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An improvement of an estimate
for finite additive bases

by

G. HorvATH (Dunaijvéros)

1. Introduction. Let A = {a1,...,ax} be a set of integers such that
0<a < ---<ag, andlet A+ A={aj+am | a € A, ap, € A}. If n is
a natural number and {0,1,...,n} C A+ A then A is called a 2-basis. Let
k = k(n) be the smallest integer for which a 2-basis for n with k& elements
exists, and let A be such a minimal 2-basis.

Since n +1 < [A+A| < () + &k = (K + k)/2, we have

lim sup — < 1
nne K2 T2
On the other hand, it is not hard to see that the set

o2 [V 1) [va].2[va] 3[va]..... [Va+1]- [va]}
is a 2-basis for n with 2 - [\/n] + 1 elements, thus

lim inf % > 1
n—00 4
(see Rohrbach [6]).

Mrose [5] proved that liminf,, . n/k? > 2/7 = 0.2857....

Rohrbach [6] gave a nontrivial upper bound with combinatorial argu-
ment: lim sup,,_, ., n/k? < 0.4992. Moser [3] improved this estimate with an-
alytic argument (0.4903), and later, Moser, Pounder and Riddell [4] showed
that limsup,,_, ., n/k? < 0.4847. W. Klotz [2] proved that limsup,,_, ., n/k>
< 0.4802.

Giintiirk and Nathanson [1], using Fourier series for functions of two
variables, showed that 0.4802 can be replaced by 0.4789. We will prove the
following theorem (using Fourier series for functions of one variable):

THEOREM. limsup,,_, . n/k* < 0.4778.
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2. Proof of the Theorem. Let n be a fixed large positive integer and
let F(z) = Zle 2™ be the generating function of the sequence A (where A
is a minimal basis for n). Then

(1) %(F%z)w(z?)) =ltz+22+ 424 0()7

where 6(j) > 0 for all j, because A is a 2-basis for n.
By (1), for z =1 we have
2n

(2) (k‘2—|—/~c)—n+1+25
7=0

Similarly to the proof of Moser, we will show that Z?io 0(7) is “large”.
Let z = e(n%rl) = 2mit/(n+1) where t is a positive integer. For (n+1)1tt,
we obtain 1+z+22+~-+2” = 0, thus by (1),

2n
(3) ;5( (n+1)‘
;\éec&)fée(sﬂ)\z%(gem)r—k)

_ Zco 27Ttal zk:sin 2mtay 2 _ E
—~ n+t 1 2’

We shall need the following lemma.

LEMMA. Let 0 < f<1,0<e<(1—-/)/2 and

- if 0<x<2nB,
_% if 2mf < x < 27(B +¢),
(@) = 1_%5—5 if 2n(B+¢e) <z < (1—e)2m,
\1—% if (1—e)2r <z <2m

Then the Fourier series of f is

o

2 sin(mte) sin(wt (5 + €)) cos(wt3)
Z( P g . 2 cos(tx)
2 sin(7te) sin(mw €))sin(mw
* m2e(l—f—¢) e t§t§+ ped tﬁ) (t:n))
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Proof. Let 0 <d <1/2 and
1—|z|/d2m if |x| < d2m,
0d(z) =

0 if d2m < |z| <.
Then
4 =1 1-5 1
(4) flx)=1- 2(1-B-2) o(1-p)/2(z — (1 + B)m)
1 1—-5-2
. B—¢ i - 0(1—g—2¢)/2(x — (1 4 B)m).

If we denote the Fourier series of the function g4(x) by

(5) ug + Z ug cos(tz) + Z v sin(tz),
t=1 t=1
then
(6) L TSF (x)dr=d
Up = o0 3 Od — &,
and for ¢t > 0,
1 ™
(7) U = — S 04(x) cos(—tz) d
& —T
17 ,
(8) v=— S 04(x) sin(—tx) dx = 0.
By (7),
2w
2 1
Uy = ; S < — %x) COS( tCC)d

[ (- ) -]

2
_ 72T<Cos( td2m) 1 > _ 1 — cos(td2n)
(6

t2d2m t2d2m t2dm2

Therefore by (5), (6) and (8), we have

— cos(td2)
—d+z g cos(ta),
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hence in view of (4),

1-7 <1—ﬂ+i1—cos — B)m)

2(1—f3—e) 218

fa)=1-

Xcos(t(x—(1+5)7r))>+ 1 1-8- 25(1—5—25

1-B—-¢ 2 2

. Z 1— co:21 15—25 — 2¢)m) cos(t(x — (1 + ﬁ)ﬂ))

Q-pf (- p-nep
4e (1—ﬁ—5) de(1 -G —¢)

+ Z 5o (cos(t(1 — B)m) — cos(t(1 — B — 2¢e)m))

X cos( (x — (1+ﬂ) )

2sin(t(1 — B —e)m) sin(—tem)
B Z e(1— ﬁ —e)m2t?

X (cos(tx) cos(t(1 4 B)m) + sin(tx) sin(t(1 + B)))

2 sin( 7rt ﬁ—l— in(7t
_Z - _8)))S2t(2 g)

—1-

(cos(tx) cos(mt3) + sin(tz) sin(ntf3)),

which completes the proof of the lemma.

Let A(y) = [{a; € A| a; < y}|. Then by the lemma,

B+e 2ma;
(9)  A(Bn) ~ = (k= A(Bn) <Zf<n+1>

k 0 .
B sin(rwte) sin(mt (5 + ¢€))
=S (T

t=1
. . 2mta;
t
+ sin(7t3) sin - 1>>

B 2 2. [ sin(rwte) sin(mt(3 + €))
- me(l-f-e¢) Z(

t2

2mta;
X t
<cos(7r B) cos o

t=1

27t
<cos 7tf3) Zcos ) Lt sin (wt3) Zsm 7r+all>>
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2 > t t(B+
< S ; |sin(mrte) SII;§7T (B+¢))] \/COSQ (1) + sin?(xt9)
(1)t

| (S ) i

2. |sin(ms(n + 1)e) sin(ws(n + 1)(8 + ¢
XZ\ (s( )Sl(nil)(z) )(B+¢))

| |cos(ms(n + 1)0)|k.
s=1

It follows from (3) and (9) that

1
T—5-¢ (A(Bn) — (B +e)k)

2 . |sin(nte) sin(rt(8 + on )
Sﬂg(l—ﬁ—s) tz; e tg ( 8))‘\k+2;5<])

(nt1)te

2
+w25(1—5—s)’(n+1)2;s_2’

which implies that
(10)  A(Bn) < (B+e)k

2sin(mte) sin(7t € k
+—(Z' i) st + ) ,mzé T

Let

(11) S(B,e) =)

t=1

|2 sin(7te) sin(wt (8 + €))]
12

and 0 < 7 < 1/2 (the value of 7 will be chosen later). If Z?Zo 5(5) > Tk,
then by (2),

1 1
12 1< (2~ 24 Z k.
(12) n+ _<2 >l<: T
If 32" 6(j) < 7k, then by (10),

(13)  A(Bn) < (B+e)k + — S(3, ),/1+2T k+31€ ﬁk

Let 0 < p < 1/2. Since a; > n/2, ay, > n/2 implies that a;+a,, > n, and
also (1/2 — u)n < a; <n/2, (1/2+ p)n < an < n implies that a; + ap, > n,
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we have

(14) n+1< k22+ ko (k- A(n/2>>(k2— A(n/2) + 1)

(OGP0
A A(Co0))

which can be written as

1 =5(4(5)) G or)as) o
() ea((E0))
=a(1(5) A (Gr)) aa((aen))) <o
By (13), for 3 =1/2 d%A<€%ﬁ0n>ﬁffgflif>n>>
10 (5] < (3ona)s
*%S@‘“)\/g S L

For =1/24+ pand e =5 (0 <ex < 1/4—p/2), by (13),
1 1
(17) A<(§+u>n) < (§+u+€2>k
+ S + € +27-k+ ! = k
. S 4o, -
2 g THhez Vk 3, (n+1)2
From (13), for 8 =1/2 and e=¢p (0<ep <1/4) we get
n 1
” A(E)g(fgo)k
1 1 1 1
=4 or. B S
7725 S< > BT k+350 (n—i—l)Qk

We will distinguish two cases. If the right-hand side of (18) is not greater
than A((1/2 + p)n) (the first case), then replacing in (15) A(n/2) by the
right-hand side of (18), by (14), we obtain

< 2

1
2
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Hence in view of (16) and (17),

1 1
1 1< k24 =
(19) n+ _2k‘ +2k:

1/1 1 1 1 1 1 2
— (2 —gg—-——9(= S, PR
2<2 07 T <2’€°> R T 35 (n+1)2>

1 /1 S(1/2, S(1/2 — p,
_(M+€0—€1+_2 —+27'< (1/2,20) _ S(1/ NQ))

n 1 1 1
3e0 31 (7’L+1)2
1 1 1 /1 1 1
——p—eg———>95(= —+27 - —- k>
. (2 S <2+M’€2) R 3e2 (n+1)2>

(if the right-hand side of (17) is less than or equal to k).
If the right-hand side of (18) is greater than A((1/2 + u)n) (the second
case), then we may suppose that k — A(n/2) < /27 -k, i.e.,

(20) A(%) > (1—V27)k,

otherwise (14) would imply n + 1 < 1k% + 1k — 2(k — A(n/2))? <
(1/2 — 7)k? 4+ 4k, which is identical with (12). So by (14), (18) and (16),

1 1
(21) n—|—1§§k2+§k

e N - )
TR 04
x(%—%_—s( )\/7 320 n+1) )kz

(provided that the right-hand side of (18) is less than or equal to k).
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Thus we have one of the estimates (12), (19) and (21). Let p = 1 = 9 =
1/12, eg = 1/14 and /7 = 0.149, i.e., 7 = 0.022201. Then 1/2 — 7 < 0.4778,
so (12) implies the theorem.

By (11),
5 1 2‘s1n ‘sm”t
22 2 =)=
@ s(hg) -
o
LT 1 1
- <Smﬁ§<(123+ 02 12s 1 11)2>
2 1 1
+23 (G *
2 =~ (125 +3) (125 +9)
5T 1 1
+sin gy ;}((12s+5)2+(125+7)2>)’
where

V2 & 1 1
(23) Z_;(uzs + 3)2 + (12s + 9)2)

- ?@ <3i>2 - i <6i>2>
:Q.ﬁG_i) _ Ver?
144

< 0.0969287.
Since Y1, 52 > % 7°, it follows that

o

1 1
§)<(125+1)2 izt 11)2>

1
<
= Z((lQS T2 T2ty
s=0

* i ((1213)2+(1231+6)2>

14 EFIA% 175

125112 (125 + 11)2

(
i( 2 (2M+1)(dM +1) 772>

3(4M + 3)2

N—— N N———
+

(=
( 125+ 1 (12341r11)2
(e

125117 (125 4 11)2

©
Il
o
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and (by aid of computer) we find that for M = 79 this is less than 1.02342.
Similarly,

o0

5%%((12314r 5E (1231+ 7)2>

<§: 1 . 1 +7r_2. 12M + 7
=2\ (125 +5)7 T (125+7)2) T 216 (4M +3)%

and for M = 84, the right-hand side of this inequality is less than 0.0737.
Furthermore, sin 7% < 0.25881905 and sin 22 < 0.96592583, by (22) and (23)
we have

5 1
(24) s(E, E)
< 2(0.25881905 - 1.02342 + 0.0969287 + 0.96592583 - 0.0737) < 0.866.
By (11),

7 1 B 2|sm ‘sm
S (EE) -3 7

t=1

27t ‘

o0

= \/§(sin % ZO<(1251+ 07 " (12s Jlr 11)2)

S=

1 & 1 1
+§Z<(12s+2) +(125+10)2>

V3 1 1
+7§<(12s+4)2+(125+8)2>

[e.9]

+ in5—”2 L 4 !
i\ a2 T 125+ 72 ) )

where

o0
1 1 1 72 1 72
=—.—(1-=)=— <0.0913853
§<(12s+4)2+(12s+8)2> 16 6( 9> 108

and

> 1 1
;( 125 + 2)? * (128+10)2>

1 72 12-83+47
— = T £0.2744.
—Z<125+2 (12s+10)2>+216 (4-83+3)2<
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Hence

71 1
(25) S(—, —) < \/§<0.25881905 102342 + 5 - 0.2744

12712
V3
+ 5 0.0913853 4 0.96592583 - 0.0737 | < 0.95681.

4nt |

11 B 2|sm ‘sm
(26) S(§,ﬂ> Z -

t=1

= 231n%sm 4;§<(1451+ 1)2 T (145i13)2>
+ 2(8111%)22((1481"‘ 2)2 + (14841- 12)2>
+2sm?1’—18m27ﬂ§<(1431+3)2 " (14S}F11)2>
-|-2<sin 27ﬂ>2i<<1481+4)2 + (14si10)2>
7r

2 - Z
+ sm s1 -

Mg

1
0( 145 + 5)2 (14s+9)2>

2 oo 1
2 -
* (Sm > ( 145+ 6)2 ' (145 + 8)2>’

s=

where

> 1 1
SZ<(145 T2 T st 13)2>

_Z( 14s+1 14s+13 2)

+

+1( 1415) (14sl+7)2)

((143+1) 14s+13 > %(ﬁ_ 2M+1)(4M+1)”2>

6 3(4M + 3)2
B (R R S I
T2\ Ws 12 T (1451 13)2) 204 (4M £ 3)%

which is less than 1.0171 (let M = 103). Similarly, setting M = 90, M = 90,
M =87, M = 89 and M = 92 in the estimates of the other series of the
right-hand side of (26), respectively, we get

flb

IN
S le
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1
(27) 5(2 14> < 0.4338837392 - 1.0171 + 0.3765101982 - 0.26765

+0.9749279122 - 0.1297 + 1.222520934 - 0.08255
4 0.7818314825 - 0.0622 + 1.900968868 - 0.05314
< 0.9191.
On the other hand, by (26),

(28) S 11 > 2si —s 4121: !
2’14 iy sin T & 14s+1 T s+ 13)

2 1
+ 2| sin il 1 + !
7 (14s+2)2  (14s + 12)?

S=

+281n3—81n2wz 1 + !
1477 =\ (s +3)2 " (145 +11)2
o\ 2 & 1 1
9 sin 2%
* (Sm 7> §<(145+4)2+(14s+10)2>
57 s 1 1
L
Tasingysing SZO((MS 52 T (14s + 9)2>

ofsn®T 223: Lo,
1n —
T 2\ s 162 T (s + 8)2

> 0.43388 - 1.01 4+ 0.37651 - 0.26 + 0.97492 - 0.125
+ 1.22252 - 0.08 + 0.78183 - 0.06 + 1.90096 - 0.05
> 0.8976.

Now, by (19), (27), (28), (24) and (25), for sufficiently large n (k(n) — oo
as n — 00) we obtain

1 1
1<k +-k
n + =5 +2

L2 M o101 \/ +2.0.022201 — 2 = 2l<:2
2\7 @2 k 3 (n+1)2

LI \/1+2 0.022201 (14 - 0.8976 — 12 - 0.866) + = - ——
4 2V ' ' ' 3 (n+1)?

1 12 1 1
——=.0. 1-4/=42-0.022201 —4- ——— |k
><<3 - 0.9568 \/k+ 0.02220 (n+1)2>

1 1 1
<3 k* + 5 k— 5(0.153845)%2 —0.11785 - 0.08819 - k2 < 0.4778k2,

thus (19) implies the theorem.
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By (21), (27) and (24),
1 1
1<-k*+-k
n+1< 5 =+ 5

1/3 14 1 14 1 2,
— (= -=-0.9191- E+2-0.022201——-7)2 k

2\7 3 (n+1
1 12 1 1
—(==v2-0.149 — == . 0.866 - y/ = +2-0.022201 — 4 - ———
<2 V2 pe \/k + it 1)2>
X 31 0.9191 \/1 +2-0.022201 14 1 k2
7T w2 k ' 3 (n+1)2

1 1.1
<3 k2 + 3 k- §(0.153845)%2 —0.067407 - 0.153845 - k*
< 0.4778k2,

therefore (21) also implies the theorem, which completes the proof.
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