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Mock modular forms and singular combinatorial series
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AMANDA ForsoM and SusiE KIMPORT (New Haven, CT)

1. Introduction and statement of results. Let p(n) := #{integer
partitions of n}, where a partition of n € N is defined to be any non-
increasing sequence of positive integers that sums to n. For example, the
partitions of 4 are: 4,3+ 1,24+2,2+1+ 1,14+ 1+ 1+ 1, so that p(4) = 5.
It is well known that the partition generating function satisfies

1+ p(n)g™ = g0~} (7)
n>1
upon specializing ¢ = ¢, := €?™", 7 € H the upper complex half-plane,
where 7(7) = ¢"/?*][,,>;(1 — ¢") is Dedekind’s 7-function, a weight 1/2
modular form. More recently, Bringmann and Ono [8] studied the gen-
erating function for partition ranks, where the rank of a partition, after
Dyson, is defined to be the largest part of the partition minus the number
of parts. For example, the rank of the partition 2+ 1+ 1is2—-3 = —1. If
N(m,n) := #{partitions of n with rank equal to m}, it is well known that

the associated two-variable generating function satisfies

2
(1.1) l—i—ZZNman—l—i—Z (wg q

mezZn>1 n>1

(w™g; q)n’

where the ¢g-Pochhammer symbol is defined for integers n > 1 by (a;q), :=
(1—-a)(1—aq)---(1—ag™ '), and (a;q)o := 1. In particular,

(1.2) R(l;q) =1+ Zp(n)q” = ¢~ (),
n>1
(1.3) R(-1;q) =1 +Z f(a),

n>1 4 )
where f(g) is not a modular form, but one of Ramanujan’s original third
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order mock theta functions. Two major questions in number theory sur-
rounding f(¢) and the other Ramanujan mock theta functions, 17 peculiar
g-series similar in shape to , persisted in the decades following Ramanu-
jan’s death in 1920:

1. How do Ramanujan’s mock theta functions fit into the theory of mod-
ular forms?

2. Is there an exact formula for the Fourier coefficients of the mock theta
function f(q)?

It was not until the groundbreaking 2002 thesis of Zwegers [26] that
the answer to the first question was finally provided: Ramanujan’s mock
theta functions exhibit suitable modular transformation properties after
they are completed by the addition of certain non-holomorphic functions.
(See [19, 24, 26] for example, and §3| for more detail.) Unifying and
(1.3), Bringmann and Ono remarkably showed more generally in [§] that
upon specialization of the parameter w to certain complex roots of unity,
the rank generating function of can be completed by the addition of a
suitable non-holomorphic integral to exhibit appropriate modular transfor-
mation properties. In particular, they establish the following theorem.

THEOREM ([8, Theorem 1.1]). If 0 < a < ¢, then
isin(7ra/c)€3}/2 ZEO O(a/c; l.T)
V3 /i +2)

is a weak Maass form of weight 1/2 on I.
2mi/n

¢ IR g + dr

Here, ¢, :=¢ is an nth root of unity, ©(a/c; £.7) is a certain weight
3/2 cusp form, £, := lem(2c?,24), and I, is a particular subgroup of SLa(Z).
Weak Maass forms, originally defined by Bruiner and Funke [10], are (non-
holomorphic) generalizations of ordinary modular forms that in addition to
satisfying appropriate modular transformations, must be eigenfunctions of
a certain weight k Laplacian operator. The theory of weak Maass forms has
been substantially developed in the wake of Zwegers’s thesis in recent years.
(See [19] for a detailed history, and §3]for more detail and explicit defintions.)

Turning to the second question above, Andrews and Dragonette [1I, 12]
established a detailed asymptotic formula for the Fourier coefficients of the
f(q) mock theta function that was in fact conjectured to give an exact for-
mula for the coefficients. Namely, let a(n) denote the nth Fourier coefficient
of f(q), that is,

fl@) =1+ am)g" =1+q—2¢°+3¢° —3¢* +3¢° =55+ - .
n>1

Andrews and Dragonette conjectured for n > 1 that the coefficients «(n)
are equal to
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(14)  7(24n —1)"1/4 Z 1)le+D/2] A%(ng 014 (=1)%)/4)

>1
T/ 24n — 1
XIip| ——,— s

124

where I, (x) denotes the usual I-Bessel function, and the Kloosterman sum
Ag(n) is defined in below. A second celebrated result of Bringmann
and Ono [7] establishes that indeed, the Andrews-Dragonette conjecture is
true: gives an exact formula for the Fourier coefficients a(n) of the
mock theta function f(gq), thus answering the second major question above.
Here, we turn our attention to the problem of understanding the auto-
morphic properties of certain combinatorial g-series arising from k-marked
Durfee symbols, as originally defined by Andrews in [2]. To each partition,
Andrews associates a Durfee symbol. For example, the Durfee symbol

(> 1),

represents the partition 5+5+444+2+1 of 21. Using k copies of the integers,
Andrews more generally defines k-marked Durfee symbols. Analogous to the
rank of a partition, Andrews defines a notion of rank for each of the k
copies of the integers used to define the k-marked Durfee symbols. (See
for more detailed definitions and descriptions.) If Dy (my, ..., mg;n) denotes
the number of k-marked Durfee symbols arising from partitions of n with
ith rank equal to m;, Andrews [2] shows that the k£ + 1-variable generating
function may be expressed as follows.

THEOREM ([2, Theorem 10]). For k > 1,
o

N1,...,NEp=—00n>0

where

(1.6)  Ri(x;q)

P>

m1>0
ma,...,mk >0

n ) qm1+m2 -1

mi+ma. \— .

X (1'3(] ! 2,Q)m3+1 T3 5 q
ms+1

T B R A
mi+otmg_1. )\ — .
e (xkq ! K 17q)mk+1 4

Lk Mp4+1

q(ml+---+mk)2+(m1+---+mk71)+(m1+---+mk72)+"'+m1

(165 Q)i (/215 Q) (€20™15 Q) mg+1(0™1 /225 Qg1

and x = (1,...,Tk).
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When k£ = 1, one recovers Dyson’s rank, that is, Di(ni;n) = N(ny,n).
The modularity of the associated two-variable generating function R;(z;q)
= R(x; q) was studied in [8] as described above. When k = 2, the modularity
of Ry(1,1;q) was originally studied by Bringmann in [4], who shows that

1 (_1)n71q3n(n+1)/2
Ry (1,1;q) := )
2159 (@)oo 7; (1—qm)?

where (a;q)o0 1= Hj>0(1 —aq’) and (@)oo := (¢; @)oo, is a quasimock theta
function (see §3)). In [5], Bringmann, Garvan, and Mahlburg show more
generally that Ri(1,...,1;q) is a quasimock theta function for k£ > 2. (See
[4] and [5] for precise details of these statements.)

Here, we establish the automorphic properties of general infinite familes
of combinatorial g¢-series Ry(z1,...,2k;q), for more arbitrary parameters
(1,...,2k), thereby treating families of k-marked Durfee functions with
additional singularities to those of Ri(1,...,1;q). We point out that the
techniques of Andrews [2] and Bringmann [4] are not directly applicable in
our setting due to the presence of such additional singularities. We show
that these singular combinatorial families are essentially mixed mock and
quasimock modular forms, and we provide their explicit non-holomorphic
completions. To this end, we define a non-holomorphic completion By ({; q)
of the combinatorial series Ry ({y;q) by

(1.7) Bi(Chiq) == ¢ M (B (Crs 0) + By (613 9))-
Here, the “holomorphic part” q*1/24B,j(Ck; q) of Ek(Ck, q) is defined by
(1.8) B (€ @) = Ri(Cpi @) + b€ ),

where the combinatorial series Ry (¢}; ¢) is defined in , and the holomor-
phic function by (; ¢) is defined in below. The “non-holomorphic part”
q_1/24Bk_(Ck; q) of B\k(ck, q) is defined in . Analogous to Theorem 1.1
of [§] stated above, we establish the following theorem.

THEOREM 1.1. If k > 2 is an integer, then
Bi(Crsq) = H(Cri @) + A(Cki 0),
where ﬁ(Ck;q), defined in 1' 18 a mon-holomorphic modular form of
weight 3/2 on I, N with character Xgl, and A(Cy; q), defined in 1' s a
non-holomorphic modular form of weight 1/2 on Iy n with character X;l.

Here, ¢, = (), v is a length k vector consisting of roots of unity defined

in 1} the subgroup Iy y € SL2(Z) under which Ek((‘k; q) transforms is
defined in 1) and Nebentypus character x7 1is given in Lemma

REMARK 1. Loosely speaking, Zagier has recently defined a mized mock
modular form [25] to be a finite sum of products of mock modular forms and
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modular forms. Other recent works in which this notion of a mixed mock
modular form appears include [6], [I1], [I4], and [21], for example. Here,
the holomorphic parts B+ of Bk, which are defined in in terms of Ry,
consist of linear Comblnatlons of mixed mock modular forms and also terms
consisting of derivatives %gb(u,ﬂ’u:o of mock Jacobi forms ¢(u,7) in the
Jacobi u variable evaluated at u = 0, multiplied by modular forms. See §4]
for explicit details, and the modular transformations of the associated forms.

REMARK 2. We point out that the dependence of the vector ¢; on k is
reflected only in the length of the vector, and not (necessarily) in the roots
of unity that are its components. In particular, the vector components may
be chosen to be nth roots of unity for different values of n (see (4.21]), and
Examples 1] and 2| below).

The techniques we use to prove Theorem may be adapted appropri-
ately to study other singular families. As an example, we consider a second
infinite family of k = 2" + 1-marked Durfee symbols for integers r > 1, with
x = Chr, alength 27 +1 vector of roots of unity defined in , on a subgroup
I C SLy(Z) defined in . To this end, we define a non—holomorphic

completion 027+1(C2r, q ) of the combinatorial series Ror 1 1(Chr; ¢?*) by
(1.9) Cori1(Chri ™) =g~ LOF 11 (Cori ) + Cor 1 (Chors °Y).
Here, the “holomorphic part” qilC,j(CQr; ¢**) of ék(cgr; q**) is defined by

(1.10) Cofr 11(€hri ) 7= Rar1(Cors ) + c2r41(Chrs 624,

where the combinatorial series R2r+1(C’2T7q24) is deﬁned in , and the
holomorphic function car 1(Chr; ¢?*) is defined in . The “non- holomor—
phic part” C5 4 (¢5;¢**) of the function CQ?"+1(CQ7-, q24) is defined in

THEOREM 1.2. Ifr > 1 is an integer, then q~ 02T+1(C/27~7q 4) is a non-
holomorphic modular form of weight 3/2 on I'. with character (12).

REMARK 3. The function Cor (¢4 q) is of similar shape to the function
By(¢,; q) as described in Remark yet also includes the quasimodular form

Es(7) (defined in (3.1])). See 4| for explicit details.

We illustrate the diversity of the combinatorial series to which Theorems
and apply in the following examples.

ExXAMPLE 1. We begin with a more colorful example, chosen to contrast
with Example 2| We let £ = 7, and choose {; = (C§3,C§3,C5,C5,C11&8,C3,i).

In this case, the combinatorial generating function R7({;q) is of the form
1 (_1)n71q(3n2+11n)/2( 2n)2(1 qn)Z(l an)fl(l q4n)71
(Q)oon21 (1 2cos( ) ”—l—qQ”) (1 2cos( ) ”+q2”) (1 2cos(11”) ”+q2”)
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By Theorem this function is essentially a sum of mixed mock modu-
lar forms. The completed non-holomorphic combinatorial function is given

explicitly by (1.7).
EXAMPLE 2. A perhaps tamer example to be contrasted with Example|T]
is the combinatorial generating function

(1.11) R3(1,1,-1;q) = R3(q) :== (6500 >

[e.e]
=: Zag(n)q",
n=1

which arises after specializing » = 1 in Theorem If we let N i (r,t;n)
denote the number of k-marked Durfee symbols of n with ith rank congruent
to 7 modulo ¢, then (as explained in [2] and the series R3(q) is the
combinatorial generating function

ZN3302TZ ZNgngn

(_1)n—lq3n(n+l)/2
(1=

so that
(1.12) az(n) = N33(0,2;n) — N33(1,2;n).

We point out the similar combinatorial description of the coefficients az(n)
described in ((1.12)) and the coefficients a(n) of Ramanujan’s mock theta
function f(q) discussed above, which may be expressed as

F(q) —1+ZN02n ZN ,2:n)q
n=1
where N(r,t;n) := Ny 1(r,t;n). Here, by Theorem 2, R3(q) is essentially
a mixed quasimock modular form. The completed non-holomorphic combi-
natorial function is given by (|1.9).

Next we address an open problem of Andrews.

OPEN PROBLEM (Andrews [2, Problem 11]). In light of Bringmann’s
asymptotics for the rank partition functions. .. and the recent breakthroughs
by Bringmann and Ono on the exact formulas for the coefficients in

the power series of the mock theta functions. .. provide similar results for

Bringmann has addressed the special case pertaining to Ro(1,1;¢) in [4].
Here we address another special case of Andrews’s open problem pertaining
to R3(1,1,—1;q) as defined in (L.11I)), which arises after setting r = 1 in
our family Roriq of Theorem We establish the following asymptotic
result.
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THEOREM 1.3. Let e > 0. Then for alln > 1,

(1.13)
[n1/2]

m(24n — 1)V/4 T 3
Z Aeln [ B’ 1/2<6€ 24n = 1) 8(24n — 1)1/

T T
XI1/2(6€ 2471—1) _485(24 )3/413/2(6k\/24n—1>]
[n'/2]
e m / 1
/=1
{ even

Here, I,(x) denotes the usual I-Bessel function of order «, and the
Kloosterman sums Ag(n) and Af(n) are defined in (6.24) and (6.25) re-
spectively. In particular, the first term in (1.13)) gives the main term in the
asymptotic expansion for ag(n).

COROLLARY 1.4. Assuming the notation above, as n — oo, we have
a3(n) ~ Zl/seg\&&n—l‘

The remainder of the paper is structured as follows. In we provide
preliminary results and definitions pertaining to k-marked Durfee symbols.
In §3| we describe relevant automorphic objects and various associated prop-
erties. In §4] we prove Theorem and in §5] we prove Theorem In
we prove Theorem and as a corollary (Corollary provide modu-
lar transformation laws for a family of universal mock theta functions after
Gordon-MclIntosh [16].

2. k-marked Durfee symbols. Here we recall the definition of k-
marked Durfee symbols as defined by Andrews in [2] and their connection
to the functions Ry(x;q) as defined in . Recall that the Durfee square
(named by Sylvester) is the largest square of nodes in the Ferrers graph of
a partition (see [3]). Andrews associates to each partition a Durfee sym-
bol where the top row consists of the columns to the right of the Durfee
square, the bottom row consists of the rows below the Durfee square, and
the subscript denotes the side length of the Durfee square. The number be-
ing partitioned is equal to the sum of the rows plus the size of the Durfee
square. The example considered in

(2.1) (; 1)4,

represents the partition 5+5+4+442+1 of the number 2+2+41+42 = 21.
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To define the k-marked Durfee symbol, Andrews uses k copies of the inte-
gers (kEN), denoted by {11, 21,31, ... }, {12, 29,39, ... }, e, {1k, 2, 3y - - }
(see [2]). The k-marked Durfee symbols are formed as before, but use the
k copies of the integers as the parts in both rows. The number being parti-
tioned is equal to the sum of the rows plus the size of the Durfee square. In
addition, the following restrictions are imposed:

(1) the sequence of subscripts in each row is non-increasing;

(2) each of the subscripts 1,...,k — 1 must occur at least once in the
top row; and

(3) if My, ..., My_4 are the largest parts with their respective subscripts
in the top row, then all parts in the bottom row with subscript 1 lie
in [1, M;], with subscript 2 lie in [M7, My, ..., with subscript k& — 1
lie in [My_o, My_4], and with subscript k lie in [My_1, S|, where S
is the side of the Durfee square.

For example, three of the 133 3-marked Durfee symbols for 7 are:

(22 11) (13 1y 11) <12 11>
2 13 13 13 /4 L 2

For partitions of n formed using one copy of the integers, Dyson’s notion
of the rank of a partition (i.e. the largest part minus the number of parts of
the partition as defined in §1)) can be obtained using the Durfee symbol. For
example, the rank of the partition 5+5+4+4+24+10f21is5—-6 = —1.
Alternatively, the rank of a partition can be obtained from the Durfee symbol
as the number of entries in the top row minus the number of entries in the
bottom row. Using the Durfee symbol for 5+5+4+4+2+1 given in ,
we find that the rank is indeed 1 — 2 = —1.

Andrews associates a similar notion of rank to each of the k copies of
the integers used to define the k-marked Durfee symbols. Suppose § is a k-
marked Durfee symbol, and denote by 7;(9) (respectively /3;(4)) the number

of entries in the top (resp. bottom) row of § with subscript i. Then Andrews
defines p;(6), the ith rank of §, by

(6) = {Ti(é) —Bi(6) =1 for1<i<k,

o= 7:(8) — B:(0) for i = k.

Andrews notes that for k = 1, p1(d) is Dyson’s rank. Defining
Dk(m17 R 7mk;n)

to be the number of k-marked Durfee symbols arising from partitions of n
with ith rank equal to m;, Andrews [2] established that the k + 1-variable

generating function is given by (|1.5)).
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3. Automorphic forms. In this section, we define relevant automor-
phic objects, and give various associated properties.

3.1. Weak Maass forms. Assume that x € %Z, and I’ is a congruence
subgroup of either SLy(Z) or I(4), depending on whether or not k € Z.
The weight x slash operator, defined for a matrix v = (‘CZ 3) € I' and any
function f: H — C, is given by

. —op 0T+ b
flA() =3, 7) f(CT - d)
where
(7. 7) ver+d if kK € Z,
77_ :: — .
a (§)€d1\/07+d if K € 37\ Z.
Here

)
IS

. 1 ifd=1 (mod4),

- {z if d =3 (mod 4).

To define weak Maass forms, we also require the weight « hyperbolic Laplace
operator (T = x + 1y)

A = g2 872+872 +ik ﬂ_‘_lg
R A Oy I\ oz oy )’

DEFINITION 3.1. Let k € %Z, N a positive integer, x a Dirichlet charac-
ter modulo N, A € C. A weak Maass form of weight k for I' with Nebentypus
character x and Laplace eigenvalue A is a smooth function f : H — C satis-

fying:
(1) Forally = (¢%) € I" and all 7 € H, we have f| v(r) = x(d) f(7).
(2) Acf = M.

(3) The function f has at most linear exponential growth at all cusps.

Harmonic weak Maass forms (originally defined by Bruinier—Funke [10])
are those weak Maass forms with eigenvalue A = 0, and have been of partic-
ular interest. (In [10], one can find a more precise description of condition (3)
in the definition above.) It is known that harmonic weak Maass forms natu-
rally decompose into two parts: a holomorphic part and a non-holomorphic
part. For example, it is known [I7, 23] that the generating function for
Hurwitz class numbers H(n) of binary quadratic forms of discriminant —n
is (essentially) the holomorphic part of the following weak Maass form of
weight 3/2 and level 4, the Zagier—Eisenstein series:

1 1+i'Y 6(z)
—— H(n)q" d
B + 7; (n)q" + 167 _ST (z+7')3/2 z,

n=0,3 (mod 4)
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where O(7) == > ¢"°. The holomorphic parts of harmonic weak Maass
forms are called mock modular forms [24].

3.2. Holomorphic and almost holomorphic modular forms. A
harmonic weak Maass form with trivial non-holomorphic part is a weakly
holomorphic modular form (i.e. is holomorphic on H, but may have poles
in cusps). If the aforementioned modular forms are also holomorphic in
the cusps, they are called holomorphic modular forms. A special ordinary
modular form we require here is Dedekind’s n-function, defined by

n(r) =g JJ1—q").

n>1
This function is well known to satisfy the following transformation law [20].

LEMMA 3.2. Fory = (%Y%) € SLy(Z), we have

n(v7) = x4 (et + d)?n(7),

where
emib/12 ifc=0,d=1,
Xy = \/—iw;iem%’j if c > 0,
with wq . = e™5(d) - gnd the Dedekind sum s(m,t) is given for coprime

integers m and t by

w05 () ()

jmodt
where () ==z — |x] = 1/2 if x e R\ Z, and (z)) :=0 if x € Z.

We also encounter almost holomorphic modular forms, which as origi-
nally defined by Kaneko—Zagier [18], transform like usual modular forms,
but are polynomials in 1/y, where y = Im(7), with holomorphic coeffi-
cients. Well known examples of almost holomorphic modular forms include
derivatives of holomorphic modular forms, as well as the non-holomorphic
Eisenstein series Es, defined by Es(7) := Es(7) — 3/7y, with “holomorphic
part” Fy(T) given by

(3.1) By(r):=1-24 o1(n)q",
n>1

where o1(n) is the sum of positive integer divisors of n. In general, the
holomorphic part of an almost holomorphic modular form is called a quasi-
modular form.

3.3. Holomorphic and mock Jacobi forms. In [26], Zwegers studied
another type of automorphic object commonly referred to as a mock Jacobi
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form. Before describing these forms, we recall the definition of a holomorphic
Jacobi form, after Eichler and Zagier [13].

DEFINITION 3.3. A holomorphic Jacobi form of weight k and index M
(k, M € N) on a subgroup I' C SLy(Z) of finite index is a holomorphic
function ¢(z;7) : C x H — C which for all vy = (24) € I and A\, p € Z
satisfies

2niM

(1) o(GEg;77) = (er + d)Fe” i p(z;7),

(2) @(z + X+ pis7) = e MM (1),

(3) ¢(2;7) has a Fourier development of the form }, . c(n,7)q

with ¢(n,r) = 0 unless n > r2/4M.

n€27rirz

Jacobi forms with multipliers and of half-integral weight, meromorphic
Jacobi forms, and weak Jacobi forms are defined similarly with suitable
modifications made, and have been studied in [I3] and [26], for example.
A canonical example of a (weight 1/2) Jacobi form is Jacobi’s theta function,
defined by

(32) 19(2; 7—) — 7_9(2,) — Z e7riu27'+27ri1/(z+1/2);
vel/247

here and throughout, we may omit the dependence of various functions on
the variable 7 when the context is clear. In [27], Zwegers considers a family
of “level £” Appell-Lerch functions, ¢ € N, extending work in [26] pertaining
to the case ¢ = 1. For u,v € C, 7 € H these functions are defined by

(_1)€nq€n(n+1)/262ﬂ'inv

Ag(u,v;7) = ™t Z

nez

Alone, the A¢(u,v; ) do not transform like Jacobi forms as in Definition [3.3]
Zwegers completes the series Ay(u,v;7) to non-holomorphic functions
Ap(u,v;7) defined by

Au(u,v57) =

1— qn627riu

~
—_

- g (-1 (-1
Ag(u,v;1) + % 2Ty (v + T+ 5 ;€T>R<ﬁu —v—jT — — ;ET),
J
where ¥(z;7) is as in (3.2)), and

R(uir) = 3 {sgn(u)—E((V%—iEEz;) 21m(7')>}

VEL/247

Il
o

« (_1)1/71/2qfu2/26727riuu

)
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with u € C, 7 € H, and
4
E(z) = QSB_WU2 du, zeR.
0
PROPOSITION (Zwegers [27]). For all ny,na,mi,mg € Z and v = (¢ 4)
€ SLy(Z), the completed level ¢ Appell functions Ay satisfy

(3.3) //l\g(u + 117 + my, v+ naT + ma;T)

_ (_1)€(n1+m1)62m’(u(€n17n2)7vn1)q€n%/27n1n2 A\g(u, v; T),

U v
cr+d er+d

(3.4) A\g(

m) — (or + d)emiel- b2 [(en ) T . ),

__ 4. Proof of Theorem [1.1] In § we define three auxiliary functions
Fos(2,7), Gms(z 7) and Hp, (2; 7') and establish their modular transfor-
mation properties. In §4.2] we relate the singular combinatorial generating
functions Ry ({y; q) to the auxiliary functions. In we prove Theorem

4.1. Auxiliary functions I. Let z := (z1,...,2;) € R”, for some fixed
integer £ > 2, and let N be a fixed integer satisfying 0 < N < |k/2]. For
such fixed pairs (k, V) we define foreach 1 <m < Nand N+1<n <k—N
respectively

(4.1) I (z,w):=(1—e(—2zp))
N

« H e(w+ zm) —e(z]))2<1—(1)>2

e(w + zm + 25
J#m

(4.2) Il (z ljj e(zn) — e(2;))? (1 — M)Z

X H —eZz))<1—W>,

{=N+1
l#£n
where w € R, and here and throughout, e(z) := €2™®. (As usual, we take
the empty product to equal 1.) Using the products defined in and
, we define, assuming the notation above, with s € R, the following
limiting differences of higher Appell functions, and their corresponding “non-
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holomorphic parts”, respectively, by

+ (z:7) = imM
Fins(zi7) 3;—>0 e(w) — e(—w)

" (esmw As(—w + zpm, —27;7) J— As(w + 2, —27; T))

Hm(z7 —U)) Hm(z,w)
E, (z;7):= lim e(=2m)
’ w=0 e(w) — e(—w)
X [esmiv Ry(—w + 2, =27 7) — pSTIW R3(w + 2m, —27;7)
Hm(z, _UI) Hm(z,w) ’
where

.2
Rs(u,v;7) 1= %Ze ju)d(v+ j7 + 1;37)R(3u — v — j7 — 1;37).
J=
Using F, ((2;7), R3(u,v;7), (25 w) and IT}(2), we also define the “non-
holomorphic” function

N
(43) (Clw = Z 42/5 11 Oék,w T) CQ,B 13(Oé]§,w T))
=1

1 N 3oy 3(042'/61’7 —27; T)

+ @ i:N+1(C2 CQ ") Hj(“k)

1 0G0 3 a1 (a,w)|, .
MO (e Sty )% (5 27)
Ll Sy (L e )],

= 2= s <nj<ak,o>+ mi(IT,(0u,0))? )Rs<ﬁg ).

(44 bi(Gia)
1 & LG 3 i 11 (e, w)|
q>m;% (e o) (5 27)
al —3aJ<BJ 1 w11 (o, w)],_
JZ}% (nj<ak,o>+ o) o (5 n)

where the vectors oy, are defined in (4.20]). We will show in and
how (4.3) and (4.4) may indeed be used to “complete” the combinatorial
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function Ry (Cy;q). Before doing so, using F,f , F,, ;, and As, we define

Fons(z;7) = B (27) + Fy, J(237),

(4.5)
. o - A1y,
Gm,s(ak;'r) = Cﬁm 1-s + dw' (ak w)‘w;()
2 I, (o, 0) wi(II (o, 0))
QA
X A3 <Brn, —27, T>,
(4.6) Hus(p; 7) = Fy s (e 7) + G (@i 7).

We establish the following proposition which gives the modular transforma-
tion properties of the non-holomorphic functions Fm . Gm s, and Hm s, for
a fixed integer m, 1 <m < N.

PROPOSITION 4.1. Let v := (%) € I7(282,) N I1(28m). We have

(4.7) ﬁmﬁ(ak;w') (c7‘+d) ms(ak, T)

+ ((em + d)? = (c7 4 d)Gms (s 7).
(4.8) G5 (ag;y7) = (T + d)ams(akQ ),
(4.9) Hp (o) = (e + d)*Hypy s (0g; 7).

Proof. We first prove (|4.7)). For ease of notation, we let « = a,, and 8 =
Bm, and define the supplementary functions

Eai/ﬂ(w) — ff/ﬂ(w;ﬂ ’Y) . eﬂic(73(c7—+d)(a/ﬁ:tw)274(a7+b)(a/ﬁ:|:w))’
_ 6—2m’(a/[3:|:w)(CT+d)(—2a+2)’

(W) =€ 5 (wiT,7) =

wi( 2 (c+d— Bmica (o, w(er 3c2a? +2ca
wj/ﬁ(w) :¢§/B(w;777) = 3§ (c+d=1)) ST (a/ fruler+d) %558 .

We compute, using and ( . that
(4.10) /Tg(a/ﬁ + w, —2y7;7T)
= (et +d)e a/ﬁ( )§;E/ﬂ(w) a/ﬁ( )Ag(a/ﬂ t+w(er +d),—271;7),

where we have imposed the stated hypotheses on 7. Using (4.5]) and ( -,

we rewrite

(411) ﬁm,s(ak;fw—) (CT+d)(fm s(ak s )+frﬁ,s<ak;7a T)):
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where
+ (ap:~.T) = imM
fm“g( BT ul)—>0 e(w) — e(—w)
smivw As(a/ B —w(er +d), —27;7) _ _ _
g <e T o) €a/p(W)€a/5(0)¥/5(w)
_sriwAs(a/B +w(er +d), —27;T)
e(—a/p)

fr;,s(ak;%T) = E{%m
R - d), —27;
. <“’ Ao H:((QZ +w))’ 2T (0600

R d), —2T;
_ g sTiw 3(a/6}:((ca7—k+w))’ 27-’T)f;t/ﬁ(w)g;_/ﬁ(w)wl_/ﬁ(w)>-

We first consider f,\ . (cw; 7, 7). Before rewriting this function, we define

additional supplementary functions

esm’w—i—?ﬂri(—w—i—am /Bm)

h(w) = hs,n(am/ﬁmvlw;/YaT) = 1 e(_w + Oém/,ﬁm)qn’

R(w) = s p(@m/ Bms wiy, ) == h(w(cr + d)g(w),

where

g(w) = gs(am/ﬁma w; 7, T)

—smiw(cT+d)+smiw  —

€am//3m (’l,U) C:vn/ﬁm (w)ﬂ);m/ﬁm (w)

In what follows, we will use the following formulas, which are not difficult
to show:

=€

ih(w) o 2m632m252 N Wie3wia/ﬁogsn_ 1)7
dw w=0 (1_Cﬁq ) 1_C5q
(4.12) 3mia/B
h0) = S
1—¢gqm’

where again for ease of notation we have replaced «,, /8, by /3. After two
lengthy yet straightforward calculations, using the hypotheses on ~y, we find
that

d ~ 2mie™/B (e 4 d)

4.13 —h(w = —

(413 aw™ )w:o (1—¢gqm)?
mie3™/B(3(cr 4+ d) + (s — 4))

1—(gq" ’
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- e37ria/ﬁ
4.14 h(0) = ——.
(4.14) 0= g
Using (4.12)—(4.14]), and L’Hopital’s rule, we find that

. 1 esmie STt (w)Eg 5(w) Yy 5(w)
(4.15) ilﬁloe(m—e(—w)( (e, —w)(1 = (Fe(—w(er +d))g")
et (et ()t /5(w)>
Iy (et w)(1 = CGe(w(er + d))g)
G3mia/ ( —(er +d) . (et +d) + (s — 4)

- (Im(o, 0))2\ (1 = Cgqm)? H1 =G
p eSWia/B
e CACTRD) sz2m’(1—C§q")>.

We point out that the hypotheses on «, § guarantee that 1 — ng” = 0 for
all n € Z. Using (4.15)) we find that
(er+ )G (=1)ngBn®+n)/2

Hm(ak7 0) n (1 - Camqn)z

G Bler+d) + (5= 1) GO (o )0 | (om
*( 21T, (cxy,, 0) 271 (It 0))? >A3< ‘2”)

rﬁs(ahf}/v ) -

In a similar manner, we find that

_Cgé:ln (_1)nq(3n2+n)/2
M0, 0) 2 (1 - (g™

’ (é%:éa; ;; - a;igm((ak,oﬁlw_o)“‘?’(zj “2rir).

Fnt,s(ak; T) =

Thus,

(4.16) [ ((ar;v,7) = (em + d)Ff (ou;7)

Cgm 4—s %Hm@“kv )‘
Ty W”‘”(nm(ak,oﬁ willLy (i, 0))? >A3<ﬂm 2 )

Next we treat f,,  (ax;7,7). For ease of notation, we will write R3(u,v;7)
= R3(u). We compute that
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G
(4.17)  lim B

w—0 e(w) — e(—w)

s7riw9z3(a//8_w(67—+d)) -
x (e e

p—— Rs(aéjﬁmJ(Fa“;(Z)Jr 9)) €asa(W)EL 5(w) i/a(w)>

:CEQ<S_4+4(CT+d) dijﬂm(ak,w)‘wzo)m?)(a)

(w)go_[/g(w)w;/g(w)

Ul (ar,0)  2mi(I(ay, 0))? B

(% et +d) ¢
_ 25— = Rs(u)
il (o, 0) du

u=a/B

where as before, (4.17)) follows after a lengthy but straightforward calculation
using the hypotheses on v and L’Hopital’s rule. Similarly, we find that

d
- . _ 8 %Hm(ak’w)’wzo -
(418) - F s (i 7) = G (2Hm(ak,0)  2mi(I (o, 0))2 )R?’(ﬁ)
G d
- 2milly (g, 0) @:R?)(U) u=a/B.

Thus we have

(4.19)  fos(ag;y,7) = (c7 +d)F, (o T)

4—s %Hm(akaw”w:o R o
Mn(e,0) * mwi(m(a, 002 )7\ B)"
Using (4.11]), (4.16]), and (4.19)) we find (4.7) as claimed. The transformation

of (4.8]) follows after a short calculation using (3.3) and (3.4), making use
of the hypotheses imposed on the matrices . Finally, by way of (4.7]), (4.8)

and definition (4.6)), we also have (4.9) as claimed. =

—Q

+C’82(c7'+d1)(

4.2. The singular series Rj((;;q). In light of Proposition in or-
der to prove Theorem [I.I} we would like to relate the combinatorial series
Ry (¢1; ) to the auxiliary functions defined in To this end, we establish
the following proposition.

PROPOSITION 4.2. Let k and N be fized integers satisfying 0 < N <
|k/2], and k > 2. Suppose that for 1 <i < k—N, a; € Z and 5; € N, where
Bit i, Bif2q;, and that oy /B £ o /Bj € Z if 1 <i#j<k—N. Let
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a1 o anN N ON41 AN k
4.20 o =« = =,=,...,—, =, s S
(4.20) e N <51 b1 BN BN BNt ﬂk—N) Q
oN k—2N
R (87 L — k
(4.21) = Cp = (€51 C5% - B LGN Can 5w ) €Ch
2N k—2N
Then
N
(@)oo Bk (Crsq) = Z(ng zl(ak7 T) — Cz@ zS(ak;T))
i=1
a o Ag(ai/ﬁi,—QT;T)
i= N+1 II; (o)

REMARK 4. If N =0, as usual we take the empty sum Z@]L to equal 0.

Ideally, we would like to proceed as in the proof of Theorem 7 in [2],
where Andrews makes use of the partial fraction identity

(14 w)(1 —w)?w" 2

H1<1 - [I}jU)) (1 - %)
j=
_Zn: xg— 1 < 1 w7t >
1— a4 1—x)
s=1 H( —2)(1 - 25) Lst zs
J#s

Unfortunately (as remarked in [2]) identity (4.22]) is only valid provided
Ts F fnfl for any 1 < s #t < n (and of course also for w # zF! for any

(4.22)

1 < s < n). Here, given the definition of Ry (x1,...,zk; q), the vector {;,, and
the hypotheses given in Proposition [£.2] we Wish to take the x5 among the
C,B , in particular, 1 = x5 = Cﬁ , T3 = Ty = C e, TON_1 = XoN = Cg;\;’,

which means we are not in a position to make use of - Instead, we
establish the following generalization of (4 - which allows for some of the
xs = ¢ by way of the introduction of an extra parameter u that tends to 1.

PROPOSITION 4.3. Let k and N be fized integers satisfying 0 < N <
|k/2], and k > 2. Suppose for 1 <i <k — N, z; # £1, and that z; # xjﬂ
if1 <i+#j<k—N. Suppose also thatw;&x;cl foranyl1 < j < k—N.
Then
(14 w)(1 — w)?wk=2

k—N

(1—zw)2(1-2)* ] (1= zow)(1— L)

{=N+

(4.23)

ek

J
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_ ’CZ]:V (s — 1)(1—:lesw ~ xl—w)
a N ) 12 RN 1
s=N+1 Hl(xs - xj) (1 - acs:rj) gflj;[ l(xs - xg)(l B xswz)
7= ?;é;r
1
+th<gs +gs( >>a
where for 1 <m < N,
gm(u> — gm,k,N(u7 W, L1,y .., xk,N)
1 1 m -1 1 -1
._ (um — 1)(17uwmw B Uzm77U) (u:L‘m B %) (1 B g)
TN , L a2 RN Loy
H (uzm — ;) (1 - uxmxj) II (uzm— mf)(l o uxmw)
j=1 (=N-+1
J#Fm

REMARK 5. If N =0 then we recover (4.22)) from (4.23).

Proof of Proposition[{.3 For brevity we provide a detailed sketch. First
we replace the product []_, (1 — zjw)*(1 — w/x;)? appearing on the left
hand side of (4 - 4.23)) by

where v is a parameter that we will later let tend to 1. That is, for each j,
1 < j < N, we first rewrite (1—z;w)?(1—w/x;)? = p1(zj, w)pa(x;, w) where
p1(zj, w) = pa(zj,w) = (1 —z;w)(1 —w/x;). Then, we replace pi(x;,w) by
p1(zju, w), and pa(z;, w) by pa(x;/u, w), making the change of variable z; —
xju in p1, and the change of variable z; — x;/u in po. With these changes of
variables, assuming u # +1, we find that all k£ variables, {:Eju zj Juti<j<nU
{zj}N+1<j<k—N are now d1st1nct After an application of (| and some
simplification, we arrive at -

Proof of Proposition[{.3. We begin with a result of Andrews, which gives
the following series expansions for the generating function Ry (x;q).

THEOREM ([2, Theorem 3 and Corollary 6]). For k > 2,
L (1 g D
(@)oo & k . S
"= Hl(l—qu )1 =z q")
]:
L s CDT )1 g e

k
0 11— zjq") (1 —25'q")

(4.24)  Ry(wm;q) =

<.
Il
—
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With & = ¢}, we use (4.24) followed by Proposition and find after a
short calculation

L s (RulGe)  Ra(GGle(-w))
Rk(Ck’ Q) - @£—>0 6(’11)) - 6( ) Z ( Cazﬂ ( ) Cg:ﬂl(_w) >

i—N+1 H‘T(ak)
Z Cop Fit (e, w3 ) — Gy Fiy (e, wi )
o =1

k—N

R Ba;  ~—as Aslas/Bi, —27;7)
T 5T ey

where
n n(3n+1)/2

1—=2x —1
Ri(z;q) == (D Z( lzan

n

4.3. Proof of Theorem We begin by defining
(4.25) ﬁ(Ck% q) = ﬁk,N(CkS q)

1 & -~
:fﬁ (Cop.’ zl(ak,) C{éai i3(ag; 7)),
=1
(4.26) A q) = Apn(Cria)
T 3ai  —a As(aifBi, —27;7)
=5 :; o™ =)= e

From the definition of Bk(c & q) given in 1) definition 1} definition
(4.4), and Proposition we find that

(4.27) Bi(Crsq) = H(Crs a) + AlCr3 9)-

Theorem now follows after a short calculation using (4.27)), Proposi-
tio and transformation laws (3.3)) and ({3.4)), using the fact that

k—N

(428) Fk,N = m F()(Qﬁ?) mFl(Qﬁz) L]
=1

5. Proof of Theorem The proof of Theorem|[I.2]is similar, yet not
identical, to that of Theorem [I.1]given the different natures of the associated
combinatorial generating functions. In §5.1] we define auxiliary functions
F,(7),G,(7), and H,(7), and give their modular transformation properties.
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In §5.2| we relate the singular combinatorial series Rori1(Chr;q) to these

auxiliary functions. In we prove Theorem [1.2

5.1. Auxiliary functions II. Here we prove Theorem [1.2] which holds
for

(5.1) Chri= (1,¢0, Gy, G0,
We define

or 1 )
4-T e .
+ — T; —3mij/2 J . o 3miw
E(7): 1})1310 ) —e(—w) E e (Ag <2r w, 2T,T>6

j=1
— Az <;T + w, —27; 7') 637”“’),
4 271

r .
() — 1 —3mij /2" Jo o o 3miw
E - (7): 1}}1_% () — e(—w) ]2 e <IR;),<2T w, 27‘,7’)6

— R3 <2‘7T + w, —27; 7') 6_3mw>,

and
(5.2) F. (1) := FX(r) + F. (7).
To prove Theorem [1.2] we also define
2r—1 . 3
Gr(r):=47" Z As <§7~’ —27’;7’)6(—2%"7_1),
j=1

271

_ . J 3J
G, (r):=4 ZRg(QT,QT;T>€<2T+1>,
j=1

and G, (1) := G (1) + G, (7). Using E,(7) and G,(7) we define
ﬁT(T) = ﬁr(T) + %GT(T)v

and

(5.3)  cory1(Chriq®) =

Gt (24t Ey(247) — 1 1
o (120 ).

1
(¢*;q 2 s 12

o 3Gy (247) + F7 (247)
(5-4) CQT+1(CQT§Q24) = 2 ;(247) a

. 100
24
_ ¢ S 477( z) dz,
4r+ln\/2 o (—i(z +17))3/2
where the quasimodular Eisenstein series Fa(7) is defined in ({3.1)). We will

show in §5.2 and §5.3| the roles played by the functions czr4q and Cs, ;.
Before doing so, we first establish the following proposition.
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PROPOSITION 5.1. Let v := (2b) € Iy(2* 1) n 11 (2"1). Then

5.5) Fr(y7) = (er + d)2Fr(7) + 3((er + d)? = (7 + d)Gr(7),
5.6 Gy (y7) = (er + d)Gr(7),
5.7 H,(y7) = (e + d)*H,(7)

Proof. We first prove . Using the transformations and .,
we find that

(5.8)  As(j/2" +w, —2y7;7)

= (o7 + )€ (W)EF 50 (W), (w) A3 (/27 £ wler + d), =275 7),

where we have imposed the stated hypotheses on . Using (5.2]) and (| .,

we can thus rewrite

where
4_T 21 ..
fj('ﬁ 7') = lim —M Z 6—37-(-”/27"

w—0 e(w) — e(—w) st
(Ag( /2" —w(er +d), —27;7)e miw /T( )fj_/w(w)wj_/zr(w)
— A3/ +w(er-d), —2mm)e T () (W), (),

2"—1

4T o
—(~- = —3mij /2"
fr (7a T) wlg% e(w) —6(—111) Z €

j=1
(523( /2" —w(er +d), —27;7)e miw - /QT( )fj72r(w)¢;/2r(w)
= R/ Hwler+d), 2T I () (W), ().

We first consider f,7(vy;7). We compute that

. Tt e ()& e (W), (W)
(—w) ( 1—Cre(— (CT +d))q"
o= 3miw(1—(cr+d)) o () ]/2r( w) J/Qr( ))
1— e ( (cT +d))g"
_ 1<c7‘ +d-1 2t + c{)C&q”)
2\ 1 - ¢q (1—{rgm)?

I
w0 e(w) —e(—
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which follows after a lengthy but straightforward calculation using the hy-
potheses on v and L’Hopital’s rule. We point out that because 1 < j < 2"—1,
1—(-q" #0 for all n € Z. In a similar manner, we find that

21 _1\yn—1,(3n2+n)/24J
R S S AT
j=1 n (1-¢q 427")
Thus,
n 147 (3n24n)/2
510) =T S C Lt

7j=1 nez qn)2

CT+d— 12 q(3" —n)/2
S D
j=1 n€ezZ 27

= (er+ d)F(r) + %Gﬁ(ﬂ.

Next we treat f, (7v;7). For ease of notation, we will write Rs(u,v;7) =
R3(u). We compute that

. 1
S R

X (R3(3/2" — w(er + d)PTe o, (W)ES o (w5, (w)
~ Ra(3/2 + wler + d)e T (W)€ (W) (w)

d(er+d) -1 J ct+d d
2 R <27“> 2mi dufR 3(u)

i

u=j/2r

where as before, (5.11)) follows after a lengthy but straightforward calculation
using the hypotheses on v and L’Hépital’s rule. Similarly, we find that

Fo(r)= > Ti ey (L) oL Ay
" 2. 4r = 2r 271 - 47 du

u=j/2"
Thus,

(612 frim) = (e d)F (1) + #

From , , and -, equatlon now follows. Identity (5.6))

follows after a short calculation using and (3.4]), making use of the
hypotheses imposed on the matrix ~. Finally, (5.7) follows immediately from

(5-5) and (5.6). =

G (7).
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5.2. The singular series Ryri1(¢5-;q). Here we relate the combina-
torial series Rory1(C5;q) to the form FF (7).

PROPOSITION 5.2. For any integer r > 1,
1-—4"
3- 47“+1 :

(@)oo Rar+1(Chr1q) = 477 (9)sc R2(1, 15.9) + FF (1) +

Proof. Using the definition of F,F(7), we find that

21 n 1 (?m +n /2(]
(5.13) =47y Z —
j=1 nez q )

where we have used the easily verifiable fact that for 1 < 57 < 2" — 1, and
any n € Z,

li (1 _ qne—Qm'ngr)—l _ (1 _ qneQWingr)_l Cgrqn
im / 4 _ A |
w—0 e2miw _ o—2miw (1 — Cgan)Q
We rewrite ((5.13)) as
or_1 . or_1 ,
— er _ n 1 (3n +n)/2€j
Y T B
7j=1 ( - C27" j=1 n£0 1 — C27"q )
4 —1 2 1 q(2r_1)n
= 3+l _1)n1yBnin)/2( _
where we have again used the facts that for integers r > 1 and n > 0,
2r—1 . -
Z CgT _ -1 N 4nq(2 1)n
o (1= Ggn)? (1—qm)2 " (1—¢g2m)2

and for integers r > 1,

2"—1

Yo
o 1-G)? 12

which are not difficult to verify. Proposition now follows using the facts

that (see (4.24))

N (_1) q(3n2+3n B (Sn +n)/2
n#0 n#0
1 (_1)n—1q3n2/2+(2r+1—1)n/2
R T /T; - r .
2 +1(C2 q) (Q)oo Z (1 _ q2 n)Q "

n#0
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5.3. Proof of Theorem [1.2l Theorem now follows in a similar
manner to Theorem after a short calculation, making use of Proposition
Proposition and Theorem 1.1 of [4], using the fact that

(5.14) I =Ty (144 - 47).

6. Proof of Theorem [1.3] Here we look specifically at the function
R3(1,1,—1;q) =: R3(q) as defined in (1.11)). This series is obtained by spe-
cializing » = 1 in our family Rori; considered in Theorem To obtain
the asymptotic formula for its coefficients a3(n) as given in Theorem [1.3] we
must first consider its transformation under matrices v = (2%) € SLy(Z).
We note that we rewrite

()G

for some h,k € Z, where (h,k) = 1, and hh' = —1 (mod k). (Note. We
abuse notation and reuse the variable k, as is standard in applications of
the Circle Method, which we use in what follows.)

6.1. A transformation law for R3(q)

6.1.1. Definitions. In order to determine the asymptotic expansion given
in of Theorem for R3(q), we cannot proceed by applying the stan-
dard technique of Poisson summation (see [1], [22]) because the sum defining
R3(q) given in is taken over the incomplete lattice Z\{0}. To deal with
the missing lattice point, one might first try to add an additional summand
to Rs(q), proceed by Poisson summation, and then later remove the extra
summand. However, adding the missing summand (at n = 0) to R3(q) would
result in the addition of a term with a double pole, so we cannot proceed
in this way. Instead, using a technique of Bringmann [4], we rewrite R3(q)
as the derivative of another (full lattice) sum, defined with an additional
parameter w that we let tend to 0. Namely, we define the series

_ -1 n—lqn(Sn—l)/Q
(61) R3(wa q) = Z ( 1)_ eZTr’iwq2n ’

nez
and the differential operator
1 [d
Lo(w)) = g | o]
w=0
It is not difficult to show that
1 ~
(6.2) Rs(q) = WL(R:Q(W;Q)),

where ﬁé(w; q) denotes the function obtained from R3(w;q) by summing
only over integers n # 0. Bringmann used this technique in [4] (as mentioned
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above) in order to study Ra(q) := Ra(1,1;q) by defining

(_1)n—1qn(3n+l)/2

1— e27riqu

(6.3) Ro(w;q) ==Y

neL

Despite the similarities between and , we cannot proceed di-
rectly as in [4] due to the denominators 1—e?™¢?" appearing in , which
differ in a subtle, yet bothersome way from the denominators 1 — e2miw gn
appearing in . Instead, we rewrite R3(w;q) as a sum of universal mock
theta functions and then proceed to study these functions. Gordon and
McIntosh [16] show that all of Ramanujan’s original mock theta functions
can be written in terms of two “universal” mock theta functions go(x; ¢q) and
g3(z; q) upon suitable specialization of the parameters = and ¢, one of which
is given by
qn(n+1)

g3(x39) ==

(The universal mock theta function go(z;q) is defined similarly.)

We first rewrite

(6.4) Rs(w;q) = 26%(Rs?(w; q) — R3 (w3 q)),

where
(_1)n71q3n(n71)/2
1+ ewiqu

— W ( —Tiw

(6.5) Ry(wiq):=) =Fe ""(q)cg3(Fe "1 ),

neL

which can be deduced from (3.3) of [16]. The modular transformation prop-
erties of g3(z;q), which are needed for the proof of Theorem have been
explored when z is replaced by ¢! for t € Q (see [8], [9], [I5], [16]), a set-
ting which is useful for studying Ramanujan’s original mock theta functions.
Here we wish to study the universal mock theta functions gs(Fe™;q) for
w € C. We give a transformation law for these universal mock theta func-
tions in Corollary [6.4] in a form which does not appear to have been pre-
viously recorded in the literature, and readily lends itself to the proof of
Theorem [1.3]

To state the modular transformation laws for ﬁg(w; q), we need to define
the following g-series:

1 (_1)n71q3n(n+1)/2 (_1)nq3n(n+1)/2

o W(wig) =)
n\2 n Tw/z’
(@)oo (1+q") gl gt e/

b(q) :=
nez
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and the integrals, with v,§ € Z,

+ 0 e—(37rz/k)(z2+$)
[k (V, o w, Z) = S 1 4 emiwe2miv/k—(2nz/k)(z+(i/62)(20+1)) dx,
OSO 673”212/k+3ﬂ'zx/k
J (v,6;2) := : o
’ — 0 sinh%% — %(1’ + (256?1;1)1))
o —3nzx?/k+3nza/k
e
J+(U,5;Z) = : ‘ dm
’ _io COSh2(% — = (p (26(;1”))

6.1.2. Transformation law. To determine the modular transformation
laws for Rs(w;q), we need to consider two cases: when k is even and when
k is odd. We obtain the following results:

THEOREM 6.1. Let (h,k) = 1, with k > 0 and k even, and let q :=
e((h+i2)/k), q1 .= e((W +iz71)/k), 2 € C, Re(z) > 0, where h' is defined

by hh' = —1 (mod 2k). Then Rs3(w;q) equals

3w /2)(i+wk/(22))—mw/ (22 : :
e( /2)(i+ /( ) /(22) 7§2 qu +Z'6(7Tih‘//2)(1_k/2)§2 @4»1(11
2izemiw 2z’ 2z 2’

(q1)o0 —(Bmiv/k)(1+hv) —m/(12kz)
- ' 1V TV v ™ z
2kemw Z ( ) € €
v (mod k)
O .
x D mMEHEDARII L (1, 5w, 2) = I (v 6w, 2).
0=—1

THEOREM 6.2. Let (h,k) = 1, with k > 0 and k odd, and let q :=
e((h+1i2)/k), q1 :=e((W +iz"1)/k), 2 € C, Re(z) > 0, where h' is defined

to be an even solution to hh'/ = —1 (mod k). Then R3(w;q) equals

3w /2)(i+wk/(2z .
elemu/2) ik (22) e (10
2 zemiw 2z’

o Z-(_1)(k+1)/2q?/86(7rih//2)(1—k/2) (bo(—w; Q1) + bo(w; (h)))

(@) ST (- 1)eGr /R g 1262
2ke v (mod k)

0
» Z MR AVAZENY) ([ (1, 5w, 2) — I (v, 550, 2)).
§=—1

From Theorems [6.1] and we obtain the modular transformation laws
for R3(q):
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COROLLARY 6.3. Assume the hypotheses above.

(1) If k is even, R3(q) equals

wp 22T 2N =2) £ sk 5
(q1) o0 <9622 167z 96)
wh’ke(ﬂp/(IQk))(Zil_z)

WhJCe
- 1.3/2 Ra(q1) + A1/20(r [ (12k)) (22T

1 1/2 —nz/(12k) —3miv/k—3mih'v2 [k
/e S (—1)vedriv/h-snin'y
v (mod k)

(wik! /2)(1—k/2)

) be(Ql)

0
y Z o (mi/R)(2641)(1/2+'v)

0=—1

X (Ik_(y,é;o,z) — I,j(y, 9;0,2) — i(Jk_(l/, d;z) + J,j(l/, 03 z))>

(2) If k is odd, R3(q) equals

wp 22 (121 =2) 7 3k 5\ wheel™(ZGET-2)
(41)oo (9622 16wz 96> a 423/2
(_1)(k+1)/2wh7ke(7rih’/2)(17k/2)
4212/ (120 (=) (g1 ) oo

+iwh7kzl/26*ﬂz/(l2k) Z (_1)V€*37T7:I//]€737T’L'h/l/2/k

Ra(q1)

4k v (mod k)
0
« Z e(m/k)(25+1)(1/2+h’u)
§=-1

(T 015:0,.9) = 1 (065:0,2) = LU 0465 + I (46:2) ).

Here, wy, i, is as defined in Lemma
We now prove Theorem (6.1}, in which & is even.

Proof of Theorem[6.1 We first observe that, for w € C with Re(w) # 0
sufficiently small, Rg(w; q) is a holomorphic function of z. Similarly, R;)t (w; q)
are holomorphic functions in z. Recall that we have ¢ = e((h + iz)/k) and
q1 = e((W +iz"1)/k) with hh/ = —1 (mod 2k). Now, looking at R3 (w; q), we
write n = v+ km with m € Z and v taken modulo %, and rewrite Rgt (w; q),
which after Poisson summation (and the change of variable x — v + kx)
becomes
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(6.6)
(mi/k)(2n+1)(z—v) e—(37rz/k) (z%2—2)

1 ; 2 e
- _1\v (3wih/k)(v=—v)
L E ( 1) e E : S 1 + emiwe2mihy /k—2mza [k dz.
v (mod k) neZR

We find that the integrand has at most simple poles at the points

1 wk
T = Ty (W, 2) 1= o m + <5 )

(which in the case of R3 (w;q) follows from the fact that k is even) and
m = hv — o(k) (mod k), where o(k) := k/2 in R (w;q) and o(k) := 0 in
R5 (w; q). We now replace v with v, defined by
U = Um bk = —mh' — Q(k)h'.

Using the residue theorem, we shift the path of integration through
(2n+1)i

62
Assuming w is sufficiently small, for n > 0, the residue sum will involve a
sum over those m such that 0 < 3m < n, and for n < 0, those m such that
n+1<3m < 0, in both Ry (w;q) and R3 (w;q). Denoting the associated
residues of each summand by A, ,, (omitting dependence on w, z, h, k for
ease of notation), we have

R;(w;q) = QWZ(ZIF—FZI_) + ZQ,

Wy, = wp(z) 1=

where
Zj — % 3 (1) eBrih/) () S e
v (mod k) n>00<3m<n
Z_ _1 (—1)eBrih/B)02 ) SO
(6 7) ! k v (mod k) n<0n+1<3m<0
' P 1 3 (1) eBmih/) (2 —v)
? & v (mod k)
ootwn (7 /k)(2n+1)(z—v) ,—(372/k)(z2—x)
X Z c . ¢ dx.
= ot 1 + emiwe2mihv/k—2nzx/k

We first consider 3, := 2mi(3>.1 +3°7). Tt is not difficult to show that

(6.8) Ay = i) @) @ —vin) o~ (37 /0) (5~
’ 21z ’

and thus

(6.9) Antlm = e_”lw/qulmozl)\n,m,

where o := 1 in the case of R; (w;q) and a := —1 in the case of Rj (w;q).
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Using , we see that

)\m,m
2 D Aem=D ZAnﬁm:ZI_(ﬁje—_m%»

n>0 0<3m<n m>0 n>3m m>0
Y Y =X X - Y
n,m — nm — 1— qme_”w/za7
n<0 n+1<3m<0 m<0 n<3m—1 m<0 1

so that, in both cases,

(6.10)

Z 2i (_1)Vme(37rih/k)(u,2n—um))\3mm
L .

=T _ Me—Tw/z
kmEZ 1—qi"e ™/ 2

Using (6.10)) one can show that for Ry (w;q),
(6.11) 21 _ _ze(3wi/2)(w71)fww/(2z)+37rw2k/(4z)e(m’h//Z)(lfk/2)

>

meZ

1+ q{ne—ww/z

and for R3 (w;q),

7 3miw)/2 J(22)+3mw?k/ (42) (_1)mq71n(3m+1)/2
612 — _ _poTw/i—TW z TW z
( ) Zl ze T;Z 1— qinefww/z

We next turn to ) ,. We make the change of variable x —  +w, +1/2,
and replace n € Z by 3p+ 9, where p runs over all integers and 6 € {0, £1}.
Replacing v by —h/(v + p), a lengthy but straightforward calculation gives

Z _ _163m/(4k) Z efmh’uf?)m'y/kJr?)m'k/(h’u2+1/)7377ih’y2/k
2 k

1
y Z Ti(204+1)/(2K) (il v /K)(26+1) ,—m(26+1)% /(12k2)

6=—1

v (mod k)

o0 6—37rzas2/kdx

\p (p/2)(3p+25+1)
X S 1 & omiwg2miv [k g— (22 k) (a1 (204 1)i/(62)+1/2) Zz( DPqy
—00 pe

where hh/ = —1 + kk’ and %’ is even. The innermost sum on p equals 0 if
0 = 1 and equals (g1)oo if 6 = 0 or —1. Thus, after we let x +— x—1/2, we find

(6.13) 22 - _ (Ch)oo% Z (_1)V€—37ril//k:—37rz'h’u2/k€—7r/(12kz)

v (mod k)
0
x Z em(%ﬂ)/(%)e(”hl”/k)@‘sﬂ)I,f(1/, §;w, Z).

5=—1

Using (6.11)—(6.13)), we deduce Theorem [6.1| from (6.4)). =
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Next, we proceed to the proof of Theorem [6.2] in which & is odd.

Proof of Theorem[6.3. The parity of k does not play a role in the deriva-
tion of in the proof of Theorem pertaining to Ry (w;¢q). Thus, we
turn our attention to R3 (w;q).

As in the proof of Theorem by taking n = v 4+ km and applying
Poisson summation, we obtain lmb for R;r (w; q1). Now, with k odd, we see
that the integrand of has at most simple poles at

i wk 1
xm:xm,k(w;z)::; m+ = +5 )

with m = hv — o(k) (mod k), where o(k) := (k+1)/2 and, as before, we let
V= Unnr = —mh' — o(k)h.

Again, shifting the path of integration through w,, = (2n+ 1)i/(6z), we see
that the residue sum for n > 0 is over those m such that 0 <3m+1<mn
and for n < 0, those m such that n < 3m + 1 < 0. Thus, we have

R (w;q) = 27”(21++Z1_) t2,
Zj = % o(3mih/k) (V2 —v) > 2 um

where

v (mod k) n>0 0<3m+1<n
E . E /‘ (3mh/k v 71/)2 : § : A
1 k n,m»
v (mod k) n<0 n<3m+1<0

and ) , is as in (6.7)).
We first consider >, := 2mi(>°] + 3°7). The parity of k does not change

the expression of A, ,, given in , and we again have , with a := ql/ 2,

Therefore,

Z+ 1 (—1)PmeBmh/MWL—vm) \g g
1k m>0 1-— qm+l/2 /2 |

Z : Z 1)Vm e(mih/K) (v, V) A3t 1,m
Lk m<0 -4 L 1/2€7rw/z

By a simple calculation, and letting m +— —m —1in ) |, we obtain, for
Ry (w; q) with k odd,
—1)(k+1)/2
=
1 Z
x (b%(—=w; q1) +0°(w; q1)).-
Next we turn to ) ,. The parity of k only plays a role in that we take
I/ to be an even solution of hh' = —1 (mod k), meaning k" must be odd, so

3miw/2+3mkw? / (42) qf/S o(mih' [2)(1-k/2)
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we obtain (6.13)) for both RJ (w;q) and R; (w;q) exactly as in the proof of
Theorem [6.1] =

From the proofs of Theorems and along with equations (6.5)) and
(6.14), we obtain the following transformation laws for the universal mock

theta function gz(+e~™%;q), a result which is of independent interest.

COROLLARY 6.4. Assume the hypotheses above.
(1) We have that g3(e”™v;q) equals

iwh7ke(7r/(12k))(z*1—z) 1)mq;n(3m+1)/2

e37riw/2+7riw—7rw/(2z)+37rw2k/(4z) Z (

Z1/2(q1)oo =, 1— q;ne—ww/z
wh7kzl/2€(7"/(12k))(2_1*Z) i Z
(QI)oo 2

where Y, is as in (6.13)), with the choice of integral I (v,0;w, 2).
(2) For k even, g3(—e ™": q) equals

th’ke(ﬂ'/(IQk))(zil_Z)

e(37ri/2)(w—1)—i—7riw—71‘w/(22)—&—37erk/(4z)
Zl/2(Q1)oo
m_m(3m+1)/2 - L1,
X e(mh//Q)(l_k/Q) Z (_1) 4 ( / _ wh,kzl/2e( /(12k))( )6 W Z
1+ gfre=(mw/?) (q1)o0 2

mEZ

where Y 5 is as in {i with the choice of integral I;(V, d;w, z).
(3) For k odd, g3(—e~™";q) equals

(—1) (k12 o7/ (120)) (" =2)

212 (q1)oo

x T IDA=F2) (40— g1) + b (w; q1)) —

3miw/2+miw+3rkw? /(4z)  3/8
€ q1

W kzl/Qe(w/(l%))(z—Lz

)
(QI)oo ‘ 22

where Y, is as in (6.13)), with the choice of integral I,j(u, d;w, z).

Returning to R3(q), from Theorems and we now conclude the
modular transformation properties of R3(q).

Proof of Corollary . We wish to compute L(éé(w; q)). Since Eé(w; q)
is a sum over only those terms in ﬁg,(w; q) with n # 0, we have to subtract
the term for n = 0, which is taken into account in the first line of the
following set of equations. It is not difficult to show that

L 1 e3miw/2+3mw?k/ (42)—mw/(22) 7w — 18kz — bz
<1 — omiw + Qize““’(l _ e—ww/z) ) - 96722 5
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e371'iw/2+37rw2k/(4z)f7rw/(2z) ~ (iw -1
L(— R2/<Z;Q>> = 1z (@)eRa(a),

2izem™iw 2
e37riw/2+37rw2k/(4z)—7rw/(2z)+(7rih’/2)(l—k/2) ~ (iw 1
L( . R2<+;q1)>
2ze™W 2z 2

o (mik /2)(1-k/2) .
= —(01) (1),

4z
L( (—1)(k+1)/2(3mw/2) (+wk/ (22)) o (mih! [2) 1—F/2)

2zeTiw

V¥ (1% (—w; 1) +b° (w; Q1))>

Y1) /2 it /2 (1K /2)
I, = @B b (0; 1),

and, using the notation as in the proofs of Theorems and
(q1)o0 —7/(12kz) v —3miv/k—3mih'v? /k
L(X,) =" > (e

v (mod k)

0
y Z o (mi/R) (2041)(1/24h'v)
6=—1

1
X <I,€_(V, 9;0,2) — I,j(l/,é;o,z) — E(J,;(V,é; z) + J;(V,cs;z))).

Corollary now follows from ((6.2)) by using the fact that
(6.14) (q1)oo _ whykzl/Qe(w/(IZk))(zfl_z)(q)om

which may be deduced from the transformation of 1 given in Lemma .

6.2. Proof of Theorem [1.3] Here, we use the Circle Method to prove
Theorem First, we estimate the integrals I,:ct(l/,(s; 0,z) and J]z,t(l/, J5; 2),
as well as certain Kloosterman sums. This well known technique has been

used to provide asymptotic results in a number of works, including [1], [4],
and [12].
LEMMA 6.5. Letn € N and v € Z with —5(k+1) <v < 3(k+1) ifk is
odd, and —tk < v < 3k if k is even. Let z := k/n —ikyp, —1/(k(k + k1)) <
© < 1/(k(k+k2)), where hy/ke < h/k < ha/ks are adjacent Farey fractions
in the Farey sequence of order N with N := |n'/?]. Then
k:nl/4

lv— (20 +1)/6]
k2nl/4

lv— (26 4+ 1)/6]>

21/21,;(1/, 0;0,2) <

21/2J];(V,5; 0,2) <
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LEMMA 6.6. Letn € N and v € Z with 0 < v < k. Let z := k/n — ik,
—1/(k(k + k1)) < ¢ < 1/(k(k + k2)), where hi/ka < h/k < ha/ks are
adjacent Farey fractions in the Farey sequence of order N with N := Lnl/ZJ.
Then

kn1/4

|k —2(v—(20+1)/6)|
k2pl/4

|k —2(v—(20+1)/6)]*

zl/QI,j(l/, 5;0,2) <

21/2J:(V,5;0,z) <

Proof of Lemma . For brevity, we only consider I, (v, d;0, z); the proof
of the estimate for J, (v, 6;0, z) follows similarly.

We first note that with 7 := wzx/k, the function 21/21',;(1/, 0;0, z) equals

e—3k‘7'2/(7r2)+47'

k . ,
Nl _ M (20+1)mi/(6k)—miv/k
(6.15) 2r21/2°¢ gsinh(—ﬂ'il//k’—l—T—!—(25—|—1)m'/(6]<;))

dr,

where S is the line through 0 and Ce* := 7z/k.

We want to consider integration along the contour consisting of this line,
the real line, and the arcs +£Re® where 0 < t < A. For 7 = Re® on these
arcs, the integrand goes to 0 as R — oo. The poles of this integrand
occur only when 7 is a non-zero, purely imaginary number. Thus, none of
the poles are contained within our contour, so by the residue theorem, the
function zl/QIk_(V, 9;0, 2z) equals

k o261y (6k) v /k S o= 3Kt/ (mz)+4t "
2rz1/2 a sinh(—miv/k +t + (26 + 1)7i/(6k))

Now, for —7w/2 <y < 7/2,
(6.16) |sinh(z + 1y)| > [siny| > |2y/7|.
Using this fact, we have

21/211;(1/, J;0,2)

< il v @04 D)6 R g
R
2
< |;1/2‘” 26+ 1)/6|71’e47r/(3kRe(z’1))’ S o~ 3kt2Re(="1) /7 gy

R

Since z=k/n — kyi, —1/(k(k+ k1)) < ¢ < 1/(k(k+ k2)), and 1/(k + k;) <
1/(N +1) for j = 1,2, we have k Re(z~1) >1/2. We let u=t,/3kRe(z~1) /7,



Mock modular forms 291

and find
(6.17) 221 (1,8;0,2)
2

< W!v — (20 +1)/6]71(3k Re(=1) 72 [ e du.

R
Because the integral in (6.17]) converges, and

’Z‘_1/2 Re(z_l)_1/2 < n1/4k:_1/2,
we obtain the desired result. =

Proof of Lemma[6.6. Lemma [6.6]is proven in a manner nearly identical
to Lemma [6.5] so for brevity we omit details. One must only replace the
estimate (6.16) by the estimate 0 < y < 7, |cosh(z + iy)| > |cosy| >

[(m —2y)/7|. =
We next estimate certain Kloosterman sums.

LEMMA 6.7. Letn,m € Z,0< 01 <02 <k and D € Z with (D, k) = 1.
Then:

(1) For all k,

Z whjke(ZﬂZ’/k)(h’n‘Fh’m) < (24TL +1, k)1/2k1/2+5.

h (mod k)*
01<Dh'<o

(2) If k is even, then

Z Wh ke(27ri/k)(hn+h’m)+(7rih’/2)(1—k/2) < (247’L+1,]€)1/2]{71/2+5.

h (mod k)*
01<Dh' <o

(3) If k is odd and ' =0 (mod 2), then
Z wh7ke(27ri/k)(hn+h’m)+(7rih’/2)(1—k/2)+37rih’/(4k)
h (mod k)*
1< <02 < (240 + 1, k)1 2E12 e,
Proof. (1) is proved in [I]; (2) follows from (1) using
(mik! /2)(1 — k/2) = 2mil/l/k

for some [ € Z; and (3) follows in the same way, given the assumption that

K =0 (mod 2). =
Proof of Theorem|[1.3. By Cauchy’s theorem, for n > 0, we have

1 { Rs(q)
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where C' is any path in the unit circle surrounding zero, traversed coun-
terclockwise. Taking C' to be the circle of radius e 2™/™ and letting ¢ :=
e 2m/nH2mit with (0 < ¢ < 1, we have

1
az(n) = SR3(6—27r/n+27rit)627r—27rint dt.
0
Define
/ = # " = #
kT R+ k) T kit k)
where hi/k1 < h/k < hg/kq are adjacent Farey fractions in the Farey se-

quence of order N = |n'/2|. We decompose the path of integration in the
paths along the Farey arcs —}, ; < ¢ < ., where ¢ :=t —h/k. This gives

Ok
(6.18) a3<n) — Z e—27rihn/k S R3(€(27ri/k)(h+iz))eQm'nz/k do,
hk i x

where z := k/n — ikp and the sum in (6.18) is taken over k from 1 to N,
and then over h (mod k) with (h, k) = 1. Corollary [6.3| gives

Oy k
(6.19) ag(n) _ Ze_Qﬂihn/kwh,k S e?ﬂnz/ke(w/(uk))(z*1—z)Zl/Q
hk o

1 1 3k 5 1
B o) 1.2 d
. <(Q1)oo (9622 167‘(‘2 96> 422 RQ(q1)> 92

+ Z e—27rihn/l€e(7rih’/2)(l—lc/Q)WhJ€
h
k even
O 1
> S eQﬂnz/ke(ﬂ/(Dk))(z1—z)Z1/2<42be(q1)> d
ik
+ Z e—27rihn/k€(7rih’/2)(1—k/2)wh7k
h
k odd
Uk k+1)/2,3/8
% S o2mnz/k (m/(12k)) (71 —2) ,1/2 —(—1)( ) 4 (0 q1) ) do
) 42(Q1)oo ’
_'&h,k
1 —2mihn/k v _—3miv/k—3mih'v? [k
—|—§4ke Wh,k Zy:(—l) e
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0 ﬁ;{,k
> Z e(m/k)(25+1)(1/2+h’u) S 21/26(27rz/k)(n—1/24)
o0=—1 —19’h’k

1
X (Ik(y,& 0,2) — I,j(y, 9;0,2) — E(J];(V, 0;2) + J,j(l/,&; z))> dep.

We denote the first three summands in (6.19)) by > 1, > 15 and > ;5 respec-
tively, and the last summand by ) ,. We will examine ), first and start
with the contribution coming from

1 1/1 .
96-2(q )0 22 <96 2 a(r)‘h)

We consider the constant term and the term arising from r > 1 separately
because they contribute to the main term and the error term, respectively,
and denote them as S7 and S. We first estimate S3. We will use the facts
that Re(z) = k/n, Re(27%) > k/2, |2|"/? > k/n, and that

O + O < 2/(k(N +1)).
Since k1, ko < N, we can split the integral in Sy as

Py k 1/(k(N+k))  —1/(k(N+k))  1/(k(k+k2))
S = S + S + S =: S91 + S22 + Sa3.
Y,  —L/(k(N+kE)  —1/(k(k+k1))  1/(k(N+k))

We first consider Sp;. Using Lemma[6.7, and that r > 1, we find that
Sy < ‘Z“(r) Z thke—zm‘hn/k-ﬂm‘rh’/k
k h

r>1
1/(k(N+k))
% S 5—3/2(2m2/k)(n—1/24)— (2 / (kz)) (r—1/24) dy
—1/(k(N+k))
<Y la()|e™™n Y (240 — 1, k)27 < nlte
r>1 k

Since S99 and So3 are estimated similarly, for brevity, we consider only Sos.
Writing
—1/(k(N+E))  N+k—1 —1/(k(+1))

D DI I

1/ (k(k+k1))  I=ki+k  —1/(kl)

we have
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(6.20)
N+k—1—-1/(k(1+1))
Sy < }Z“(T)Z Z S = 3/2(2mz/R)(n=1/24)= 2/ (k2)) (r=1/24) g,
r>1 k l=ki+k —1/(kl)
« Z whyke—ZTrihn/k-‘errh’/k ) )

N<k~th1 <l
From the theory of Farey fractions, we conclude that k; = —h' (mod k),
N —k <ki <N,and kg =4’ (mod k), N — k < kg < N. Thus, can
be estimated in a manner similar to Ss;, using Lemma
By the same argument as above, we can show that the terms with positive
exponents in the Fourier expansions of > ;; and ) ,,, as well as all of )4
introduce an error of O(n'*¢). Thus, after some simplification, we find

Z1 = le * Z12 + Z13

_ § :6_27”hn/kwh7k

hok
Th 1/2
< | p2mz/k (/2R (L 3k b2 / i
M 9623/2  16mwz1/2 96
“Vh,k

+ Z e—27rihn/k€(7r7jh’/2)(1—k/2)wh7k
h

k even
Ok
« S 627mz/k6(7r/(12k))(z_1—z) (

1+
1621/2> dp+O0(n" ™).
i

We symmetrize the path of integration by writing

Uik UkN)  —1/(k(k+ki))  1/(kN)
—0 . —1/(kN)  =1/(kN)  1/(k(k+k2))

and we denote the associated sums by Si1, S12 and Si3, respectively. We
will show that the sums S15 and Si3 contribute to the error term. We will
consider S12 only, noting that Si3 can be estimated similarly. Again, we
consider only the first summand since the other pieces can be shown to have
error of at most O(n'*¢). Writing

—1/(k(k+k1))  ktki—1—1/(k(41))

D DI

—1/(kN) =N —1/(kl)
and using the facts that Re(z) = k/n, Re(z7!) < 4k (for —1/(kN) < ¢ <
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—1/(k(k + k1)), and |22 > k? /n?, we can estimate the previous integral as
we estimated Sy (using Lemma as O(n'*¢). Thus

(6.21) Zl _ Zef2wihn/kwh7k
h.k

1/(kN)

k 1/2
omnz/k (n/(12k)(="1—z) 1 3k 5z
<)@t <96z3/2 Tonai2 96 )9
—1/(kN)
£y e 2mihn k(T [2)(1K/2)
h
k even
1/(kN)
2mnz/k (m/(12k))(z71=2) [ _ 1+e
X S e e ( 1621/2>d<p+0(n )
—1/(kN)

To finish our estimate of ), we consider integrals of the form

1/(kN)
I, = S 7. p2mnz ket /(12k) (27 =2) 4

)

¥
—-1/(kN)

where r € {—3/2,—-1/2,1/2}. As shown in [4],

(6.22) Iy = 21(24n —1)~*D2g <7”24”_1> +0(n'*e).

k 6k
Using (6.22)), (6.21]) becomes
(6.23)
\_nl/zj 1/4
m(24n — 1)V s 3
= A AL T An—1)-——2
2., ; ’“(”)[ 48k _1/2<6k " ) 8(24n — 1)1/4
x I —/2An—1) — o Iyjo =240 — 1
12\ 6k 48%(24n — 1)3/473/2\ 6k
72 T T
— Ai(n)—————1 —/24n —1 1+e
> AL iy 1/2<6k\/7n ) +O@M),
k even
where Aj(n) and Af(n) are defined by
(6.24) Ap(n) = Y wppe 2T
h (mod k)*
(625) i(n) — Z wh,k€727rihn/k+7rih’(17k/2)/2'

h (mod k)*
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We next consider ), of (6.19). We first note that

2, —1/4
ZZ - 25+1)/61<<k” ’

kn'/4 2, —1/4
ZZ]k—QV—(26+1)/6)]<<kn ’

v d=-1
and similarly that
0
E2n—1/4 1
— /4
Z:éz v @ njeE <P
k2n, 1/4

Z Z k=20 — @+ D/E)P < LA

Thus, using Lemmas [6.5] and [6.6] we have

(6.26) 22 < n /4 Z (24n — 1, k)/283/2 « p3/tte,

Combining the estlmates for >3, and ), given in and (6.26))

respectively, and replacing k by /¢, gives Theorem [1.3] =

Proof of Corollary[1-4} The corollary follows from Theorem [I.3] and the
fact that for z — oo,

1
I, (z) ~ e’ m

\V2rx
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