous to the Main Conjecture. It is worth mentioning
that we may also form an inverse limit of the C2—this is almost certain to
be without A-torsion. For an illustration of this in the nonordinary case the
reader should consult [9], Chapter 6.

As shown in [13] C* is isomorphic to a A-adic group Cr(D) which is an
example of a generalized cuspidal divisor class group for A-adic modular
symbols for the group I' = I'1(N). It turns out that we may also express
C r (D) via

(i) Cr(D) = Tay(J) /5.

where S is a submodule invariant under the action of Gal(Q/Q).

The author’s thesis problem in part was to analyze the group Cr(D)
and using this determine a bound on the poles of a two variable p-adic
L-function designed by Greenberg and Stevens [2]. I wish to express my
great thanks to my thesis advisor Glenn Stevens, who posed this beautiful
problem, and who was always a source of inspiration and encouragement.
I am also indebted to Robert Sczech and Jacob Sturm for many valuable
discussions and comments throughout the writing of this paper.

Notation. For M € Z", i.e., for a positive integer M, we write Z(M)*
for the group (Z/MZ)*. The divisors of M are understood to be restricted to
positive divisors; in particular this applies to sums indexed by d | M. We let
Q denote the field of algebraic numbers in C, and let @p be a fixed algebraic
closure of the p-adic rationals Q,. We also let C,, denote the p-adic comple-
tion of @p, and fix once and for all an embedding Q — @p. For z € C we will
write e(z) = 2™, Given a ring R C @p, and a primitive Dirichlet character
¢, the ring formed by adjoining the values of £ to R will be denoted R[¢].

1. Kubota—Leopoldt p-adic L-functions. Let x : Z — C be a Dirich-
let character, not necessarily primitive. If M is the smallest positive period
of x, we indicate this by writing m(y) = M. Note that x is a map from
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Z to Q, hence to @p via our fixed embedding. If x is primitive we de-
note its conductor by cond(x). In general a Dirichlet character is not as-
sumed to be primitive, and we will only define conductors for primitive y.
If ¥ and x’ are two Dirichlet characters, we define their product simply by
xx'(a) = x(a)x'(a), a € Z. This is not standard and in general yx’ is not
primitive. An exception to this convention occurs as explained in the re-
marks preceding (1.8). For a Dirichlet character x, and M € Z™, we define
a Dirichlet character x s by

_ (CL) if (aaM):L
xur(a) = {g if (a, M) > 1.

Any Dirichlet character is then equal to x s for a unique primitive Dirichlet
character xy and some M € Z*. In general M is not unique.
For k € Z* we define the Bernoulli polynomials By (z) by

teta: 0 tk
— SN " Bu(z)=.
et —1 ];J Ko 5

Then in particular By (x) =z — 1/2, and in general

k
By (z) = 2* — Exkfl + lower order terms.

For z € R we let [z] denote the largest integer less than or equal to z, and
set {z} = x — [x]. We define the Bernoulli functions By : R — R by setting
By (z) = Br({z}). The Bernoulli functions satisfy the distribution law

M-—1 r+a
By(z) = MF1 " Bk< > Mezt,
a=0

M

thus if ¢| M we have for x € 7Z,

(1.1) clek<%>:M’“1 3 Bk(%)

y=z (mod c)
0<y<M-1

Suppose that x is a Dirichlet character such that m(x)|A. For £ > 1 we
define the character sum By(x) by

A—1
= Akt z ).
(1.2) Br(x)=A 30 Bk<A)X( )

By (1.1) this definition does not depend on A. We define the Mobius
function p : Zt — Z as usual by (i) u(1) = 1 and (ii) u(d) = 0, if d is not
squarefree, and p(d) = (—1)7 otherwise, where f is the number of distinct
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prime factors of d. Let R be a ring. For any function f:Z"T — R
A—1 A/d—1
(1.3) Yo fl@ =) pud) Y flzd)
x=0 d|A x=0
(z,A)=1
From this it follows easily, letting A = m(x)p, that
(1.4) Bi.(xp) = (1 = x(@p* )Br(x), k=1

DEFINITION 1.5. For each integer n > 0 we denote the set of primi-
tive Dirichlet characters of conductor dividing p” N by K(Np"), and set
K(Np>) =U, >0 K(Np™). Generally we will denote an element of K (Np>)
by &. -

To construct the measure 8 we first need a general result.

LEMMA 1.6. Let N > 1 be squarefree, and let n > 0. For each d| N let
d' € Z be such that dd" = 1 (modp™N/d). Let R be a Q-module. Then for
any function f: Q/Z — R, and £ € K(Np"),

Y od
2 2 (7)€
(z,p" N)=1
Pp"N/d—1
= S uead 3 f( nN/d)gpn«c).

d|N
Proof. We may write the left hand side of the above as

Su@ ¥ (5 e,

d|N TEZ(pn N)*

where f(xdd'/(p"N)) has the obvious meaning for z € Z(p"N)*. Suppose
that € has conductor p”c where ¢| N. If d| N and [| (d, ¢) for some prime I,
via the canonical decomposition Z(p"N)* = Z(p"N/1)* x Z(l)* we have

3 f(ifjf;)f(m): S Zf(y’“ld) 9 =0,

z€Z(pm N)* yEZ(pm N/1)* z€Z(l)*

for if y is fixed,

5 f<yzdd/) D= ) (ydd’> T e

2€Z(1)* 2€Z(1)*

as [|d and £ is primitive. Then the above becomes
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INICEUNED SR C e

d|(N/¢) z€Z(p™ N/d)*

= S @o@ X 1)@

d|N w€Z(pn N/ d)*

p"N/dm—1

= S @o@ Y utm) Y (S e o)

AN m|(N/d) 2=0
using (1.3), or letting D = dm,

p"N/D—-1
- ZMD)f(D)(qu(d)) Z f< nN/D)fp (z)
D|N d|D
”N/D 1
::g; }: f(nAUD>§7()

COROLLARY 1.7. Let N > 1 be squarefree. Then for k > 1, n >0, and
§ € K(Np"),

n -1 xd’
TR WUND S NPT

d|N z€Z(pm N)*

= (TIO - €0i*) ) Br(pm),

IIN

Proof. Letting By = f, and applying the lemma, the left hand side of
the above

p"N/d—1

SRR WICEUID S AR ENE

d|N

- grosael (527K w i)

d|N =0

=Y p(d)é(d)d" - Bi(&pm).

d|N

We assume that the reader is familiar with the theory of p-adic distri-
butions as described, for example in [11] or [22]. Let d be a positive integer
prime to p, and O a subring of C,. For integers m > n the natural maps
Z(p™d)* — Z(p"d)* induce trace maps on the group rings O[Z(p™d)*] —
O[Z(p"d)*]; accordingly we set O[[Z; ;]] = lim O[Z(p"d)*], which we iden-
tify with the ring of O-valued dlstrlbutlons on Zp & DlSt(Zp 4 0). Given a
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distribution v € Z,[[Zy ,]], for any continuous f : Zy ; — C,, the integral
v(f) = { fdv is defined. For a € Zj ; we set v(a) = {d, dv, where §, is the
Dirac measure at a.

If Ris a Qmodule and f : Q/Z — R a function then for n > 0 the
function y — f(y/p"N) for y € Z(p"N)* has a natural extension to Zj .
Via our fixed embedding Q — @p we may regard Corollary 1.7 as an equality
in either C or Q,,, and we will use this to construct elements of Z,[[Z} y]]

which are related to the Kubota—Leopoldt p-adic L-function.
For any Dirichlet character y we define the complex Dirichlet L-function

L(s,x) by _
L(s,x) = ZX(TL)TFS, Re(s) > 1.

By a classical result L(s,x) has an analytic continuation to the complex
plane with a possible simple pole at s = 1; denoting this extension also by
L(s, x), we have the identities

1
L(l_k7X):_EBk(X)7 kGZJr‘

A p-adic analogue of the L-function L(s,x), which interpolates these
values, was first constructed by Kubota and Leopoldt [10]. We denote this
p-adic L-function by L,(s, x).

Suppose x is a primitive Dirichlet character of conductor p"d where
(d,p) = 1. Following Iwasawa, suppose that f, is a continuous function
on Z, (or on Zy\{1} if x is trivial) that satisfies

(U =k) = L(1 =k, xp)
for all k& € Z* such that ¥ = 0 (modp — 1). Since the set of such k is
dense in Z,, f, is unique. The existence of such a function follows from
congruences similar to the Kummer congruences. The Kubota—Leopoldt p-
adic L-function is then defined by

Ly(s,x) = fx(s), s €Ly
The Kubota—Leopoldt p-adic L-function is described in terms of power series
by Iwasawa [6, 7].
Let w : Zj — pp—1 be the Teichmiiller character, and () : Zy — 1+ pZ,
the projection onto the principal units. Then a = w(a)(a) for a € Z;. We
also define projections wy, : Zy ; — pip—1 and ( )p : Zy, ; — 1+pZ, as induced

by the natural map Z7 ;, — Zj;, and set a, = wy(a)(a), for a € Zj ;. If x

may be written as y = nwi for some n of conductor prime to p, j € Z,
we define Xw;; =nif j+k =0 (modp — 1). In particular w’]j is trivial if

k=0 (modp — 1). This does not agree with our prior conventions, but will
simplify our notation.
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Iwasawa and Mazur have determined the relation between L, (s, x) and
certain measures E. in Zp[[Z; ;]| ([22], Theorem 12.2). In general we have

B
(18 L —kxwh) = ) gy ke

([22], Theorem 5.11 and (1.4)). We now use the distributive property (1.1)
to define a series of Bernoulli distributions.

DEFINITION 1.9. Let N be squarefree, and for each d| N let d’ be the
inverse of d in Z; /4. For k > 1 we define Sy, v € Q,[[Z, y]] via

Br,N = —% lm(p"N)FY Tpd) > Bk<wx_]il;/d> ]

d|N TE€L(pn N)*

If N is understood we simply write 8y = B, ~. Note that if N =1 each (3
is unbounded.

LEMMA 1.10. Let N > 1 be squarefree, and for n > 1 let ﬁ§") €
Q[Z(p™N)*] be defined by

n zd'
§ ):Zﬂ(d) Z Bi| =7 - [l
, p"N/d
d|N T€Z(pn N)*

where for each d| N d' is an integer such that dd’ =1 (modp™N/d). Then
§n) € (2N)'Z[[Z;, 1] Thus By is a measure.

Proof. Fix n > 1. We have

AN pu(d) > By (%) [z

dN 2€Z(p" N)*
zd' AT
=N ) Y ()l (modZEGPN,
N vezpnNye NP

where for each z, T is a fixed representative in Z. Fix a prime /| N. Then
the coefficient of any [z] in the above

2
== Y p(d)zdd - zdl(dl)] € Z,
P=aam

by the definitions, and this proves the claim.

The next lemma is analogous to a result of Lang for the weight k ana-
logues of the measure E. ([11], Chapter 2, Theorem 2.2). Its proof is similar,
and is also based on the proof presented by Washington for Theorem 12.2
of [22].
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LEMMA 1.11. Let N > 1 be squarefree. For each integer k > 1 let 3%) €
Zp|[Z3, x]] be defined by BF) (a) = algflﬁl(a) fora € Zy . Then By = Bk
for every k > 1.

Proof. For n > 1 and k > 1 we define a step function fi, : Z; vy — Zp
given by fi.n(a) =01, where 0 < b < p"N and a = b (mod p"N). Let fj :
Ly n — ZLp be defined by fi(a) = a’;_l. Then with respect to the topology

given by the sup norm, fi, — fi uniformly, and § f,, d31 converges to
§ frdBi. Given m € Z7F, fix k > 1 and a € Z v, and choose n > m such

that
Ap = — %(p”N)kle];u(d) H;ﬁ%/d}k - g{%}“]
= Br(a) (modp™Z,),
and

bd’ 1
_ k—1 _ k-1 m
Ay = =Y () Hp”N/d} - 5] = 6¥"Y(a) (modp™Z,),
d|N

where fi ,(a) =b.

Fix d| N and for convenience assume that d’ is an integer satisfying
dd' = 1 (modp?"N/d). Let d'b = by + (p"N/d)by, where 0 < by < p"N/d.
Then

bd’ db
{ } ==L and b=db +p"Nby (mod p*™).

p"N/d p N
Thus
(dbl)k (dbl)k_l
Ay = — 7
= TN T (medeZy)
and
db 1
- _ k—1 _ k=2 n i -
A = [(dbl) + (k‘ 1)(db1) P Nbg] |:pnN 2:|

B (dbl)k I (dbl)kil
p* N 2
Note that b* = (db1)* +k(dby)*~1p" Nby (mod p™Z,). Using this to solve for
(k—1)(db1)*~1by (mod p™Z,), and substituting this into the last congruence
for A;, we obtain

— (k= 1)(dby)* by (mod p™Z,).

— 1)b"
A, — A = Zu k‘ N 0 (modp™Zy).
d|N P

Since (5 is a “weight two” measure, to define the corresponding p-adic

L-function, we twist by the character wp , where recall that £w*2 is the
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primitive character corresponding to the product of § and w,, 2 (see the
remarks preceding (1.8)).

DEFINITION 1.12. Suppose N > 1 is squarefree, and let § = 33 be as in
Definition 1.9. For { € K(Np>) we define a p-adic L-function Ly(s,§) by

Li(s,&) = | &w,*(a)(a),*dB, s€ L,
AR
The relation between L;(s,§) and L,(s,€) is an easy consequence of
Lemma 1.11.

THEOREM 1.13. Let N > 1 be squarefree. Then for every & € K(Np>),
5 € L,

Le-s8=( I 0-cw))r,0-s9.
N

l prime

Proof. Let £ € K(Np™). Both sides of the identity to be shown are
continuous in s, except possibly at s = 1. Thus it suffices to prove the above
for k € Z* such that k = 0 (modp — 1). Fix such a k. Then by (1.8) we
must show that

J a2 = ([T0 - com) (- 255).

Z: 1IN

This follows at once from Lemma 1.11 and Corollary 1.7.

We may regard the p-adic L-function L;(s,§) as a two-variable function
Ly : Zy x K(Np>®) — @p. As suggested by an idea of Greenberg [1], we
may extend the domain of such an L-function in a natural way. Note that
each continuous ring homomorphism % : Z; n — @p extends uniquely to
a nonzero continuous Zp-algebra homomorphism « : Z,[[Z; y]| — @p. For
simplicity we will simply write s for the restriction K. The homomorphism
is given by v — v(k) where, recall, v(k) = SZ; L v

DEFINITION 1.14. Following [2], Definition 1.11, we denote the Z,-
module of nonzero continuous Z,-algebra homomorphisms from Z,[[Z; y]]
to @p by Xn. k € Xy is defined to be an arithmetic character if its re-
striction to Zy y is of the form r(a) = ¢(a)af~? for an integer k > 2 and
some £ € K(Np™). k is then said to have signature (£,k) and level r if
m(&,) = p"d for some d|N. We denote the set of arithmetic characters by
Xarith For either choice of + sign we also let X ﬁ be the subset of X'y con-
sisting of characters x such that x : Z; y — Q) satisfies k(—1) = £1, and

define Xﬁ,rith’i similarly. Now if N > 1 is squarefree we extend the domain
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of the p-adic L-function L;(s,§) by defining

Ly(k) = B(k) = S kdB, k€ Xn.
Zy N
If N = 1 and k € XM has signature (£, k) we also define B(k)=—B(&,)/k.

We now suppose that N > 1 is squarefree so that the p-adic L-function
B(k) is defined. Note that (k) = 0 for all K € Xy. Now from Defini-
tion 1.12, if k € Xf\‘,rith’+ has signature (£, k), then as shown in the proof of
Theorem 1.13,

(1.15) Br)= | &a)ayds = —(H(l - f(l)lk)) Bkzifp)'

Z 1IN

By the above definition this also holds for N = 1 where the empty product
is regarded as 1.

2. Weight k Eisenstein series. Let I' be a congruence group, i.e., a
subgroup of SLy(Z) which contains some I'(M). For an integer k > 2 we
denote the space of weight k Eisenstein series for I" by E,(I"). The space of
weight k Eisenstein series of all levels is then given by

&= |J &I (M)).
M>1

We will use the methods of Hecke to construct a generating set for & for
each k > 2. Our approach, in particular, is based on [3]. For a discussion of
Eisenstein series in general, we refer the reader to [14] or [15].

Let H be the upper half plane, and let S = M,(Z) N GL*(Q). Then S
acts on H by fractional linear transformations. For an integer £ > 2, and a
function f : H — C, we define the weight k£ action of S by

21 (fllelo)(z) = (deta)* ez +d) " f(az) for a:@ Z)es_

If it is clear that f € &, we will simply write f|a for f|[a]x. We caution
the reader that this definition differs from the weight k action defined, for
example, by Shimura. Here we put (det«)*~! rather than (det «)¥/?; this
has the advantage of simplifying most of our remarks. Of course if k = 2, or
a € SLy(Z), the two definitions agree.

First suppose k > 2, and let a = (a1, as) € Z2. For an integer M > 1 we
define an Eisenstein series G k.q(2) via

(2.2) GM,]C,Q(Z) = Z (mlz + m2)7k, z € H.

mi1=ai (mod M)
ma=as (mod M)
m#0
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This series converges absolutely and uniformly on bounded vertical strips,
hence defines a holomorphic function on H. Let §(a;1/M) =1 if a1 /M € Z,
and = 0 otherwise. The Fourier expansion of Gz 1 4 is given by

GM7k>Q(Z) = Oé[](M’ k;@)
(=2mi)" 1 ast + ztmy
+ ECESY Z Z t* " sgn(t)e — )

mi=aq (M) tm1>0

tezZ
where
aj _
ag(M,k,g):d(M> Z my "
mo=as (M)
mz;éo

([15], p. 156). Let

Ak _ Z Ztk 1 (a2t+2tm1>

mi1=a1 (M) t=1
m1€Z+

then
(—2mi)k

Gkayg(z) = QO(M, k,Q) + m

(Ak,g + (_1)kAkﬁg)‘
Now suppose k = 2. For a € Z? the corresponding function on H is not
holomorphic. Hecke has shown that the function

Gr2a(z,8) = Z (maz +ma)~%|myz + ma| ™%,

m=a (M)
m#0

defined for s € C such that Re(s) > 0, has an analytic continuation, for
fixed z € H, to a holomorphic function on C. Let Gpr2,4(2) = Gar,2,4(2,0).
The Fourier expansion of Gz 2,4(2) is given by
(—2mi)? 2mi
——(A ,a A —a Ao/ =\

e (AzatAa-a) = M2?(z — z)
with notation analogous to that of higher weight ([15], p. 167). Let V =

Q?/Z?; then S acts on V by right matrix multiplication. For k& > 2, in the
case of absolute convergence, one verifies easily that for a € V and M > 1,

Gka,Q\[a]k = GM,k',ch o€ SLQ(Z).
Hecke has shown that the corresponding property also holds for & = 2; thus
the G i, are invariant with respect to I'(M).

Now suppose z = (x1,x2) € V, and that x € (%Z/Z)2 for some M > 1.
Writing 2 = (y1/M,y2/M) (modZ?) for (y1,y2) € Z2, as suggested by

Grm24(2) =ap(M,2,a) +
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Hecke for the case k = 2, we define for k > 2 a I'(M)-invariant function on
H> ¢k§> via

= D N & e LT}

amod M

where the sum ranges over elements a = (a1, az) € 72 mod M. Let

0 if x & 7% or k> 2,
8(z) = ;_ if x € Z% and k = 2.
2r(z — 2)

Then

bz =0+ Y. <%>

amod M

[ Tamgr entat o + G Ca+ (14400

For x € R, and k£ > 2, we have the classical identity
k!
By(z) = — Z me(miﬂ);
MEZ
m##0

thus

a2y — a1ys k—1)!
3 e( = >((2m)’2 ao(M, k, a)

amod M
- 3 () () X e

amod M mo=asz (M)
mg;‘éo
_ azy1 \ (k —1)! —k
S C =" S
a2 mod M mo=asz (M)
mg;éo
1

We have

Mok Z €<a2y1]\_/[aly2>z4k,g
_ -k Z 6<a2y1]\—4a1yz) Z Z (i1 (a2t+ztm1)

mi1=ay (M) t=1
TI’L1€Z+
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gl 5, 5, )

a1y mod M mi=a; (M)
WL1€Z+

(25

Y tk_1< DS 6(7%(2;4‘?/2)))

tE—yl (M) al mod M mi1=ai (M)
tez™ my€ZT
= E th=1 E m(zt — z2)).

t=—x, (1)
teQt
Now letting

(2.4) Prg(z)= Yt~ 12 m(zt + x2)),

t=x1 (1)
teQ™
we obtain

(2.5) drx =0(z) — %Bk(afl) + Prz + (‘Ukpk,f@'

The definition of ¢px is therefore independent of M, and if &k > 2, or x €
V\{0}, then ¢z is an element of & (I'(M)).

For a € S, let a* = (det a)a™t. The ¢z satisfy a distribution law given
below. This has been shown in the weight two case by Stevens, and the proof
for general k is essentially the same.

LEMMA 2.6 (Stevens) (cf. [18], Proposition 2.4.2(b)). Let « €S and z €
V. For k > 2 we have

a) gz = Y dwylo

yev
yo=z

(b) (det @)®> *gpz|a = E ry-
yev
yo' =z

n—1n—1
(¢) dr(z1,w2) =nk~ ZZ Z¢k<xl+a x2+b> formeZ™.

a=0 b=0

Proof. For a € GL3 (Q) we may write o = y7v" with 7,v" € SLy(Z),
and 7 € T = {(; 0)} Now a € S, so that 7 has integral coeflicients. Since
(a) holds for ao € SL2(Z), we may assume o € T'. First note that by (2.5)

drz = (—1)*¢p—z; thus (a) holds for o = —I. Now it suffices to show that
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(a) holds if o = (§ ?) or (é 2) for n € ZT. Both cases follow from (2.4),
(2.5), and a simple calculation. The identity (b) follows from (a) and the
fact that ¢rz|({ 2) =nF"2¢,z. (c) then follows by using (b) with o = (i 2)

The function ¢20 is not holomorphic, but is invariant under the action

of SLy(Z). Accordingly if I is a congruence group, for k > 2 we set
Er() =E(I)+C- 90, & =& +C- 0.

Let M be a fixed positive integer and let I" be a congruence group containing
I'(M). We set PY(Q) = QU {00}, and H = HUP'(Q). The modular curve
X(I') = I'\H is a compact Riemann surface which has a canonical model
over Q as described by Shimura [16, Chapter 6]. X (I") is the union of the
affine curve Y (I') = I'\H and the cusps of I'. The latter corresponds to the
finite set of orbit classes of P1(Q) under the action of I" by fractional linear
transformations. We denote this set by cusps(I"). For each z € cusps(I") we
let O, denote the set of y € P1(Q) in the orbit class of z. For y € O,, we
define the sets S, and S, by

Sy ={v €SLa(Z) | vy -ico =y}, Su= ] Sy;
y€O0,

then S, is the set of elements of SLy(Z) which send ico to the I'-orbit of x.
For x € cusps(I') let ep(z) denote the ramification index of x over the
modular curve X (SLy(Z)), and for y € O, write er(y) = er(x). Let Dp
be the group of divisors with support in cusps(I") and let D C Dr be the
subgroup of divisors of degree zero. For each x € cusps([") fix v, € S, and
for M > 1let Vay = (2/2)°.

For k > 2 the G k,o and ¢z for x € Vs span the same vector space
over C. For a subfield K of C let ¢y (M; K) denote the K-span of the ¢rx
for z € Vir. Then via the map E — 3 ..o er(z)ao(E|vz) - (x) we have
isomorphisms

(2.7) ¢x(M; K) — Dpuy @z K,

when I' = I'(M) and K = C ([14], Proposition 18; [15], Chapter VII,
Theorem 8). Since the maps By : R — R map Q into Q by Lemma 2.6(a)
the image of ¢ (M;Q) is contained in Dr ®z Q when I' = I'(M). Thus
(2.7) is an isomorphism for any subfield K of C. Now let Vi (K) be the
K-vector space spanned by the ¢pz for x € V, and let & (I'; K) denote the
K-submodule of £(I") generated by ¢,0 and Eisenstein series E such that
ap(E|y) € K for all vy € SLo(Z). We define & (I'; K) similarly.
Setting £ (K) = Uy>1 Ex(I'(M); K) we then have isomorphisms

Ve(K) — &(K), k=2
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We have a natural injection Dy — Dp(pr); thus the maps
5:(F;K)—>Dp®zK, k‘ZQ,

are also isomorphisms.

3. Weight k Eisenstein series for I(M). We now fix a positive
integer M, and set I" = I'1(M). The multiplicative group Z(M)* acts on
the space £;(I"), k > 2, in two natural ways. First we may identify Z(M)*
with the Galois group G = Gal(Q(e(1/M))/Q). Fix k > 2. By the remarks
concluding Section 2 we have an isomorphism

¢r(M; K) — Dy @z K,

where K = Q or C. Thus if ), ¢;¢r(zi,y;) = 0 for some ¢; € C, (x;,y;) €
Vi, we also have a relation ), ¢;dr(x;,y;) = 0 for some ¢; € Q, whence
> 4idk(xi, jyi) = 0 for any j € Z(M)* as well. Thus since ¢y (x,jy) for
(z,y) € Vi is clearly invariant under the action of I'(M), we may define
the action of Gy on 5 (I'(M)) by

(3.1) (ch¢k Li, Yi )‘ Zcz¢k T, JYi)

for ¢; € Cand (x;,y;) € V. Suppose now that E = . ¢;dn (4, ;) € (D).
Let j € Z(M)*, and choose j' € Z such that jj' = 1 (mod M). By a
calculation it follows easily that

(0 1)=#1G 1)

Thus since I' is generated by I'(M) and ((1J }), we obtain an action of G/
on E(I") as well.

We also let Z(M)* act on £ (I") via the Nebentype. Thus for j € Z(M)*
we choose v; = (¢ b) € IH(M) such that d = j (mod M), and define the

d
Nebentype automorphism by

(3.2) El{j) = Elvj,  E € &().

(E’T]) T]:E’Tj.

We denote this automorphism group by Ny,.

For g € S we define the Hecke action in the usual way. Writing I'gl" =
U, I'g; as a disjoint union, the action of T'(g) on £} (I") is given by E|T'(g) =
> Elgi. In the special case g = (|, °), m € ZF, we write Tp,, = T(g).

LEMMA 3.3 (Stevens). (a) Let E € £(I"). Then for any prime 14 M,
BIT: = Bl(n + 1Y)

(b) Suppose that ¢ and d are positive integers such that c|d and (d,p)=1
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Then for any integer s prime to p and n > 1,

Z¢k( e y)‘(é p;di>=¢k<p%c,py>, y€Q.

Proof. The proofs of (a) and (b) for k = 2 are given in Proposition 2.4.7
of [18]. The proof of (a) for k > 2 follows similarly from Lemma 2.6; as this
is not central to our results we omit the details. For the second claim we
have

Sl 7) =S GnlG 3 G )

Using Lemma 2.6 this becomes

p—1 p-1 o1
L x| (6 7)

a=0 =0
p—1 p—1
- aszd/c
Z oqbk( e T p P —i—y)

a=0 i=

_¢k< n 7py>

To describe the cusps of I' we will use Shimura’s method. Given = €
P!(Q) we may write x = r/s, where r and s are integers which are always
assumed to be relatively prime. We represent the I'-orbit of = by [‘b’}  where
a and b are integers such that (a,b) = (r,s) (mod M), and where the triple
(r,s, M) is relatively prime. The following relations characterize cusps(I”).

[c

(i) _b_p: _d]p if (a,b) = (¢,d) (mod M);
SIS
(iii) _Z_ . = z]F if a = ¢ (modb).

The integer d = ged(b, M) is independent of the cusp [‘;] ; following Stevens
we refer to d as the “divisor” of [Z] > denoted div([(g] F). If our choice of
I is clear we will omit the subscript I'. Via the automorphism groups Gy
and Ny the group

o {6,

r,s € Z(M)*} C GLy(Z/M7Z)
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acts on & (I"). A}, also acts on cusps(I") as defined in [19] by

G2, [)=1a)

The Nebentype and Galois groups also act on cusps(I’). We define the action
of Nj; via the correspondence

- (5 ) . dezon

In Shimura’s model for X (I") over Q the group Gal(Q(e(1/M))/Q) acts on
cusps(I"). The correspondence for Gy is given by

o (1 0 )
J 0 jfl v
([18], Theorem 1.3.1).

We will now assume as in the applications that M > 4. For a divisor d of
M let Dr,q denote the group of divisors supported on cusps of I" of divisor
d. Then A3, preserves Dr 4. The rank of D4 is given by

(35) rank;, Dr.a = 56(d)o(M/d).

Let n be a primitive Dirichlet character of conductor f. The Gauss sum
of n is given by

Zn e(a/f).

We let 7 : Z — Q denote the Fourier transform of 7, i.e.,

Z n(a)e(an/f).

Since 7 is primitive 7(n) = T(n)n(n). Any E € &} (I') has a Fourier expansion
of the form

E(z) =

and we set Ez;) =) 51 an(E)e(nz). The L-series of E is given by
s) = Z an(E)n™%,  Re(s) >k,
n>1
and extends to a meromorphic function on C which has possible simple poles

at s =1 and s = k. We let L(E, s) denote the analytic continuation as well.

DEFINITION 3.6. Let k > 2 and suppose n and y are Dirichlet characters
with 1 primitive such that (i) nx(—1) = (=1)*, and (ii) M; M| M, where
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cond(n) = M; and m(x) = M. For a divisor d of M such that M; | (M/d)
and My |d, we define an Eisenstein series Ey(n,x,d), as suggested in [19]
for the case k = 2, by setting

Mi—1 Ms—1 s r
B =Y Y W(T)X(S)cf)k(m,m)

r=0 s=0

and

Ey(n,x,d) = Ek(n,x)‘ <g (1)) .

By inspection, given (7, x, d) as above, the groups G, and Ny, commute
with the action of (g (1)) on Fr(n,x) and act on Eg(n, x,d) by n and nx re-
spectively. It is easily verified that Ey(n, x,d) € £;(I"), and by Lemma 3.3(a)
Ei(n,x,d) is an eigenform for 7; such that [t M. In [23] Weisinger proves
that the set of Ex(n, x,d) with x primitive is a basis for & (") if k£ > 2. We
will give a modified proof of this.

PROPOSITION 3.7. Let k > 2, and let n,x and d be as in Definition 3.6.
Let E = Ex(n,x,d). Then

(a) We have

BG) = 2<M12>k1 S ane(nzd/My),

n>1

where an = 300 Fm)x(n/m)(n/m)<1.
(b) Suppose d = My. Then L(E,s) =27(n)L(s,n)L(s —k+1,x).
(¢) The set of Ex(n,x,d) as above, where each x is primitive, is a basis

for E(I).

Proof. Using (2.4) and (2.5), and the fact that nx(—1) = (—=1)*, we have

(0 1)

E(z) =2 > D )X (8) Pros /Mo /any)
=23 (D atr)e(mr/an))
X (Miil x(s) Z tkile(mzt)) ’ (g ?)

5=0 t=s/Ms (1)
teQ™
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d k—1 - Mz—1 .
:2<ﬁ2> Zn(m) Z x($) Z th=Ye(matd/My)

m>1 s=0 t=s (Ma)
tezt
d k—1
_ = k—1
- (ﬁ) D Tm) Y Xt e(matd/My).

m2>1 t>1

Letting n = mt proves (a). Now suppose d = Ms. Then
L(E7 S) = 2L(87%)L(8 —k+ 17X) = 2T(ﬁ)L(8777)L(8 —k+ 17X)

To prove (c) note that for a fixed d| M the number of triples (7, x,d) is
equal to the number of cusps of I" of divisor d ((3.5)). Thus it suffices to
show the Ej(n, x,d) are linearly independent. Suppose that

9
ZCiEk(nhXiadi) =0, ¢eC,
i=1

where g is minimal. By considering the action of G j; and N}, it follows easily
that the n; are all the same, and similarly for the x;. Let d = min;{d;}. By
(a) the coefficient of e(zd/Ms) in the Fourier expansion of any Ey(n;, xi, d;)
is nonzero only if d = d;. Since the d; are distinct, this is a contradiction.

We now focus our attention on the weight two case. The remainder of
this section is based on [19].

For each y € P(Q) let Iy be the stabilizer group of y, i.e., I, = {y €
I' | vy = y}. Since M > 4, I, is cyclic. For a choice of generator m,, choose
vy € Sy and set m, = v, (é i)’y; 1. where e is the smallest positive integer
such that m, € I'. Then e = er(x) where x is the cusp corresponding to y.

If y =r/s, we have
o 1—ers er? .
Y7\ —es? 1+4ers)’

thus if div(z) = d = (s, M), it follows that ep(z) = M/d.

Let E € &(I'). Then E(z)dz is a I'-invariant differential form on Hj;
thus there is a 1-form on X(I"), wr(FE), whose pullback to H is E(z)dz.
We set

(3.8) rre(z) =2miRes, wr(E), € cusps(),
and define the residual divisor of E in Dy ®z C by
(3.9) or(B)= > roe()- ()
x€ cusps(I)
For x € cusps(I") the value of v g(z) is given by

(3.10) rre(r) = er(z)ao(E|v.)
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for any v, € Sy ([19], Theorem 1.3(a)). Indeed if y € O, 7, € S, then for
any zg € H,

Ty 20 vy (o 1)y 20
rre(T) = S E(z)dz = S E(z)dz,
20 20

where e = e (z). Now since E|v, (; ) = E|vy, E|v, has a Fourier expansion
of the form

(Elvy) (2 Zan Elyy)e(nz/e).

Replacing zo by 7,20 we obtain

1 e
0 1)%0

| (Bl (2)dz = er(@)ao(Ely,)-

20
We may extend the map 0r to & (I") by defining

br(¢20) = 112 er(a) (x).

For j € Z(M)* and E € &;(I") it now follows easily from the definitions
that

(i) or(ElG)) = {4) - or(E);
(i) Oor(Elr) =7;-or(E)
([18], Proposition 3.2.1). Now choose some E = Ey(n,x,d) as in Defini-

tion 3.6, x primitive. Let 6 4(E) be the projection of dp(FE) onto Dr 4 ® C.
By the remarks following Definition 3.6, and the above, it follows that

wa=aa S 1]

for some ¢(d) € C, and where the sum is over cusps of divisor d. In general,
however, dp(E) # drqa(E). In [19] Stevens introduces for each I | M, and
associated with the pair (1, x), an Euler factor e; in the group ring Q[S]
with the property that dr4(E’) = dp(E) where E' = E|([], e;). This leads
to a canonical basis for £5(I").

(3.11)

4. Ordinary Eisenstein series. For n > 1 set I, = I'1(p"N). Let
Jn g be the Jacobian of the modular curve X (I7,) with Shimura’s canonical
model [16] associated with the adelic group

g= ((1) :) (modp”N)}.

{g € GLy(Ay)
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Let Tay,(J,) be the p-adic Tate module of J,, g for n > 1. Then we may
form the projective limit

Tay(Joo) = lim Tay,(J,/0)

on which we have an action of Gal(Q/Q) and an action of a Hecke algebra [2].

Let A be a profinite abelian group, and 7}, : A — A a continuous homo-
morphism. Under suitable conditions Hida has shown that, taking the limit
as n — oo, lim ¢|T£! exists for all & € A and so the operator e = lim TI?!
defines an idempotent on A. The submodule eA is referred to as the ordinary
part of A and denoted by A°; we then have a direct sum

A= AM'a A,

In particular this applies to the Tate module Ta,(Jx ). The factor Ta,(Joo)?
has been analyzed by Hida and related to ordinary p-adic modular forms
and their Hecke algebras [4, 5|. This work in part relies on an analysis of
ordinary Eisenstein series.

Recall that for k > 2, n > 1, the Q-module & (I},; Q) is the set of all
E € &(I,) such that e, (z)ag(E|y.) € Q, € cusps(I},), V. € O,, where
we set e, (z) = er, (x). Equivalently &,(I},; Q) is the set of E € &,(I,) with
Fourier coefficients in Q. We now set

E(ln;Qp) = E(10; Q) ©g Q.

As shown in [5] the idempotent e acts on this space of p-adic Eisenstein
series.

DEFINITION 4.1. For n > 1 the subset of ordinary cusps of I',,, denoted
cusps(I7,)?, is the set of x € cusps(I3,) such that p" |div(z), where div(x)
is as defined before (3.4). We also let cusps(I},)™! C cusps(I},) be the com-
plement of the set of ordinary cusps.

Since p > 5, by (3.5) the order of cusps(F )0 is given by

(4.2) #{cusps(I7,)° p") Y $(d)p(N/d).

d|N

For x € cusps([7,) let xx be the image of x under the natural projection
cusps([7,) — cusps(I1(N)). A cusp = € cusps([},) is said to be unramified
over I'(N) if e, (x) = e, (v)(zn). As a special case of [5], Lemma 5.1, it
follows that the ordinary cusps of I}, are those that are unramified over
I''(N). Indeed this is clear from Section 3. As a consequence, for any n > 1
there are p elements of cusps(I7,+1)° which lie over a given x € cusps(I7,)°.
We will show that the elements of £ (I7,; Qp) may be characterized in terms

of cusps(I7,)?. Before doing this we need a simple lemma.
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LEMMA 4.3. Let k > 2 be an integer and suppose E € Ek(Fn;@p) for
somen > 1. Let v € ZT and for 0 < i < p’ —1 set 7; = (é gv’) Given
y =r/s € PHQ) let g; = ged(r + sNi,p*) for each i. Then for v, € S,

there exists vy, € Sy, such that

p’—1 p’'—1
g,
a((EIT)) = D ao(Elmiy) = > p—i,ao<E\’yny)-
i=0 i=0

If k is even then the result holds for any 7,y € Sr,y-

Proof. Fix v > 1, n > 1 and k > 2. The first equality is clear. Choose
vy = (") €Sy, and set

Vriy = <(T —l(;;v]\/[;)/gl ]‘{l> € S,y foreachi; f;, h; € Z.

Then for any 4, by a calculation, we have

Ti’yy = ’y,[.z_y <gl m; > for m; € 7.

0 p"/gi
. — gi My
ao(Elrn) =ao (B | (400 ) )
The result for the sum now follows from the definition of the weight k

action. The restriction for odd k is necessary, as in this case ag(E|v,) for
x € cusps([},) depends, up to sign, on a choice of v, € S,.

Thus

LEMMA 4.4. Letn > 1, k > 2, and let E € Ex(13,;Q,). Then

(a) For any x € cusps(I,)°, vz € Sa, ao(eE|y.) = ao(E|7y.), where e is
Hida’s idempotent, i.e., eE = E|lim T;!.

(b) Suppose in addition E € E,(I;Q,)° and that ag(E|v,) = 0 for every
x € cusps(1},)°, vz € Sz. Then E = 0.

Proof. Let x € cusps(I,)°, y = r/s € O,, where p"|s, and let v, =

(2 Z) € S,. Choose an integer v > n satisfying p¥ = 1 (mod N), and let 7; =
(10 N1 r+sNi {L)((l) *

p'U SpU pv
fyh € Z, since (r+sNi,p”) = 1. Now since the form of ((1) ;U) is unchanged

) for 0 <7 < p" — 1. Fixing 7 we have 7;7y, = ( ) for some

by multiplication on the left by (BT),m € Z, and h = d (modp™), we may
assume that h = d (modp"”N). Then (r,s,d) = (r+sNi,sp’, h) (modp"N)
so that there exists a; € I3, such that (Tt,;]vw {L) = o7y, Putting this all
together, and using Lemma 4.3, we obtain

BT ) = S ao((Elan)| (5 o) ) = by

%

proving (a).
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Now suppose E € E;(I,; Q,)° satisfies ag(E|v,) =0 for all z € cusps(I7,)°,
Yz € Sy. First suppose x € cusps(I,) is such that p|div(z). Let y = r/s €

Oy, vy € Sy. We have
v 1 x
(BT = Y ao(Eirn) = Sao( Bl | (1))

for 7; as above and appropriate 7., € S, Since the cusps correspond-
ing to the 7;y are all ordinary it follows that ao((E|T,)|v,) = 0, whence
ao(Ely,) = 0. Now let y = r/s € P1(Q) where (p, ) = 1. Then by the
preceding ao((E|T))|v,) = ao(E|Tivy), where 0 < i < p¥ — 1 satisfies
p¥ | (r + sNi). Choosing ~,,, € S-, and using Lemma 4.3 with ¢g; = p"
we obtain ao((E|T,)|v,) = p'*Vag(E|y,,,). Since v is arbitrary, this es-
tablishes (b).

The next lemma, due to Hida, follows immediately from Lemma 4.4
and (4.2).

LEMMA 4.5 (Hida) (cf. [5], Lemma 5.3, Theorem 5.8). Let n > 1 and
k> 2. Then

a) The dimension of Ek I,;Q,)° over@ s given by
P

p™) > $(d)p(N/d).
AN
(b) E € Eu(L},;Q,) is an element of Ex(L,; Q)™ if and only if ag(E|ys)
=0 for all x € cusps(I},)°, vz € S,.

Note that, in general, E € &,(I',; Q,)" does not satisfy ag(E|7,) = 0 for
all z € cusps([},)"!. This is obvious if k = 2.

Hida proves Lemma 4.5(a) by constructing a basis for £ (17,;Q,)°. Es-
sentially the method is to consider triples of the form (7, x, d) satisfying

(i) n and x are primitive Dirichlet characters such that nx(—1) = (—1)%;

(ii) if cond(n) = Ny and m(x,) = Nop™, then Ny Ny | N and m < n;

(iii) d is a divisor of N such that Ny |(N/d) and N |d.

The set of Ex(n, Xp, p™d) is then a basis for & (I},;Q,)°.

Given E € &(I,;Q,) one may verify that E|T,(j) = E|(j)T, for j €
Z(p™N)*, so that N, = Ny acts on E,(I,;Q,)°. The same is true for
G, = Gpnn since this group acts only on the Fourier coefficients. Referring
to (3.4) let A* = lim A%, v, and set &(Q,)° = U, > &k (I Q,)°. In general,
for a fixed k, we identify A* with its image in Aut(£;(Q,)°), and define H
to be the algebra generated over Z, by the images of the T,,, m > 1, in

Aut(é’k(@p)o).
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We may also define an action of Z;  on Sk((@p) by identifying Z;
with either lim G, or lim N,,. In order to work with 8 € Z,[[Z; ]| we Inust
identify Z; y dlﬁerently

DEFINITION 4.6. For n > 1 and k > 2 let [j] € Aut(&x(1,;Q,)%) b
defined as the “mixed” operator

=072 jEZEP'N)".

Denoting the set of such automorphisms by D, we define the action of
7y x =lmZ(p"N)* on £,(Q,)? by the correspondence D,, = Z(p" N)*.

Supgose now that NV is squarefree. Then given n > 1, k > 2, the space
Er(In;Q,)° has dimension 17(N)¢(p™N) where 7(N) is the number of di-
visors of N. Since %gb(p”N) is also equal to the number of £ € K(Np™) such

that £(—1) = (—1)¥, this suggests the following definition.

DEFINITION 4.7. Suppose that N is squarefree and that x € X;rith’+
has signature (£, k) and level m. Then FE is said to be an ordinary weight k
Eisenstein series if

() Eegk( man) )
(ii) Z;, y acts on E via &.

For n > 1 and d| N let I 4, be the unique element of Ek(Fn;@p)o such
that

(i) Zj x acts on I; 4 via &
y | 10 1 ife=d,
0 (] Joo (| (1 9)) = {0 20

for ¢|N.

Note that for squarefree N, given £ € K(Np™) and d| N, there exist
unique primitive characters  and x of conductors dividing N/d and p"d
respectively such that 7y = £ We will next construct a canonical basis of
ordinary weight k£ Eisenstein series for each £ > 2, n > 1. Our method
turns out to be equivalent to the modification of the basis given by Hida
by Euler factors similar to those used in the weight two case as described
at the conclusion of Section 3. Having “absorbed” these factors we obtain
series which are naturally related to the measure j3.

PROPOSITION 4.8. Suppose N is squarefree. Let k € X;rith’+, and sup-

pose K has signature (&, k) and level m. Then for n > m and d| N we define
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an Fisenstein series E g, by

= () Saw)

u|(N/d) v|d

sv'’ ru’
N/d d _—
X Z Z 5(8 / +Tp Mm(p"d/v’]\f/du)’
reZ(N/d)* seZ(pnd)*
p"d 0
0 1/’

where u' and v’ are the respective inverses of u and v in Z(N/du)* and

Z; v Let E = Ej qn, set & = Nx for n and x as above, and let N; =

cond(n). Then

(a) E is an ordinary weight k Eisenstein series.

(b) Gy, and Ny, act on E respectively by n and nx, and
E|Ty = () + x(DI*"YY - E  for primes l{pN.

(c) L(B, s) = 2r(m)n(p"d)x(N/d)(N/d)"

«(TI @ =) (T10 - x@r—)

I|(N/N1d) I|d
x L(s,n)L(s—k+1,xp)-

(d) E=B(K) Lrdn-
(e) The set of Exan for k of weight k and level < n is a basis for
gk(Fna Qp)o'
Proof. First suppose n = m. Writing
§(sN/d +rp™d) =7(p" d)x (N/d)n(r)x(s)

for r € Z(N/d)* and s € Z(p™d)*, it follows easily that G,, and N,, act
on E via n and nyx. Thus Z; \ acts by &; the claim for T; follows from
Lemma 3.3(a). E is easily shown to be invariant under the action of I',. Us-
ing Lemma 3.3(b) yields E|T), = n(p) - E, thus E is ordinary. This completes
the proof of (a) and (b) if n = m.

We now assume that n > m and calculate the L-series of E. First set

E' = (p"d)x(N/d)(d/N)*"* - E,

and

/
En,d,n =

K,d,n

so that

/ /

B=dopw) 3 3 ﬁ<r>><<8>¢k<%’§7du>‘<pgd D'

reZ(N/d)* s€Z(pmd)*
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We may now use Lemma 1.6. We obtain
=) pluw)n(u)x(v)uv
u,vN/dufl pd/v—1 5 . prd 0
DYDY ﬁ(r)xp<s>¢k(m, W) ‘ ( : 1) |

Note that 7j(u) = 0 if u{(N/N1d). Now for fixed v and u | (N/N1d) we have
by Lemma 2.6(b)

(w) % % i) (5% 9)

N/du—1 p"d/v—1

Z Z ¢k( prdjv’ N;du>

Thus

N O\ 2 kNl p"d/v—1
= St () X X
u,v r=0 s=0

<o) | (70 D)6 D (TR ).

Now using Lemma 2.6 and the fact that
L<F' (t 0> > =t" 1" L(F,s) forteZt and F € £(Q,)°,

0 1
we have by Proposition 3.7(b),
= 3 i) ()
x wv[27(7)L(s,m)L(s — k + 1, xp) 0" 17* <NZ1\Zlu> -
=( X uwnwe) (%)1_S(Zu<v>x<v>v’f—s)

u|(N/N:d)
x 27 () L(s, M) L(s — k + 1, Xp);

from which the claim for L(FE,s) follows easily. We also obtain E =
7(p"~™)Eyx d,m which proves (a) and (b).

Now let EO = E|(1”n 0)71. Then by Lemma 2.6(b),

! "+ xN/d
By = N*—2 (sN svT Tuu .
NI I

=0 u,v

vl|d
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For each ¢| N set E. = E0| ((1: (1)) Then

1 0
E' (p”c 1) = Fo

pn
0

pn
0

[an)}

1 0
1) <p”c 1) = Eo
0
1 b

(DY)

so that

(e[ 1))

We will show that ag(E.) =0 if ¢ # d.
Using Lemma 2.6 and the fact that (i (1)) € SLy(Z),
Nk72
— > pluv) Y &(sN/d+rp"d)

d—1 ’ ’
svv’ e(run’ +xN/d)
B .
2 ’“( prd N >

First suppose [ is a prime dividing (¢, N/d). Fix r, s and v, and let

ao (Ec) = —

d-1 / /
svv’  e(ruu’ + xN/d)
Lr,s,y: Z ﬂ(u)ZBk<pnd + N )
W(N/d)  ==0
Then
d—1 ’ /
B SVV c(ruu’ + zN/d)
Lr,s,v = Z M(u) |:Z |:Bk <pnd + N )
u|(N/dl) 2=0
svv' e(rul(ul) + xzN/d)
- B .
k(pnd + N

For a fixed u we may write the sum in the outside set of brackets as
= svv'  c(ruu’ + N /d)
> B +
= p™d N
_B, svv’ N c(rul(ul)’ + (z 4+ y)N/d)
p*d N
for any integer y. Since uu' = (ul)(ul)’ =1 (mod N/dl), we have
er(uu’ + (ul)(ul)’) — cyN/d = 0 (mod N/d)

as l|ec.

Now since (d, N/d) = 1 we may assume that y is chosen so that the left
hand side of the above is = 0 (mod N) as well. Thus L, 5, = 0 = ao(E,).
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Now suppose ¢ |d. Fixing r, s and u, we set

d—1 / /
SVU c(ruu’ +xN/d
Lr,s,u = § ,u(v) § Bk( + ( N / )>

v|d =0 pnd

Then if [ is a prime dividing d/c, a similar argument shows that ag(E.) is
also zero. Now since

oma] ) = e (57 0) G )= (G0 (57 1),

we have

(L] ) (| (oo 7)) |

N S ru’
_ _% > &(sN/d+ rp"d)By (T/v + N/du> '

u,v T8 p
Fix r,s,u and v, and let y = (p"d/v)ru’ + (N/du)sv’. Then
wvy = sN/d (modp™d/v) and wvy =rp"d (mod N/du);
thus letting uv = D we have Dy = sN/d + rp"™d (mod p"N/D), and

a2 G 1))

n k—1 D’
=S o) X B e,

DIN TE€Z(pn N)™

where DD’ =1 (mod p™" N/D). Part (d) now follows from Corollary 1.7 and
(1.15). By Lemma 4.4 the dimension of &, (I,;Q,)° is equal to the order of
cusps(I7,)Y; since this also equal to the number of k of weight k and level
< n, (e) follows immediately.

Now suppose k € X]?,rith’+ has signature (¢, k) and level m. Since Ey; 4, =
n(p"~™)Eyx d,m for n > m, it follows that for any x € Xf,rith7+ the @p—vector
space of ordinary weight x Eisenstein series has dimension 7(N) over @p.
Given E € &,/(Q,)°, m > 1, E|T;, is a Z-linear combination of elements
of the form E|T}, | prime, ¢ > 0. (See [16], Theorem 3.34(1).) Combining
this with Proposition 4.8(b), it follows at once that the algebra H[A*] C
Aut(£,(Q,)Y) is commutative.

5. Cuspidal divisor groups. Let M > 1 and I" be one of the groups
I'(M) or I''(M). We let U(I") denote the group of modular units over I.
Then g € U(I') if g is a modular function for I" without zeros or poles
in H. Thus g may be regarded as a function on the modular curve X (I")
with support in cusps(I"). Letting D} € D be the subgroup of divisors of
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degree zero, let divy(g) be the divisor of the associated function on X (I7).
The cuspidal divisor class group Cr is then the finite group

Cr = Dpp/divp(U(I)).

For simplicity now assume M > 4. The cuspidal divisor class group has
been analyzed by Kubert and Lang in a series of articles, and in [9]. In
the case I' = I'(M) the group Cr has a complete description for M = p”,
and the case for M in general has been determined up to 2-torsion [8, 9].
When I' = I'1(M) the situation is more complex. Kubert and Lang have
analyzed two subgroups of Cr for M = p™, both of which depend on units g
which are determined by the part of divy(g) whose support lies on cusps of
divisor 1 [9]. This has been generalized to all M > 4 by Yu [25], using the
Kubert-Lang theory and methods of Sinnott [17].

The appearance of ideals similar to the Stickelberger ideals in this set-
ting suggested the possibility that the theory of modular forms could be
applied to the analysis of cyclotomic ideal class groups. This approach led
to the proof by Mazur and Wiles of the main conjecture of Iwasawa theory
[12], in part by applying the theory of Kubert and Lang to Igusa curves of
characteristic p.

In general Stevens has formulated a different approach to the analysis of
Cr, which is based on Eisenstein series [19]. We now give a survey of some
of these results as needed in the sequel.

For E € &(I'), let ¢(E) : I' — C be the map given by

YZo
(5.1) S(E)y) = | B(z)dz, ~el

20
where zp € H. Let Pr = Uyepl((@) I'y be the set of parabolic elements of I'.
For a Z-submodule K C C we define two subgroups of £ (I") by

Er(K)={F e &(I) | P(E)(r) € K, Vi € Pr};
Er[K] = {E € &(I) | 8(E)(7) € K, ¥y € T'}.
As discussed in Section 3, for a cusp x, and y € O,, we have
B(E)(m) = rr.p() = er(@ao(El), s € Ou

thus by (3.9), Er(K) is the set of E € E(I) such that 6 (F) € Dr @ K.

If g € U(I), then (27i) ~'g’(2)/g(z) = E, can be shown to be an element
of £r[Z) and we have 61 (Ey) = divr(g). In their analysis of Cr, Kubert and
Lang work with the Siegel units g, defined for a € V\{0} ([9], p. 29); by
a calculation one can verify that (27i)~1(g,)’/ga is equal to the Eisenstein
series —¢2 4. The map

(5.3) (2mi)tdlog /dz : U(I')/C* — ErZ]

(5.2)
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is an isomorphism. Thus we may express Cr in terms of Eisenstein series
for I'" by

We now fix I" = I'; (M). Suppose that E € (1) and that « is a primitive
Dirichlet character whose conductor is prime to M. The Dirichlet series

Z an(E)a(n)n™*

converges absolutely for Re(s) > 2 and extends to a meromorphic func-
tion on C with a possible simple pole at s = 2. We denote this analytic
continuation by L(F, «, s) and define the special value A(E, «, 1) by
T(@)L(E,a,1)

271 ’
Let Sy be the set of primes ¢ such that ¢ = 3 (mod4) and ¢ = -1
(mod M). We define Cps to be the set of nonquadratic characters a such
that cond(a) = Q = ¢" for some ¢ € Sy and r > 1. We set

Ot ={WeCy|¥(-1)==+1}

for either choice of £ sign. For a € Cy let oy = (-/q) be the quadratic
character of conductor ¢ and let

(5.5) A(E, a,1) =

(5.6) Au (B, 1) = %(A(E, o, 1) £ A(E, aag, 1),

for either choice of + sign. For such a character a and a Z-module K of
C, let Ko, 1/Q)] be the ring generated over K by 1/Q and the values of a.
Combining Theorem 1.3(b) and Lemma 2.2(1) of [19] we have the following
theorem.

THEOREM 5.7 (Stevens). Let K C C be a finitely generated Z-module.
Suppose that E € E(I') N Ep(K). Then E € Ep[K] if and only if for all
a€Cy, Ay (E,a,1) € K[a,1/Q), where cond(a) = Q.

With appropriate definitions this also holds for I'(M). We will use this
theorem to analyze cuspidal divisor class groups associated with the groups
I,. We will also need the following theorem to prove Theorem 5.15.

THEOREM 5.8. Let £ € K(Np™) be even and let ¢ € Spn be a prime
such that ¢ > L?>/*1 where f is the number of distinct prime divisors of pN
and L is the largest. Let Pt2¢N be a prime of Q. Then

(a) (Washington [21]) There exists r, € Z" such that for all r > r, and
a € C) with cond(a) = ¢", B1(@) and Bi(af) are P-units.

(b) (Stevens [19]) For every algebraic integer € and l|pN there are in-
finitely many o € C, such that P1(1 — ea(l)).
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(c) For infinitely many o € C

Pt (TI01 - acD) )Bi (@B (a,).

1IN

Proof. To prove (c) we will use the method used to prove (b). Let ¢ and
rq be as above, and fix » > r,. Let x be a primitive Dirichlet character
of conductor ¢" such that the primitive character corresponding to x" is
nontrivial unless ¢(q") |v. As ¢ € S,n, ¥ = x71/2 is 0odd. Moreover as
q>2f+1,

f+ 1)1 <00

so that the f + 1 characters ¥! are distinct for ¢t odd, 1 < ¢ < 2f + 1. Since
the g-power roots are distinct mod P, and ¢ > (2! for any prime divisor
[ of pN, there is a choice of t as above for which

pi(JJa-wewn)a-v'wm).
N

Now set o = Wt.

We set £,(Q,) = E2(1;Q,) for n > 1. For & € cusps(I3,) we extend

our definitions of rp, g(x) and ér, (E) to £ € &£,(Q,), denoting these by
rn,5(x) and 8, (E) respectively. Let O be a Z,-submodule of Q,,. We define

two O-submodules of &,(Q,) by
En(0)=Er,(Z) 20, &,]0]=E&r,]Z) @z O,
and set
En(0) = E,(0)NELQ,)°,  &[0]" = E:[0INE(Q,)°,

with analogous definitions for &,(O)"! and &,[O]".
For n > 1 we define a cuspidal divisor class group C,,(O) by

Cn(o) = 571(0)/571[0],
and set
Cn(O)O — ‘c/*n((Q)O/gn[(x)}(]7 Cn(O)nﬂ — gn(O)nﬂ/gn[O}nﬂ.

Let C,, denote the p-primary part of the cuspidal divisor class group associ-
ated with I,. Then by (5.4) we have

(5.9) Cn = Cu(Zp) = EnlZp)/EnlZy)-

For simplicity we will write CO = C,(Z,)° and C2! = C,(Z,)"!. As part
of the next proposition we show that H[A*] preserves each &,[0], so that
Cn(0),Cr (O™ and C,(O)° are all naturally H[A*]-modules.



Cuspidal groups 33

PROPOSITION 5.10. For any n > 1, and any Z,-submodule O of @p, we
have an isomorphism of H[A*]-modules

C.(0) = C, (0 & C,(0)°.

Proof. Fix n > 1. To prove that the canonical map &,(0) — &,(0)*! @
E,(0)° is well defined, it suffices to show that T}, preserves &,(O). The
isomorphism will then follow provided that in addition T}, preserves &,[O].
For each y = r/s € P1(Q) fix v, € S, and let p(y) be the highest power of
p dividing s. First suppose E € &,(O); then e, (y)ao(E|yy) = P(E)(m,) € O
for all y € P1(Q). We must show that

en(y)ao((E|Tp)|vy) = enly Zao (Elrivy) €

where 7; = (B]\Z) Suppose p(y) < n. Using Lemma 4.3 and the fact that

en(y) = p"N/div(y), we obtain

(pen(79)) (}Jaowmy)) if g = (r 4 siN.p) = 1,

(en (7)) (Pao(Elvriy)) — if gi = (r + siN,p) = p.
Thus e, (y)ao((E|Tp)|vy) € O. Now if p(y) > n, then for 0 < ¢ < p —1,
en(y)ao(E|Tivy) = (1/p)en(Tiy)ao(E|Ys,y). Here the cusps 7;y are all I,-
equivalent so e, (y)ao((E|Ty,)|yy) € O.
The group I3, is generated by the group I'(p"N) and the parabolic
element 7. For any E € &,(Q,) and 7,7 € I' we have &(E)(y7') =
P(E)(v) + 2(E)(v'). Thus

(5.11)  E,]0] = Eppnm) (O] NEL(O);  EnO)° = Ergprm)[O] N E,(O)°,

where Ep,nny[0] is defined analogously. Now suppose £ € &,[0]. Then
®(E|T,) (7o) € O. Let v € I'(p"N). By a calculation we have 7,7, ' € T,
for 0 <i <p—1, and so &(E)(riy7; ') = ®(E|7;)(7y) € O. This shows that
e preserves &,[0)].

Since H[A*] is commutative, to prove the H[A*]-equivariance it suffices
to show that H[A*] preserves both &,(O) and &,[O]. By (3.11) both N,, and
G, preserve these modules. Since I'y(p"N) normalizes I, the Nebentype
automorphisms preserve &,[0] as well.

en(y)ao(E|Tivy) =

Now suppose we have a product g =[], gm( 9 where a ranges over Vpn
and the m(a) are integers. As shown by Kubert and Lang g € U(I'(p"N))
if and only if the m(a) satisfy certain congruence conditions ([9], Chapter
3; Theorems 5.2, 5.3). One can easily check that the action of G,, given by
9(a1,a2)|Tj = 9(ai,jas) TESPECts these congruences, thus by (5.3) and (5.11)
G, preserves &,[0].
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This gives the desired result for A*. Now by the final remarks in Sec-
tion 4, to conclude the proof we need only show that T;, [ prime, preserves
En(O) and &,[0]. This has already been shown for [ = p. With obvious
modifications the same argument works for any /| N. Finally if [{ Np then
the result follows from Lemma 3.3(a).

In particular Proposition 5.10 demonstrates that C,,(0)° is a Zy[[Z} y]]-
module.

For n > 1let D,, = Dr, and let DY be the group of divisors with support
in cusps(1},)". We define a map

£.(Q,)°" - DL ®Q,

via

(5.12) ME)Y =" > rap()- ()
zEcusps(l,)0

By Lemma 4.4 this is an isomorphism.

LEMMA 5.13. Let n > 1 and suppose that E € £,(Q,)° satisfies 63(E) €
DY ® O. Then E € £,(0)°.

Proof. Fix n > 1 and FE as above, and choose any F' € &,(O) such that
60(F) = 62(F). By Lemma 4.4, 6°(eF) = 62(F) so that eF = E. Now by
Proposition 5.9, eF € &,(O).

We come now to the main result.

THEOREM 5.14. Let N > 1 be squarefree. Then 3 € Zp[[Z}, \]] annihi-
lates CO for alln > 1.

Proof. Fix n > 1 and for each x € cusps(I},)° let I, be the unique
element of &,(Z,)° such that 62(I,) = (z). To show that 8 annihilates CQ
we must show that I,,|3 € &,[Z,] for all z € cusps(I},)°. However, the set
of ordinary cusps of divisor p™d for a given d| N is generated by [p}b d] and
N,,. Since E € &,[Zy) if and only if E|(j) € £,[Z,], j € Z(p"N)*, we need
only show that each 14|08 € &,[Z,] where Iq = I, for z = pid )

Fix d| N. For each € X" of signature (€,2) and level m < n
let 7 and x be the unique primitive characters, of conductors dividing N/d
and p"d respectively, such that ¢ = 7nx. Let I, 4, and E,. 4, be as in
Definition 4.7 and Proposition 4.8. From Proposition 4.8 we have the relation
Ean = B(&)Ix qn; since Zy, n acts on I qn by € we also have Ey g4, =
I an|B. Now G, and N, act on I 4, by n and nx respectively; using
(3.11) it follows that
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the sum over cusps of divisor p™d. From this we obtain

2
Iy = I dn,
d(p"NN) 2

7,X
and )
Iq ﬁ = oA En,d,n-
| ¢(p"N) nz;
Let Eq = I4|5. By the definitions of the E, 4, we have

S*UI ,r,*ul pnd 0
E; = _—

d Z ZM(UU)¢2<p"d/’U’N/dU> < 0 1)
u|(N/d) v|d
where s*N/d = 1 (mod p"d) and r*p"d = 1 (mod N/d). In particular 6,,(Fy)
€ D, ® Q. Since I, is ordinary, and §°2(1;) = [p?lde by Lemma 5.13, I €
En(Zy)? which is preserved by Z,[[Z; y]]. As a consequence 6,(E4) € Dy ®

Zp), where Z,) is the localization of Z at p.
We now use Theorem 5.7. Let o« € Cpny have conductor @ = ¢". Fix
some E, 4, as above. To calculate the special value A(Ey 4., ®,1) we use

the identities

—Tr
T(na)
and for primitive characters 1 and ey of relatively prime conductors M;
and Mg,

L(1,na) = B:(@);  L(0,ax,) = —Bi(axy),

T(E)7(E2)
T(Elgz)
Using Proposition 4.8(c) we obtain

L(Egansa,s) = 2r@u@"d)x(N/d) ][] (a@l'=* =7(0)1)
(NN )

X H(l — ax(l)lz_s)L(s,na)L(s —1,axp),
1d

= EQ(Ml)El(MQ).

where cond(n) = Ny, and so
A(Ex,dn, o, 1) =0(p"d)x(N/d)n(Q)a(N1)
x [ (e -20) [ - ax())B1@@)B1(axy)

1|{(N/N1d) 11d

= [ipam@ T] 0 -7a@nB.@a)]

U[(N/d)

x Jax(V/d) TT(1 = ax()D)Bi (axy)|.

I|d
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Let A; € QZ(NQ/d)*] be defined by

n= 3 S B(h)

u|(N/d) T€Z(NQ/d)*
where uu/ = 1 (mod NQ/du), and where r € Z(NQ/d)* satisfies Qr =
p"d (mod N/d) and r = 1 (mod Q). Similarly, if d > 1, we define Ay €
Q[Z(p"dQ)*] via

A=) 3 Bi( ) el
v|d zEZ(pndQ)* p dQ/’U

where vv' = 1 (mod p™dQ/v), and where s € Z(p™dQ)* satisfies s = N/d
(mod p"dQ). Then A; € (NQ) 'Z[Z(NQ/d)*] and by Lemma 1.11 A, €
(2NQ)Z[Z(p"dQ)*]. If d = 1 we define A, by

v 5, Il w2

where QQ' = 1 (modp"). Tt follows easily that Ay € (2Q)'Z[Z(p"Q)*].
Then by a straightforward modification of Lemma 1.6 and Corollary 1.7,
defining integration in the obvious way,

A(Ewan, o, 1) = (Sﬁ@dAl) (Sax dAg).

Thus A(Ex.dn,,1) is an element of (2N?)71Z[¢][a, 1/Q]. Writing A; =
> a1(y)-[y], let A} be defined by A7 =" a1(y)-[y’], where y = ¢’ (mod N/d)
and yy' = 1 (mod Q). Then

\radA, = (7o dA;.

Using the isomorphism Z(p" N )* = Z(N/d)* x Z(p™d)* we may identify A =
Al As as an element of (2N2Q?) " 1Z[Z(p"NQ)*]. Now let o : Z(p"NQ)* — Z
be the map given by (i) o(m) =1 if m = +1 (mod p"N) and (ii) o(m) =0
otherwise. Then

A(Eg,a,1) = W > eadA =\oadA e (2N?)"'Z[a,1/Q).
3

Let L be the product of the denominators of the r,, g, (z) for = € cusps([},),
and let K = (4N?L)"'Z. Then 1A(E4,,1) € K[a,1/Q]. Then by (5.6)
and Theorem 5.7, E € &, [K] C &,[Z,], completing the proof.

Note that for n > m we have inclusions C,,(0)° — C,(0)° and may
define the direct limit C@ = limC,(O)° which is naturally an O[[Z? y]]-
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module. Let C}) = Home(CY, O/K), where K is the fraction field of O. We
equip C, with an action of O[[Z; ]| by defining for o € Cp, (o[A)(P) =
o(@|N) for A € O[[Z; y]] and @ € C3. If O = Z, we will simply write
C'=Cp and C* =C; .

Now let O be the ring formed by adjoining the values of even £ € K(Np)

to Zp. We have a canonical decomposition Z; = = (14 pZp,) x A, where
A Z(pN) For even £ € K(pN) we define the idempotent ¢ € O[A] by

1 _
£¢ = £(r)
£ 6(pN) %

Now suppose pf¢(N). We define the § part of Ci, by Ci o = Chleg. Then
Co = DCh; the sum over even { € K(Np). Given v € O[[Z;, y]] we let
ve € O[[1 + pZy)] be defined via ve|ee = vleg.

THEOREM 5.15. Suppose that N > 1 is squarefree and that pfp(N). Let
¢ € K(Np) be even and suppose that fe € O[[1 + pZ,]] is a divisor of f¢
which annihilates Cai‘ Then fe = (B¢ for some unit ¢.

Proof. Fix an even £ € K(Np) and let d| N and n > 1 be given. Let n
and x be the unique primitive Dirichlet characters of conductors dividing
respectively N/d and p"d such that 7y = £. To prove that (¢ annihilates
Cai we must show that Ey g, = Lc.an|Bc € E.[O]°, where I, g € E,(O)°

satisfies

the sum over cusps of divisor p™d. This is essentially shown in the proof of
Theorem 5.14 using Theorem 5.7.

Now suppose fege = B¢ for fe, ge € O[[1 + pZp]] and that Cj, ¢|fe = 0.
Then f¢ annihilates the cuspidal group C;1(0)°. To prove the theorem it
suffices to find E € & (0)? such that E|fe € £[O]° only if fe and (¢ are
associates. Given FE, this will follow from Theorem 5.7.

Let E’ be the unique element of & (0)° such that

SU(E) =) &a [ ]
Let o € € have conductor dividing ¢" with ¢ and r = 74 as in Theorem 5.8.
Then
A(E'|fe, , 1) = g¢(0) T A(E'|Be, ., 1) = ge(0) ™ B(ag),
where

B(ag) = Bi(@) ([[(1 - ag()D) Bi(ag,)

IIN



38 M. Nirenberg

(see the proof of Theorem 5.14), and where g¢(0) = { df is the constant
term of g. Without loss of generality we may assume this lies in Z[¢]. The
expression for A(E'|fe, aag, 1) is similar with acy replacing «. Since ay is
odd this term vanishes.

Using the definition in Proposition 4.8, by inspection we have E’|f3¢ sat-
isfying 01(E’|3¢) € D1 @ Q[¢]. Since E'|Be € £1(0)°, there exists L € Z
prime to p such that LE'|3: € & (Z[€]). Now let E = 4LN?E’. Then
344+ (E|fe,o,1) = 2LN%g¢(0) "' B(a). As shown in the proof of Theo-
rem 5.14 we have B(af) € (2N?)71Z[¢][a, 1/Q)]. Therefore by Theorem 5.7,
with K = LZ[¢], E|B¢ € &[LZ[E]]. Given a prime P of Q lying over p and
not dividing 2L N¢q, by Theorem 5.8 we may assume « is chosen so that
2LN?B(a€) is not divisible by P. Then by Theorem 5.7, g¢(0) is a unit
of O.

Now we consider the case for general N. If N > 1 then it is possible
to design a canonical basis for each E(I; @p)o with properties similar to
those in the squarefree case. One should expect an analogue of § in Z,[[A*]]
which annihilates each C2.

Let N = 1. The following analogue of Theorem 5.15 is an immediate

consequence of Mazur and Wiles’ study of the groups Cin) ([12], Chapter 4).

THEOREM 5.16 (Mazur-Wiles). Let N =1, and £ € K(p) be even such
that € # 1 or w™2. Then if f¢ € A is a divisor of B¢ which annihilates Cf,

fe = 1B¢ for some unit 1. If ¢ =1 or w™2, then Cg 18 trivial.

Proof. Let ¢ be a prime different from p. We will show that the mea-
sure 2 . annihilates C*. Suppose that M and M’ are positive integers with
M|M’. By aresult of Fricke-Wohlfahrt I"(M) is generated by I'(M’) and the
parabolic elements of I'(M) ([24]; see the proof of Theorem 1.2 in Chapter 5
of [11]). This implies that Iy (M) is generated by I'1(M’) and the parabolic
elements of I'1 (M), as I'1(M) is itself generated by its parabolic elements
and I'(M). In particular this gives

En (Zp)o Nér (pme) [Zp] =& [Zp]o;

therefore by Theorem 5.13 33 . annihilates C2, and therefore C*.

Now let £ be an even power of w, and let x € K(p°°). Then x may
be regarded as a map from Z, to @p; if x factors through 1 + pZ, then
X is said to be a character of the second kind. For any such character we
have §x dBa.ce = —3(1 — x&(c)c?)Ba(x&p). Since this is also true for the
distribution (1 —¢&(c)c?[(c)])Be, these measures are equal. Choosing ¢ so that
w(c) is a primitive (p — 1)st root of unity, it follows that (1 —£&(c)c?[(c)]) is a
unit if £ # w2, in which case ¢ € A annihilates C¢. The remainder of the
proof follows as in the proof of Theorem 5.15; the last part derives from the

fact that (a,.¢ is a unit if £ = 1 or w2,
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