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Average size of 2-Selmer groups of elliptic curves, II
by

GANG YU (Ann Arbor, MI)

1. Introduction. For a given elliptic curve E defined over Q possess-
ing a 2-torsion point, we denote by Sely(E/Q) the 2-Selmer group of E
over Q. While it is known that the order of Sely(E/Q) can be arbitrarily
large (cf. [1], [11]), the study of its average value has attracted the attention
of some authors. For instance, with purely analytic tools, Heath-Brown ([7],
[8]) studied the congruent number curves and his results provide very good
understanding of the distribution of the orders of 2-Selmer groups of such
curves. In particular, the main results of [7], [8] imply the existence of a pos-
itive proportion of rank 0 congruent number curves. In [14], we investigated
the average order of the 2-Selmer groups of the elliptic curves over QQ given
by the equation

(1.1) E(a,b): y* = 2z(x + a)(z +b),

that is, the curves over Q with 2-torsion Zs X Zso (the so-called generalized
Frey—Hellegouarch curves). Motivated by a question posed by A. Brumer,
we considered the sum

S(X):= > #Sely(E(a,b)).

1<]al,|b]<X
a#b

Influenced by Heath-Brown’s approach to the problem in [7], by estimating
character sums we showed that there exists an absolute constant ¢ > 0 such
that

(1.2) S(X) < eX?

In other words, we proved that the average order of the 2-Selmer groups of
curves given by (1.1) is bounded. This also implies that the average rank of
the Mordell-Weil groups of these curves is bounded.
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A natural question to ask is about the average order of Sely(E(a,b))
with one variable, say b, varying over a certain interval. If one could show
that the average order of the 2-Selmer groups of E(a,b) with b running over
every interval of size between |a|'~¢ and |a|'*® was uniformly bounded as
la| — oo, then (1.2) would be obviously true. Unfortunately, the average
order of Sely(E(a,b)) in this sense depends on a quite complicatedly, and it
is not possible to get a uniform estimate for b running over that small inter-
val. Moreover, even ignoring the uniformity, the expected boundedness may
not always hold. For example, considering the Legendre curves E(1,u) and
curves F(2,u) with 1 < |u] < X, one finds out that, while the average order
of Sela(FE(2,u)) is absolutely bounded, the average order of Sely(E(1,u)) is
unbounded with an order of magnitude /log X!

This seems mysterious, the secret, however, does not lie deep. The key
difference between these two families of curves is that 1 is a square and 2
is not. For a given curve E(a,b), the order of Sela(E(a,b)) depends on the
number of some special factorizations of a, b and a — b. Roughly speaking,
the closer |al, |b| and |a — b| are to squares, or the fewer prime divisors
ab(a — b) has, a higher ratio the admissible factorizations occupy in all the
factorizations. This heuristic explains why the average size of Sels(E(1,u))
differs from that of Sely(E(2,u)) significantly.

In this paper, we shall show that this phenomenon persists for any fixed a,
in accordance with whether |a| is a square or not. For a non-zero integer a,
and a positive number X, let

(1.3) S(a;X):= > #Sely(E(a,b)).
1<|b|<X
b#a
If |a| is not a square, we prove that the average order of Sels(E(a,b)) is
bounded by a constant depending on a.

THEOREM 1.1. Suppose a is a fixzed non-zero integer and |a| is not a
square. Then there exist positive constants c1 and co, depending only on a,
such that for every X > 2 we have

(1.4) aX < S(a; X) < e X.
The following corollary is an obvious consequence of Theorem 1.1.
COROLLARY 1.2. Suppose a is a fized non-zero integer and |a| is not

a square. Then the average Mordell-Weil rank of elliptic curves E(a,b) is
bounded by a constant depending on a.

When a = +d? for some integer d, we expect a lower bound +/log X
for the average order of the 2-Selmer groups of the curves E(+d?, u) as |u|
varies up to X. One should note that, while the sum of S(£d?; X) has a
lower bound with order of magnitude X+/log X, an explicit lower bound
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depends on d. Not seeking for the best possible explicit constant, we shall
prove

THEOREM 1.3. Let d denote an integer. Suppose A > 0 and 0 < e < 1
are any fired numbers. Then there exist constants c3 > 0 and Xo > 0,
depending only on A and e, such that, for every X > Xy, we have

3/2 w(d)
(1.5) S(+d* X) > 03<@> @) - X/log X
if |d| < (log X)*, and

(1.6) S(+d* X) > c3<@>3/2<%>w(d) - X/log X

if |d| < X'~¢. Here and throughout, by ¢(d) and w(d) we denote respectively
FEuler’s totient function and the number of distinct prime divisors of d.

One may ask whether X/log X gives the correct order of magnitude of
S(+d?; X) for fixed d. In the same manner as we prove Theorem 1.1, we can
prove an upper bound for S(d?; X), uniformly for d relatively small with
respect to X.

THEOREM 1.4. Suppose X > 3 and A > 0 is any fized real number. If
d < (log X)A, then there exists a constant ¢4 > 0, depending on A, such that

5
(1.7) S(j:dQ;X)gcél(%) - X /log X.

In our proof of Theorem 1.3 (see Sections 3 and 4), while it seems neces-
sary to consider S(d?; X) and S(—d?; X) separately as the related systems
of quadratic equations (see Lemma 2.1) are formally different, the proofs
for the bounds of S(d?; X) and S(—d?; X) are similar. To avoid unneces-
sary repetition, we shall prove the lower bounds for S(d?; X) only. We also
remark that, with extra effort, we can eliminate the factor (d/¢(d))% in
Theorem 1.4, though we shall not do so in this paper.

The rest part of the paper is devoted to proving Theorems 1.1 and 1.3.
The proof for Theorem 1.4 can be carried out by imitating the proof for
Theorem 1.1; therefore, it is omitted.

Throughout the paper, we have fixed meanings for the following notation:

e ;(n): the Mobius function which takes value 0 if n has any square
divisor other than 1 and otherwise takes value (—1)<(").

e [1: by writing m = 0 (mod d), we mean that m is prime to d and is a
quadratic residue modulo d.

e 7;(n): the usual k-fold divisor function.

e P(n): the largest prime divisor of n.

e p(n): the smallest prime divisor of n.
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e s(n): the radical of n, i.e., the largest squarefree integer dividing n.

e m (modn) or (M),: (for (m,n) = 1) the inverse of m modulo n, i.e.,
mm =1 (modn).

e a (modn): (in display) a running over a complete residue system mod-
ulo n, i.e., Z/nZ.

e a (modn™): (in display) a running over the elements of (Z/nZ)*.

Moreover, when used for the range of a variable involved in a sum, e.g.,
M <m < 2M, a capital letter always stands for a power of 2.

REMARK. In the proofs of the theorems, it often happens that, at a
certain stage, we have to treat several similar cases (or estimate some sim-
ilar sums). If the cases or sums can be treated in the same manner, we
always only treat one of them to avoid unnecessary duplications. Moreover,
in complicated formulas, we leave out error terms that have smaller order
of magnitude than the term(s) displayed.

2. Some lemmas. In this section we state several lemmas which will
be needed in the next sections.

LEMMA 2.1. For integers a,b satisfying ab(a — b) # 0, (a,b) = 1, and
a squarefree integer A > 0, the order of Sela(E(aA,bA)) is equal to the
number of homogeneous spaces described by the quadratic equation systems

b
a’51V2 + Vi 54W2 = (52VX2,

(2.1) Z
V6 V24 — - 64W? = G50V,

a

which have a solution with W # 0 in every local field including R, where |a’|,
|b'| and v are respectively divisors of |a|, |b| and |a — b, A = 01029304, and
both |a’|6102v and |b'|0103v are squarefree. Moreover, the number of such
spaces with a’ (or b') having fized sign is equal to %# Sely(E(aA,bA)).

Proof. This is a consequence of the complete 2-descent (cf. [12, pp. 281—
282]). One can also refer to §2 of [14] for a detailed discussion or easily
verify this by following the 2-descent carried out in [7]. For the last part,
one can just proceed with the 2-descent on E(aA,bA)(Q)/{O, Ty} for a
certain appropriate 2-torsion point 75. =

LEMMA 2.2. Suppose € > 0 is any fired number, X, M and N are suffi-
ciently large real numbers, and {a,,} and {b,} are two complex sequences,
supported on odd integers, satisfying |am,|, |bn| < 1. Fiz positive integers h,
q satisfying (h,q) = 1 and q < {min(M, N)}*/3. Let

m
S = ;Lambn <g>
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where the summation is subject to
M<m<2M, N<n<2N, mn<X, mn=h (modg).
Then
(2.2) S <« MN/16+e 4 pr15/16+e
where the constant involved in the <-symbol depends on € only.

Proof. This is essentially Lemma 4 of [7], proved basing on the work of
Burgess [3]. One can also refer to Lemma 4.1 of [13]. =

LEMMA 2.3 ([13, Lemma 4.2]). Suppose s is a fized positive integer. Let
N be sufficiently large. Then for arbitrary positive integers q, r and any
non-principal character x (mod q), we have

(2.3 S )5 () < a7(r) exp(~1y/log7)
n<z, (n,r)=1

with a positive constant 1 = ns N, uniformly for ¢ < logV z. m

LEMMA 2.4. Let s and C be two positive integers, and A > 0 be any
fized number. For X > 1, let T < exp(y/log X) and M,N > T be given.
There exists some constant n > 0 such that, for any positive integer r, any
integer h prime to C, and any distinct characters x1, x2 (mod q), where
q < (log X)#, we have

(24) D pP(m)pP(n)s™ My (m)xa(n)

< 7(r)X exp(—n+/log T') log X
where the sum is over coprime variables satisfying the conditions
M<m<2M, N<n<2N, mn<X,
mn =h (modC), (mn,r)=1,
and the constant involved in the < -symbol depends on s and C' only.
Proof. This is just a little different from Lemma 10 of [7], where mn runs

over an arithmetic progression modulo 8. Replacing the condition mn = h
(mod C) by introducing the summation

1 —
30 X(ﬂ% . x(m)x(n)x(h)

as a factor to the sum, we see that, for every fixed y (mod (), at least one
of xx1 and xx2 is non-principal. Then a direct application of (2.3) yields
the lemma. =
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In our applications, sometimes we require a more general version of Lem-
mas 2.3 and 2.4. More precisely, we need estimates similar to (2.3) and (2.4)
with the summands involving some extra multiplicative factors.

LEMMA 2.5. Assume all the conditions in Lemma 2.3. Suppose a(n) is a
multiplicative function with the property that there exists a positive constant
¢ such that, for every prime p,

(2.5) la(p) —1| < ep™t and |a(p®)| <c+1 fork >2.

Then for arbitrary positive integers N and r there exists a positive constant
1N = ns,n such that for every q < log™  and any non-principal character
X (mod q), we have

(2.6) Z 1?(n)s~*™a(n)x(n) < z7(r) exp(—n\/log ),
n<z, (n,r)=1
with the constant involved in the < -symbol depending on c and s only.

Proof. The proof can be carried out by exactly the same method used
in the proof of Lemma 4.2 in [13]. For the generating function

> 2(p)s~“Ma(n)x(n
fom 5T Mol

in a zero-free region of the L-function, we have the decomposition

—1
9(z) = H(l + M) Gz ) L(z 0",

Sp*
plr

where G1(z, x) is analytic and absolutely convergent for Re(z) > 3/4. Then
an application of Perron’s formula (cf. [10, Chapter 5, Theorem 1]) and
estimates of Dirichlet L-functions yields (2.6). =

Similarly, we have a generalization of Lemma 2.5.

LEMMA 2.6. Suppose ay(m) and asz(n) are two multiplicative functions
satisfying (2.5) for some fixed c. Then, under the conditions of Lemma 2.4,
we have

2 2
p=(m)on (m)xi(m) ~p~(n)oz(n)xz(n)
27 >
m,n

sw(m) ’ sw(n)

< 7(r)X exp(—n+/log T') log X,

where m and n are subject to the conditions given in Lemma 2.4, the constant
mwolved in the <-symbol depending on c, s and C only.

The next lemma deals with a special kind of sum. The estimate given
here is required in the proof of Theorem 1.1.
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LEMMA 2.7. Suppose a and b are fized non-zero integers and b is not a
square, and M and N are sufficiently large real numbers satisfying
(2.8) N0 < M < exp((log N)?).

Suppose ay(n) and as(n) are multiplicative functions satisfying (2.5) for
some constant ¢ > 0. Let

(2.9) S(M,N) := Z 12 (mn)oy (m)az(n).
M<m<2M
N<n<2N
(mn,2ab)=1
am=0 (mod n)
b=0 (mod m)
Then

(2.10) S(M,N) < MN

Viog Mlog N’
where the constant involved in the <-symbol depends on a, b and c.

Proof. We start from the fact that, for coprime integers s and ¢, where
t is positive and odd, s = O (mod ) if and only if

e ()

plt
which, when t is squarefree, is equivalent to
0w (2) — g,
>(;
dlt
Thus we have
(2.11)  S(M,N)

2
B Z w?(mymaning)ag (mime)as(ning) (amims b
- QUJ(mlanl’l’Lg) ni mi :
M<m1m2§2M
N<nina<2N

(mimaning,2ab)=1
Let T := (log N)*°. We shall split the sum (2.9) into three parts according
to the range of ny: (1) ne < N/T; (2) N/T <ny < N; (3) N <ng <2N.
We note that a1(n) and as(n) are bounded by both 2« and (loglogn)e.
From Lemma 2.2, the subsum subject to condition (1) is bounded by

c —1/16+1073
(2.12) Z MN (loglog M) <M—1/16+103+ <ﬁ) >

N9 n2
HQSN/T
< MN < MN
(log N)? Viog MIog N’

which is admissible for (2.10).
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Noticing that, if n1 # 1, (n—l) (9) and (n—l) are both non-principal char-
acters of conductor O(T), and that either the range of m; or the range of
mg is > exp(T), we conclude from Lemma 2.5 that the subsum subject to
condition (2) is

2
N
(2.13) < Z % s - 7(ng2)M exp(—ny/log M)
N/T<ns<N 2
M N (loglog N)ct!
exp(nv/1og M)

which is more than enough.
The subsum subject to condition (3) is actually

(2.14) Z p?(m)aq (m) Z %.

M<m<2M N<n<2N
(m,2ab)=1 (n,2abm)=1
b=0 (mod m)

From (2.5), in a zero-free region of ((s), the generating function of the inner
sum is of the form

~1
— a2 (p)
= Vi IT (1+%2))
pl2abm
where h(s) is analytic and absolutely convergent in the half-plane Re(s) > §
for any fixed § > 0. A standard application of Perron’s formula (see, for

example, proof of Theorem 14.9 in [9]) yields

2 N2(2w<") < 11 (H_ i)ﬂi\fw

N<n<2N p|2abm
(n,2abm)=1

m \'* N
< .
<¢(m)> Viog N
(One should note that a condition on the comparison of the sizes of M and
N (such as (2.8)) is necessary in estimating errors on the boundary of the
contour integral.)
Thus, to show that the contribution from the subsum subject to the
condition (3) is also admissible, it suffices to show that, for an arithmetic
function a(m) satisfying (2.5), and a sufficiently large M, we have

M
(2.15) p?(m)a(m) < .
m;W Vlog M
(m,2ab)=1
b=0 (mod m)
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Let f(s) be the generating function of the sum in (2.15). Then for
Re(s) > 1, we have

(2.16) fs)=1] (1 + %) =k(s) |] <1 + ig)

pt2a p>3 p
(3)=1 ()=t
where k(s), depending on a and b, is analytic and absolutely convergent on

the half-plane Re(s) > ¢ for any fixed ¢ > 0. Thus, for any squarefree m
satisfying (m,2ab) =1 and b = O (modm), we have

(2.17) => (d)o(m/d),
d|lm
where
v(d)=1 ifb=0 (modd), ~(d)=0 otherwise,
and the arithmetic function o(d) satisfies, for any fixed § > 0 and X > 1,
(2.18) > Jold)] < X°.
d<X
From the classical result that

3 ) < s
n<x Vlog X

combined with (2.17) and (2.18), we have

M
S wEm)a(m) < W mg%d +(m)

m<M m<M m m<t
(m,2ab)=1
b=0 (mod m)
M
M 7 2omze (M)
< M = dt
< logM+ § 13/2
< M
log M’

as required. m

Finally, we state the Bombieri-Vinogradov Theorem which we shall ap-
peal to several times in the proof of Theorem 1.3. As usual, for fixed positive
integers a and ¢ with (a,q) = 1, we write

x

Woga= 3 A, Ego)=vimnd) - oo

n=a (mod q)

LEMMA 2.8 (The Bombieri—Vinogradov Theorem). Suppose x > 3, > 0
is any fized small real number, and Q = x'/?~¢. Then for any A > 0, we
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have
(2.19) max max |E(y; ¢,a)| < z(logz) ™4

b
a,q)=1 y<z
<Q ( 7¢I) Y=

the constant implied by the < -symbol depending only on € and A.

Proof. This is actually a weaker form of Theorem 4 of Bombieri [2] (see
also [4, Theorem, Chapter 28]). m

3. Proof of the first part of Theorem 1.3. We shall prove the
theorem for S(d?; X). Formally, there is some minor difference between the
treatment for d odd and even, but they are essentially the same. In this
section, we shall only consider the case of d odd. The other case can be done
in the same way. For d odd, to get a lower bound, we shall only consider the
curves given by the equation

E(d?,2u) : y* = z(x + d*)(z + 2u),

where 1 < u < X/2 is prime to 2d, with |2u — d?| squarefree.
By Lemma 2.1, # Sela(E(d?,2u)) is equal to the number of quadratic
equation systems

d2
U()V2 + — W2 = 'UZQ,

(3.1) 2f
vy 2w gy,

Ug

that are everywhere locally solvable, where |ug| is a squarefree divisor of 2u,
v is a positive divisor of 2u — d? and |f] is a squarefree divisor of d.
We shall only count the systems with v =1, f =1 and up = 1 (mod 8)
positive, which can be written as
ugV?: + d*W? = 72,
(3.2) ) ) )
VeE+2uWe=Y ,
where u; = u/up. One equivalent form of (3.2) is

(3 3) (2uou1 — dz)W2 + Z2 = 'LL0Y2,
' dPW? — 2% = —yy V2.

Note that for each curve E(d?, 2u), if only counting the systems (3.2) that
are everywhere locally solvable, we sum up this part of # Sels(FE(d?,2u))
over u then we get a lower bound for S(d?; X). Heuristically, such a sim-
plification is not harmful to the bound we are seeking, and the result-
ing lower bound will have the expected order of magnitude. For the sys-
tem (3.2) to be solvable in every Q,, it suffices to be solvable in Q, with
p| 2duguy (2uguy — d?).
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We first note that (3.2) is always solvable in Q2 under the assumption
ug = 1 (mod 8). In fact, one can take V' =1, W = 4 and get the correspond-
ing 2-adic unit solutions in Y and Z.

If we write the two equations in (3.2) as f(x,y) = 0 and g(z,y) = 0,
where {z,y} C {V,W,Y,Z}, then the Jacobian of the quadratic system
f(z,y) = g(x,y) = 0, with respect to the possible choices of (x,y), is re-
spectively given by 4(2uqu; — d®>)VW, —4ugVY, 4VZ, —4d*WY, Su1W Z
and 4Y Z. If for p|uouid(2uouy — d?), (V,W,Y,Z) € F, is a solution of
(3.2) in F, with at most one of {V, W)Y, Z} equal to 0, it is easy to see
that at least one of the six possible Jacobians is not 0 in IF,. Thus, from
(a very special case of) Hensel’s Lemma, this solution of (3.2) in ), can
be lifted to a solution, say (Vy, Wo, Yy, Zy) € Zﬁ, with at most one of
Vo, Wo, Yy and Zy being 0. Moreover, it is fairly easy to check that any
solution (Vo, Wo, Yo, Zo) € Zj, of (3.2) in Z, with precisely one variable
equal to 0 yields a solution (Vi,W1,Y1,21) € (Z;)* of (3.2). (This can
be achieved by replacing the 0 variable by p* for a sufficiently large inte-
ger k.)

Thus, for p|uguid(2uou; — d?), to determine whether a system (3.2) is
“non-trivially” solvable in Q,, it suffices to check whether this system (or a
reduced equivalent one) has a “non-trivial” solution in F,: a solution with
at least three variables non-zero in [F,,.

We note that for any p|uoui, the system (3.2) is always non-trivially
solvable in F,,. For example, for p|ug, V2 + 2u;W? = Y2 has p? solutions
(V,W)Y) € IF%, 2p — 1 of which have W = 0, thus we always have a solution
(Vo, Wy, Yp) € IF;; for the equation with Wy # 0. We must then have either
Vo # 0 or Yy # 0 (or both). Let Zy = dWy. Then we have a non-trivial
solution (Vy, Wy, Yy, Zy) € IF';L, of the system (3.2). Similarly, one can show
that every system (3.2) is non-trivially solvable in F, if p|u;.

For p|2ugu; — d?, (3.3) is non-trivially solvable in F, if and only if
(%) = 1 and, if this condition is satisfied, one can find a non-trivial solution
(Vb, Wo,Yo,Zo) S Fé of (33) with W() =0 and V(]Y(]Zo 7é 0.

Things are a little more complicated for p|d. We consider two cases.

(I): (%‘)) = 1. In this case, it is easy to find a non-trivial solution of (3.2)
inF,:W =0,V =Y #0and Z = vV, where v is a square root of ug in IF,.
(IT): (%0) = —1. In this case, (3.2) cannot be non-trivially solvable in
F,. However, if we suppose ord,(d) = k and let d = p¥dp, then the system
ugV? + dgw? = 72,
PV 420, W2 = Y2,

is non-trivially solvable in F,, if (2%) = 1. Thus, it is then non-trivially
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solvable in Q,. Moreover, a solution, say (Vo, Wy, Yy, Zo) € (Z;)‘l, of this
system gives a non-trivial solution (p*Vy, Wo, Yo, p*Zo) of (3.2) in Q,.

It is also easy to check that (3.2) is solvable in Q, only if

2
(%) =1 o (22) -1
p p
or, equivalently,

2u — d?
(3.4) (%) =1 or ( up ) = —1 for each prime p|d.

Therefore, (3.2) is non-trivially solvable in Q, for p|d if and only if (3.4)
holds.
So from the discussion above we have
(3.5) #Selb(B(d,20) > Y (),
wo|u

up=1 (mod 8)
uo=0 (mod 2u—d?)

where the asterisk indicates that (3.4) holds. By writing n := 2u — d?, and
introducing a function a(d, ug,n) defined by

st T () ()

pld

we have, for sufficiently large X, and any fixed 0 < 02 < 61 <1,

(36) S@xX)= Y pP(u) > p?(n)a(d, uo, n).

X%2 cyp<x9 n<X—d?
uo=1 (mod 8) n=—d? (mod 2uo)
(uo,d)=1 up=0 (mod n)
(n,d)=1

To split the condition ug = O (mod n) so that the inner sum of (3.6) is easier
to estimate, we count only those integers n with a large prime divisor; we
shall write n = mp with p a large prime factor of n. For any fixed 0 < 03 < 1,
from (3.6), we get

(3.7)  S(d* X)

> Y ) YL i) > a(d, wo, mp).

X%2 <yo<x91 m< x93 X/2m<p< (X —d?)/m
up=1 (mod 8) (m,2upd)=1 p=—d?m (mod 2ug)
(up,d)=1 uo=0 (mod m) (20)=1
P

Since ug = 1 (mod 8), we have

(5)-()- () ()- ()
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because ug = [0 (modm). So the condition (%) = 1 attached to the inner

sum is automatically satisfied. We also note that
d — 4—w(d) gu(dy) (_qyw(ds) (Y0 ) [ T )
a( 7u07n) Z ( ) d2d4 d3d4
S(d)=d1d2d3d4

Thus, in the case d < (log X)*, letting 6; = 1/3, 62 = 2/9 and 03 = 1/24
(or any other appropriate choice for the values of ;, j = 1,2, 3), we get

(3.8)  S(d*X)
zlong S 2w Y m)

X2/9 cpp< X 1/3 m< X 1/24
up=1 (mod 8) (m,2upd)=1
(uo,d)=1 uo=0 (mod m)
S a(d,uo,mk)/l(k)+0< DS ,/5)
m
X/2m<k<X/m up<X1/3 m<X1/24

k=—d?m (mod 2ug)

1 U
— w(dl) _ w(dg) 2 0
4«(d) Jog X Z 5 (=) Z (o) <d2d4>

s(d)=d1d2d3zds X2/9 << X 1/3
uo=1 (mod 8)
(uo,d)Zl
<X m(rr) X (g )Am o),
d3d4 d3d4
m<Xx1/24 X/2m<k<X/m
(m,2uod)=1 k=—d?m (mod 2ug)

uo=0 (mod m)

As we shall see, the main term has order of magnitude > X (log X)1/2~¢
for any € > 0. Just for notational convenience, henceforth we will leave out
all the error terms that are O(X).

For the inner sum of (3.8), we note that

59) > ()

X/2m<k<X/m
k=—d?m (mod 2ug)

a

= A(k

> <d3d4> > (k)
a (mod dgdy) ¥ X/2m<k<X/m

k=—d?m (mod 2ug)
k=a (mod d3d4)

- ¥ (d3“d4> 3 A(k),

a (mod d3zd4)* X/2m<k<X/m
k=—d? (’n_’l,)zuo “+2aug (2u0)d3 dy (mod 2’[1,0(13(14)
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where for an integer ¢ prime to m, (), indicates the inverse of m in (Z/tZ)*.
Now we write the inner sum of (3.8) as

1 X X

X _
+ F <E’ QUOd3d4, —d2 (T_TL)QUO + QGUO(QUO)d3d4>

X _
—F <%, QUOd3d4, —dQ(W)QUO + 2(1U0(2U0)d3d4>

= al(a?; a,m,ug; X) +a2(J: a,m,ug; X) —i—ozg(ci; a,m,up; X), say,

where we write d rather than d to indicate that the terms depend on the
factorization of d described before.

By Si(d?; X), So(d?; X) and Ss(d?; X), we denote respectively the sub-
sums of the last multiple sum in (3.7) corresponding to the three parts
of the inner sum of (3.8), as described in (3.9). For the entire sum, we
expect that the summand «; contributes the main term while the others
give error terms. We thus want to show that Sp(d?; X) and Ss(d?; X) are
well bounded, but S;(d?; X) gives the major contribution. We shall use the
Bombieri-Vinogradov Theorem (actually, a weaker form suffices) to bound
the sums Sy(d?; X) and S3(d?; X), and use a direct computation to deal
with the sum S (d?; X).

First, from Lemma 2.8, we have

(3.11)  S3(d*; X)

d
< log X Z Z a(éﬂ?ﬁ)x

X X/2
o o) - 220
w§2X1/3(10gX)A mgx1/24 m ¢('LU)

—A-3
X/ X X
log X )41 Z(10g= S —
<o)t 5 Tsl) <
m§X1/24

With exactly the same estimate, we get
X

(3.12) So(d?; X) <« Toa X

oM

a (mod q) %

Since for odd integers ¢ > 1,

the terms of S1(d?; X) subject to d3dy # 1 vanish. Hence
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(3.13)  Si(d* X)
1 1% (uo) (‘w0
- - gw(d1) -0
4«(d) Jog X Z Z d(2up) \ do

s(d)=dyd2 X2/9 << X1/3

uo=1 (mod 8)

(’LLo,d1)=1
X X

2
>< e —
> (-5
m<Xx1/?4

(m,2170d1d2):1
uo=0 (mod m)

X w(dy) /ﬁ(m)
~ 22w(d)+3 log X Z 3 Z m2w(m)
S(d)=d1d2 m<X1/24
(m,2d1dp)=1

2
1= (uo)x1x2(uo) <uo>
D DD > o),
x1 (modm) x2 (mod 8) X2/9<uo§X1/3 ¢(UO) d2

X1=Xo (uo,md1)=1

where, in the last step, an error of O(X/(log X)) for a large B > 0 has
been discarded.

For notational convenience, we denote by x := Xlxg(d—'Q) a character
modulo 8md;ds. Then from the simple fact that

(3.14) ! Ly~ 120

the innermost sum of (3.13) is equal to

pi) Y EOME e O g xy

s<(log X)2 59(5) X2/9/s<t<X/3 /s
(s,t)=1
2 2
1= (s)x(s) p=(t)
= > = > XY ;
s<(log X)? a (mod 8msdidsa)* X2/9/s<t§X1/3/s
t=a (mod 8msdidz)
+O((log X)™h).
Note that
2
p* (1) p(h) 1
(3.16) > D D > .
X329 ) s<t<X3/s h<\/X1/3]s X32/9)sh?<r<X'/3/sh?

t=a (mod 8msdydz) (h,2msdydg)=1 r=ah’ (mod 8msdidz)
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h 1 _
_ > M}§2) > - HOX /12 1og X)
h<x1/12 X2/9/sh?<r<X1/3sh?
(h,2msdids)=1 r=ah’ (mod 8msdydz)
_ p(h) (_logX sh? e
- ¥ ht (72msd1d2 +0( 5z ) ) HOXT/ P log X)
h< X 1/12
(h,2msd1d2)=1
log X 1\ 1
_ . oeA 1— — O(X 12 10g X).
72((2)7’)@8(11612 p|27£Jc:l d < p2> - ( o )

Here the error gives a negligible contribution to the entire sum, and the
main term of (3.15) vanishes when x is non-principal. Thus the terms that
give a major contribution are those subject to x1 = xo0, X2 = xo0 and dy = 1.
Therefore, with our convention, we have, from (3.13)—(3.16),

(3.17)  Si(d* X)

w(d) 2 9
LXQN s R R ems (@) os X

w(m) ) .
8log X m§X1/242 msS(logX)Z sp(s)  72¢(2)ms - s(d)
(m,2d)=1 (s,2md)=1
w(d)
_XDET s~ o) )
144¢(2)d m22w(m) 52
m<Xx1/?4 s<(log X)?
(m,2d)=1 (s,2md)=1
w(d)
L XODE™ s~ lm)otm)
— 144¢(2)d m22w(m) -
m§X1/24
(m,2d)=1

By Perron’s formula, it is easy to see that
2 1/2
p* (m)¢(m) ¢(d)
>
(3.18) E > o) 2\ g V1og X
m<X

(m,2d)=1

for some absolute constant ¢ > 0. Therefore, (3.17) and (3.18), along with
(3.11) and (3.12), yield

(3.19) S(d* X) > d(@)g/z(%)w(d) - X/log X

4

for some absolute constant ¢/ > 0. This proves the first part of Theorem 1.3.

4. Proof of the second part of Theorem 1.3. In this section, we let
d < X'~¢ for any fixed 0 < ¢ < 10~2. For the second part of Theorem 1.3,

Uo

in considering the solvability of (3.2) in Q, with p|d, we require (7) =1
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instead of (3.4). This change results in replacing the factor (3/4)“(9) in the
coefficient by (1/2)“(49), However, with this modification, we are able to treat
the lower bound for larger values of d. Following the discussion in the last
section up to (3.7), we have

(4.1)  S(d* X)

e A A A D S )

X2 <up< X0 m<Xx93 X/2m<k<X/m

up=1 (mod 8) (m,2uod)=1 k=—d?m (mod 2ug)
(uo,d)=1 uo=0 (mod m)

uo=0 (mod d)

Throughout this section, let
1 1
0, = 5(1—62)—63, Oy = 5(1—62)—283, 03 = 2.

Note that 2ug < 2X% < (X/m)Y/2=". Estimating the error term by the
Bombieri—Vinogradov Theorem as we did for the first case, apart from an
error O(X (log X)~4), where A > 1 is a certain fixed number, we have

(4.2)  S(d*X)
1 NZ(UO) 2 { _ £
* X 2w 2 (m)<m 2m)‘

X%2 cyp<x9 m<Xx9
uo=1 (mod 8) (m,2upd)=1
(uo,d)=1 uo=0 (mod m)
uo=0 (mod d)
Thus
X p2(m) 12 (o)
(13) S X) > )3 )
2log X s m X0 e X0 & (ugp)
(m,2d)=1 up=1 (mod 8)
(up,md)=1
uo=0 (mod md)
X 2 1 2
> p=(m) Z 4 Z p* (uo)uo
log X . m . U é(uo)
m<X93 X2 <U=2i<X"%/2 U<uo<2U
(m,2d)=1 uo=1 (mod 8)

(ug,md)=1
uwo=0 (mod md)

X2~ p?(m)
> XU: Ulog X Z@ m2«(m)

2 /
p= (uo)uoxx' (uo)
DD VDS :
x (modmd) x’ (mod8) U<uo<2U ¢(uo)

x*=xo
where the constants involved in the «-symbols are absolute.
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From (3.14), we see that, when xx’ # X0, the innermost sum of (4.3) is
equal to

S ) S () + O(U (05 X) 1),

s<(log X)10 U/s<t<2U/s
(t,8)=1

which, from the Pélya—Vinogradov Theorem, is bounded by
ds)(1+e®)/2
Y (mds) = 7 Ulog X)1° < (md) /2" 4 U(log X)~10
5<(log X )10 os)
And this contributes to S(d?; X) at most

X ql/2+e’ m1/2+€3u2(m)
X(log X))~ + Z Toa X > —

m<X?
< X1+(1/2+63)(1—5+93)‘92 + X(log X) 7 < X(log X)~*
Thus, apart from these admissible errors, we have

(4.4)  S(d*; X)

x9-—w(d) /LQ(m) MQ(UO)UO
> Z Ulog X Z m2w(m) Z d(uo)
X092 <U=2i<X01/2 m<X93 U<uo<2U
(m,2d)=1 (ug,2md)=1
—w(d) 2
= (m)¢p(m)
> Z dlogX Z m22w(m)
m<Xx?3
(m,2d)=1

iy [(ODN?
>, 2 7 X+/log X.

And this finishes the proof of the second part of Theorem 1.3.

5. The sum S(a; X). For Theorem 1.1, since the lower bound is trivial,
all we need to show is the upper bound. By a simple change of variables
if necessary, we may assume a is positive. Moreover, for notational conve-
nience, we shall only consider the curves E(a,b) with b positive. The other
part, namely, the sum over the curves E(a,b) with —X < b < —1 can be
treated in exactly the same manner, and the upper bound will be the same
as well.

Every curve under consideration will therefore be of the form E(a,uA),
where every prime divisor of A is a divisor of a and u is prime to a. We
note that, for a,b,c € Z, ¢ # 0, E(a,b) and E(ac?, bc?) are Q-isomorphic
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and have isomorphic 2-Selmer groups over Q. Thus, if one can show that the
partial sum of S(a; X) with (a,b) = A for every squarefree integer A|a is
O4(X), then one simply has the same upper bound for S(a; X). Therefore,
we can consider only the curves E(a,uA), with A a fixed squarefree divisor
of a, u prime to a. From Lemma 2.1, we thus need to count the number of
quadratic equation systems

51’LL0V2 + & T? = 52,5}/2,

(5.1) 52‘

§aV? 4+ 222 _ 5,572,
5UO

which are everywhere locally solvable, where 0 | A, 6 = 610203, || |a/A, and
ug and (3 are respectively positive squarefree divisors of u and u—a/A. Since
the system (5.1) corresponds to the element (a1, b;) of Sela(E(a,ud)) given
by

(a1,b1) = (ugd1 6203, 461033) (mod Q*?),
we suppose both ugd1023 and |a|d1d30 are squarefree. Let
u—a/A

B

where £ and o are squarefree. Then the following conditions are necessary
for the system (5.1) to be everywhere locally solvable:

— aad203ug = O (mod (),

afadi 3 = 0O (mod ug),

6103 = 0 (mod p),

adzd3up = 0 (mod ).

u .
= h‘2€7 — = jzgv
Uo

(5.2)

Since A divides a, there are O, (1) choices for d;, d; and d3. Hence it
suffices to show that for each fixed choice of 1, d2, d3 and A, the number of
systems (5.2) which are everywhere locally solvable is O(X). Thus, in the
following we shall let A and §;, i = 1,2, 3, be fixed.

We also note that, in some sense, § and £, ug and ¢ are symmetric in
pairs, so we will just consider the subsum of S(a; X) with 5 < \/X/Ah?
and ug < /X /Aj? and the resulting upper bound for this subsum serves as
an upper bound of the whole sum. (Following our treatment for this partial
sum, one can easily see that the same upper bound holds for the subsums
left out.)

For simplicity, we write

K:= —aadydz, f:= aadid3, 0:= ad1d3, V= adzl3.

Then, from (5.2) and with our convention, we have
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(5.3)  S(a; X)
<Y Hw) DY EB Y, O
d g . &,
J uo<VX/j Hufzﬁﬁ/fn{)gm Q,a;l](fnod 0)
pB=0 (mod ug) vuo=0l (mod £)
(ﬁ)uo)zl

We note that, when 2 | 3¢ or 2 | ugo, we can replace h? and j2 by 2h? and
252, and this does not affect our upper bound at all. Thus, without loss of
generality, in the following all the variables 3, ug, ¢ and & will be supposed
to be odd integers and we will not specify this in computations.

We also note that there are at most O(7(m)) ways to factor an integer
m as m = j2ugo with ugo squarefree. Thus the subsum of (5.3) subject to
h > (log X)? is bounded by

(5.4) > X > lm)
h>(log X)2 / m<X/A
sy X/an? m=a/A (mod h? )

The partial sum of (5.4) with h > X/7 is simply bounded by

X 6/7+2
< > > XE<1+W><<X 3
h>XY7 g<\ /X]Ah?

When h < XV/7 we have h?3 < (X/A)?>/37¢. From the well known result
on the distribution of the divisor function over arithmetic progressions (see,
for example, the introductory part of [5]), the partial sum of (5.4) with
(log X)? < h < X7 is bounded by

1 X
(log X)2<h<X'7 g<. /X /A2

Thus the subsum of (5.3) subject to h > (log X)? is O(X). Similarly, we can
show that the subsum of (5.3) with j > (log X)? gives a contribution at most
O(X) as well. Thus apart from this error (which is admissible for our esti-
mate), it suffices to sum with respect to h and j up to (log X)?. We will split
the sum on the right hand side of (5.3) into subsums S7(a; X), say, with g =
1 or up = 1 and Sy(a; X), say, with ug # 1 and 3 # 1, respectively, and give
estimates separately. In the next two sections, we shall show that S;(a; X)
and Sz (a; X) are both bounded by O(X), and Theorem 1.1 will thus follow.

6. Estimate of S;(a; X). The treatments for the subsums respectively
subject to 8 =1 and ug = 1 are the same, and the same upper bound holds
for the two sums. Thus, without loss of generality, we shall only consider
the subsum with § = 1. In the case 8 = 1, the first congruence condition
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of (5.2) vanishes, and the last one is non-trivial for £ (except possibly the
case that adodsug is a square which happens when either adod3 is a square
and up = 1, or a/A is a square and ug = u/j?, both giving an admissible
contribution). The assumption that a is not a perfect square guarantees
that at least one of adyd3 and aadyd3 is not a square, thus at least one of
the congruences is non-trivial. The treatment for the subsum with «d;d3
not a square is similar to that for the subsum with aad;d3 not a square.
Hence, without loss of generality, we shall assume that «d;d3 is not a square
and shall use the third and fourth congruences as the restrictions on the
variables. (This is actually the more difficult case.) Therefore, we have

(6.1)  Si(X)< > p*(uo)) > P& (o) + X
u \Y4 h7 j )

osVX ! gEDg(mgod 0)

vuo=0 (mod &)

< DY HP(u) > w2 (0) + X,
h,j<(log X)2 4o <v/X e<X/uoj*
o= (mod o)
o=(av/A)-0 (mod &)
where the innermost sum is also subject to j2ugo — h%¢ = a/A.
To show Si(a; X) < X, we shall prove that, for some fixed non-zero
integers a, b and ¢ where b is not a perfect square, and any integer d satisfying
|d| < (log X)*, and any N satisfying X/(log X)* < N < X,

(6.2) SI(N) = > o) Y. H) <N

VN /(log N)2<o<N E<N
(o,bc)=1 (f_,a):l
b=0 (mod p) £=cd (mod p)
o=ald (mod &)

To see that (6.2) implies Si(a; X) < X, we note that the summation over
h and j is negligible and, under the assumption that ug =< h%¢/j%0 < VX,
the contribution of the terms with ¢ < v/N/(log N)* is small. Hence, in the
following we shall focus on proving (6.2).

Let
E :=exp(y/log N).
Then it is obvious that the subsum of § 1(IN) subject to N/ E < 0 < N gives
an upper bound O(N). (We can use a simple bound O(Np~!) for the inner
sum of Sy(N) from (6.2), and then estimate the sum over g by Perron’s
formula.) Thus,

(6.3)  Sr(N)= > pAe) Y. uA(E) +ON).

VN/(log N)2<o<N/E E<N
(0,bc)=1 (§,0)=1
b=0 (mod o) &£=cd (mod p)

o=al (mod &)
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By dividing the range of ¢ into dyadic intervals, we see that, to prove
(6.2), it suffices to show that, for any v N/(logN)> < R < N/E,

(6.4) S;(N,R)
N

2 2
= > dfe Y, MO ,
R<p<2R <N \/logNlog(N/R)
(g,bc)=1 (€,a)=1
b=0 (mod o) ¢=cd (mod g)
o=ald (mod &)
because then we have
~ N
6.5 Sr(N) <« + N
(6:5) 1) ; \/log N log(N/R)
N 1
< > + N < N.

Vlog N

% log N<Z§ log ngg\/Qlog N

Viog N —ilog2
Next, we write
§ = kpK,
so that for a fixed positive constant € < 1/100,
(6.6) P(k) <p <p(K), (N/R)* <pk<p(N/R)".
Then we have

67) SINR< Y, pe Y M) YL

R<o<2R pk K<N/pk
(0,bc)=1 o=all (mod k) p(K)>p
b=0 (mod o) K=cdpk (mod p)

We split the sum (6.7) into two parts: f}(N, R) with p > (N/R)" and
Y2(N, R) the rest. The methods we shall use to estimate the two sums are

essentially the same, but there will be some minor technical differences. We
estimate X1(N, R) first.

e FEstimate of f}(N, R). For this special sum, let p be absorbed by K,
and we take away the Mobius functions and the p-smoothness restriction
on k. Then we find

68) ZINR< > > y 1
R<p<2R k<(N/R)* K<N/k
(Q,bc):l QEaD(modk) p(K)>_(N/R)£2

=0
b (mod o) K=cdk (mod p)

< > > > 1.

R<p<2R  k<(N/R)® m<N/Rk

b oty =D WdR) g+ cdhy> (N B
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N . N 1—¢
kR R ’

from a simple upper bound sieve (e.g., [6, Theorem 2.2]), we have

~ NQ
(6.9) Y1(N,R) <«
! RES:QR kg(%:ms Rko(0)log(N/R)

(0,bc)=1  p=al (mod k)

Since

b=0 (mod o)
N 0 !
< Hr—s k
Rlog(N/R) R<§<:2R #(0) k<(%/:R)5 g
(0,b0)=1 o=all (mod k)
b=0 (mod p)

The subsum of the last formula in (6.9) subject to k < exp(4/log(N/R))
bounded by

N 0 N
R+/log(N/R) Rg;m o) < Vlog Nlog(N/R)’

(0,bc)=1
b=0 (mod p)

and from Lemma 2.7, the remainder is bounded by

N —i
(6.10) Rioa(N/ER) > 2

exp(y/log(N/R))<2!<(N/R)®
0 k
X [ [
2 #(0) 2 B(k)

R<0<2R 2ick<oitt
(g,bc)=1 o=all (mod k)
b=0 (mod p)

23

is

< N Z 1 s < =
Rlog(N/R) < /log(2)) VIogR  \/log Nlog(N/R)

Therefore, we have shown that
N

(6.11) S1(N,R) <« N

as desired.
e Estimate of f%(N , R). By a simple upper bound sieve, we have
(6.12) X%(N,R)

< Y de D > RO

R<0<2R pS(N/R)Ez (N/R)® /p<k<(N/R)® K<N/kp
(g,bc)=1 P(k)<p p(K)>p
b=0 (mod o) o=al (mod k) K=ckp (mod o)
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2 1 2(k
<N D l:b((gg)) 2 plogp 2 Mli g
R<e<2R p<(N/R)<? (N/R)® /p<k<(N/R)®
(0,bc)=1 P(k)<p
b=0 (mod p) o=al (mod k)

For the innermost sum in (6.12), we have

2
p* (k)
(6.13) ) .
(N/R)® /p<k<(N/R)*
P(k)<p
o=al (mod k)

N logq logq 1* (k)
G S > ;
a'<p q"<p (N/R)?/pq'q" <k<(N/R)*/q'q"
P(k)<p
o=all (mod k)

logp 1\’ p2 (k)
< (mam) 2 o
(N/R)*/2<k<(N/R)*
o=al (mod k)
Hence, similar to the estimate of (6.10), an application of Lemma 2.7 yields

(6.14) X?(N,R)

N lO 2 2 k?
<mgmr L a0 T X 58
P<(N/R)=* S (N/R)*/?<k<(N/R)"
bE% (fno_d 0) e=all (mod k)
2 2
Z Z ) Z pe (k)
log N/R rioZan ®(0) e k
(0,bc)=1 o=alJ (mod k)
b=0 (mod p)

N
< .
\/log Nlog(N/R)
In view of (6.4) and (6.5), the estimates (6.11) and (6.14) together yield
Si(N) < N,

which, along with our discussion at the very beginning of this section, implies
that

(6.15) Si(a; X) < X.

7. Estimate of S3(a; X). We set
(7.1) F := exp((log X)'/%).
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Let So1(a; X) be the subsum of (5.3) subject to ug, 3 > F and upf <
X/F, and S22(a; X) the rest, both also with the conditions uy > 1 and
8> 1.

e Estimate of Sa1(a; X). We divide the ranges of ug and 3 into dyadic
intervals. Noting that h and j play a negligible role in the summation, we
will just estimate, for fixed h,j < (log X)2, and F < U, B < VX /F,

(72) 221 = Z ,U,2<’U,0)

U<uo<2U
S DR 7 ) N W T (3 /T ()
B<B<L2B §,0
ruo=0 (mod 3) oB=0 (mod p)
pB=0 (mod ug) vuo=0 (mod &)
(Byuo)=1

where, in the inner sum, ¢ and p also satisfy o0 < X /ugj? and j2ugo—h?3¢ =
a/A.
To show that Ss1(a; X) < X, it suffices to show that
X
(hj)1*9y/log Blog U log(X/UB)

for some § > 0. Now for a fixed 0 < ¢ < 10719, we write

(7.3) 221 <q

(7.4) o=npN, §{=mqgM,

where p and ¢ are prime,

(7.5) P(n) <p <p(N), P(m)<q<pM),
and

0 () esr(3) (35) ()

Without loss of generality, we may only estimate the subsum subject to
p < q, W1211ch will be further divided into tWCQ) parts: Y511 subject to p >
(X/UB)®, and X912 subject to p < (X/UB)®".

Estimate of So1r. In (7.4), let p and ¢ be absorbed by N and M, re-
spectively; then we have

(77) 2’211 < Z ,UQ(’LLU)

U<uo<2U
<Y e Y e
B<B<2B m,n<(X/UB)® M,N
Kuo=0 (mod 3) oB=0 (mod n)
pB=0 (mod ug) vuo=0 (mod m)

(B,u0)=1



26 G. Yu

where, in the innermost sum, M and N are subject to

(7.8) F2ugnN — h*fmM = a/A,
and

X\
(7.9) p(MN) > <ﬁ> .

From (7.8), we can write M and N as two linear forms /; and Iy of a
single variable, say k. The two linear forms have leading coefficients j2ugn
and h?Bm respectively, and thus the variable k is running up to at most
X/A(hj)?uofBmn. Applying a 2-dimensional upper bound sieve (e.g., [6,
Theorem 2.2]), we find that the innermost sum of (7.7) is bounded by

X
A((hj)?uoBmn)(log(X/UB))?’

and so 2’211 is bounded by

X (log(X/UB))~* 12 (uo)
A¢((hj)?) 2

(7.10)
U<uo<2U

12(8) 122 (mn)
D R D D

B<p<2B m,n<(X/UB)*®
rkuo=0 (mod 3) oB=0 (mod n)
pB=0 (mod ug) vuo=0 (mod m)

Thus, in view of (7.3), it suffices to show that

1% (uo) 1> (8) p* (mn)
T D G 2 w8 2 gmm)

U<uog<2U B<pB<2B m,n<(X/UB)*®
ruo=0 (mod 3) oB=0 (mod n)
uB=0 (mod up) vuo=0 (mod m)

log(X/UB)
ViogUlog B

We see that, by reformulating the congruence restrictions, it suffices to show
that log(X/UB)/+/log U log B is an upper bound for

s )

7.12
( ) ¢(U1U2b1b2)2w(u1u251b2)

U<uiuz<2U
B<biby<2B

(22) (42)

X ma s
§ Y
mams<(X/UB)? ¢(m1m2n1n2)2w(m1m2mm)
nine<(X/UB)*

where all the variables are odd, squarefree and coprime in pairs.
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Let
T := (log X)'0%,

Then, from Lemma 2.2, it can be seen that any subsum subject to one of
the following conditions gives a negligible contribution:

(1) range of m; longer than T}
(2) range of ny longer than T’
(3) both b; and uy have ranges longer than T,
(4) both bs and u; have ranges longer than 7.

Therefore, to finish estimating Y11, it suffices to show that log(X/UB)/

Vlog U log B is an upper bound for the two sums 2211 and 22611, respectively
given by

3 sz ) (002 )
L b1 <T P(u1ugby by )2 (Mauzbibs)

U/u1 <'U,2§2U/u1
B/b1<b2<2B/by

and

3 (=) (432)
T @ (u1ugbyby) 2w (u1u2bib)
J e i
with -
iy (2a2) (222)

¢(m1m2n1n2)QW(m1m2n1n2) )

m1,mn1 <T
ma<(X/UB)*mi"
na<(X/UB)*ny?
where in both sums, all the variables are odd, squarefree and coprime in
pairs.
To estimate X'9y;, we sum over us first. When mib; # 1, Lemma 2.5
implies that the inner sum over us is

MQ(W) (%) —4
(7.13) Z W <K T(bgmgnlngul)(log X) s
U/’U,l <u2§2U/u1 2

(uz,2b2m2n1n2u1)=1

which implies that the terms with mb; # 1 contribute to 2’3‘11 at most

(7.14) < (logX)™* Z !

d(u1b1bamimaoning)

uy,b1,b2,m1,m2,n1,n2
< (log X)"*(log X)?*(log T)* < (log X)~!,

which is admissible. Similarly, by summing over b, first, those terms with
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niu; # 1 contribute negligible errors to Egn too. Therefore, we essentially
have

<o 1 1 ’
(715) 2211 < Z ¢(u2b2)2w(u2b2) ( Z ¢(m)2w(m)>

U<ugy<2U m<(X/UB)#
B<b2<2B

log(X/UB)
ViogUlog B’

as required.

The estimate of 2511 is similar. Instead of using Lemma 2.5, we use
Lemma 2.6 and get the same upper bound as for 2311.

Thus, from the discussions after (7.10), we have shown that

_ X
S < :
2 Ag((h)2)y/Tog Blog U log(X/UB)

which agrees with (7.3).

(7.16)

Estimate of 2’212. We closely follow the estimate of 2’211. First we have
q absorbed by M in (7.4). Then following the argument from (7.7)—(7.10),
we see that Ys15 is bounded by

X 1% (uof3)
0 Z5wm 2, o)
B<B<2B

rkuo=0 (mod 3)
pB=0 (mod ug)

1 > (mn)
X —_— .
2 gy 2 Hm
p<(X/UB)¢ m<(X/UB)
(X/UB) p~'<n<(X/UB)*®
P(n)<p
oB=0 (mod n)
vuo=0 (mod m)

Now, by exactly the same methods used from (7.12) through (7.15) and

~

the idea used in (6.13), apart from some small errors, we see that Y515 is
bounded by

X 1 1
(18) oD L S 2 S

U<uz<2U m<(X/UB)*
B<b2<2B
1 1
x oy p(logp)? 2 $(n)2+™)
p<(X/UB)<? (X/UB)*p~'<n<(X/UB)*

P(n)<p
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<<X\/log(X/UB) 1
A¢((hj)?)  logBlogU
1 log p >3 g—w(n’)
<D 2
log p)2 <1 X/UB '
e p(logp)? \log(X/UB) ), _ 47, . ¢(0)
<<X\/log(X/UB) 1 1
Ap((hj)*)  VlogBlogU (log(X/UB))*/?
< X
A¢p((hj)?)/Tog Blog U log(X/UB)’
which is what we wanted. Together with the estimate (7.16), this yields
Sa1 (a; X) < X.

e Estimate of Saa(a; X). We split Sao(a; X) into two parts: Sggl(a X)
subject to ug, 3 > vX/F and Sa25(a; X) subject to ug or § < F.

For Sj21(a; X), we simply discard three congruences in (5.3) and, by
comparison with (7.2), we get

(7.19)  Saor(a; X) < Y > 12 (2u0) Y 1
&0

hi VX )P<uo<v/X /i
VX /F<B<VX/h
Kuo=0 (mod 3)

< Z Z 1% (2uo B) (1 + m>

hi VX /F<uo<vVX/j
VX/F<B<VX/h
Kuo=0 (mod B)

=: X9y + Yooy,  say,

where the two sums Y’,, and X,; correspond to the summands 1 and
X/A(hj)?uoB. The estimates of these two sums are quite easy. First we
note

2
/ p(2uo3) Kuq
(7200 D<), > w2 lG )
h.j VX )F<uo<vX/j BB
VX /F<B<VX/h
We consider the sum in dependence on the size of 3;.

(1) 81 > (log X)'%9: both of the ranges of uy and 3; are long enough to
imply a factor (log X)~° by appealing to Lemma 2.2. Thus the contribution
of this part is at most O(X (log X)~%).

(2) 1 < B1 < (log X)'99; summing over ug first, we see the contribution
is O(X (log X)~°) for any fixed ¢ > 0.
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(3) B1 = 1; this gives the largest contribution, which is
w(B) log X)” 1/3
(721) < ZZZQ < Z "« X (log X)~1/3.
1] uo
From the above discussion, we thus have
(7.22) o1 < X (log X)~V/3.

For XY,,, by dividing the ranges into dyadic intervals and applying the same
argument as that for X),,, we can easily see

(7.23) 2 < X(log X)~1/6.
Therefore, we have shown that

(7.24) So1(a; X) < X (log X))/,
For So92(a; X), we let

log X oelo
(7.25) 2:= eXP(w), P := P() = 00loglog X

First we note that

(7.26)  Som(a:X)< > p22uB) Y. w(Ou(e),

ug,B 57@
Kuo=0 (mod B3) oB=0 (mod p)
pB=0 (mod ug) vuo=0 (mod §)

where in the inner sum £, g also satisfy o < X/ugj? and j2ugo—h?6¢ = a/A.
Now we write

(7.27) o:=nN, &:=mM,

with mn being 2-smooth and p(MN) > (2. Then, apart from some very
small error terms,

(728) SQQQ(CL‘ X)

< Z Z 12 (2uo3) Z p?(mn) Z 1,

ug,B m,n<P M,N
rkuo=0 (mod 3) oB=0 (mod n)
1B=0 (mod ug) vuo=0 (mod m)

where in the inner sum M and N satisfy nN < X /ugj?, j2uonN—h?BmM =
a/A and p(MN) > (2. By writing M and N in the form of two lin-

ear forms and appealing to a 2-dimensional upper bound sieve, we get,
from (7.28),
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(729) Sggg(a; X)
X $ 1% (2u0f3) 3 (1> (mn)

L 77—
log £2)?
(log £2) 1<ug A<V oluf) 52, Omn)
ug or B<F oB=0 (mod n)
rkuo=0 (mod 3) vupo=L (mod m)

pB=0 (mod uo)

< X (loglog X)7 Z 12 (2uo3) Z uQ(mn).

log X)? u o
(log X) 1<ug,B<VX o} m,n<d
ug or B<F oB= i (mod n)
ruo=0 (rrTod B) vuo=0 (mod m)

pB=0 (mod ug)

The fixed variables «, u, 0, v have no specific effects here, ug and 3 are
essentially symmetric. So we shall just consider the subsum with 1 < ug < F,
which is bounded by

(730) XUoglog X)7 ) 12 (2u0/3) 3 p?(mn)

2
(IOg X) 1<B<(log X )00 Uoﬁ m,n<P mn
1<u0§ﬁ‘ oB= D (mod n)
N X (loglog X)” Z 12 (2uo3) Z u?(mn)
(log X)? “ uof3 ~ mn
(log X)'*P<p<VX Jans®
I<uo<F l/uﬁ D((Irrrll(;d?’rz)
rkuo=0 (mod 3) 0=

The first sum in (7.30), by applying Perron’s formula and the zero-free region
of L-functions, is simply bounded by

(7.31) X (loglog X)7 Z 12 (2uo3) - (log &)¥/2

2
1<ug<F
X (loglog X)7 ~ 30 _ X(loglog X)?
T2 02 JogF -loglog X - (log )3/ —_—
(log X2 0g oglog (log 2)*/* < (log X)1/3

which is admissible for our requirement.
By reformulating the congruences attached to the innermost sum, the
second sum in (7.30) can be rewritten as

X (loglog X )7 12 (2uo3)
(ray) XUolgX)T o PQRuo)
log X)?
(log X) (log X)'%°<B<vVX uof
1<u0§1?'

rkuo=0 (mod B3)

vuo \ (08

m,n<P my|m
niln
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Then from Lemma 2.2 and Perron’s formula, combined with the zero-free
region of L-functions, this is

(7.33)

< X/Tog ®(loglog X)” Z 12 (2uof3)

log X)?
( 8 ) (log X)'%<p<vX uof
1<’LL0§}":'
rkuo=0 (mod B)
1
>< -
Z<q5 m1m22w(m1m2)
mimax>
m1<(log X)'%°
X (loglog X )7 1
S D SR
& 1<up<(log X)100 0

X (loglog X )7 1 1
N
log X ow(B182)
o8 (log X) 10 <o <P fufa<y/X b

B1< (log X)1°
X (loglog X )3
(log X)1/3
Hence, from (7.29)—(7.33), we have shown that
(7.34) Saa(a; X) < X (log X))/,
Together with (7.24), this implies that
(7.35) Sga(a; X) < X (log X)~V/6,
Therefore, we have proved that
(7.36) So(a; X) < X.

for
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