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Characterization of the torsion of the Jacobians of two
families of hyperelliptic curves

by

TOMASZ JEDRZEJAK (Szczecin)

1. Introduction. Using the classical Nagell-Lutz Theorem, Mazur’s
deep result, and the reduction modulo primes homomorphism, it is relatively
easy to calculate the torsion of any given elliptic curve over Q. This calcula-
tion may be slighty more complicated for infinite (one-parameter) families of
such curves. Among them the families E® : y? = 2% +az and E, : y> = 2> +b
occupy a special place (without loss of generality we can and will assume
that a and b are nonzero integers 4th and 6th power free respectively). Their
respective j-invariants are 1728 and 0. Both families have complex multipli-
cation by a fourth and third root of unity respectively. For F = E* or Fy,
let E(Q)tors denote the torsion subgroup of the Mordell-Weil group E(Q).
The following results are well known (see for instance [Kl, Theorems 5.2, 5.3,
p. 134].

PropPOSITION 1.1. We have

Z7]27 if a#4 and a # —square,

E*(Q)tors = (Z/27)* if a = —square,

Z]AZ if a=4.
PROPOSITION 1.2. We have
{0} if b# square and b # cube and b # —432,
ZJ27 if b= cube and b # 1,
Z/3Z if b= —432 or (b= square and b # 1),
ZJ6Z if b=1.

Note that E(Q)tors is a 2-group. Let E(Q)[2] denote the kernel of
the multiplication by 2 map in F(Q). It is easy to see that E*(Q)[2] =

Eb (Q)tors =
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{oo} U{(x,0) € Q x Q: 2% + az = 0}. Then by Proposition 1.1, we get

(1.1) E*(Q)tors = E*(Q)[2] fora#4

(note that F4(Q)[2] = Z/2Z). On the other hand, for b # —432 = —2%33 we
have the following alternative formulation of Proposition 1.2:

{0} if b # square and b # cube,

Z7)27 if b # square and b = cube,

7/37Z if b = square and b # cube,

Z/6Z if b = square and b = cube.

(1-2> Eb(@)tors =

In some sense the natural generalizations of elliptic curves with j-invar-
iants 1728 and 0 are the hyperelliptic curves C™4 : y> = 2" + Az and
Cpoa:y? = 2"+ A (and their Jacobians J™4 and J,, 4) respectively. In [JU,

Theorem 2.2| we proved that
(1.3) I Q)tors = J7H(Q)2]  for all A € Q\{0}.

This was used to give interesting applications to ranks of octic twists. Let us
also mention that, in the case of twisted Fermat curves Ch, : 2P + y? = m,
uniform boundedness of # Jac(C%,)(Q)tors for a fixed odd prime p was used
to obtain certain information about the behaviour of ranks in the infinite
family Jac(Ch,)(Q) (see [DJ]).

In this paper we show that for any nonzero rational A the torsion sub-
group of J7A4(Q) is a 2-group (Theorem , and for A # 4a*, —1728,
—1259712 this subgroup is equal to J"4(Q)[2] (Theorem . This is a
variant of the corresponding results for J%4 (A # 4) and J>4 (formulas
(1.1) and (1.3)). We prove that for the excluded values of A (possibly ex-
cept —1728) the group J74(Q) has a point of order 4 and for almost all
such A we completely determine its torsion subgroup (Theorem . We
give an explanation of the case A = —1728 (Remarks . We also com-
pletely determine the Q-rational torsion of Jj, 4 for all odd primes p, and for
A € Q\{0} such that A # (—1)®=1/2p times a square (Theorem . This
is a generalization of formula (1.2). We discuss the excluded case and explain
difficulties (Remarks [4.5)). Note that in [JTU] we investigated the ranks of
2n-twists of k-tuples of J,, 4 without computing the torsion subgroups.

2. Useful lemmas. For a smooth projective curve C' defined over a field
K let Jo denote its Jacobian variety. Let Jo (K )iors denote the subgroup of
K-rational torsion points of Jo(K) and let Jo(K)[2] be the kernel of multi-
plication by 2 on Jo(K). By definition, a divisor D € Div(C') is K-rational
if it is invariant under the action of the absolute Galois group Gal(K/K).
Note that if D = n Py +- - -+ n, P, with ny,...,n, # 0 then to say that D is
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K-rational does not mean that Py,..., P, € C(K). It suffices for Gal(K/K)
to permute the P;’s in an appropriate fashion.
The following lemma will be used in both Sections 3 and 4.

LEMMA 2.1. Let C be a smooth projective curve of genus g > 1 defined
over the finite field F,. Set Ny := #C(F) for k € N. Then #Jc(Fy) is
completely determined by N1,...,Ny. Moreover,

o if g =2 then
N2 + Ny
#loE) =122 g
o if g =3 then
N} NNy N
(2.1) #Jo(Fg) = = + =12 + 22 — gy,
6 2 3
e if Ny=1+4+¢" fork=1,...,q then
(2.2) #Jo(Fy) =1+ ¢%.
Proof. 1t is known (see for example [HS, Exercise A.8.11]) that

where P(T) := szi 1(1—0oyT) is a polynomial with integer coefficients which
satisfies P(T) = qu29P(qiT). Then

29
#J(Fy) = P(1) = [T(1 - ),
i=1
therefore
g—1
(2.4) #J(Fy) = (—=1)9s5 + > _(—=1)'(1+¢?)si,
i=0
where s; = s;(a1,...,az,) denotes the ith fundamental symmetric polyno-

mial (by definition so := 1). Let t; = t;(a1,...,9g) = o] + -+ + a3, be
the ith Newton polynomial. Since Ny, = ¢* + 1 — tx(ay, ... ,Qrag), using the
Newton formulas

k

(2.5) ks =Y (1) Misp_;
i=1
and (2.4), we are done. m

In the proof of our main result in Section 3 we use the following formu-
lation of the Chebotarev Density Theorem (cf. [SL]).

LEMMA 2.2. Let f be a polynomial with integer coefficients and leading
coefficient 1. Assume that its discriminant Ay does not vanish. Let C be a
conjugacy class of the Galois group G of f (i.e. G = Gal(K/Q) where K 1is
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the splitting field of f). Let 0, € G denote the Frobenius substitution of the
prime p (i.e. op(z) = 2P (mod p) where p is a prime lying above p in Of).
Then the set of primes p not dividing Ay for which o, belongs to C' has a
density, and this density equals #C/#G.

Proof. See for example [SL, pp. 35-36]. »

COROLLARY 2.3. Under the above assumptions there are infinitely many
primes p such that the polynomial f has the same decomposition type over IF),
as the cycle pattern of o, viewed as an element of the permutation group of
the zeroes of f.

3. The curves y? = 27 + Ax. Consider the family of curves (over Q)
Cy:=C™ . y? = 27 + Az where A is a nonzero rational. The curve C}y is
hyperelliptic of genus 3. Without loss of generality we may assume that A is
a 12th power free integer. Note that disc(z” + Az) = —46656A7 = —2636 A7,
hence the curve C4 has good reduction at primes p t 6A4. Let J4 be the
Jacobian variety of C'4. The aim of this section is to describe the torsion
subgroup of J4(Q). We start with some useful information about the curve
C4 and its Jacobian Jy (cf. [KTW]).

The curve C has the automorphisms o (x,y) := (VA/z, VA2 y/z*) de-
fined over Q(+v/A) and p(x,y) = (%, C12y) defined over Q(C12) where (1o
is a primitive 12th root of unity. Clearly, p has order 12, ¢ has order 2 and
op = p°c. These morphisms induce endomorphisms on the Jacobian .Jy4.
Thus the endomorphism ring of J4 contains Z[(12].

The quotient of C'4 by the group generated by o is the elliptic curve F4 1
with equation

(3.1) Eaq:y?=a%-3VAux,
and an explicit quotient map is given by

VA y
2 —, = .
(3.2 @ (o4 2 4%)
A regular differential on Cy invariant under o is (2% — V/A)dx/y.
The quotient of C4 by the group (p%) is the elliptic curve E42 with

equation

(3.3) Eas:y? =2+ Az,
and an explicit quotient map is given by
(34) (z,y) = (2°, zy).

A regular differential on C4 invariant under p* is zdz/y.
Since the elliptic curves E4 1, Ea2 correspond to linearly independent
differentials on Cy, one concludes that the Jacobian .J4 is isogenous (over Q)
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to a product of three elliptic curves F4 1, Ea2, F4 3. Moreover,
(35) Eag=(1=0)(1=p)(1=p")Ja.
This is because (1 — o)(1 — p*)(1 — p®) acts as multiplication by 6 on the
differential (22 4+ v/A)dz/y and sends the two differentials (22 — V/A)dx/y
and xdzx/y to 0.
Now we give a full characterization of the group J4(Q)[2].
LEMMA 3.1. We have
( Z]2Z if A# cube and A # —square (case 1),
(Z)27.)*  if (A = cube and A # —square
and A # 27 x sizth power)
or (A = —square and A # cube) (case 2),
(Z)27)3 if A =27 x sizth power (case 3),
\ (Z)27)* if A = —sizth power (case 4).
In particular, if A is as in case 1 then
(3.6) JA@)2] = {[(0,0) ~ oc)).
Let a denote a square free positive integer. If A = a® (a # 3) then
(37 Ja@I2) = ((0,0) — oo, [(V73,0) + (~v=a,0) ~ 200])
if A= —a? then

12

JA(Q)[2]

38 @i = (0.0 - .
e (2550) (25500 ]

2 2
if A =27a5 then

39 Ja@)2 = ([(0.0) L. [10V3,0) + (~iaV5,0) - 23],
(512« () -]

@N)Lw@m—<WM—WHWW—wHFm®—M,

(=5 0) o (2250) o)

Here [D] denotes the equivalence class of the divisor D in Ja.

and if A = —ab then
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Proof. Note that (0,0) € C4(Q), hence [(0,0) — oo] € Ja(Q)[2]. It is
well known that every point in J4(Q)[2] can be uniquely written as D =
S niP; — (3. ni)oo, where P; = (1;,0) € C4(Q) are pairwise distinct, n; €
{0,1} and > n; < 3. Therefore the group J4(Q)[2] is completely determined
by factorization of the polynomial f(z) := 2% + A over Q.

Note that f has a rational root if and only if A = —aS. In this case f(x)
factors over Q as (z —a)(z +a)(z? — az + a?) (2% + ax + a?). Hence we obtain
(3.10). It is easy to check that f is irreducible over Q if and only if A is as
in case 1. Then J4(Q)[2] = {O,[(0,0) — o0]}.

If f has no rational roots but is reducible over Q then A is as in case 2
or 3. In particular, if A = a3 (a # 3) then f(z) = (2% + a)(z* — az?® + a?),
hence we get (3.7). If A = —a? then f(x) = (2% —a)(2®+a) and we get (3.8).
If A= 27a° then f(x) = (2% + 3a?)(2? — 3ax + 3a®)(z? + 3azx + 3a?), and
we are done. m

Now we attempt to describe J4(Q)tors-

THEOREM 3.2. For all A € Q\ {0} the group Ja(Q)tors i a 2-group of
order < 64. Moreover, if A is not a cube then #J4(Q)tors < 4.

The proof of Theorem splits into a few lemmas. In order to compute
#JA(Q)tors it is helpful to consider J4(IF,) for several primes p { 6A. This is
because reduction modulo p induces an embedding J4(Q)ors — Ja(Fp) (cf.
[HS, Theorem C.1.4, p. 263|) and therefore

(3.11) #JA(Q)tors | #JA(FP)'

By Lemma 2.1, we have

(3.12) #IA(F,) = #CA@‘(FP)E N #CA(IFp);#CA(Fpg)
Ca(Fs
+ P8 yeam,),

so it is enough to compute #C4(F,x) for k = 1,2,3.

LEMMA 3.3. Ifp =3 (mod 4) then #Ca(F,) = 14p! for all odd positive
integers .

Proof. Let | be an odd positive integer. The curve C4 has the point
(0,0) and the point at infinity. Since p = 3 (mod 4), —1 is not a square
in F;. Moreover (—z)" + A(—z) = —(2” 4+ Az), hence each pair {z, -z}
with = € F;l gives two distinct points of Ca(F,), namely either (£z,0), or

(x,£vV2" + Az), or (—x, £V —27 — Ax). This establishes the formula. u
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In order to compute #C(F,2) as well as #Ca(Fp), #Ca(Fy3) for p =1
(mod 4), we will use Jacobsthal sums. Let ¢ = p*, e € N and a € F,. The
Jacobsthal sum ¢¢(a) of order e is defined by

-2 (2)(55)

z€lF,

where (5) is the quadratic character of F,. For a € Z we define ¢.(a) :=
¢e (a mod p). We list their basic properties (see [KR1]):

LEMMA 3.4.
(i) If ged(e,q — 1) = eg then ¢e(a) = ¢e, (a).
(ii) Ifel(g—1) but 2ef (g —1) then de(a) =0
(iii) ¢e(ab®) = (£)“ge(a) for b e Fy.
(iv) #Ca(Fq) =1+ q+ d6(A).

It will be helpful to consider ¢g and ¢o too. The next lemma is due to
Katre and Rajwade [KR2, Theorem 2|.

LEMMA 3.5. Letp =1 (mod 4), ¢ = p" and a € F,\{0}. Let p = ud+v3
where ug = 1 (mod 4) and in case a is not a square in Fy, vy is uniquely
given by al9=V/* = ug /vy (mod p). Then

—2u  if a is a 4th power in Fy,
pa(a) =< 2u if a is a square but not a 4th power in F,

2v if a is not a square in Fy,

n n 3
v:v0<<1>u8 ! <3>u8 vg + - >

The following two lemmas are due to Berndt and Evans [BE, p. 423].

where

LEMMA 3.6. Let ¢ =p*, p=3 (mod 4) and a € F2 \ {0}. Then

6p if a is a 12th power in F,
$6(a) = 3 —6p if a is a 6th power but not a 12th power in Fy,
0 otherwise.

In the next lemma the values of ¢g(a) will be displayed in a table.
Columns will indicate the residuacity of a € F2 \ {0}.



208 T. Jedrzejak

LEMMA 3.7. Let p =12k + 5. Write p = u% + v%, where u is odd. Then

¢s(a) square cube  4th power
—2(p —2ud) yes yes yes
2(p — 2ud) yes yes no
4(p — 2ud) yes no yes
—4(p —2ud)  yes no no
+12|uovo| no yes no
0 no no no

The above lemmas do not allow us to calculate #J4(F,) for p = 1
(mod 12). In these cases we will apply Lemma below (due to Haneda,
Kawazoe and Takahashi [HKT]). We write down only selected cases from
[HKT!, Theorems 5.1, 5.2 useful for our purposes. The values of #.J4(IF,,) will
be displayed in tables; columns will indicate the residuacity of A € F,\ {0}.

LEMMA 3.8. Let p = 1 (mod12) and write p = u? + v?, where u =
1 (mod 4). Then if 3|u, we have

A square  cube th power
#Ja(F,) ¢ be Athp
(1—-2u+p)(1+2u+p)? yes yes yes
—2u+p —2u+4u” —p—2pu+p es no es
1-2 1 —2u + 4u? 2 )y Y
(14 2u+p)(1 4 2u+4u® — p+2pu+p®)  yes no no
(14 2u+p)(1 —2u +p)? yes yes no
and if 3| v, we have
A square  cube th power
#Ja(F,) g be Ath p
(1—-2u+p)? yes yes yes
(1 —2u+p)(1+2u+4u® —p+2pu+p?)  yes no yes
(1+2u+p)(1 —2u+4u® —p—2pu+p?) yes no no
(14 2u +p)? yes yes no

The following elementary lemma is useful when computing the residuacity
ofa e Fpn (n=1,2,3).

LEMMA 3.9. Let p > 3 be a prime. Then:

(i) —1 is a 4th power in F, if and only if p =1 (mod 8),
(ii) of (%) =1 then a is a 4th power in F 2,
(iii) of (%) = —1 and p =1 (mod 4) then a is a square but not a 4th
power in F 2,
) if a is a square and a cube in ¥, then a is a 12th power in F .,
) if p=3 (mod 4) then every integer is a 4th power in T2,
(vi) ais a cube in ) if and only if a is a cube in F 2,
i) ais a square in IFy if and only if a is a square in F s,
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(viii) a is a 4th power in F, if and only if a is a 4th power in Fs,
(ix) if p = 2 (mod 3) then every integer is a cube in F), (hence in
Fp2, Fys too),
(x) if p=1 (mod 12) then —3 is a 4th power in Fy, if and only if 3|v
where p = u? + v? with odd u.

Proof. The proof of (i)—(ix) is straightforward. The assertion (x) follows
from L, pp. 158-159]. =

Proof of Theorem . We will show that #J4(Q)tors is @ power of 2.
Indeed, let 7 be an odd prime. By the Chinese Remainder Theorem and
the Dirichlet Prime Number Theorem, we can choose a prime p such that
p > 6|A], p = 3 (mod 8), p = 1 (mod 7). Then, by Lemma we have
#COA(Fp) =1+ p, #Ca(Fps) =1+ p°.

If Ais a cube in F, then by Lemma @7 we deduce that A is a 12th
power in IF2. Therefore by Lemma , we have #CA(F2) =1+ %+ 6p, so
by (3.12) we get #Ja(Fp) = (1 + p)3, and by (3.11), #J4(Q)tors | (1 + p)3.
Hence r t #J4(Q)tors and orda(#J4(Q)tors) < 6.

If A is not a cube in F, then by Lemmas|3.6/and we obtain #C 4 (F,2)
=1+4p?. Hence #J4(Fp) = 1+p3, and so 7§ #J4(Q)tors and orda(#J4(Q)tors)
<2 <6.

If A is not a cube in Z, then by the Chebotarev Density Theorem, there
exists a prime p such that p > 6|A|, p = 3 (mod 8) and A is not a cube
in F),. By the above, #J4(Q)tors < 4, and the assertion follows. =

The following lemma will be helpful in proving Theorem [3.11] our second
main result of this section.

LEMMA 3.10. Let pt6A. Then

(i) if p=3 (mod 8) and A is a cube in F), then orda(#J4(Fp)) =6,
(ii) ifp =3 (mod 8) and A is not a cube inF), then orda(F#Ja(Fp)) = 2,
(iii) if p="5 (mod 8), p=2 (mod 3) and A is not a square in I, then

orda(#J4(Fp)) = 6,

(iv) if p=1 (mod 8), p =2 (mod 3) and A is a square but not a 4th
power in F), then orda(#J4(Fp)) = 4,

(v) ifp=5 (mod 8), p =2 (mod 3) and A is a 4th power in [, then

Ord2<#JA(Fp)) = 4,

(vi) if p =5 (mod 8), p =1 (mod 3), —3 is a 4th power and A is a
12th power in F), then orda(#Ja(Fp)) =6,

(vii) if p=1 (mod 3) and (p =5 (mod 8) and A is a 4th power but not
a cube in F, orp=1 (mod 8) and A is a square but neither a 4th
power nor a cube in Fp) then orde(#Ja(F,)) = 2,

(viil) #Ja(Fp)[2] = 64 if and only if p = 1 (mod 3) and —A is a 6th

power in [,
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(ix) #Ja(Fp)[2] = 16 if and only if p =2 (mod 3) and —A is a square
in Iy,
(x) #Ja(Fp)[2] = 8 if and only if —A is not a square but is a cube in
F,,
(xi) #Ja(Fp)[2] =4 if and only if —A is not a cube but is a square in
Fp,
(xil) #Ja(Fp)[2] = 2 if and only if —A is neither a square nor a cube
in I
Proof. Parts (i) and (ii) follow from the proof of Theorem
(iii) For such p, by Lemma 3.9, A is a square and a cube (but not a 4th
power) in F,2, and A is not a square in [, or F,s. Since ged(6,p — 1) = 2
we have ¢g = ¢2 in F) and F,s (note that the same is true for (iv) and (v)).
Moreover, AP -1/ = _ g(p-1)/4 (mod p). Hence, by Lemmas and
we get #C 4 (Fp) = 1+p—203, #Ca(F,2) = 14+p?+2p—4ud and #COA(Fps) =
1+p? + 6udvg — 203 where p = u2 +v2, ug = 1 (mod 4) and vp = 2 (mod 4).
By (3.12) we obtain ordy(#Ja(Fp)) = 6.
(iv) By Lemma A is also a square but not a 4th power in F,s and is
a 12th power in F 2. Hence, by Lemmas and we obtain #Cx(Fp) =
14+p+2ug, #C4(F)2) = 1+p? —2p+4u? and #C 4 Fp3) = 1+p® +2ud — 6ugvd
where p = u2 + v2, ug = 1 (mod 4), vg = 0 (mod 4). Therefore by (3.12) we
get ordg(#J4(Fp)) = 4.
(v) This follows by the same method as in (iii) and (iv).
(vi)—(vii) These follow directly from Lemmas [3.8and
(viii)—(xi) We argue similarly to the proof of Lemma Note that
#J4(F,)[2] = 64 if and only if 27 + Az has seven roots in F,. The poly-
nomial 27 + Az splits into linear factors in [, if and only if A = —6th power
in IF, and a primitive 6th root of unity belongs to F,. The latter condition
is equivalent to p = 1 (mod 3). m

Now we are ready to give a full characterization of J4(Q)tors for almost
all A’s. Remember that, without loss of generality, we assume that A is a
12th power free integer.

THEOREM 3.11. If A ¢ 4AN* U {1728, 1259712} then Ja(Q)ors =
Ja(Q)[2].
Proof. First of all note that by Theorem we have J4(Q)tors = J4(Q)[2]

if and only if J4(Q)tors contains no element of order 4. Next, observe that if
a prime p t 6A then J4(Q)tors is isomorphic to a subgroup of J4(F,), in par-
ticular orda(#J4(Q)tors) < orda(#J4(Fy)). Note that if orda(#Ja(Fp)) =
orda(#J4(Fp)[2]) then J4(F,) contains no elements of order 4 and hence the
same is true for J4(Q)ors- Now we need to consider a few (not necessarily
disjoint) cases.
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Assume that A is neither a cube nor 1, —2,—3,6 times a square (in Z).
By the Chebotarev Density Theorem (see Lemma and Corollary ,
there exists a prime p such that p > 6|A|, p = 3 (mod 8), A is not a cube
modulo p and —A is a square in F, (in fact the set of such primes has positive
analytic density).

Indeed, consider the polynomial h(z) := (22 +1)(2? —2)(2? + A)(z3 — A)
and its splitting field K (over Q). Then K = Q(i,v/2,v/3,VA, V/A) and
K/Q is a Galois extension of degree < 48. There exists an automorphism
o € Gal(K/Q) such that o(i) = —i, 0(v/2) = =2, 0(V/3) = =3, 0(VA) =
—V/A and o(V/A) = wv/A where w? = 1, w # 1. If we arrange the zeroes
of h in the following order: 4, —i, /2, —v/2,vV—A, —v/—A, VA, wV/ A, w? A
then o, viewed as an element of the symmetric group on nine letters, is
the product (1,2)(3,4)(5)(6)(7,8,9) of disjoint cycles, i.e. has cycle pattern
2,2,1,1,3. By Corollary [2.3] there exist infinitely many primes p such that h
has decomposition type 2,2, 1,1, 3 over [F), i.e. the polynomials 224+1, 22 -2
and 23 — A are irreducible over F,, but x? + A splits over [Fp,. Therefore such
primes p have the desired properties. By Lemma (ii) & (xi), for such p
we get orda(#J4(Fp)) = 2 and #J4(Fp)[2] = 4. Hence JA(Q)tors = Ja(Q)[2]
for such A.

Now let A be a square, say A = a? (without loss of generality a > 0).
If a is neither a square nor twice a square then we can find a prime p such
that p > 6|A|, p = 1 (mod 8), p = 2 (mod 3) and (%) = —1. Then by
Lemma (iv) & (ix), orda(#Ja(Fp)) = 4 and #J4(F,)[2] = 16. Therefore
J2(Q)tors = J42(Q)[2]. If a is a square (so A is a 4th power) then we choose
a prime p > 6|A| such that p =5 (mod 8) and p = 2 (mod 3). Hence again
by Lemma 3.10(v) & (ix), we conclude that J.4(Q)iors = Ja(Q)[2]. Note
that the case a = 2¢? is excluded.

Let A = —2a? (a > 0). Again by the Chebotarev Density Theorem (we
omit the details because the explanation is similar to that above), there exists
a prime p > 6|A| such that p =1 (mod8), p =2 (mod 3) and A is a square
but not a 4th power in [F,, (note that (%) = (7?2) =1, hence by Lemma
the last condition is equivalent to (a) = —1 where /2 denotes any square
root of 2 in IF,)). Then by Lemma (iV) & (ix), we get ordg(#Ja(Fp)) =4
and #J4(F,)[2] = 16. Hence J4(Q)tors = Ja(Q)[2] for such A.

Let A = 6a® (a > 0). Once again by the Chebotarev Density Theorem,
there exists a prime p > 6|A| such that p =5 (mod 8), p = 2 (mod 3) and
A is a 4th power in F, (as previously, the last condition is equivalent to

() = 1 where v/6 denotes any square root of 6 in F,). Hence by Lemma
B0(v) & (ix), we obtain orda(#.4(F,)) = orda(#.4(F,)[2]) = 4.

Now let A = —3a? (a > 0). Assume that a is not three times a cube in Z
(then A is not a cube). For a prime p = 1 (mod 12) write p = u? + v? where
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u =1 (mod 4). By the Chebotarev Density Theorem, there exists a prime
p > 6|A| such that p =1 (mod 3), A is not a cube in F),, p =1 (mod 8) and
A is not a 4th power in Fp, and similarly there exists a prime p > 6|A| such
that p = 1 (mod 3), A is not a cube in F),, p = 5 (mod 8) and A is a 4th
power in [F,,. Note that A is a 4th power in [, if and only if (@) =1,
and by Lemma (X), the last condition is equivalent to (%) =1 and 3| v,
or (%) = —1 and 3| u. Hence (in both cases) by Lemma 3.10(vii) & (xi), we
get orda(#J4(Fp)) = orda(#Ja(Fp)[2]) = 2.

Assume now that a = 3¢® where ¢ # 2,6 (without loss of generality c is
positive and square free) so A = —27¢5, A # —1728, —1259712. Once again,
by the Chebotarev Density Theorem, there exists a prime p > 6|A| such that

=5 (mod 8), p =1 (mod 3), and —3 and A are both 4th powers in F,
(the last two conditions are equivalent to 3|v and (%) = 1). Therefore by
Lemma vi) & (viii), we obtain

ordy (#J4(F,)) = ordsy (#Ja(F,)[2]) = 6.

Now assume that A is a cube, say A = b3 (by the above we may assume
that b is not 1, —2, —3,6 times a square in Z). Then we can find a prime
p > 6|A| such that p =3 (mod 8), p =1 (mod 3) and (%) = —1. Hence —A
is a 6th power in F),, and by Lemmal[3.10{i) & (viii), we obtain orda(#J(Fp))
=6 and #J4(F)p)[2] = 64, so Jy3(Q)tors = J3(Q)[2] and we are done. m

THEOREM 3.12. For A = 4a* and —1259712 the group Ja(Q)tors has an
element of order 4. Moreover,

(1) if a # 2 then
J1at (Qtors = ([(V202, 20> V4a) + (wV/2a2, 20%w? V/4a)
+ (w? V242, 2a*wV/4a) — 300])
= 7./AZ
(w is a primitive 3rd root of unity),
(ii) we have
J_1250712(Q)tors D ([(0,0) — 00]) x ([(9 — 3v/21,29160 — 5832v/21)
+ (94 3v/21,29160 + 5832v/21) — 20¢])
~ 7,/27, x 7./AZ.

Proof. Assume that A = 4a*. By (3.4) we have a map (over Q) from C4
to the elliptic curve F4 o : y? = 2% 4+ 4a*z. The curve E 42 is isomorphic
over Q to Fyo : y? = 2% + 4x. The elliptic curve E4 2 has a point of order 4,
namely P = (2,4). Taking the preimage of P we get three points P, =

(V/2a2,2a%V/4a), Py = (wv/2a?,2a’w?V/4a) and Py = (w?V/2a2, 2aw+/4a)
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on C4(Q(w, v2a2)). Then the divisor D = P| + Py + P3 — 300 is Q-rational.
Using Cantor’s algorithm (see for instance [MWZ, Theorem 51]) we easily
check that 2D ~ (0,0) — oo, hence [D] has order 4 in J4(Q). Next, by
Theorem we have #J4,4(Q)tors < 4 for a # 2 (note that a is positive
and cube free), and (i) is proved.

Now assume that A = —1259712 = —263°. In this case we have the map
(3.2), defined over Q, from Cj4 to the elliptic curve E41 : y? = 23 + 324z
(which is isomorphic to y? = 23 + 4x). Just as above, taking the preimage
of (2,4) we obtain a Q-rational divisor

D' = (9 - 3v/21,29160 — 5832v/21) + (9 + 3v/21, 29160 + 5832v/21)
on C'4 and we check that
D' ~ (0,0) + (6v/3,0) + (—6v/3,0) — 30c.
Therefore [D’] has order 4 in J4(Q). Using Lemma we obtain the asser-

tion. m

The case A = —1728 = —2633 is more delicate. We are unable to give a
complete answer in this case (see explanations in Remarks 3.16(iii)). But we
present some information below.

PROPOSITION 3.13. The Jacobian J_1728 is isogenous over Q to the prod-
uct of three elliptic curves y?> = 3 + 36z, y? = 2> — 108z, y? = 23 + 4z. In
particular J_1798(Q) has rank 0.

Proof. Observe that for A = —1728 the maps (3.2), (3.4) and the elliptic
curves E41, Ea2 (3.1), (3.3) are defined over Q. In fact, E_172g : y? =
x3 + 362 and E_17082: y? = 2% — 1728z = y? = 23 — 108z. Note that, as an
endomorphism of J_1728, the map (1 —0o)(1— p*)(1 — p8) is Galois-invariant,
therefore indeed its image is an abelian variety of dimension 1 defined over Q.
Hence the elliptic curve E_17983 = (1 — 0)(1 — p*)(1 — p8)J_1725 is defined
over QQ too, and J_172g5 is isogenous over Q to F_17281 X E_1728.2 X F_1728 3.

Now we give an explicit equation for E_j79g 3 with accuracy up to 2-
isogeny (cf. [KTW]). First observe that p® commutes with p and o, hence it
defines an automorphism of order 4 on E_j798 3. It follows that E_172g 3 (as
well as E_1728.1 and E_172g.2) has complex muliplication by Z[i]. Next, since
J_1728 has good reduction at all primes >3, the same holds for E_j7g 3.
Therefore an equation for E_1728 3 is of the form y? = 23 + dx where d =
+2%3" with 0 < s,¢ < 3. Since the curve with d is 2-isogenous to the one
with —4d, we may assume that d > 0. The exact value of d is then found
using the equality

#CA(Fp) = #E41(Fp) + #Ea2(Fp) + #Ea3(Fp) —2(p+ 1),
which holds for all primes p of good reduction. Evaluating this for p = 5
shows d € {4,9,24,54}. The case p = 13 shows that d ¢ {9,24,54}. So
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one concludes E_17283 : y? = 2% + 4. Using Magma [BCP] we find that
the Mordell-Weil groups E_j728 x(Q) have rank 0 (k = 1,2,3), and hence
J_1728(Q) has rank 0 too. The proof is complete. m

COROLLARY 3.14. The point at infinity and (0,0) are the only Q-rational
points on the curve C_1798.

Proof. Assume that P = (a,b) € C_1728(Q). By Proposition 3.13, the
divisor D = P — oo is torsion in J_1728(Q). Due to Grant’s analogue of the
Lutz—Nagell Theorem |G, Theorem 3, p. 968|, it follows that a,b € Z, and
either b = 0 or b? | disc(x” — 1728x) = 248327, Checking all possible values of
a and b using Magma [BCP|, we complete the proof. m

PROPOSITION 3.15. For all primes p > 3 the group J_1728(F)) has a
point of order 4.

Proof. Let A = —1728 = —263% and let p > 3 be a prime. By Lemma
3.10f(viii)—(xii), we obtain
6 if p=1 (mod 12),
orda(#J4(Fp)2]) =< 4 if p=11 (mod 12),
3 ifp=5,7 (mod 12).
On the other hand, by Lemmas [3.5({3.8| (the details are left to the reader),
we get
7 if p=1 (mod 12),
6 ifp=5,7,11 (mod 12).
Hence in all cases ordg(#J4(Fp)) > orda(#J4(Fp)[2]), which completes the

proof. m

REMARKS 3.16. (i) As in the proof of Proposition we can show that
for A = —1259712 the Jacobian J4 is isogenous over Q to Fy 1 X Eqo2xXFE_433
where

orda(#Ja(Fy)) > {

Eaq - y2 =23+ 4z, FEap: y2 =23 — 12z and Eys: y2 = 2% + 36z.

Moreover, 41 and E4 3 have rank 0 over Q but F4 2 has rank 1 and the
point (—2, —4) generates E42(Q) modulo torsion. Hence J4(Q) has rank 1
and taking an appropriate preimage we find the divisor

(—6+/3,3888//3) + (—6w+/3, 3888w? /V/3) 4 (—6w? /3, 3888w/ V/3) — 300

of infinite order in J4(Q).
(ii) Note that the curves C_ 1798 and C_ 1259712 are isomorphic over Q(v/3).
In fact, the group J_1728(Q(+v/3)) contains an element of order 4. Namely,

D = (34 V21,72(5V3 + 3V7)) + (3 — V21, 72(5V3 — 3V7)) — 200
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is the divisor on C_179g defined over Q(v/3) and 2D ~ (0,0) + (21/3,0) +
(—2v/3,0) — 300.

(iii) The group J_1728(Q) has an element of order 4 if and only if there
exists D € J_1728(Q) such that 2D ~ D; where D; € J_1725(Q)[2]\ {O}, i.e.
(i =1,2,3) Dy = (0,0) — 0o, Dy = (v/12,0) + (—+/12,0) — 200 and D3 =
(0,0) + (v/12,0) + (—v/12,0) — 300. Reduction over F5 and the embedding
J_1728(Q) — J_1728(F5) show that Dl, D2 ¢ 2J_1728(Q>, so it only remains
to check Ds.

Any divisor on the curve is equivalent to the unique reduced divisor (see
IMWZ, Theorem 47]), hence it is enough to consider three cases: D = P; —o0,
D =P +P—2c0and D = P, + P, + P3 — 300. Let Pj = (l‘j,yj) for
j =1,2,3 and let (A(x), B(x)) denote the Mumford representation of the
divisor 2D (see [MWZ, pp. 17-19] for details). It is easy to see that the
Mumford representation of the divisor D3 is (x® — 12z, 0).

In the first case 2D is still reduced, so clearly it is not equivalent to Ds.

In the second case, first note that P, # P,. Indeed, otherwise P, €
C_1728(Q), and by Corollary 3.14, P, = (0,0), so D = 2(0,0) — 200 ~ O.
Using Cantor’s algorithm [MWZ, Theorem 51| we have computed A(z) =
w3 +agz?+air+ag and B(x) = bax?+byz+by where a;, bj € Q(z1,x2,y1,Y2)-
The divisor 2D is Q-rational if and only if Q(x1,x2,y1,¥2) is a quadratic
extension of Q and o(z1) = x2, 0(y1) = y2 where o denotes the generator of
the Galois group of this extension. Moreover, 2D ~ Djs if and only if they
have the same Mumford representations (as reduced divisors). Unfortunately,
the system of equations as = 0, a; = —12, ... is too complicated, and our
computers are unable to solve it.

The last case is even worse. Note that all P; are pairwise distinct (other-
wise, Pj, Py, P3 € C_1798(Q), and 2D ~ ). The numerators of appropriate
functions a;,b; € Q(x1, z2, x3, Y1, Y2, y3) have more terms and greater degrees
than the ones in the second case.

4. The curves y?> = 2P + A. Consider the family of curves (over Q)
Cpa - y? = 2P + A, where p is an odd prime and A is a nonzero rational.
The curve C), 4 is hyperelliptic of genus (p — 1)/2. Without loss of generality
we may assume that A is a 2p-power free integer. Note that disc(zP + A) =
(—1)(p*1)/2ppAp*1, hence the curve C) 4 has good reduction at a prime g if
q 1 2pA. Let J, 4 be the Jacobian variety of C}, 4. Note that the curve Cp 4
has the automorphism (z,y) — ((px,y) where (, is a primitive pth root of
unity. Hence the Jacobian J, 4 has complex multiplication by ¢,. In contrast
to Section 3, no reduction to the elliptic curve case is possible for C), 4. Set
p* = (=1)PD/2p,

The aim of this section is to prove the following:
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THEOREM 4.1. We have
(

{0} if A # square and A # p* X square
and A # pth power,
Z7]27 if A # square and A # p* X square
TpA(Qions = | and A = pth power,
Z]pZ if A = square and A # pth power,
Z7.)2pZ if A = square and A = pth power,
{0} or Z/pZ if A=p* X square and A # pth power,
{ Z)27 or 7/2pZ if A = p* X square and A = pth power.

Moreover, we know the following torsion points: [(—{/A,0) — oc] of order 2,
[(0,vA) — oc] of order p and [(0,vA) + (—¥/A,0) — 200] of order 2p.

The proof of Theorem breaks into three lemmas.

LEMMA 4.2. We have #Jp A(Q)tors € {1,2,p,2p}.

Proof. We will show that Jp, 4(Q)tors C Z/2pZ. Observe first that
(4.1) #HCp A(Fpm)=1"4+1 ifpyi" —1.

Indeed, the map = — 2P is an automorphism of Fj;, hence x — a? + A
is one-to-one on Fyn. If [ is the primitive root modulo p then (4.1) holds
for n = 1,...,(p—1)/2. Hence, by Lemma we obtain #J, a(F;) =
[»=1)/2 4 1. For a prime | 1 2pA reduction modulo [ induces an embedding
Ip. A(Q)tors = Jp a(Fp) (cf. [HS, Theorem C.1.4, p. 263|), therefore

(4'2) #Jp,A(Q)tors | #J ,A(Fl)-

Take a prime ¢ { 2p. We will show that J, 4(Q) has no g-torsion. Choose a
prime [ 1 2pA such that [ is a primitive root modulo p and [ = 1 (mod q).
Then IP~1/2 11 = 2 (mod q), hence g t #J, a(F;). Now we can deduce
bounds for 2- and p-torsion. Taking a prime [ { 2pA such that [ is a primitive
root modulo p and I =1 (mod 4) we have 4 { #J, A(F;). Similarly, taking a
prime [ { 2pA such that [ is a primitive root modulo p and p? { (P-1/2 41
we obtain p? { #.J, 4(F;), and the assertion follows. m

LEMMA 4.3. Jp A(Q) has a point of order 2 if and only if A is a pth
power.

Proof. Suppose that A = BP with B € Z. Then the divisor D =
(—B,0) — oo is rational and represents a point of order two in J, 4(Q).
Conversely, it is well known that every point in J, 4(Q)[2] can be uniquely
written as D = > n; P, — (D_ n;)oo, where P; = (z;,0) are pairwise distinct,

n; € {0,1} and > n; < (p—1)/2. Since the polynomial =P + A is either
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irreducible over Q or has a rational root, therefore J, 4(Q)[2] # {O} implies
that A is a pth power. =

LEMMA 4.4. If A is a square then J, o(Q) has a point of order p. Assume
futhermore that A ¢ p*N2. Then the converse statement is true.

Proof. 1f A = B2 then the rational divisor D = (0, B)—o0 is not principal
but pD = div(B — ).

Now suppose that A is not a square. First, we show that there are in-
finitely many odd primes ¢ such that ¢ = 1 (mod p) and (%) = —1. If
A = 4+2pa? or A = £2a? then we can take ¢ such that ¢ = 1 (mod p) and
¢q=5 (mod 8). If A = —a? or A = —p*a?® then we choose ¢ = 1 (mod p),
g = 3 (mod 4). In all other cases there exists an odd prime [ # p such that
ord;(A) is odd. By the Chinese Remainder Theorem and the Dirichlet Prime
Number Theorem, there are infinitely many primes ¢ such that ¢ is congru-
ent to 1 modulo 8, modulo p and modulo all primes dividing A except [ and
g =r (mod [), where (%) = —1. Such a ¢ has the desired property.

Next, we consider the group homomorphism h : Fg — Fg., h(z) = P,
Observe that # ker h = p. Moreover, A is a square in Fy» if and only if n is
even. Hence

1 (mod p) if n is odd,

3 (mod p) if n is even.

#CpalFp) = {

Using Lemma 2.1 we find that #J, 4(F,) = 1 (mod p). By (4.2) we conclude
that J, 4(Q) has no point of order p. m

REMARKS 4.5. (i) The excluded case C, 42 is more difficult. For p = 3
these curves are elliptic and E_3,2 = C3 _3,2 = J3_3,2. By Proposition
1.2, we have E_3,2(Q)tors = Z/3Z if and only if a = 223; in the remaining
cases E_3,2(Q)tors = {O} except for E_o7(Q)tors = Z/27Z. For p = 5 we
have J5 52(Q)tors = Z/5Z only when a = 2452, For other values of a we
have J5 5,2 (Q)tors = {O} except for Jj 55(Q)tors = Z/27Z. On the other hand,
one can show that p|#.J, 1,,2(F,) for any prime ¢ { 2pA. Hence the group
Jp 1pa2(Fy) always contains a point of order p.

(ii) The cases p = 3 and p = 5 suggest that Jp7(_1)(p71)/222(p71)pp (Q)tors
= Z/pZ, but on the other hand J; _91277(Q)tors is trivial. Indeed, one can
easily check that J; _91277(IF11)[7] has order 7, so the same is true for
J7,_91277(Q11)[7]. Since —7 is a square mod 11, this group is generated by the
class of the divisor (0,2%73\/—7) — co. But this divisor is not defined over Q.

(iii) In general (for p > 5), if there is a p-torsion point in .Jj, «,2(Q) then
Jppra2(Q(v/P9))[p) = (Z/pZ)?, since the curve Cj, 2 is isomorphic to Cp, 4
(over Q(y/p*)), which also contributes p-torsion. If there is an odd prime ¢
such that (%) = (%) =1,qfa, ¢#1 (mod p) and p* ¢ #Jp pra2(Fg) then
we get a contradiction.
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