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On the Siegel-Tatuzawa—Hoffstein theorem
by
YONG-GAO CHEN (Nanjing)
1. Introduction. Let x be a real primitive Dirichlet character of con-

ductor k (> 1). The well-known Siegel theorem (Siegel [8]) says that for any
£ > 0 there exists a positive number ¢(¢) such that

ke’
where c(e) is an ineffective constant depending upon e. Estermann [2],
Chowla [1], Goldfeld [3] and Goldfeld and Schinzel [4] have given several
proofs of Siegel’s theorem.

Tatuzawa [9] proved that if 0 < & < 1/11.2 and k > e!/¢, then, with at

most one exception,
0.655¢
L(1,x) > e
Hoffstein [5] proved that if 0 < & < 1/(6log 10) and k > ¢'/%, then, with
at most one exception,

1 €
L1 i .
(1,x) > min { 7.7351og k' 0.340k% }

Ji and Lu [6] proved that if 0 < £ < 1/(61log10) and k > /%, then, with
at most one exception,
1 32.260¢e }

L(1 i
(1,x) > min { 77388logk’  k*
In this paper the following theorem is proved.

THEOREM 1. Let0 < e < 1/(6log10) and x be a real primitive Dirichlet
character modulo k with k > e'/¢. Then, with at most one exception,

1 1.5-10%
L1 ' .
(1) > mm{ T732logk’  kf }
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In this paper we follow the proof of Ji and Lu [6], with the following
improvement: First, § and B1 do not play the same roles in Ji and Lu [6],
but they do in this paper (see EQ in the next section). Secondly, we use the
following fact: the function xd"*" increases for 0 < z < 1/(Azlogdr) and
decreases for = > 1/(Azlog dp). Thus for a < z < b we have xd;A” >
min{ad Aza bd_AQb} This improves xd;Aﬂ > ad;Azb for a < z < b.
Thirdly, we give a result with five parameters. Then by carefully choosing
these parameters we find a numerical result.

In fact we prove a general Siegel-Tatuzawa—Hoffstein type theorem in the
next section (Theorem 2). By taking explicit values of the five parameters
we can obtain many results similar to Theorem 1.

2. Proofs

LeEMMA 1 (Hoffstein [5, Lemma 2]). Let ¢ = 6 — 4v/2. Let K (# Q)
be an algebraic number field and let dx denote the absolute value of the
discriminant of K. Then (x(s) has at most one real simple zero 3 with

c
1-p8< .
p logdg

LEMMA 2 (Ji and Lu [6, Lemma 2]|). Let K be an algebraic number
field of degree n > 1 and assume that for each m > 1 there exists at least
one integral ideal of K of norm m? (e.g. K is a quadratic or a biquadratic
bicyclic number field). Assume also that 1/2 < 3 <1 and (x(5) < 0. Then
the residue at s = 1 of the Dedekind zeta function (i (s) of K satisfies

2
_ +2 drg ¢"(3/2)(n+1)!
>(1-g) " (- 2) —2 > 1).
ri 2 ( 6)(9: (6 NG 22 (dn — 3)an (@=1)
LeMMA 3 (Ramaré [7]). If x is a primitive Dirichlet character modulo k,
then

IL(1,x)| < (logk + 1.4165)/2.

Lemma 3 follows from [7, Corollary 1] and 5 — 2log6 < 1.4165.
Let ¢ = 6 — 4v/2. Let Ay, Ao, 7, u, v be parameters with

2
Ay > 37 9As51log 10 — 6log 10 — 7 Ao > 0,
1 2.206r Ay — 0.103
0 —_— > >1 > 1.
STt oAy YT T a—oa, 0 tEh O UE
Let
Do 2 4 12¢%(3/2) e
YT 6 1034 5r2 109416
Do 72 6 240¢4(3/2) 42
2= F - [106142] - 1374 1018A2712’
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2
By = @min{—Dl re "4, 0.475e" 1442 0, 1188 erdimedz,

Dy 2Ds
U r(A1—2A2—2A%u) cv erAl—cAg
u+1.103 "2r(v+1)(v+ 1.103) ’
By = @ min 1 er(A172A2)+(172TA2)u
Dy u+ 1.103 ’
c erAl—cAg—i-v
2r(v+1)(v + 1.103) '

To prove Theorem 1, we first prove the following general Siegel-Tatu-
zawa—Hoffstein type theorem.

THEOREM 2. Let 0 < ¢ < 1/(6log10) and Bi, By be two constants
depending only on the parameters Ai, As,r,u,v. Let x be a real primitive
Dirichlet character modulo k with k > e'/¢. Then, with at most one excep-

tion,
. Bl 532
L(1 .

Theorem 1 follows from Theorem 2 by taking A1 = 1, As = 0.78, r =
0.086, u = 19.23 and v = 22.

Proof of Theorem 2. Let x1 be a real primitive Dirichlet character of
least conductor k1 > el/¢ such that

1

By
1 L(1 < —— < Dyre ™ ——
(1) (1,x1) 1re Tog ks

log k1

if it exists. Let y1 be the Kronecker symbol of the quadratic number field
K1 = Q(\/dy), where d; is the fundamental discriminant with |di| = ky. If
L(s,x1) # 0 for 1—r/loghks < s <1,let s =1—r/logk; then (x, (s1) < 0.
Take z = k: Yand n = 2. By Lemma 2 and the assumptions A; > 2/3 and
ki > el/e > 106 we have

24 12¢%(3/2) K
L(1 > (1— sz — _ 151
()2 (- e (- o = 2GR )
= L e—TAl 7T_2 _ 4 . 1242(3/2) @rAlkl_?’Al/Q
D —rAi
> ire logk‘l’

contradicting (1). So L(s, x1) has a real zero 3; with
(2) 1-061 <

1k1

Let x be another real primitive Dirichlet character modulo k£ > e*/¢ and
X # Xx1. By the choice of k; we have k > k. Let x be the Kronecker symbol

1/e
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of the quadratic number field K = Q(v/d), where d is the fundamental
discriminant with |d| = k. Let F = Q(v/d,/d;). Then, by the theory of
biquadratic number fields, there exists another quadratic number field Ko =

Q(v/dz) such that

CF(S) = C(S)L(S7 X)L(87 Xl)L(87 X2)7
where dy is the fundamental discriminant with ds |dd; and ya2 is the Kro-
necker symbol of the quadratic number field Ks.

Similarly to the above arguments, if L(s,x) # 0 for 1 —r/logk < s < 1,
then

1 By
L(1 Dyre™™ — > :
(LX) > Drre o = Toa k
Now we assume that L(s, x) has a real zero § with
r
1-— < —.
3) B < logk — logk;
By Lemma 1 and the equalities (r(81) = (¢ (3) = 0 we have
c
4 1-31,1-8}> .

Let z = d’;Q and n = 4. Noting that 9451og 10 — 6log10 — rAs > 0, dp >
kki > k? and k; > 10% by Lemma 2, (2) and the equality (r(31) = 0 we
have

2 4
Bi—1)Ay [ T 6 240¢*(3/2) 1-345/2+(1—B1)A
kp > (1 —51)(1%1 ) Q(F — [dAz/Z] — T3 dy 2/2+(1-61) A2
F

2 4
(Br-DAz (T 6 240C*(3/2) 1-3A5/2+47As/logk
> (1- B)df: 2<F‘[dA2/2]_ CBF2) g -oafzsrzfost
F

> (1-p)d %D,
Similarly, by Lemma 2, (3) and the equality (z(3) = 0 we have
RF Z (1 — B)d%gil)AQDQ.
Since kp = L(1,x)L(1, x1)L(1, x2), we obtain
(5) L(L X)L, x1)L(L,x2) 2 Damax{(1 - B)dy %, (1= By)d* )

Since dr < (kk1)?, and the function xd;Azx increases for x < 1/(Aslogdr)
and decreases for x > 1/(Azlogdr), by (2)—(5) we get

. r —rAz/log k1 c —cAy/logdp
L(1 L(1 L(1 >D d —d
( 7X) ( 7X1) ( 7X2) = 2m1n{10gk1 F 710ng F }

r (kkl)—QrAg/loglﬂ

> Dy mi A2}
= 2mm{logk1 " 2log(kk1) }
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Lemma 3 yields

1
(6) L(1,x2) < 3 (log|da| + 1.4165) < = (log(kk1) + 1.4165).

N | —

By (1) and (6) we have
L(1, x)

> DoL(1, x1) 'L(1, x2) ! mi " “ordgflogks  C _cAy
= Pebloa) ) mm{logk (k1) " 2log(kh1) ©

1
2D, erA1 log kl in T(kkl)—QrAz/log k1 Ce—cAg
~—rD log(kk1) + 1.4165 log k1 " 2log(kkq)

2Dy . erA172rA272rA2 log k/log k1 CerAlchg 10g kq
D, { log(kk1) + 1.4165 " 2r(log(kky) + 1.4165) log(kk1) }

log k

v log k1’
If1 <z <w, then
(log k + log ki + 1.4165) e 2rAzlogk/logk
= (log k) 'a(z + 1 + 1.4165/log ky) ~'e~2r 20
log k)~ a(x + 1+ 1.4165/(6 log 10)) "'e =242
log k)~ 'z(x + 1.103) e~ 422

ARV

v

log k)~ min{2.1037te™2"42 y(u + 1.103) " le~22v}

(
(
(
(

v

log k)~ ' min{0.475¢ =22 y(u + 1.103) "Le~2r42u}

If x > u, then the inequalities 0 < r < (242)7!, logk > logk; > 1/¢ and

2.2067 A, — 0.103
- 1—2rAs

U

imply
(log k + log k1 + 1.4165) e 2rAzlogk/logk

= (log k1) " temlosR/logk (4 4 1 4 1.4165/log kp )~ Lell72rA2)z

g

ke

E _ —
> = (z+1.103) le(1=2rAz)e

> % (u + 1.103)"le(1-2r42)u,

> — (x4 1+1.4165/(61log 10)) " te(l-2r42)z
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In the first inequality, we use the fact that logk > log k1 > 1/¢ and that
the function te(1°6%)/t decreases for 0 < t < log k. Hence

2D2 6rA1—2rA2—2rA2 log k/log k1 ) Bl 632
D1 log(kky) +1.4165 = m{ logh’ k¢ }
If 1 <z <w, then
(log k1) (log k + log k1 + 1.4165) ! (log k + log k)~
= (logk) Yz + 1+ 1.4165/logk:) H(z + 1)tz
> (logk) ' (z 4+ 1 +1.4165/(610og 10)) ' (2 + 1)tz
> (log k)~ min{0.2377, (v + 1.103) "} (v + 1) 1w}

If x > v, then
(log k1)(log k + log k1 + 1.4165) L (log k + log k1) ~*
= (logkp ) telogk/logki (5 4 1 4 1.4165/logk1) " (z+1)7"

> ki (2 + 1.103) " (z + 1)~

g _ _
zﬁe”(vﬂ.ma) Yo+1)7L

Here we use the fact that log k > log k1 > 1/e and that the function tellogk)/t
decreases for 0 < t < logk. Hence

2D, cerAr—cAz log k1 . By By
> min 4 ——, .
Dy 2r(log(kki) 4+ 1.4165) log(kk1) logk’ ke

Therefore B B
L(l,x)>min{ L < 2}.

logk’ ke
This completes the proof of Theorem 2.
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