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Dimensions of spaces of modular forms for I';(N)
by

JORDI QUER (Barcelona)

1. Introduction. All the basic facts and results about modular forms
used in this paper can be found in Chapters 1 and 2 of Shimura’s book [6].

Let I'" be any subgroup of finite index of the group I" = SLy(Z), or more
generally any Fuchsian group of the first kind I C SLo(R). Let X(I”) =
I"\$* be the set of orbits endowed with the usual structure of compact
Riemann surface, where $* denotes the union of the Poincaré upper half
plane $ and the set of cusps of I” in P*(R) (for subgroups of SLy(Z) the set
of cusps is P1(Q)).

In this situation, applying the Riemann—Roch theorem one obtains a
formula for the dimensions of the spaces of modular and cuspidal forms of
integer weight k > 2 for the group I" in terms of the following invariants: the
genus g of the curve, the number v, of I-orbits of elliptic points of every
order m of the group ", and the number vy, = vsc® + V¥ of its I-orbits of
regular and irregular cusps (cf. Theorems 2.23-2.25 in [6]).

In addition, in the case of a subgroup of SLy(Z), the genus of the curve
X(I') can be obtained by applying the Riemann-Hurwitz formula to the
covering X (I"") — X (I'). Since the ramification of this covering is concen-
trated in the elliptic points and the cusps, the genus is a function of the
degree 1y of the covering and the numbers of elliptic points and cusps.

Hence, for subgroups I'"” C I', the computation of the genus of the corre-
sponding modular curve and of the dimensions of the spaces of modular and
cuspidal forms is reduced to the computation of the following invariants:

e 1y(I"), the degree of the covering X (I'") — X (I');

e 15(I") and v3(I"), the numbers of I’-orbits of elliptic points of orders
2 and 3 of I";

o U (1) = vsB(I") + VI (1), the numbers of I"-orbits of regular and
irregular cusps of I".
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Explicit formulas for these invariants for the congruence subgroups I'(N),
I(N) and IH(N) are a standard topic of the theory of modular forms, and
can be found in many textbooks on the subject (e.g. in [0, 3, B, 8] and many
others). Using them, the computation of genera and dimensions has been
implemented in several computer packages, including PARI, Magma and
Sage.

The main objective of this paper is to give analogous formulas for all
congruence subgroups 'y (N) sitting between I (NN) and I(N). Our in-
terest (and need) for such formulas comes from work of the author and of
William Stein towards the implementation of modular symbols computa-
tions for these groups in Sage and Magma. We remark that the values of
the formulas can be easily computed in practice from the number N and the
group H; the computations have been implemented by the author in Sage,
Magma and Mathematica.

Formulas for the dimensions of the spaces of modular forms for I'h(V)
with Nebentypus character were given by Cohen and Oesterlé in their 1976
paper [I]. The paper does not contain proofs, and the authors say that these
formulas “sont connues de beaucoup de gens et il existe plusieurs méthodes
permettant de les obtenir (théoréme de Riemann—Roch, application des for-
mules de trace données par Shimura dans [7]).” These formulas are also
implemented as standard functions in some computer packages. In spite of
the considerable literature on the subject published in the last three decades,
including several textbooks containing detailed proofs of the formulas for the
groups 17 and I, and also the development of simplified formulas for the
dimensions of newform subspaces (cf. [4]), no proof of the formula for the
spaces with character seems to have been published. In this paper we obtain
the same formula by a different procedure: we first deduce an expression
for the dimensions of these spaces in terms of the dimensions of spaces for
congruence subgroups 'y (N), and then we use the formulas we obtained for
these dimensions to transform this expression into the one given by Cohen
and Oesterlé.

In Section 2 we recall some basic facts about congruence subgroups that
will be used, especially those related to elliptic points and cusps, and we
introduce some notation; in Section 3 we give explicit formulas for the in-
variants v, Vo, V3, Vo and vaee for all congruence subgroups I'y(N); in
Section 4 we obtain an expression for the dimensions of spaces of forms
with character in terms of those invariants, and transform it to arrive at the

Cohen—Oesterlé formulas.

2. The dimension formulas. From now on, let I” C I" = SLy(Z) be a
subgroup of finite index (for instance, a congruence subgroup). This group
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acts on H* = H UP(Q) by linear fractional transformations

az+b _(a b

v(z) = m, ¢ d

> el’, zen"

We will denote by I"* the group {£1}-I" and by I the group I"*/{+1} C
PSL3(Z) of linear fractional transformations of $* induced by elements of I".
We will denote by vo(I"”) the degree of the covering of Riemann surfaces
X(I'") — X(I'); it is given by the index of the subgroup I"* in I':

w(I)=[T:T)=[I:I"".

We recall that a point z € § is an elliptic point of I"" if the isotropy
subgroup I, = {y € I'" | 7(z) = z} contains non-scalar elements; in that
case I''* is a cyclic group of order 4 or 6, and the elliptic point is said to be
of order 2 or 3, respectively (in general, the order of an elliptic point z is
defined as the order of the group I'/). The set of elliptic points is the union of
a finite set of orbits for the action of I on §, each of which corresponds to a
point on the curve X (I"), also called an elliptic point. Let vo(I™) and v3(I")
denote the numbers of elliptic points of each order in the curve X (I"). For
example, the curve X (I') has two elliptic points: the orbit of i = v/—1, of
order 2, and the orbit of p = €2>7/3, of order 3, and hence v (I") = v3(I") = 1.

The points of P!(Q) are the cusps of I"”, and they are the union of a
finite set of orbits for that group: the cusps of the curve X (I"). For every
cusp z € P}(Q) the isotropy subgroup I''* is of the form {+W™ | m € Z}
for some matrix W € I"F of trace 2. If —1 ¢ I then the isotropy subgroup
I' is an infinite cyclic subgroup of index 2 in I'’*, and the cusp z is said to
be irregular or regular depending on whether or not this subgroup contains
(& is generated by) a matrix of trace —2. The condition of regularity is an
invariant of the I"'-orbit, and hence one may speak of regular and irregular
cusps of the curve X (I"). Let voo (I") = vac? (I')+1/(I"") denote the number
of cusps of the curve X (I"), given as the sum of the number of regular and
irregular ones for groups with —1 ¢ I".

Now, in terms of the invariants just described, the genus of the curve
X (I'") and the dimensions of the spaces M (I") of modular forms and Sk (I")
of cuspidal modular forms of weight k& > 2 for the group I are given in
the following theorems (for proofs see for example Proposition 1.40 and
Theorems 2.23, 2.24 and 2.25 of Shimura [6], or Theorems 3.1.1, 3.5.1 and
3.6.1 of Diamond-Shurman [3]).

THEOREM 2.1. The genus of the curve X (I"') is
w(l) ") wl’)  ve()

gx(ry) =1+ 200 ) B
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THEOREM 2.2. If k > 2 is even, then

, . k-1 k| k-1 ,
dlmSk(F)—(SQ’k—l- 19 ll()(F)—l— 1 —74 VQ(F)

()-S50
dim My, (I'") = —6a + dim Si(I") + veo (I").

If k >3 is odd and —1 ¢ I, then

dika(F/> = dim Sk(F/) + I/égg(rl),
and the spaces My(I"") are trivial for k odd when —1 € I".

In the formulas of this theorem |z | denotes the integral part of a rational
number and d; ; is the Kronecker delta. Moreover, the coefficients of vo(I")
and v3(I") are often replaced by the following expressions in the literature:

—1/4 if k=2 (mod 4),
va(k) =< 1/4  if k=0 (mod 4),
0 if k=1 (mod 2
—1/3 if k=2 (mod 3
v3(k) =< 1/3 if k=0 (mod 3),
0 if k=1 (mod 3).
The value of v3(k) is always equal to |k/3| — (k — 1)/3, and ~4(k) coincides
with |k/4| — (k—1)/4 for k even (for k odd the number vy(I") does not
appear in the dimension formula because the groups I'" with —1 ¢ I"” cannot
have elliptic points of order 2); the need to define v4(k) also for odd weights
is because this coefficient appears in the formula of Theorem below for
all weights, but we remark that the value 0 assigned to it is completely
irrelevant, since in that formula ~4(k) is the coefficient of v»(e), which is
equal to zero when k is odd.

We remark that even though the irregular cusps do appear in the for-
mulas for odd weights given in Theorem 2.25 of [6] and Theorem 3.6.1 of
[3], they are canceled when one replaces in those formulas the genus of the
curve by its value as given by Theorem For the groups I and I the
distinction between regular and irregular cusps is almost never necessary
because —1 € IH(N), and even though —1 ¢ I'1(N) for N > 2, the unique
group I1(N) having an irregular cusp is I'1(4) (cf. Exercise 3.8.7 of [3]). On
the contrary, many of the groups I'y (V) that will be studied in the next
section do have irregular cusps; in fact, for every N divisible by 4 there exist
subgroups H C (Z/NZ)* for which some of the cusps are irregular.

(2.1)
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Dimensions of spaces of forms with character. We now recall the
formula for the dimensions of spaces of modular forms of integral weight
k > 2 with Nebentypus character, as given by Cohen and Oesterlé in [}
Théoreme 1] (notice that in that paper they also give formulas for forms of
half integral weight). We first introduce some notation and slightly adapt
the formula of [I] to our notation and needs.

Let N > 1. We denote

1
Y(N) =N 1+~ | = [PY(z/N7Z).
()

Let A4(N) and A3(NN) be the sets of zeros modulo N of the 4th and the 3rd
cyclotomic polynomials:

Ay(N)={a € (Z/NZ)* | a* +1 =0 (mod N)},
A3(N)={a € (Z/NZ)* | a* +a+1=0 (mod N)}.
Let k > 2, and let €: (Z/N7Z)* — C* be a Dirichlet character of the same

parity as k, i.e. with e(—1) = (—1)¥. Let f| N be the conductor of . We
denote vp(g) = ¢P(N),

(2.2) va(e)= Y  cla) and ()= >  e(a),

aEA4(N) aEAg(N)
and set
veo(e) = Y. o((d,N/d)).
d|N
(d,N/d)|N/f

Then the formula given in [I] reads
THEOREM 2.3 ([I, Théoréme 1]). Under the previous assumptions and

notation,

Voo (€)
5

dim Si(N, e) = g 5 + k1_2 11/0(5) + va(k)va(e) + y3(k)vs(e) —

dim Mk(N, 8) = _52,kf + dim Sk(N, E) + I/OO(E),
with v4 and ~y3 given in (2.1) and d; ; the Kronecker delta.

For the computation of v () in practice the following multiplicative
expression is very useful (also given in [I]):

(2.3) Voo(€) = H Awp(N), vp(), ),
pIN
with ) )
p" 4 pt Tt if 25 < =21,
(24) )\(’I”, S7p) = 2pr/ if 2s é r = 27’, + 1,
2p"° if 25 > r,
for integers r > 1,5 > 0, and r > s, and a prime number p.
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In Lemma [£.4] of Section 4 we shall give an expression for the values of
va(e) and v3(e) that is much better for practical computation than using

(2.2) directly.

3. Computation of invariants for the groups I'y(N). From now
on we focus on the congruence subgroups I" C I' = SLy(Z) defined by

I = Iy(N) = {<“ b

d> S SLQ(Z)
for H a subgroup of the multiplicative group (Z/NZ)*. This includes the two
extreme cases I (N) and IH(N) corresponding to the subgroups H = {1}
and H = (Z/NZ)*. We observe that the group I'y(N)* = {£1} - I'z(N)
is just '+ (N) for the subgroup H* C (Z/NZ)* defined in the analogous
way, i.e. H* = {£1} - H.

We denote X = X(I') and Xg(N) = X(I").

For a fixed N the modular curves Xy (N) are in bijective correspondence
with the subcovers of the Galois cover X1(N) — Xo(N). If f € So(NV,e) is
a newform for I'hy(N) with Nebentypus e, then the abelian variety Ay at-
tached to it by Shimura (cf. [6, Theorem 7.14]) is isogenous to a factor of
the Jacobian variety Jg(N) = Jac(X g (N)) for all subgroups H C (Z/NZ)*
contained in kere. A package for explicit computations with these varieties,
based on modular symbols for IH(N) with Nebentypus, was implemented
by William Stein in Magma, and he has also been implementing this kind of
computations in Sage. For many purposes it is desirable to have a descrip-
tion of Ay as a subvariety or a quotient of a Jacobian of a curve, and in this
respect the curves Xy (V) are of great interest, because if one restricts to
work only with the family of Jacobians Ji(N), which in some sense would
be enough since all Ay are quotients of some of them, one major drawback is
that the dimensions of these Jacobians grow very fast and the computations
become unfeasible even for relatively small values of N (a few hundred).
On the contrary, if one works with the subcovers Xy (NN) then the varieties
Ay for forms with Nebentypus character having large kernel (i.e. small or-
der) can be handled in practice for very large values of N (up to several
thousand).

The need to do explicit computations with modular symbols for congru-
ence groups [y (N) and with modular curves X (NN) was our motivation to
develop the genus and dimension formulas that will be given in this section.

The rest of the section is devoted to obtaining formulas for the invariants

Y0, V2, 13, Voo and vae® for the groups I'y(N).

czO(modN),a,deH}

C

Degree of the covering. For a subgroup H C (Z/NZ)* let
Pp(N) = {(c.d) € (Z/NZ)* | (c,d,N) = 1}/~
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where
(e,d) ~ (d,d) & ¢ =hcand d = hd for some h € H.

We remark that for H = (Z/NZ)* this set is the projective line P}(Z/NZ),
and that |Pg(N)| = ¢¥(N)e(N)/|H| with ¢ being the Euler totient function.

LEMMA 3.1. The mapy = (¢}) — (c,d) induces a well defined bijection
between the set of right cosets I'y(N)y € I'y(N)\I" and the set Pg(N).

Proof. The proof is straightforward. Cf. also Proposition 2.2.1 of [2],
where an equivalent formulation of this lemma is proved for the group
IH(N). =

As an immediate consequence we obtain

PROPOSITION 3.2. The degree of the covering Xg(N) — X (I) is

vo(T(N)) = [T T+ (N)] = $(N)p(N) /| HF].

Number of elliptic points. The counting of elliptic points on the
curves Xo(NN) is performed in [6] and in [3] by counting ideals in the orders
Z[i] and Z[p]. Instead, we use a simpler argument inspired by Proposition
14 of [5]. Let S and U be the matrices

S:<O —1)’ U=<O 1).
1 0 -1 -1
The isotropy subgroups of the elliptic points i = v/—1 and p = €>™/? in the
group I" are I} = (S) = {£1,+8} and I, = (-U) = {£1,+U, +U?}. We
have

LEMMA 3.3. Let I'" CSLy(Z) be any finite index subgroup. Let {1, ..., v}
be a full set of representatives of the right cosets of I"* in I'. Then the map
v = ;@) (resp. v; — v;i(p)) is a bijection between the set of y; such that
'yj57]71 e I (resp. ijvjfl € I) and the set of elliptic points of order 2
(resp. order 3) for I".

Proof. The elliptic points in $) of order 2 (resp. order 3) for I"” belong
to the I'-orbit of i (resp. of p = €*™/3). Let v € I'. The condition that
the isotropy subgroup of (i) (resp. v(p)) with respect to I contains a
non-scalar matrix is that vSy=! € I'" (resp. yUy~! € I'’), and two such
elements belong to the same I”’-orbit if, and onlil if, the corresponding -y
belong to the same right coset with respect to I"™". m

PROPOSITION 3.4. The numbers of elliptic points of order 2 and 3 in the
curve Xg(N) are given by
p(N)
| H=|

o(N)

va(L (V) = T

[Ad(N) N H*|,  v3(Tu(N)) = |[A3(N) N H|.




380 J. Quer

Proof. We apply the previous lemma to our group I'yg(N). Let v =
(2%) € SLy(Z). Then the matrix

(0 —1) 1 (ac—l—bd —(a2+b2)>
1 0 T A +d*> —(ac+ bd)
belongs to I'y(N) if, and only if, the following two conditions are satisfied:

A+ d>=0(mod N) and ac+bde H.

Notice that these conditions only depend on the entries of the matrix viewed
modulo N. The congruence ¢?>+d? = 0 (mod N) implies (¢, N) = (d,N) = 1.
On the set Py (N) representing the cosets of the group I'y(N), a full set
of representatives for the pairs (¢, d) corresponding to matrices such that
the congruence is satisfied is constructed in the following way. Fix elements
¢j € (Z/NZ)* that are a set of representatives of the quotient (Z/NZ)*/H*,
with j = 1,...,(N)/|H*|, and then take all pairs (c;,d) for d € Z/NZ such
that (¢j,d) = (d, N) = 1. Then, among these (c;, d), the pairs satisfying the
congruence are those with (d/c;)? = —1 (mod N) & d = ac; for some
s € (Z/NZ)* with s> = —1 (mod N). Hence, a full set of representatives of
the (c,d) € Py (N) satisfying ¢ 4+ d? = 0 (mod N) is

(cjysc;) forj=1,...,p(N)/|HF| and s € A4(N).

Now a short computation using the fact that ad — bc = 1 shows that for the
matrices corresponding to these pairs we have ad + bc = s (mod N), so that
those for which 7(i) is an elliptic point are the ones having s € H = H*,

The argument for cusps of order 3 is analogous: for a matrix v € SLa(Z)
as before one has

0 1 1 bc — bd — ac a?® — ab + b?
Y To=" 9 o
-1 -1 —(c* —ed+d*) ac—ad+bd

and again the condition ¢ — c¢d + d?> = 0 (mod N) implies that (¢, N) =
(d,N) = 1. Let the pairs (cj,d) be as before; they satisfy the congruence
when (cj/d)? —cq+1 =0 (mod N). A full set of representatives of these
pairs is

(cj,—sc;)  forj=1,...,0(N)/|H*| and s € A3(N),

and among them one has bc —bd — ac = s* (mod N). Hence we also obtain a
full set of representatives as in the previous lemma by taking the pairs with
sc H*. u

Number of cusps. In order to simplify many expressions, from now
on we will use the following notation. For every divisor d| N we denote
Ny = [d, N/d] the least common multiple of d and N/d (notice that N/Ny =
(d, N/d) and that Ny is divisible by all prime factors of N) and we denote



Dimensions of spaces of modular forms 381

by Hy = {a (mod Ny) | a € H} the subgroup of (Z/N4Z)* that is the image
of the subgroup H C (Z/N7Z)* under reduction modulo Ny.
Set

Su(N,d) =A{(p,q) € (Z/dZ)" x (Z/(N/d)Z)"}/~
where
(p,q) ~ (p',¢) & p'=hpand ¢ = h~tq for some h € H

(notice that the reduction of elements of H modulo d and modulo N/d is
well defined), and let Sy (N') = Uy S#(IV, d) be the union of all these sets.

We observe that the elements h € H for which hp = p and h™'q = ¢ are the
h =1 (mod Ng), and this implies that the number of elements in each set
Su(N,d) is ¢(d)p(N/d)/|Hadl.

PROPOSITION 3.5. For cusps p/q € PY(Q) with (p,q) = 1, the map
p/q+— (p,q/(q,N)) induces a well defined bijection between the set of cusps
on the curve Xg(N) and the set Sy+(N). If =1 ¢ H then under this bijec-
tion the reqular and irreqular cusps correspond, respectively, to the subsets

U SuxV,d) and | Sp=(IN,d).
d|N N
—1¢Hy —1€Hy
Proof. The proof of the first statement is easily obtained following the
same arguments as in Proposition 2.2.3 of [2], where an equivalent statement
for the group Ih(V) is proved.
Assume —1 ¢ H. Let s = p/qd be a cusp, given as a quotient of integers
with (s,qd) =1, d| N and (g, N/d) = 1. The isotropy subgroup of s in I" is

1 dt  —p*t
= ) 574
Pd*t 1 —pqdt

and I'y(N)s = I's N I'y(N). This group contains a matrix of trace —2 if,
and only if, there is an integer t € Z such that

¢?d*t =0 (mod N) and —1— pgdt € H.

The first congruence is equivalent to ¢ being divisible by (N/d)/(d, N/d) =
Ngy/d; if we put t = tgNy/d, the second condition becomes —1 — pgNyty € H
for some typ € Z. If this condition is satisfied then —1 € Hy. Conversely,
assume that —1 € Hy; then there exists an integer m € Z such that —1 +
Ngm € H. For any given cusp corresponding to an element of Sg+(N,d)
there are representatives of the form p/qd with p and ¢ relatively prime to
any given number, and in particular we may assume that they are odd; then,
since N7 = 0 (mod N), the integer (—1+4 Nym)P? is congruent modulo N to
—1+ Ngpgm. By the previous criterion it follows that the cusp is irregular. u

As an immediate consequence we obtain
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PROPOSITION 3.6. The number of cusps in the curve Xg(N) is

o(d)p(N/d)
I/OO FH Z |Hi’ .
d|N

If =1 ¢ H the number of regular and irregular ones is given by the sums
over the divisors d for which —1 ¢ Hy and —1 € Hy, respectively.

Concerning the existence of irregular cusps, the following information
can be useful.

PROPOSITION 3.7. Assume —1 ¢ H. Then for every divisor d| N with
(d,N/d) odd one has —1 ¢ Hy. It follows that if 44 N then all the cusps for
the group I'y(N) are regular.

Proof. Assume that —1 € H; and (d, N/d) is odd. Then —1+ Ngqm € H
for some integer m and —1 = (=1 + Ngm)@N/¥ (mod N), which is a
contradiction. The congruence may be deduced from the binomial theorem,
by noticing that (d, N/d)Ng = N and that N? =0 (mod N).

The greatest common divisor (d, N/d) is even for some divisor d|N if,
and only if, 4| N. =

A practical formula for the number of cusps. To use the formula of
Proposition in practice would require to compute the number of elements
of each group Hy for all divisors d of N. We will see that in fact this number
of elements can be obtained if we just know the number of elements of the
reduction Hy of the group H modulo a single divisor Ny of N, and then
derive from this fact a formula for the number of cusps depending on a
multiplicative expression as a product of terms similar to , which we
introduce now: for integers r > 1,s > 0, and r > s, and a prime number p,
we define
(3.1)

]73"“/_5_2(;02 - 1) if 26 > r =2/,
Ur,s,p) = 2p3r,_s(p -1) if2s >r=2r" +1,
P 2p-1D(2p+(p—-1)(r—2s—1)) if2s<r.
For every integer N > 1 we define the integer Ny to be

HM Np if 81N,
Ny = .

2] np if8|N.
It is essentially the radical of IV, except that when NN is divisible by 8 then
it has the prime 2 twice. For any subgroup H C (Z/NZ)* we denote by

Hj the subgroup of (Z/NyZ)* obtained by reduction of the elements of H
modulo Ny. We have an exact sequence

1—-Ky—H—Hy—1

(3.2)
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with Ko ={h € H | h =1 (mod Np)}, the kernel of the reduction map. For
every divisor d| N we have an analogous exact sequence 1 — K; — H —
H; — 1 corresponding to the reduction map modulo Ny, and one has

LEMMA 3.8. Let ¢ = |Ko| = |H|/|Hp|. Then for every d| N one has
|Hg| = |Holt/(8, N/Ng); moreover,

(3.3 > AR T, (0.0
dN d Ol N

Proof. Consider the exact sequence corresponding to the reduction mod-

ulo Ny map,

1—Cy— (Z/NZ)* — (Z/NoZ)* — 1.

Then, from the definition of Ny, and taking into account the structure of
the multiplicative group (Z/NZ)* as the product of the groups (Z/p°Z)*
for the prime-power factors of N, it follows that the group Cy is cyclic of
order ¢(N)/p(Ng) = N/Ny. Let g be a generator of it. For every d|N
reduction modulo Ny gives an analogous exact sequence with kernel Cy
being a subgroup of Cy of order (N)/¢(Ng) = N/Ng4, hence generated by
the (Ng/No)th power of g.

The group Ko = Cyp N H is generated by the smallest power of g be-
longing to H, which by the definition of £ is (N/Np)/¢. For every divisor
Ny of N (in fact, for every divisor of N that is divisible by Np), the group
K; = Cy N H is the subgroup of C generated by the smallest power of g
that belongs to H and Cy, and hence its exponent must be a multiple of
the least common divisor [Ny/No, N/(£Np)]. Thus, the group K, has order
(N/Ny)/[Ng/No, N/(€Ny)]. A short computation shows that this number is
equal to (& N/Ng). The identity relating |H,| and |Hp| in the statement of
the lemma is then obtained by just expressing the numbers of elements of
the groups Hy and Hy in terms of |H| and of |Ky| and |Kj].

Now we observe that the factor (¢, N/Ny) = (¢,d, N/d) of |Hy| is multi-
plicative, in the sense that for every decomposition N = N N5 into a product
of relatively prime factors one has (¢,d, N/d) = (¢1,d1, N1/d1)(¥2, d2, N2 /d2)
with ¢ = (¢, V;) and d; = (d, N;). Taking out the common factor 1/|Np| in
the sum on the left of , we get a sum over the divisors of IV of an expres-
sion that is multiplicative with respect to factorizations of N as a product
of coprime factors. Then an easy but tedious computation of the sums for
prime-power divisors, similar to the one needed to obtain , gives us the
expression of this sum as a product of the £(r, s, p). m

We obtain the following formula that essentially reduces the practical
computation of the number of cusps to the knowledge of the number of
elements of the group Hy, and of whether or not the condition —1 € Hy is
satisfied for the distinction between regular and irregular ones.
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COROLLARY 3.9. For every subgroup I'y(N), let ¢ = |H*|/|HF|. Then
the number of cusps of Xg(N) is given by

Voo (T (N)) = — T £(0p(V), 0 (8), ).
g AL

Assume that —1 ¢ H. Then if —1 ¢ Hy all the cusps are regular, and if
—1 € Hy the number of reqular cusps of Xg(N) is

Vet (I (V)
0N, va(E) — 1,2) — L(va(N .
) 7] Hf P02
p#2

Proof. Indeed, the first formula is simply obtained by applying the for-
mula of Proposition and the expression obtained in Lemma

Assume that —1 ¢ H, which is equivalent to |H*| = 2|H|. The regular
cusps are obtained as the sum of Proposition restricted to the divisors
d| N for which —1 ¢ Hy. As Ny divides Ny for all d, we see that —1 ¢ H)
= —1 ¢ H, for all d and all cusps are regular. Assume that —1 € Hy. Then,
for every divisor d| N, one has

~1€Hy & |Hyf|=|Hy and —1¢ H, & |H7|=2|Hg.

It follows that the number of regular cusps is

Nd Nd

AN dIN
_1¢H, —1¢Hd
o(d)p(N/d) o(d)p(N/d)
=2 Hgl 2 W\7

d|N d|N

and the formula in the statement of the lemma is obtained by just applying
Lemma [3.8| to the two sums in this last expression. m

4. Dimensions of spaces of modular forms with Nebentypus. Let
e: (Z/NZ)* — C* be a Dirichlet character, and let My (N, e) and Sk(N,e) be
the spaces of modular and cuspidal forms for I'h(N) with Nebentypus char-
acter €. An application of the Mobius inversion formula gives the following
expression for the dimensions of these spaces in terms of the dimensions of
spaces of modular forms for congruence subgroups 'y (N).

THEOREM 4.1. Let € be a Dirichlet character of order n. Then

dim S (N, ¢) Zu ) dim Sy, (Iger 5y (N)),
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where p is the Mdbius function, and the analogous formula holds for the
spaces M.

Proof. The standard decomposition of S;(I7(N)) into spaces of forms
with Nebentypus,

SN~ P Se(N,e),
e:(Z/NZ)*—Cx
induced by the action of the diamond operators (a) for all a € (Z/NZ)* yields
analogous decompositions of the spaces of modular forms for congruence
subgroups 'y (N): the action of the diamond operator (a) on Si(I'm(N))
depends only ona € (Z/NZ)*/H, and one obtains a decomposition involving
only the Dirichlet characters with kernel containing the group H,

ScTu(N)~ P Sk(No).
e:(Z/Nz2)*—C*
HCkere
Consider the case H = kere. For this subgroup of (Z/NZ)* of cyclic co-
kernel the characters whose kernels contain it are the powers of €. Grouping
them by conjugacy classes, and observing that the dimensions of S (N, %¢)
are the same for every o € Gal(Q/Q), we have

n—1
dim Sy (Fer(e)(N)) = > dim Sp(N,£™) = Y o(6) dim Sy(N, ™).
m=0 o|n

Applying the Mobius inversion formula to the functions defined for divisors
0 of n by
f(8) = (6) dim S(N,"/?) - and  g(8) = dim Sg(Lir(enss) (),
we obtain
p(n) dim Sk(N,€) = > () dim S(Tiepey (V)),
dln
and we deduce the formula in the Sltatement. "

Now, a proof of the formula by Cohen and Oesterlé is provided by the
following

THEOREM 4.2. For every N, k and ¢ the formulas of Theorems[2.3] and
give the same value.

The rest of this section is devoted to a proof of Theorem The proof
will be obtained by showing the identity between each “v-component” of the
formula of Theorem {.1) with the dimensions dim Sk (Icy(cs)(IV)) replaced by
their expression in Theorem and the corresponding v-component of the
formula of Theorem specifically, in Propositions and [£.8 we will
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see that
Z:U’ err %) (N)) ZQO(TL)V(E) for v = vy, va, V3, Voo,
dn

with the appropriate interpretation for each v and taking into account the
following remark: the case of odd character corresponds to odd weight, and
in this case the dimensions of the spaces Sk (e (c5)(/V)) are zero when —1 €
ker(e?) and are given by the formula of Theorem when —1 ¢ ker(e%);
since this last condition is equivalent to ¢ being odd, only the odd divisors
of n must be taken into account for odd characters ¢.

There is also a zero-or-one summand g and do x5 in the formulas of
Theorems and that needs to be considered (only for the even weight
formulas). The corresponding identity is obtained as an immediate conse-
quence of the basic property of the Mobius function saying that sin wu(n)
is the characteristic function of the set containing only the number one:

> p()don = o Y u(6)

dln dln
{1 if k=2and n=1 (& ¢ is trivial)
0 otherwise.

} = ¢(n)da k.

Here the double use of § to denote a divisor of n and the Kronecker delta
should not lead to confusion.

PROPOSITION 4.3 (Equality for vy). If € is even, then
D 1(E)0(Feer(ery (V) = @(n)ro(e),
dln
and if € is odd, then
> 1O)10(Ter(es) (V) = @(n)wo(e).

d|n
6 odd

Proof. Recall that vp(e) = 1(N). Assume first that € is even. Then —1 €
ker(?) for all §, hence ker(%)* = ker(¢%), and since €% has order n/§, which
is the order of the image €9 ((Z/NZ)*) C C*, we have |ker(¢®)| = ¢(N)/(n/§)
and using the formula of Proposition and the Mo6bius inversion formula,

we obtain
P(N)
ZH Vo err 66 Z:u |ker(65)|

d|n
(N)> (o) g = Y(N)p(n).

dln
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Let now € be an odd character. In this case we have to prove that

D7 100 Tier(ea (V) = p(m)rne).
Soda

Since €(—1) = —1 the order n must be even. Let n = 2n for an odd integer
no and exponent v > 1. In this case |ker(°)*| = 2[ker(¢%)| for odd divisors
0 |n and we have

Z /,L(é)VO(err(E(S)(N)> = ZM((S)VO(err(Eé)(N))

d|n dlno
dodd
©(N)
N Z,u 2|ker ()] ZM
5|TLO 6‘”0
_ no _ v—1 _
= ¥(N)5- 62# = (N)2" (o) = $(N)gp(n). =
no

A formula for v»(e) and v3(g). We now give a formula for the values
v2(e) and v3(e); apart from it being useful for the computation of these
numbers in practice, the formula will be needed in the proof of the identity
corresponding to the numbers of elliptic points.

For a Dirichlet character € modulo N and a prime number p | N, we will
denote by ¢, the “local component” of N at p corresponding to the decom-
position of (Z/NZ)* into the product of groups (Z/p°Z)*. These characters
correspond, under the identification between primitive Dirichlet characters
and characters of the absolute Galois group Gal(Q/Q) provided by class
field theory, to the restrictions to decomposition groups.

The set A4(N) is non-empty exactly when 4 f N and all odd prime
factors of N are = 1 (mod 4), in which case it contains 2¢ elements, with ¢
the number of odd prime factors; the set A3(V) is non-empty exactly when
94 N and all prime factors of N different from 3 are = 1 (mod 3), in which
case it contains 2! elements, with ¢ the number of prime divisors p # 3.
When these sets are non-empty, we have

LEMMA 4.4. Assume that |A4(N)| = 2! > 0. Then
1ot AT PR
v(e) = {50( 1)2" € {£2'} ife = ¢,
0 otherwise.
Assume that |A3(N)| =2t > 0. Then

vale) = (~1)2"

where t1 (resp. to) is the number of local components €y, that are cubes (resp.
non-cubes) of Dirichlet characters modulo p5*, for the prime factors p; = 1
(mod 3) of N.
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Proof. Fix ag € A4(N). Let N = 270p{' ... pi* be the factorization of
N, with rg € {0,1} and p; = 1 (mod 4) for all ¢ = 1,...,¢. Then there
are 2! zeros of X2 4+ 1 modulo N, and they form a coset of the 2-torsion
subgroup (Z/NZ)*[2] = {¢ € (Z/NZ)* | (* = 1}. Since this subgroup is
the product of all the 2-torsion subgroups (Z/p;Z)*(2], which are contained
in the kernel of ¢, if and only if this character is a square, and from the
observation that € is a square if and only if all its local components are
squares, we deduce that (Z/NZ)*[2] C ker ¢ exactly when ¢ is the square of
some Dirichlet character gg.

If ¢ is not a square (this includes the case where e(—1) = —1) then
ker(e)[2] = (Z/NZ)*[2] Nker(e) is a subgroup of index 2 of the full 2-torsion.
Let (o be a representative of the non-trivial coset, for which necessarily
8(<0) = —1. Then

Yo el =ela) Do Q= D (e(¢) +elGg) =0.
a€A4(N) CE(Z/NZ)* 2] C€ker(e)[2]
Suppose now that e = €3. Then (Z/NZ)*[2] C ker(e) and
> ela)=clag) Y e(¢) =replag)2’ =eo(—1)2".
a€A4(N) Ce(Z/NZ)*[2]

Now consider the case A3(N) # (. Let N = 3"pi*---p;* with p; = 1
(mod 3). The 3-torsion (Z/NZ)*[3] decomposes as the product of the 3-
torsions for the (cyclic) multiplicative groups modulo p;* for 1 < i < ¢t
and, under this decomposition, the elements of A3(N) correspond to the
t-tuples of elements of order 3 modulo p;* for every i. Let a = (a;) with
a; € (Z/p;'Z)* be one of such elements. Then

t

Z e(a) = Z ngi(a?) = H(epi(ai) + 5101'(@12))'

acAs(N) ei€{1,2} i=1 i=1

The group of Dirichlet characters modulo p;’ is cyclic generated by some
character that on the order 3 element a; takes the value ¢2™/3. Hence, for
every character &,,, the value ¢, (a;) is 1 or e*27/3 depending on whether the
character is the cube of some character or not, and the sum e, (a;) +¢p, (a;)?
is 2 or —1 depending on whether the character is a cube or a non-cube.

LEMMA 4.5. Let x be a Dirichlet character modulo N. If Ay(N) # 0,
then
0 if x(=1) = -1,
3l As(N)|if x # xp and x(=1) =1,
[As(N)| if x = x§ and xo(=1) =1,
0, if x = x& and xo(—1) = —1.

[A4(N) Nker(x)| =
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If A3(N) # 0 and to,t1 are as in the previous lemma, then
2
|A3(N) Nker(x)| = §(2t°71 — (=12,

Proof. Let ag € A4(N) be any fixed element, so that A4(N) = {ao( |
¢ € (Z/NZ)*[2]}. If x(—1) = —1 then x(a) # 1 for all a € A4(N) and the
first case follows. The condition of x being a square is equivalent to the
inclusion (Z/NZ)*[2] C ker(). Consider the case x # xo but x(—1) = 1.
Then x(a) € {£1} for all a € A4(N) and ker(x) N (Z/NZ)*[2] is a subgroup
of index two of the 2-torsion (Z/N7Z)*[2]; if (o is a representative of the non-
trivial coset one has x(ap(p¢) = —x(ap() for all ¢ € ker(x) N (Z/NZ)*[2],
and hence x(a) =1 for exactly half of the elements of A4(N). Assume now
that x = x3. Then, for every a € A4(N), x(a) = x(ao) = x3(ao) = xo(-1),
from which the last two cases follow.

Let t = to+t1 be the number of prime factors of N different from 3, with
to (resp. t1) being the number of local characters x, that are cubes (resp.
non-cubes). Then ¢y = 0 is equivalent to x being a cube, and in this case one
checks that the formula gives the correct value 2¢. Let py, . .., Pry, Ptg+1, - - - » Dt
be the list of prime divisors of N different from 3, the first ¢y being those
for which the local character x,, is a non-cube. Let (; € (Z/NZ)* be an
element of order 3 modulo the largest power of p; dividing N and congru-
ent to one modulo all other prime power factors. Then (Z/NZ)*[3] is the
cyclic group of order 3! generated by the ¢;, and the elements of A3(V)
are the ( = Hle ¢;" with all exponents relatively prime to 3. The char-
acter y sends such an element to the power of ¢2™/3 with exponent given
by a linear form Ele a;x;, with a; integers such that ay,...,as, are not
divisible by 3 and the remaining a¢,+1,...,a; are divisible by 3. Hence
the elements ¢ = [[(" € A3(N) with x(¢) = 1 can have arbitrary ex-
ponents on the last ¢; factors while the first ¢y exponents must satisfy

Y aiz; = 0 (mod 3). We see that |A3(N) N ker(x)| is 2 times the
number of vectors (x1,...,%,) € F5* in the Fs-vector space of dimension
m = to with all z; # 0 and with >  a;x; = 0. This number, call it w,,
can be computed recursively by reducing the problem in F™*! to the m-
dimensional subspace of vectors with zero first coordinate. We find that
w1 = 0 and w1 = 2™ — wy, for m > 1, and hence the numbers w; sat-
isfy wmio = wmy1 4+ 2wy,; solving the corresponding recurrence equation
we obtain the expression wy, = 2(2™"! — (=1)™"!) and the formula fol-
lows. =

PROPOSITION 4.6 (Equality for 1o and v3). If € is even, then

Y 18Ty (N)) = p(n)i(e)  fori=2,3,
dln
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and if € is odd, then

S 102 (Terery (N)) = @(n)ua(e)  fori = 2,3.
dln
§ odd

Proof. We begin by considering the identities corresponding to vo. As-
sume that A4(N) # 0 since otherwise the identities are obvious because
everything is zero on both sides.

Consider first the case of an even Dirichlet character . Then all its
powers are even and ker(e?)* = ker(¢°) for all §| N. For every odd value
of §, the character €7 is a square if, and only if, € is a square. Assume that
€ is not a square. Then its order is even and we can write n = 2'ng with
ng odd and v > 1. Discarding the divisors ¢ that are multiples of four and
using the previous lemma we obtain

Z/L(é)VQ(err 55 Z/.L V2 err(e5) —{—Z/.L 25 VQ(err(s%)( ))
3n 6\no 5\710

=S uis S+ () AT )] =0

. |ker 55 2 i |ker(29)| '

Assume now that e = 2. If g(—1) = 1 then £° is always the square of an
even character and

Z:U’ V(L yer 55) Z:U’ \ker 86 - [Ag(N)]
dn
= ’A4 WD ()< n)|As(N)].
d|n

If ¢ is odd, then its order must be a multiple of 4 because £¢(ag) is a 4th
root of unity. Hence € has even order, say n = 2"ng. Each power ¢° is the
square of the character Eg, which has the same parity of §. Discarding the
divisors that are multiples of 4 we obtain

Z #(6)V2(err(s‘5)(N)) + Z M(25)V2(err(525)(N))

(5‘71() 5‘”0

=0+ 3 u(20) ((N%” AN = AN 3 ) 2

= —|As(N \7 D ()= = —|Au(N)|2° p(ng) = —p(n)| As(N)].

6\110

d|no d|no

Consider finally the case of an odd character e, when we have v5(¢) = 0.
Since every power €9 with odd exponent is also an odd character we have
always |A4(N) Nker(e?)| = 0 and the identity follows.
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Let us now consider the equalities corresponding to v3, and assume that
As(N) # 0 since otherwise the identities are trivially true. Let t = tg+t; be
the numbers of local factors of the character that are cubes and non-cubes
as before.

Given a Dirichlet character ¢, all powers €° are cubes if 3| and have
the same number of local factors that are cubes and non-cubes as e for all
exponents prime to 3. Consider first the case of an even character; then
all its powers are even and ker(¢®)* = ker(¢%). Assume first that ¢ is a
cube, i.e. 7o = 0. Then |A3(N) Nker(e?)| = 2¢ for all § and the equality of
the statement follows immediately. Assume that rg > 1. Then n must be
divisible by 3 and we write n = 3Yng with v > 1 and 3 { ng. Discarding the
divisors divisible by 9 and summing separately over the divisors prime to 3
and divisible by 3 we obtain

Z M(é)yff(err(a‘s)(N)) + Z M(S(S)V3<err(a35)(N))

5

5‘7),0 6‘”0
—Zu \Ag ) Nker(e \—Zu —2t
5‘77,0 6|n0
n 2 n
_ “ 2t0—1 — (=1 ro—1 orn _ % 2t
now(no)g( (=1)7™7) 3n090(no)

= p(n)21 (2071 — (=107 =207 = p(n)2" (-1)" = p(n)rs(e).

Let now ¢ be an odd character. Let n = 2%ny with v > 0 and ng odd.

Then all powers £° with odd exponent are odd and since ker(®)* = ker(£?9)

one has |AzNker(%)*| = |AzNker(¢°)|. After these remarks, the identity can

be checked exactly as in the case of even characters by considering separately
the cases of € being a cube or not. =

Before proving the identity corresponding to v, we state a technical
result that will be used there.

LEMMA 4.7. Let N = 2"M with M odd and r > 4. For every odd Dirich-
let character x modulo N of conductor | divisible by 4 there exists an element

a € (Z/NZ)* such that
a=—1 (mod 22D=1M)  and a € ker(x).

Proof. Let x = x2x’ with x’ the product of the local components of y
at the odd prime divisors of N. A Dirichlet character y2 modulo a power
of 2 is determined by its values at —1 and 5, since these numbers generate
(Z)2"Z)*. Moreover, if x2 has conductor fo > 4 then the image of 5 is a
primitive 2/2/4th root of unity, and hence yo(5)%2/% = —

If va(f) = 2 then x5 is the unique non-trivial character modulo 4, which
is odd, and this implies that x’ must be even. Then an integer a = 1 (mod 4)
and a = —1 (mod M) satisfies the conditions.



392 J. Quer

If vy(f) > 2 then an integer a = —5v2(N—3 (mod 202(N) and a = —1
(mod M) satisfies the conditions because —5"2(N=3 = —1 (mod 2v2(N~1) and
x(@) = x2(a)x'(a) = x2(=5" D)/ (-1)
= x2(5)*V (DY (-1) = —x(~1) = 1. =
PROPOSITION 4.8 (Equalities for vs,). If € is even, then
Y 18) Voo (Lier(ey (V) = (n)voc (&),
d|n
and if € is odd, then
D 1E)EE (D) (N)) = pl(n)veo(e).

dln
6 odd

Proof. Consider first the case of € even. In this case, the identity to prove

Sue) S BRI — o) S el /),
Sln d|N d d|N
(d,N/d)IN/f

is

and it will be obtained as a consequence of the equality between the sum-
mands corresponding to each divisor d| N on both sides. Since all powers
of € are also even, always ker(s‘s)zlt = ker(¢%)4. The condition (d, N/d) | N/f
is equivalent to f|[d, N/d] = Ny, and in the sum on the right only these
divisors d contribute a non-zero value. Hence we must show that for every
d| N,

|ker(e 5)d| otherwise.

3 (s ELDeWN/d) { p(n)p((d, N/d)) if f| Na,

dln 0

Consider first the summands with f| V4. In this case, since the character €

takes the same values of a character defined modulo Ny (which has the same

order n), say £o, then ker(e)g = ker(eg) and hence |ker(e)y| = (1/n)e(Ng).

For every & one has also £ = €} and in the same way |ker(¢°)4| = (6/n)¢(Ny).
Then

S e >0 DD — ptmyel(d, N/ ).
d|n dln

Now we consider the summands corresponding to the case f t Ng. Con-
sider the exact sequence
1 — K4(e) — ker(e) — ker(e)g — 1,
which is the case H = ker(e) of the sequence already considered in the

arguments of the end of the previous section, with cyclic kernel Ky(e) =
{a € ker(¢) |a=1 (mod Ny)}.
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Take a prime p with v,(f) > vp(Ng). Then the analogous cyclic group
Ki(eP) = {a € ker(e?) | a = 1 (mod Ng)}

has elements of order p. Indeed, assume for simplicity that p is odd (the case
p = 2 is analogous) and let g be an integer that is a generator of (Z/p"7Z)*
for all exponents e and that is congruent to 1 modulo all other prime powers
dividing N. Let ag = g® 7" Then e(ap) # 1 and ag = 1 (mod Ny),
so if a = age is the largest power such that £(a) # 1, the element a is of
order p in the group Ky(eP). Since the groups Ky(e) C Ky(eP) are cyclic
and Kg(eP)P C Ky(e), we deduce that |Ky(eP)| = p|Kq4(e)|. The fact that
ordy(f) > 2 also implies that the order of ¢ is divisible by p and hence

N N

fer(e?)| = 250 = p 20 o).

Combining the two identities it follows that

fker(e)al = [ker(e?)l-

Now we observe that all the previous arguments only depend on the condi-
tion vy (f) < vp(Ng). When the p-factor of the conductor of a character has
valuation v, (f) > 2, this valuation does not change by raising the character
to a prime-to-p power; this implies that the equality

ker(e?) 4| = |ker(e%P) 4|

is also true for all integers § prime to p. So, if ng = rad(n) is the product of
the prime divisors of n, summing over the squarefree divisors of n we obtain

Zﬂ(é)w(d)w(f\f/d) _ Zu(é)w(d)w(f\f/d)

|ker(e°)al |ker ()l
Sln dlno
o(d)p(N/d) Yo(N/d)
= Z /,L((S) 1 + Z p(5
PPy ]ker(s )dl i |ker ero) 4|

_ o(d) (N/d) _
= > (o) - M(&)W =0.

d|no/p

For odd characters we have to prove the identity

S Y PDEND ey S Ny,

S\t
sln dIN [ker(e°)g| AN
dodd —1¢ker(%)4 (d,N/d)|N/f

We remark that since we sum only over odd 4, all the characters € in-

volved in the formula are odd, and for all odd characters one has ker(g?)* =
ker(525). Let n = 2'ng with ng odd and ¢t > 1. Let Ny be the divisor of N
defined in (3.2)). In order to sum over the regular cusps, we will consider two
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cases as in the proof of Corollary We have
—1 eker(e)y < —1 € ker(e%)g for all 6.

If this condition is not satisfied, then all the cusps for all groups Ic,(cs) (V)
are regular and the identity to be proved becomes

SuO) S SO — o) X el N/),
dno diN d|N
(d,N/d)|N/f

and is proved by showing that for every d| N,

ZM((S)M _ {‘P(N)SD((d, N/d)) if §| Ng,

5m0 |ker(525)d\ 0 otherwise.

For the divisors d such that f| Ny the identity is proven exactly in the same
way as in the previous case. If there is an odd prime p with v,(f) > v,(Ng)
then also the same proof given before shows that the sum on the left is
zero. This completes the proof by observing that if va(f) > v2(Ng) but
vp(f) < vp(Ng) for all other primes then the previous lemma would imply
that —1 € ker(e)q, in contradiction with our assumption that —1 ¢ ker(e)o.

Suppose now that —1 € ker(a‘s)(). In this case the number of regular cusps
for all groups err(ga)(N ) can be obtained using the formula , and the
identity to be proved becomes

P(d)p(N/d) ~p(d)p(N/d)\ _
(% (Z |ker (€9)4] o |ker(29) 4] >_90( ) %}\; o((d,N/d)),
(d,N/d)IN/f

and is proved by showing that for every d| N,
¢(d)p(N/d) p(d)p(N/d)
) —————F — 0)

2 MO~ 2O G,

5|7’L0 5‘”0
_ {@(n)w((d, N/d)) if f| Na,
0 otherwise.

Now again in the case f | Ny the identity is proven with the same computation
as in the previous cases. Also if there is an odd prime p with vy,(f) > v,(Ng)
then one sees that the two sums on the left of the equality are both zero
with the same argument as before. Finally assume that va(f) > v2(Ng).
Observing that this condition will also be satisfied by the conductors of all
characters €, the previous lemma ensures that —1 € ker(¢%); and hence the
terms of each sum on the left of the equality corresponding to the same ¢
are equal, which implies that the difference is zero. m
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