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Products of binomial coefficients modulo p?
by

Zu1-WEel SuN (Nanjing)

1. Introduction. As usual Z, Q, R and C denote the ring of integers,
the rational field, the real field and the complex field respectively. We also let
Zt ={1,2,...} and C* = C\{0}. For a € Z and n € Z", by (a,n) we mean
the greatest common divisor of a and n. If n is odd then the Jacobi symbol
(%) is defined in terms of Legendre symbols (see, e.g., [IR]). For z € R, []
and {z} stand for the integral and the fractional parts of x respectively. For
a prime p and an integer a prime to p, the Fermat quotient (a?~! —1)/p
is denoted by gp(a). For an odd prime p and a € Z, we define the Euler
quotient

aP—1)/2 _ (%)
(1.1) eqp(a) = T
The Gauss lemma used to prove the law of quadratic reciprocity is as
follows:

GAuss’s LEMMA.  Let n > 0 be an odd integer and a an integer prime
to n. Then

(1.2) <ﬁ> = (=1)I$ @] yhere S, (a) = {k: VAR % < % < {@}}

n n

Almost every textbook on number theory only contains Gauss’s Lemma
with n = p being an odd prime. The general version of Gauss’s Lemma
was first published by M. Jenkins [J] in 1867 with an elementary proof; in
the textbook [R] H. Rademacher supplied a proof using subtle properties of
quadratic Gauss sums.
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For = € R let

n—1
T T 1 .
<0>:1 and <n>=Ejl_IO(l’—]) form=1,2,...

Recently A. Granville [G] obtained a congruence for [ [, ([ ;k_/il]) mod p?

where p is an odd prime not dividing n € ZT. With the help of Gauss’s
Lemma, we are able to get the following more general result.

THEOREM 1.1. Let m € Z and n € Z". Let p be an odd prime not
dividing n.
(i) If 6 € {0,1} then
p—lrn=3 pm—1
(1.3)  (-1)= %] 11 ( >
0<k<[(n—8)/2] [pk/n]
_ [ (%) +pmneq,(n) (modp?) if 24n,
(27") +pm((—1)5(%)26qp(2) + (%)neqp(n)) (mod p?) if 2|n.
(ii) We have
n—1
_ pm — 1
(1'4) (_1)k+(n 1)[pk/n]< )
kzo [pk/n]

_ [ mn(1—2P71) (modp?) if 2|n,
~ 1 1 (mod p?) if 24n.

REMARK 1.1. In (1.3) we use Euler quotients instead of Fermat quo-
tients, this makes the congruence somewhat symmetric in the case 2 |n.

Now we deduce Granville’s result from our Theorem 1.1.

COROLLARY 1.1 (Granville [G]). Let n be a positive integer and p an
odd prime not dividing n. Then

p-1 = (=1)5= (1) n? —n mod p?
(1.5 0<1;[<n([pk/n])_< D (0 1) (modp?),

Proof. Observe that

e ()

0<k<n

=(-p=EEHE T <[Z;€_/:L]>' 11 ([p(np—_kl)/n]>

0<k<[(n—1)/2] 0<k<[n/2]

=y ] K[ﬁ@i})“‘”mg] I (i)

0<k<[(n—1)/2 0<k<[n/2]
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Applying Theorem 1.1(i) with m =1 and 6 = 0, 1, we then obtain

(- T ([ik?i]) = 1—|—2pn<%> eq,(n) (mod p?).

0<k<n

For any integer a prime to p, clearly

e s () o3 s

So (1.5) follows. m
For a,n € Z with 0 < a < n, we let
a(n)=amodn=a+nZ={a+nx:xcl}

For a finite system A = {a(ns)}*_; of such residue classes, we define the
covering function wy : Z — {0,1,...} by

(1.6) wa(x) ={1<s<k:z€as(ns}-

When wa(x) = m for all z € Z, A is said to be an ezact m-cover (of Z).
We also use the term disjoint cover instead of exact 1-cover. (See [S3] and
[S4] for problems and results on covers of Z.) For two systems A and B of
residue classes, if w4 = wp, then we say that A is covering equivalent to B,
and denote this by A ~ B. For d,n € Z" and a € {0,1,...,d — 1}, clearly

(1.7) {a+jd(nd)};=y ~ {a(d)},

in particular {r(n)}"=y ~ {0(1)}.
In this paper we will also prove the following extension of Corollary 1.1.
THEOREM 1.2. Let p be an odd prime. Let A = {as(ns)}*_; (0 <a, <
ns) and B = {bs(m¢)}._; (0 < by < my) be covering equwalent systems with

the moduli ns and m; not divisible by p but dividing an integer N. Then for
any = € [0,p) we have

w2 ()

- (_1)<kl)(p1)/2<1 +pN<z_: qp;ns) _ zi: qpfnﬂ:t)>> (mod p?).

S

REMARK 1.2. Actually we may not require the integer N in Theorem 1.2
to be a common multiple of those moduli ns; and m;. For example N =1 is
allowed if we do not mind using x ¢ Z in the notation (2)

COROLLARY 1.2. Let A = {as(ns)}r_; (0 < as < ns) be an exact
m-cover of Z. Let N be the least common multzple of ni,...,n, and p an
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odd prime not dividing N. Then

k k
PN/ns =1\ _ 1\ (h—m)(p—1)/2 p(ns) mod p?
09 11 (")) =60 (LN 3 202 oot

s=1

Proof. Let B be the system consisting of m copies of 0(1). Then A ~ B.
Since [%] = —q”fl)

rem 1.2. m

= 0, Corollary 1.2 follows immediately from Theo-

REMARK 1.3. Applying Corollary 1.2 to the trivial disjoint cover A =
r(n)}"=} we then get Corollary 1.1 again.
r=0

In the next section we will give some examples of uniform maps the
concept of which arose from our previous study of covering equivalence (cf.
[S1] and [S2]). On the basis of Section 2, we prove Theorems 1.1 and 1.2 in
Section 3.

2. Some uniform maps

DEFINITION 2.1. Let m be an integer and M an additive abelian group.
Let f be a map from a subset of C x C into M. If for any ordered pair (x,y)
in the domain Dom(f) of f and each positive integer n prime to m, we have

(2.1) {<x;;nr,ny>:rzO,l,...,n—l}gDom(f)

and
n—1

(2.2) Yo <x +nmr,ny) = f(z,y),
r=0

then we call f an m-uniform map (into M).

The functional equation (2.2) with m = 1 was first introduced by the
author in [S1] where he showed the following theorem in the case m = 1 by
a complicated induction method.

THEOREM 2.1. Let m be an integer and M a left R-module where R
is a ring with identity. Let f be a map into M with Dom(f) C C x C such
that (2.1) holds for any (x,y) € Dom(f) and n € Z* with (m,n) = 1. Then
the following two statements are equivalent:

(a) f is an m-uniform map into M.

(b) Whenever
(2.3) Z As = Z we  forallxeZ

1<s<k 1<t<l
z€as(ns) xEb(my)
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(with As,ur € R, as,ns,bp,my € Z, 0 < a5 < ng, 0 < by < my and
(nsm¢,m) = 1), we have

k T + ma : x +mb
s t
(24) Z)‘Sf<n77nsy> = Zﬂtf( my 7mty>
s=1 t=1

for (z,y) € Dom(f).
Proof. Since {r(n)}'_y ~ {0(1)} for all n € Z*, (b) implies (a).
Now we show (b) under the condition (a). Suppose that (2.3) holds. Let

N be the least common multiple of those moduli ny and m,. If (z,y) €
Dom(f), then

k
S (m ny>
s=1 s

k N/ns—1 .
L3S (e i )

S

s=1 j=0
k N-1 x+mr N1 .
“Ya X (N =X (8w ()
s=1 r=0 —0 1ok
réas(ns) ot
A T +mr ! x + mb,
— TZ:()( 1<Xt;l Nt)f<T,Ny>:;Mtf< o ,mty>,.
rEbe(my)

PROPOSITION 2.1. (i) Let m € Z. Then the function [ |, :R xR — Q
given by
1—-m
(2.5) [Jm(z,y) = 2] + ——
is an m-uniform map into the rational field Q.
(ii) For each m = 0,1,... the functions b,, : C x C* — C and e,, :
C x Z — C given by

(2.6) b (2,y) = y™ " By (2)
and
e TymE, (1) if y is odd,
(2.7) em(z,y) = 2 mizy. m ) )
it Yy" Bpy1(x) if y is even,

are 1-uniform maps into the complex field C, where B,,(z) and E,,(x) are
the mth Bernoulli polynomial and the mth Euler polynomial respectively.

Proof. Let n be any positive integer.
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(i) If (m,n) = 1 then
([ 252)

-
<a:+mr 1—m {:E—I—mr})
N
n 2 n

r=0

R B

s=

ii) Let m be a nonnegative integer. Raabe’s identity states that
g g y

(2.8) T:Z::: B (z + %) = "M B,, (n2).

Another known identity (cf. [B]) asserts that
n—1
”
m N (1) E,, r if 24n,
n Z( ) (z + n> if 2tn

o (—1)7”Bm+1<z+%> it 2| n.

By these two identities we can easily check that

Zb (m—i—r y)zbm(w,y) for z € C and y € C*

and

n—1
Zem<x+r,ny) =en(z,y) forxeCandyeZ. =
n
r=0

REMARK 2.1. In [S1] the author briefly mentioned the basic things for
Proposition 2.1. For more examples of 1-uniform maps, the reader is referred

to [S5].

COROLLARY 2.1. Let p be an odd prime and n > 0 an even integer
prime to p. Then

(2.10) z_:(—w"B,,l(%) = —ng,(2) (modp).
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Proof. By Proposition 2.1,

2np72 n—1 . r n—1 r
- > (-1 Bp1<g> = ZePZ(E’”) = ¢p—2(0,1)
r=0

r=0

does not depend on the value of the positive even integer n. So

S (1) (o S (3)

r=0
=2"'B, | — B, ;.

Since
p—1

pB,_1 = erfl = —1 (modp)
r=1

(see, e.g., [IR]), (2.10) follows at once. m

PROPOSITION 2.2.  Let p be an odd prime. For x > 0 and m € Z \ pZ
let

_ qp(m) 1
(2.11) q(z,m) = - + E g
0<j<[x]
pti

Then the function g(x,m) = q(x,m) mod p is a p-uniform map into the
finite field Z./pZ.
Proof. Let m € Z\ pZ and n € Z* \ pZ. Since

mP~1 —1 P =1

qp(mn) = T +m D = qp(m) + gp(n) (mod p),

for > 0 the congruence

Sq(m +pk’nm> = q(z,m) (modp)

n
k=0

is equivalent to

1 1« 1
(2.12) gp(n) = Z T Z Z - (modp).
0<j<[z] k=0 0<j<[(z+pk)/n]
pli plj

Now it suffices to show (2.12) for all z =0, 1,...
By pp. 125-126 of [GS] we have

(2.13) Bp_1<{%k}> —Bpa=— > % (mod p)

0<j<[pk/n]
for k=0,1,...,n—1.
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Observe that

n—1
pk
> (2 ({7}) )
k=0
n—1 r
=2 By <ﬁ> —nBp1=n*"TBy1 —nBy,
r=0

n 1—nP1
= p (pBp—1) = ngy(n) (modp).
Thus (2.12) holds for z = 0.
Let r € Z*. Assume (2.12) for x = r—1. Denote by kg the unique integer
k € [0,n) such that r + pk = 0 (modn). Clearly p|r if and only if p divides
Jjo = (r + pko)/n. For k € {0,1,...,n — 1}, we have

k — 1+ pk i k=
[rﬂqz{r +p]+{1 if k= ko,

n n 0 otherwise.
If ptr, then
1 1 1 1 1
—— === =0 d
roomn o j r r+pko (modp)
Thus
> i- i >
0<j<r =0 0<j<[(r+p kr)/n]

plj ptj

n—1
0<j<r—1 J k 0 0<j<[(r—1+4pk)/n]
plj plj

(=

= ¢p(n) (modp).

This concludes the induction step. We are done. m

3. Proofs of Theorems 1.1 and 1.2
LEMMA 3.1. (i) Let a € Z, n € Z" and (2a,n) = 1. Then
k 21
(3.1) Su(@)= > [ﬂ + - —(a—1) (mod2).
0<k<n/2
(i) Let m,n € Z* and (m,n) = 1. Then for § € {0,1} we have
km kn m—0|[n—29
2 - Ay [ .
SEID O 3 R M il el e

0<k<(n—9)/2 0<k<(m—26)/2

The above lemma is well known and usually stated in textbooks with
a, m,n being odd primes.
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LEMMA 3.2. Let kkm,n € Z and 0 < k < n. Let p be an odd prime
not dividing n. Then

. o) <o ({2 ) et

Proof. For any [ € {0,1,...,p— 1},

((pm—1Y\
(3.4) (—1)( ; )- H <1— —>_1—pmz ~ (mod p?)
0<5<l 0<j<l
Combining this with (2.13) we then obtain (3.3). =
Proof of Theorem 1.1. As p—1is even, we have B,_1(1—x) = B,_1(x).

(i) Let I = [(n — 5)/2] and €, = (14 (—1)")/2. By Lemma 3.2,

Observe that

5 (e ([2]) ) i (1))
S O () RECCEET R
et (an((2]) -5
5 (2] ) =t

where the last step is taken as in the proof of Proposition 2.2. By Corollary
2.1, Bp—1(1/2) — Bp—1 = 2¢,(2) (modp). Recall that g,(a) = 2( ) eq,,(a)
(mod p) for any a € Z with (a,p) = 1. So

= (ma({5)) -m)

_ n(%) eq, (n) + £n(—1)52 (g) eq, (2) (modp).

p

By Lemma 3.1 and Gauss’s Lemma,

n—1
(=1)Zo<rsilPh/n] — (1)U P=1)/2=Y0ckcp/2nk/Pl — (_1)Up—1)/2 (E) (2> .
p/\p
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Therefore

e (3 G) T ()
- e

0<k<lI

=t (1) eaytm + 20 1%2(2) a2 ) (moas?

and hence (1.3) follows.
(ii) Write S for the left hand side of (1.4) and set

n—1

- T

S'=Y (-1 Bp_1<;>.
r=0

By Lemma 3.2,

= Fen (o m(o(18) )

= (1 —pmB,_1)A+ pmS’ (mod p?)

where

=2} a2 a2 Fy 1=

n

If 2¢n, then S’ = B,_1 since

B (M0) = B (D).

therefore S = 1 (modp?). When 2|n we may apply Corollary 2.1. This
concludes the proof. =

Proof of Theorem 1.2. Since A ~ B, by Theorem 2.1 and Proposition
2.1 we have

k !
m+pa5] 1—p> ({m—i—pbt] 1—p>
S ([2m]+150) - ([22] + 152,
s=1 ( |: nS 2 =1 mt 2
So (1.8) is equivalent to the following

Pa = Tt (13 ) ( Ny )

s=1 s=1 s

l
b TT(_\[@tpb/ma ( PN/mi—1
= Pp g( 1) ([(m +pbt)/mt]>

X (1 —pNtz:l; %@) (mod p?).
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By (3.4) we have

8 (RN

0<j<[(z+pas)/ns]

JES.)

0<j<[(z+pas)/ns]

k
= H <1 —qu<7x+pas,ns>>
ux

Il
/N
—
|

b
Z

s=1
i x + pa
=1 —pNZq<n—s,n5> (mod p?);
s=1 s
similarly
l
x + pb
Pp =1 —pNZq(#,mO (mod p?).

t=1

In view of Theorem 2.1 and Proposition 2.2, P4 = P (mod p?). We are
done. =
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