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Explicit estimates for the summatory function of A(n)/n
from the one of A(n)

by

OLIVIER RAMARE (Lille)

1. Introduction. We define classically

Y(z) =) Aln),

n<x

Y(x) =) An)/n.

n<x

There has been a good amount of work to find explicit asymptotics for
Y(z) (see for instance [I5]-[I8] and [13]). The quantity ¢ (z) has been much
less studied, though [16, Theorem 6] gives an estimate. There has been
an attempt in a more general setting in [10], and recent attention has been
turned to the Mertens product, as in [2]. The problem here is that one would
really want to deduce such an estimate from the ones concerning v (z), but
such a method is missing. The aim of this paper is to provide a fairly simple
roundabout (see Theorem below).

Let us note that the prime number theorem in the form ¥(z) = (1 +
o(1))z is “elementarily” equivalent to

(1.1) Y(x) =logz — v+ o(1).

So in a sense, we are concerned with a quantitative version of this equiva-
lence. A simple integration by parts is not enough, as it looses a log-factor.
In effect, an estimate of the form |¢(z) — x)|/xz < 0.01 for z large enough
transfers into something like [ (z) — logz + 7| < 0.01 log  which is of no
interest. The Landau equivalence theorem can however be made explicit,
but does not yield a saving better than 1/+/logz in a rough form; allowing
a saving of any power of logz is already theoretically not obvious (see [9]
for instance). Here is a conjecture.
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CONJECTURE (Strong form of Landau equivalence theorem, I). There
exist positive constants c¢; and cy such that

lh(x) —logz +~| < e max [ly) — vl + cox™
z/cp<y<coz Y

1/4

Such a conjecture holds (almost trivially) true under the Rieman Hy-
pothesis. The result of [3] indicates that such an inequality does not hold in
the case of Beurling generalized integers. Indeed they show that the condi-
tion ¢p(z) ~ = does not ensure that ¢p(x) — log z has a limit, with obvious
notations.

Let us end this introduction with a remark: in [7], the authors exhibit,
under the Riemann Hypothesis, a pseudo-periodic function that (essentially)
takes the value (¢(e™¥) + y)e¥/? when y < 0 and (¥(e¥) — e¥)e ¥/? when
y > 0. This means that the values of 1 and of ) may be more closely linked
than in the above conjecture.

We are not able to prove our conjecture, but show in Lemma [2.2] that

Y(x) —logx +~ — w(fle
is a well-controlled function. Here are some consequences of our formula.

THEOREM 1.1. For x > 8950, we have

Y(z) =logx — v + ‘Z)(xlx + O* (2\1/5> + O*(1.75-10712).

Furthermore when logx > 9270, we have (with R = 5.696 93)
n o ¢($)4ﬁ$ * 1
Y(x) = logr — v+ . +0 NG
14+ 24/(1 R
+ (’)*( i 2(7;)g 2)/ exp(—2+/(log x)/R))

COROLLARY. For x > 1, we have
P(x) = logz — v + O*(1.833/log? x).

Furthermore, for 1 < x §~1010, we have ¥(z) = logx — v + 0*(1.31//x).
For x > 23, we have ¢(z) = logz — v+ O*(0.0067/log ).

As a comparison, [16, Theorem 6] proposes an inequality similar to the
last one above, but with 1/2 = 0.5 instead of 0.0067. No error term with a
saving of 1/ log? z is proposed.

Notation. We use the classical counting function

(1.2) NT)= > 1,
P

0<y<T
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where p = 3 + i7 is a zero of the Riemann zeta-function. Furthermore, by
f(z) = 0% (g(x)) we mean [f ()| < g(z).

The computations required have been done via Pari/GP (see [12]).

2. An explicit formula. We will need [I4, Lemma 4]:

LEMMA 2.1. Let g be a continuously differentiable function on [a,b] with
2<a<b<oo. Then
b b b
Vot)g(t)dt = \tg(t)dt = |
a a p a
b
+ S (log 2 — $log(1 — t_z))g(t) dt.

a

p
Loty ar

Here is our main formula.
LEMMA 2.2. For x > 1, we have

S P(z) —x a#~!  B(z)
Y(z) =logw —y + —— +zp:p(p_1)+ p—

where the sum is over the zeroes p of the Riemann zeta function that lie in
the critical strip 0 < Ss < 1 (the so-called nontrivial zeroes) and B(x) is
the bounded function given by

B(z) = % + log 27 — %(:n —1)log(1 —z7Y).

The main point of the lemma is that the sum over the zeroes is uniformly
convergent, a feature not shared by the explicit formulae for ¥ (z) or ¥ (z).
In fact, the main difficulty is carried by the term (¢ (z) — x)/x.

Proof. We simply proceed by integration by parts:

() :Sl/}(t)%—i- ¢§U$) =logz — v+ S ((t) _t)@_i_w.

1 T

o0

Note that the existence of the integral requires a strong enough form of
the equivalence between ¢ (t) and t. Next we apply the explicit formula of
Lemma [271] to get

Y Y

Y
dt tP=2 dt o dt
S(w(t)—t)ﬁz—zs ; +S(log2ﬂ—%log(1—t2))§
T p z x
yr1l_ g1 ¥ oo dt
:_Zip(p—l) +S (log27r—%log(1—t 2)) 3
P x
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Since (.1 is known to hold, and }_,1/|p(p —1)| is convergent, we can send
Y to infinity and get

Y Pl < dt

;@ﬁ)-ﬂjﬁzz;p@_i)+§0%ﬂw—ébgl—tﬁ)ﬁ.-
3. Known bounds on ¢(z). In [13], we find that
(3.1) lW(z) —z| < Vo (8 <z <10,
If we change v/ to v/2z, this is valid from 2 = 1 onwards. Furthermore
(3.2) () — x| <0.8y/x (1500 <z < 10'9).
By [4, Théoreme 1.3] improving on [I8, Theorem 7], we have
(3.3) |(x) —z| <0.0065x/logx (x> exp(22)).

We readily extend this estimate to = > 3430190 by using (3.1)), and then
to x > 1514928 by direct inspection.
We quote [4, Théoreme 1.4] and [5, Theorem 5.2]:

(3.4) |0(z) — x| < 3.965z/log?z (x> 2),
(3.5) |0(x) — | < 5152 /log® (x >2),

In fact [5, Theorem 5.2] proposes the constant 21 instead of 515 in this
inequality, but this preprint has not been published. We will not use this
bound but take this opportunity to record this fact.

We go from ¥ to ¢ by using [17, Theorem 6]

(3.6) 0 < () —I(z) < 1.0012v/z + 3z'/% (x> 0).

LEMMA 3.1. For x > 7105266, we have

| (z) — x| /z < 0.000213.

Proof. We start with the estimate from [17, (4.1)]:
(3.7) [ (x) — z|/z < 0.000213  (z > 10'°).
We extend it to x > 14500000 by using . We conclude by direct in-
spection. m

LEMMA 3.2. For x > 1, we have

[(x) — x| < 1.830x/log?z, |w(x) — x| < 516x/log> 2.
Proof. Indeed, we readily find that

ogx 2 ogx 2 ogx 2
o) — o) VB < i) — (@) VB o) g B

X

. (1.0012(logz)?>  3(logz)?> 515
<
< m1n< N 273 + logz’ 0.0065 log x |,
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which is not more than 1.830, on using the first estimate for x > exp(281.5)
and the second one for the smaller values. We prove the second estimate in
the same way:

log x)3 log z)3 log x)3
o) — o) VB < i) — (@) VBT o) — oy 1B
. (1.0012(logz)®  3(logz)? 9
< mm( N + 23 + 515, 0.0065 log“ x |,

which is not more than 516, on using again the first estimate for = >
exp(281.5) and the second one for the smaller values. For lower z, we first
use

[(z) — x| < (log? z/(1.830v/2))1.830 z/log?
which extends our bound till x > 55. A very primitive GP script shows that
jh(z) — x| < 1417z /log?z (1 <z < 10°).

We proceed similarly for the bound with log® z. m

4. Lemmas on the zeroes. We quote from [14]:

LEMMA 4.1. If T is a real number > 103 then
T T T 7 T
N(T)=—log— — —+-+0*(0.67log — ).
(T)=gploeg —o-+5+ < ngn)
This is a version of Theorem 19 of [15], relying on [1].
LEMMA 4.2. For T > 103, we have

5 1yt < OBLLET) g 20B(T/ ) 172

v=>To

Proof. We denote by S the sum to be evaluated and we simply use
integration by parts:

TN(@E) - N(T
52| NO-ND),
+3
T
< 2 OSO ulogu—u—i—%—f—O.G?logudu
(2m)?2 u?
T/(2m)
gplog g — 5o+ § —0.67log g

T2
log(T'/(2m)) 2log(T/(2m)) +1/2
< ———°= .
- 27T +0.67 T2 ’
and the lemma follows readily. =
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LEMMA 4.3. We have 3, 1/|p(p — 1)| < 0.047, where p ranges over all
nontrivial zeroes of C.

In particular, we do not impose Sp > 0. We prove this lemma by using
the file of the first 10° zeroes provided by Odlyzko [I1].

We in fact used zeroes only up to height 10 000 and ran the computations
using 28 digits precision on GP/Pari. Note that when Sp = 1/2, we have
p(p — 1) = —|p/®. Truncation of the imaginary parts only increases the
sum, while the high enough precision takes care of the machine error. The
restricted sum is about 0.02302 (with Sp > 0). We next use Lemma
to handle the tail of the series. We finally double the value to remove the
condition &p > 0, and round the value up.

We also know, thanks to [6], that the zeroes p in the critical strip and
satisfying |Sp| < 2.44 - 10'2 = Tj are all on the line ®p = 1/2. We handle
zeros with large imaginary part by using the following theorem from [§].

LEMMA 4.4. Every zero p =+ iy of ¢ in the strip 0 < 8 < 1 and with
~v > 10 satisfies

B<1—p(y)=1-1/(Rlogy), R=5.69693.

5. Proof of Theorem [1.1l We start with Lemma 2.2l Let us set
p—1
(5.1) Ja)=Y -~

~plp—1)

By considering the symmetry p — 1 — p, we get (remember that no zero of
¢ lies on the segment [0, 1])

P~y mr
0= 2 oy

Sp>0

We are ready to majorize J(z):

$71/2 ( xil/Z .r*“p('Y) )
J(x) < ——5 t+ +
@< 2, T Z; P DI Tl -1
0047 z— e
S

v>To

We first bound z~#() by 1 and get, by Lemma

0.047  log(Th/(2)) _ 0047 1
J(z) < | +1.36 2T 1.75 - 10712,
(z) < NTT + To =& "

This proves the first part of Theorem [I.1] For large x, we can take advantage
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of the zero free region. We set pp(y) = 290 /42 and get

0.047 T
J(x) < — V(N(t) = N(To)) 5 (t) dt
T 150 0))¥2
< 0%7 — [V () = N(@)eh(t) dt — [ (N(E) = N* (D)) dt
To To
< 2 (V' () = N(Ty))ea(Th)
+ | N (@) pa(t) dt — | (N (1) = N* (1)) b (¢) dt
To To
()047 24, —p(To) S T =M log(t/(2n)) dt
- \f i 27t?
T llogz 22~?" log(t/(27)) dt
SEEES

We now assume log z > 2R log? Ty and infer the bound

0.047

J(z) < +6- 10724 —¢(T0)

f
Tz log(t/(2m)) dt T e gt
+ | o +0.67 | ——g—
To To
_ 0.047 () OSO %) log(t/6.25) dt
- f i 27t?
0
_ 0.047 N °§’ %" log t dt
- \/E 272 ’
To
Define
Osoe log x loot logtdt OSO o log " wdu
= X _— = X J— —
P Rlogt & 27t P Ru 27’
To log Tp
and set
1
(J)%gua? +u=mwv,

which gets solved in (u? — uv + (logz)/R = 0)

2u = v =+ /v2 — 4(log z)/R.
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We further get

dudu = (v £ /02— logx)/R)<

v )dv
Vo2 —4(logz)/R

U2

= v+ +/v2—4(logx)/R + +v>dv
< v B R e ) R
<2 n 202 — 4(log ) /R > g
Vv —4(logz)/R
so that I gets rewritten as

= | ev( +\;2—2(1?gx)/RR>
24/ (logz)/R v ng /

log @
Rlog Ty +10g To

v? —2(logz)/R

+2 S 6_v<v\/vQ log:c/R>

(logz)/R

which yields

I< S ve " do _ 142y érgx)/R exp(—2

- (logz)/R).

(logz)/R

It is then immediate to conclude the proof of Theorem

6. Proof of the Corollary. When logz < 2Rlog? Ty, but = > 10'°,
we use Lemma [3.2) to get

log? =

ENG +1.68 - 1072 1og? 2 < 1.833.

() — log z + ~|log? z < 1.830 + —=>—

When 8950 < z < 10'°, we have

- 1.3log?
[ (x) —logz + | log? z < % +1.68- 1072 log?z < 1.14.
x

When logx > 2R log2 Ty, the bound becomes
1+24/(1 R
1.830 + * 2( 0g2)/ exp(—2+/(logz)/R) log® z < 1.832.
T

We complete the proof by direct inspection. For the limited range bound,
we write

lh(z) —logz + vz < 1.3+1.68-10712y/z < 1.31
when x > 8950. We again conclude by direct inspection.
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When logz < 2Rlog? T, but = > 10'°, we have

) 1
10(z) — logz +~|logz < 0.0065 + —2% +1.68-102logz < 0.0067.

2z
When 8950 < z < 10'°, we have

] 1.31
[ (z) — log z + 7| log z < T(W +1.68- 1072 log z < 0.0003.

When log 2 > 2R log? Tp, the bound becomes

00065+1+2V logx /B, xp(—2+/(log z)/R) log? z < 0.0066.

We complete the proof by direct inspection.
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References

[1] R.J.Backlund, Sur les zéros de la fonction {(s) de Riemann, C. R. Acad. Sci. Paris
158 (1914), 1979-1981.

[2] O. Bordelles, An explicit Mertens’ type inequality for arithmetic progressions, J. In-
equal. Pure Appl. Math. 6 (2005), no. 3, art. 67, 10 pp.

[3] H.G. Diamond and W.-B. Zhang, A PNT equivalence for Beurling numbers, Funct.
Approx. Comment. Math., to appear.

[4] P.Dusart, Autourdelafonction quicomptelenombre denombres premiers, Ph.D. thesis,
Limoges, http://www.unilim.fr/laco/theses/1998 /T1998_01.pdf, 1998, 173 pp.

[5] P. Dusart, Estimates of some functions over primes without R. H., larXiv:1002.0442
(2010).

[6] X.Gourdon, The 103 first zeros of the Riemann Zeta Function and zeros computa-
tions at very large height, http://numbers.computation.free.fr/Constants/Miscella-
neous/zetazeroslel3-1e24.pdf (2004).

[7] J. Kaczorowski and O. Ramaré, Almost periodicity of some error terms in prime
number theory, Acta Arith. 106 (2003), 277-297.

[8] H. Kadiri, Une région explicite sans zéros pour la fonction ¢ de Riemann, Acta
Arith. 117 (2005), 303-339.

[9] E.Landau, Uber einige neuere Grenzwertsdtze, Rend. Circ. Mat. Palermo 34 (1912),
121-131.

[10] P.Moree and H. J. J. te Riele, The hexagonal versus the square lattice, Math. Comp.
73 (2004), 451-473.

[11] A. Odlyzko, The first 100,000 zeros of the Riemann zeta function, accurate to within
3*10°(-9), http: //www.dtc.umn.edu/" odlyzko/zeta_tables/| (2002).

[12] The PARI Group, Bordeaux, PARI/GP, version 2.5.2, 2011, |http://pari.math.u-
bordeaux.fr/.

[13]] O. Ramaré and R. Rumely, Primes in arithmetic progressions, Math. Comp. 65
(1996), 397-425.

[14]] O. Ramaré and Y. Saouter, Short effective intervals containing primes, J. Number
Theory 98 (2003), 10-33.


http://www.unilim.fr/laco/theses/1998/T1998_01.pdf
http://arxiv.org/abs/1002.0442
http://numbers.computation.free.fr/Constants/Miscellaneous/zetazeros1e13-1e24.pdf
http://numbers.computation.free.fr/Constants/Miscellaneous/zetazeros1e13-1e24.pdf
http://dx.doi.org/10.4064/aa106-3-6
http://dx.doi.org/10.4064/aa117-4-1
http://dx.doi.org/10.1007/BF03015010
http://www.dtc.umn.edu/~odlyzko/zeta_tables/
http://pari.math.u-bordeaux.fr/
http://pari.math.u-bordeaux.fr/
http://dx.doi.org/10.1090/S0025-5718-96-00669-2
http://dx.doi.org/10.1016/S0022-314X(02)00029-X

122

[15]
[16]
[17]

[18]

O. Ramaré

J. B. Rosser, Explicit bounds for some functions of prime numbers, Amer. J. Math.
63 (1941), 211-232.

J. B. Rosser and L. Schoenfeld, Approzimate formulas for some functions of prime
numbers, Illinois J. Math. 6 (1962), 64-94.

J. B. Rosser and L. Schoenfeld, Sharper bounds for the Chebyshev functions ¥(x)
and (), Math. Comp. 29 (1975), 243-269.

L. Schoenfeld, Sharper bounds for the Chebyshev functions ¥(x) and 1 (z) II, Math.
Comp. 30 (1976), 337-360.

Olivier Ramaré

CNRS / Laboratoire Paul Painlevé
Université Lille 1

59 655 Villeneuve d’Ascq, France
E-mail: ramare@math.univ-lillel.fr

Received on 27.4.2012
and in revised form on 17.10.2012 (7046)


http://dx.doi.org/10.2307/2371291

	1 Introduction
	2 An explicit formula
	3 Known bounds on (x)
	4 Lemmas on the zeroes
	5 Proof of Theorem 1.1
	6 Proof of the Corollary
	References

