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Limit theorems for the Mellin transform
of the square of the Riemann zeta-function. I

by

ANTANAS LAURINCIKAS (Vilnius)

1. Introduction. Let N, Z, R and C be the sets of all positive inte-
gers, integers, real and complex numbers, respectively, and let s = o + it

be a complex variable. The Mellin transform F(s) of the function f(x) is
defined by

[ee]
F(s) = M(f(z)) = | f(z)2*"" da,

0
It is well known that Mellin transforms play an important role in analytic
number theory. The study of F(s) is usually easier than that of f(x), and
then the inverse formula offers a possibility for the investigation of f(z).
Suppose that f(z) is of bounded variation on every finite interval and
f(z)z°~ € L1(0,00). Then the inverse formula for F(s) is of the form

o+100 o+1iT
fx+0)+ f(x—0) 1 _ 1. _
= | F(s)acds=—1 F(s)z™ ds.
2 omi U_Sm (s)a~"ds = 575 Him i SiT (s)a™" ds

Mellin transforms are especially useful for the study of power moments of
zeta-functions. Moreover, for this usually some modification of Mellin trans-
forms is applied. The modified Mellin transform F'(s) of the function f(x)
is defined by

F(s) = M(f(z)) = | f(z)2* dx.
1

This transform is more convenient, since the convergence problem at the
point x = 0 does not arise.

Define '
J?(x) _ {f(l/:c) it0< o<1,

0 otherwise.
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Then in [6] it was observed that

and therefore, the properties of the modified Mellin transforms follow from
those of the ordinary Mellin transforms.
As noted above, the use of modified Mellin transforms in analytic number
theory is primarily related to the study of power moments
T
L(T) =\ [ca/2+it)*dt, keN,
0
of the Riemann zeta-function. Define, for some o > o¢(k),
o0
Zi(s) = | [€(1/2+ ix) |2 da.
1
Y. Motohashi was the first who observed the usefulness of Zj(s) in the
theory of the Riemann zeta-function. In [13], [14] he introduced and stud-
ied the function Z3(s). The relation between Ij(T") and Zj(s) follows from
the Mellin inverse formula: if f(z) is a sufficiently good function, then the
equality

[e'e) c+ioco
Sﬂwnmm+mﬁmziggp@wa@@
1 c—100

with suitable ¢ > 1 can be used to obtain some information on I (7).

The investigations of the function Z5(s) and its applications were contin-
ued in [5], [8], [7] and in [10]. In [11] we proved limit theorems in the sense of
weak convergence of probability measures for Z;(s). The aim of this paper
is to prove a limit theorem on the complex plane C for the function Z(s).

Note that analytical properties of the functions Z5(s) and Z;(s) are
quite different. The first results for the function Z(s) were obtained in [8].
The definition of Z;(s) and the asymptotic formula for I (7") show that the
integral defining Z;(s) converges absolutely for ¢ > 1, thus the function
Z(s) is analytic in the half-plane {s € C : ¢ > 1}. In [8] the function Z;(s)
has been meromorphically continued to the region {s € C : ¢ > —3/4}.
The point s = 1 is its pole of order two with residue 2+vy — log 27, where
~o is the Euler constant. M. Jutila proved in [9] that the function Z(s)
is meromorphically continuable to the whole complex plane with possible
poles of order at most two at the points s = —m, m € N, in the region
{s € C : ¢ < 0}. Finally, M. Lukkarinen showed in [12] that Z;(s) in the
region {s € C: o < 0} has simple poles only at s = —(2m — 1), m € N, and
she found the formulas for the residues at these points.
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The paper [8] also contains an estimate as well as a mean-square estimate
for Z1(s), namely, for 0 <o <1,t >ty >0and T > 1,

(1) Zi(o +it) < 77T
and
T .
T340+ if0 <o <1/2
2 Zi(o+it)?dt < - =
@) §| i ) E{T22"+5 if1/2 <0< 1.

M. Jutila in [9] showed that, for [s — 1| > 1,

(Jt| + 1)1 —40/3+ if 0 <0 < 1/2,

3 Zi(o+it) <
3) 1o+ i) {(yt|+1)5/6—0+€ if1/2<o<1.

Moreover, M. Lukkarinen proved in [12], for 0 < o <1 and |t| > 2, that
Zi(o +it) < |t log? [t],

which improves (1) and (3) for small values of o.

Denote by meas{A} the Lebesgue measure of a measurable set A C R,
and let, for T" > 0,

UT(...):%meas{tE 0,7]:...},

where in place of the dots a condition satisfied by t is to be written. Denote
by B(S) the class of Borel sets of the space S.

The probabilistic approach in the investigation of value distribution of
the Riemann zeta-function has been proposed by H. Bohr and realized in his
joint works with B. Jessen [2], [3]. Later A. Wintner, A. Selberg, A. Ghosh,
D. Joyner, B. Bagchi, K. Matsumoto, J. Steuding, E. Stankus, P. D. T. A. El-
liott, the present author and others continued and generalized Bohr—Jessen’s
investigations. However, all these works are related to Dirichlet series, while
[11] and this paper deal with integrals. We will prove the following limit
theorem of Bohr—Jessen’s type.

THEOREM 1. Let o0 > 1/2. Then on (C,B(C)) there exists a probability
measure P, such that the probability measure

PTJ(A) = VT(Zl(U + it) € A), Ae B((C),
converges weakly to Py, as T — oo.

The function Z;(s) has a double pole at s = 1, however in Theorem 1
without loss of generality we can suppose that Z(s) is regular for ¢ > 1/2.
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Indeed, let Ty > 0 be fixed. Then
1
vr(Zi(o +it) € A) = T meas{t € [0,Tp] : Z1(o +it) € A}

4 % meas{t € [Ty, T] : Zi(o + it) € A}

= % meaS{t S [TO,T] : Zl<0 —+ zt) c A} + 0(1)

1
= meas{t € [Ty, T] : Z1(c +it) € A} + o(1)
T-"T
uniformly in A € B(C). Therefore, instead of the weak convergence of the
probability measure Pr, we can investigate that of the probability measure

meas{t € [Ty, T]: Z1(0c +it) € A}, A e B(C).
T—T,

2. A limit theorem for integrals over a finite interval. Let a > 1,
g(x) be an integrable function on [1,a], and

a

Zg.a(s) = Sg(az):z:_s dx.
1
In this section we will prove limit theorems for the function Z,,(s).

THEOREM 2. There exists a probability measure Py, on (C,B(C)) such
that the probability measure

Proag(A) :=vr(244(0c +it) € A), AeB(C),
converges weakly to Py, as T — oo.

The proof of Theorem 2 is based on the following lemma. Denote by
v={s € C:|s| =1} the unit circle on the complex plane, and define

Qa: H Vs
u€[l,a]

where 7, = 7 for each u € [1,a]. With the product topology and pointwise
multiplication {2, is a compact topological Abelian group.

LEMMA 3. On (£24,B(£2,)) there exists a probability measure Q4 such
that the probability measure

Qro(A) =vr({u :u e [l,a]} € A), A€ B(2y,),
converges weakly to Qg as T — oo.

Proof. The dual group of (2, is

P z.,

u€[l,a]
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where Z,, = Z for each u € [1,a]. The element k = {k, : u € [1,a]} €
®ue[1,a] Z,,, where only a finite number of integers k, are distinct from

zero, acts on {2, by
z—at= [] =,
u€(l,a]

where x = {x, : &, € 7, u € [1, a]}. Therefore, the Fourier transform gr 4 (k)
of the measure Q7 is

o) = [ ( TT ) a@ra = L1( T w) ar
0, 0

o u€ll,al u€ll,a]

if Zue[l,a] ku logu = 0,

if 3 e o) Fulogu # 0.

T
= exp{iT'}_ e o kulogu}t — 1
i e o kulogu

Hence we obtain

i 1y — 1 if Eue[l’a} kylogu =0,
7o gr.a(k) = 0 if }2,e1,q kulogu # 0.

Now the theory of probability measures on locally compact groups (see, for
example, [4]) shows that Q)7 , converges weakly to the probability measure
Qq on (£24,B(£2,)) defined by the Fourier transform

1) Lt Yo e q) kulogu =0,
I8 T 00 Y e py.q bulogu # 0

as T'— oo. The lemma is proved.

Proof of Theorem 2. Define a function h : {2, — C by the formula
a
h({ye}) = \g(@)2 ™7y do,  {y:} € 0.
1
Then h is continuous, and
a
h({a"}) = Vg(@)e™ " dz = Zy4(0 +it).
1
Hence from Theorem 5.1 of [1] and Lemma 3 we find that the probability
measure Prg,, = QT,ah_l converges weakly to the measure Q,h~' as
T — oo.
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3. Approximation of the function Z(s). Let o1 > 1/2 be fixed, and

let, for y > 1,
s S
l =—1I(—)y°
y(s) o1 <01)y

For o > 1/2, define
o1+i00 dz
Zy) =52 ) A+l
01—100
We have o 4+ o1 > 1, therefore, for Rez = o1, the function Z1(s + z) is
represented by the absolutely convergent integral

Zi(s+2) = S 1C(1/2 + iz) |2~ ) da.
1

Now define ‘
1 e l,(2)dz
by(z) = — 1/2 + ix) |2 L=
o) =5 | Ica/2+ i) L
o1—100
By the well known estimates for the gamma-function we find that
o0
by(z) < 277 ¢(L/2+iz)* | |ly(on +it)| oy +it| " dt
—00

<y 7C(L/2 + i) 7.
This together with the estimate
T
Vlc(/2+it)|*dt < TlogT
1
shows that the integral {;° by, (z)z~*dx converges absolutely for o > 1/2.
Therefore, an interchange of order of integration yields

00 B 1 o1+100 ly(z) fe’e) - ) dr
(4) S by(x)x™* dr = i X (7 S 1€(1/2 + ix)] —m5+z) dz = Z14(s).
1 o1 —100 1

Let
v(w,y) = exp{—(z/y)"'}.
Then Mellin’s formula
b+ioco
I S I'(s)c®ds=¢€"¢
b—ioco

with positive constants b and ¢ shows that
by(x) = [C(1/2 + iz) Po(z, y).
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This and (4) give the formula

Ziy(s) = | 16(1/2 + i) Po(x, y)a~° da,
1

the integral being absolutely convergent for o > 1/2.

THEOREM 4. Let o > 1/2 be fized. Then

T
1
lim limsup - V[21(0 +it) — 21 (0 +it)| dt = 0.

V=0 T Ty

179

Proof. Clearly, it suffices to consider the case 1/2 < o < 5/4 only,
because the integral defining Z;(s) converges absolutely for ¢ > 1 and in

this region
lim 2 ,(s) = Z1(s)

Yy—oo

uniformly in ¢.

Let e =0 —1/2 and 092 = 1/2 + £/2. We move the line of integration in
the definition of Z ,(s) to Rez = 09 — 0. Between the lines Rez = o1 and
Rez = 09 — o the integrand has a simple pole at z = 0 and a double pole
at z = 1 — s. Therefore, the properties of the gamma-function, the estimate

(1) and the residue theorem yield

- B 1 Jg—a—i—iooZ , d
(5) 1y(s) = By S | 1(s + 2)ly(2) ~
09 —0—100

+ Z1(s) + Resy=1-sZ1(s + z)ly(z)z_l.
By the Cauchy integral formula,

Zi(o +it) — Z1y(0 +it) < | [21(2 +it) — Z1,(z + it)| |dz],
o

where g is the circle |z — o| = /4. Hence, for sufficiently large T,

T
(6) % S |Z1(0 +it) — Z1 (o +it)| dt
0
1 2T
<z VIdz| | [21(Rez +it) — 21 y(Rez + it)| dt
e 0
1 2T
< 5 sup | 12100 +it) = Z214(0 + it)| dt.

s€o
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Since I'(s) < e, ¢ > 0, using (1) we obtain
1 7
(7) 7 § |R(o +it)| dt = o(1)

as T' — oo, where
R(s) =Res.—1_sZ1(s + 2)ly(z)z "
Moreover, by (5),
Zy(o+it) — Z1y(o +it)

o0
< | [21(o2 + it +iw)| [l (02 — 0 + iu)| du + | R(o + it)].
—00
From this and (7) we deduce that
2T

1
(8 = | 121(0 +it) = 21y(0 +it)| dt
0
< S |ly(o2 — o + iu)| (? S | Z1 (02 + it)| dt> du + o(1)
o0 —ul

as T — o0o. The Cauchy—Schwarz inequality and (2) imply the estimate

T
V1Z1(oa +it)|dt < T.
0
Therefore, by (8),
1 2T
7 Sup S |Z1(0 +it) — Z1y(0 +it)|dt
sco 0 .
< sup | |1y(o2 — o+ iw)|(1+ |ul) du
sgp e
< sup | Ity (o + )| (1 + [ul) du = o(1)
o<—e/4 oo

as y — oo. This, (8) and (6) prove the theorem.

4. A limit theorem for the function Z;,(s). In this section we
consider the weak convergence of the probability measure

PTJ’y(A) = VT(Zl,y(G + Zt) S A), Ac B((C)
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THEOREM 5. Let o > 1/2. Then on (C,B(C)) there exists a probabil-
ity measure Py, such that the measure Pr,, converges weakly to P, as
T — oo.

Proof. In the definition of the function Z,,(s) in Section 2 we put

gy(x) = [¢(1/2 + iz)[Po(2, y),

and denote the resulting function by Zi,,(s). Let Prsq,, be the corre-
sponding 2 4,4 (s) measure in Theorem 2. Then by Theorem 2 the measure
Pr .4,y converges weakly to some measure P,,, on (C,B(C)) as T — oc.
We will prove that the family of probability measures {FPy,,} is tight for
fixed y.

Suppose that the random variable 07 is defined on a certain probability
space (£2, B(£2),P) and uniformly distributed on the interval [0, T]. Define

XT,a,y(O') = Zl,a,y((f + ich)

and denote by D, the convergence in distribution. Then by the above re-
mark

D
(9) XT7a7y<0-) m Xa7y(0—)7

where X, (o) is a complex-valued random variable with the distribution
P, oy For any M > 0, the Chebyshev inequality yields

1 T
(10) P(|X1,0(0)] > M) < =2 | [Z10y(0 +it)] dt.

- TM
0

As we have seen in Section 3, the integral defining Z; ,(s) converges abso-
lutely for o > 1/2. Therefore,

T
1
(11) sup lim sup — S |21 a,y(c +it)|dt <R < oo.
a>1 T—oo 1 3

Now we take M = Re~ !, where ¢ is an arbitrary positive number. Then
from (10) and (11) we obtain

(12) limsupP(| X744 (0)] > M) <e.

T—o00
The function h : C — R given by h(s) = |s| is continuous, therefore (9) and
Theorem 5.1 of [1] show that

D
|XT711,Z/(O-) | m |Xa’y(0-) | *

Therefore, by (12),
P(| Xay(o)| > M) <e.

The set K, = {s € C: |s| < M} is compact, and by the latter inequality,
P(|Xqy(o)] € Kc) > 1 — € for all @ > 1. This and the definition of the
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random variable X, ,(c) show that Py, ,(K:) > 1 —¢ for all a > 1, i.e.
the family of probability measures { P, .} is tight. Hence by the Prokhorov
theorem (see, for example, [1]), it is relatively compact.

Since, for o > 1/2,
lim Zq,4(s) = Z14(s),

a—0o0

we deduce that, for every ¢ > 0,

lim limsup vr(|Z1,4y(0 +it) — Z14(0 +it)| > €)

A= T 00

T
1
< lim limsup — S |21 ay(0 +it) — Z1 y(o +it)|dt = 0.

Setting X1, (0) = Z1,4(0 + ifr), we hence find that
(13) lim limsup P(| X7,44(0) — X74(0)| > €) = 0.
a—0o0

T—o0
The relative compactness of {FPy 4} shows that there exists a subse-
quence Py 4,y C {Psqy} such that P, ,, , converges weakly to some proba-
bility measure Py, on (C,B(C)) as a; — oo. Thus
D

Xal,y(a) alToo Pa,y'

This, (9) and (13) show that all hypotheses of Theorem 4.2 of [1] are satisfied,

therefore

D

XT7ZJ (U) m PU:?J’

and the theorem is proved.

5. Proof of Theorem 1. Theorem 1 follows from Theorem 5 in the
same way as Theorem 5 from Theorem 2. We preserve the notation of the
previous section.

First we show that the family { P, ,} of probability measures, where P,
is the limit measure in Theorem 5, is tight. By Theorem 5,

D
(14) Xry(0) Tooo Xy(0),
where X, (o) is a complex-valued random variable having the distribution

P, . Define R by

T
1
sup lim sup — S |Z1y(0 +it)|dt < R.
y>1 T—oo T 0
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Since
1 1 1/2
lim sup — S | Z1y(0 +it)| dt < lim Sup(— S |21 (0 +it)? dt)
T—o0 T 0 T—o0 T 0

o 1/2
< (S 1C(1/2 + i) [ 2702 (2, ) dl‘) < 00,
1
we have R < oo, and taking M = Re~!, we deduce from (14), similarly to
the proof of Theorem 5, that P, ,(K.) > 1—¢ for all y > 1. This proves the
tightness of { P, ,}. Hence { Py} is relatively compact.
Theorem 4 and the Chebyshev inequality show that, for every € > 0,

(15) lim limsup vy (|Z21(o +it) — Z1 (0 +it)| > €) = 0.
Y7 T oo
Now let Xr(0) = Z1(0 +i0r). Then (15) implies
(16) lim limsup P(|X714(0) — Xr(o)| > ¢) = 0.
Y= oo

We choose {P,,, } C {P,,} such that P, ,, converges weakly to some prob-
ability measure P, on (C, B(C)) as y; — oo. Then

Xy, (0) AN P,.

Y1 —00

This, (14), (16) and Theorem 4.2 of [1] prove the theorem.
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