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Bounds on ternary cyclotomic coefficients
by

BARTLOMIEJ BZDEGA (Poznaii)

1. Introduction. Let
Ppgr (z) = H CPQT Z apqr
(k7pqr)=1,0<k<pqr

be a ternary cyclotomic polynomial with p < ¢,r prime, ¢ # r and (g =
e2mi/Pa" The coefficients of &, have been the subject of study for over a
century. The main problem is to estimate the following parameters:

(1.1) Ay = max apgr(n), A_ = mgn apgr(n), A=max{A;,—A_}.
The first bound on A was given by Bang [2] who showed that A < p—1.

This bound was later improved by Beiter [3]. She proved that A < p—|p/4].
Beiter also came up with the following conjecture:

CONJECTURE 1.1. A< (p+1)/2.

This is now known to be false. Gallot and Moree [5] found infinitely many
pairs of primes ¢, r for every € > 0 and p sufficiently large, such that A >
(2/3 — )p. Also they updated Beiter’s Conjecture into the following form:

CONJECTURE 1.2. A < 2p.

This is still an open problem.

In this paper we derive a new bound on the size of ternary cyclotomic
coefficients, which depends on the inverses of ¢ and r modulo p (denoted
here by ¢’ and r’, respectively). The main results of this paper are given in
the three theorems below, with Theorem [I.4] being an easy consequence of
Theorem

THEOREM 1.3. Let Ay and A_ be defined as in (L.1)). Then
A+ Smin{2a—l—ﬂ,p—ﬁ}, —A_ Smin{p+2a_ﬂvﬁ}v
where « = min{¢’, ", p — ¢',p —r'} and afgr =1 (mod p), 0 < 3 < p.
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THEOREM 1.4. Put 8" = min{8,p — B}. Then

(1.2) A <min{2a + *,p — 5*}.
Theorem improves the following bound obtained by Bachman [I]:
(1.3) A< min{(p—1)/2+a,p— 5},

One can deduce, by reductio ad absurdum, that the bound is at least
as strong as . It is also easy to check that the bound is strictly
stronger than if and only if o + * < (p—1)/2. This happens for
exactly 2(p — 3)(p — 5) of all the (p — 1)? pairs (z,y) of residue classes g
and r modulo p.

As an application, we prove a density result showing that Conjecture|1.2
holds for at least 25/27 + O(1/p) of all the ternary cyclotomic polynomials
with the smallest prime factor dividing their order equal to p. We also prove
that the average A of these polynomials does not exceed (p+ 1)/2 (Bach-
man’s Theorem gives 8/9 + O(1/p), respectively (7p —1)/12 + O(1/p), for
these values; methods of computing them are similar to those used in our
proofs of Corollaries and .

We also exhibit, for every prime p > 12, some new classes of ternary
cyclotomic polynomials &, for which the set of coefficients is very small.
For example A < 3 if ¢ = +1 (mod p) and r = +1 (mod p).

Our method also leads to a simpler, independent proof of the so called

jump one property of the ternary cyclotomic coefficients due to Gallot and
Moree [6]:

THEOREM 1.5. If ®pyr(x) = D, cqpgr(n)x™ is a ternary cyclotomic
polynomial, then

lapgr(n) — apgr(n —1)| <1 for every n € Z.

2. The numbers Fj. We define some special numbers, which are the
key tools in the proofs of Theorems and Throughout the paper we
assume that k € Z, fix p,q,r and denote by ag, bx, cx the unique integers
such that 0 < ap <p, 0 <br <q,0< ¢ <rand

k = axqr + brrp + cxpg (mod pgr).
Let

b k
F= 2 2k G

p q 1 pgr
Observe that Fj € {0,1,2} for —(qr + rp+ pq) < k < pqr, since

0 < agqr+brrp+cepg—k < (p—1)qr+(q—1)rp+(r—1)pg+qr-+rp+pq = 3pgr

In this section we establish some properties of the sequence Fj..
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LEMMA 2.1. If F, =0 then a, < |k/qr]. If F), = 2 then

[kz-kqurrp—‘
ap > | PATTP ]
qr

Proof. The first implication is obvious. For the second one we note that
k + 2pgr = apqr + berp + cxpq < akgr + (¢ — L)rp + (r — 1)pg,
thus agqr > k + rp + pq, completing the proof. m

LEMMA 2.2. Let p;,p’r be the inverses of p modulo q and r respectively.
Then

-1 if ap <7’ and ¢ < pl,
Fp,—Fyq=1<1 if ap > 1" and ¢, > pl.,
0 otherwise.
The analogous statement holds for Fy — Fy_,. with c,v’,pl replaced by
b, q', v, respectively.

Proof. Observe that ay_q = ap — 1" (mod p), cx—q = ¢ — p;. (mod ) and
by—q = by.. Therefore

r'—p if ap <7, pl.—r if ¢ < ph,
ag — Qg—q = Ck — Ch—gqg =
kT Bk r if a, > 7/, btk j8 if ¢, > p;..
Let [P] € {0,1} be the logical value of a statement P. Then
ap — Gg— b, — bi— — Cp— 1
Fp—Fy_q= k i kq+ck Chor 2
p q r pr
7,,/ p/
=—+=L—— —Jap <] —[cx <p,
i LR
=1—[ax <7l = [ex <P},

and the lemma holds. =
LEMMA 2.3. Let M = max{¢,r'} and m = min{¢',r'}. Then
0 if ap <M +m —p,
-1 if M+m—p<ap<m,
Fo—Fyqg—Feor tFrygqr=90 if m<ar<M,
1 if M <ap<M+m,
0 if M+m<ay.

This equality also holds for any permutation of (p,q,r) with similarly defined
M and m.

Proof. Using Lemma [2.2] we obtain
F, — Fk—q =1- [ak < 7"/] — [Ck; < p;,],
Frr — kaqfr =1- [akfr < T/] - [Ckfr < p;]
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Since ay_, = a — ¢ (mod p) and ¢x_, = ¢, we have

Fk_kaq_kar"i_kaqfr
= [ap_r < 7] = ax < 7]
=lar < ¢ +7" —pl = |ax <]+ [ar < ¢ +7'] = [ar <]
=lax < M +m —p|] —[ar < m] — [ar < M]+ [a, < M + m].
Now it is easy to verify the lemma, since M +m—-p<m <M <M+m. u
LEMMA 2.4. We have
Fy + Fk—p—q + Fk’—q—r + Fk—r—p = Fk—p + Fk—q + Frr + Fk—p—q—r-

Proof. By Lemma the value of Fy, — Fj_, — Fj_, + F}_,—, depends
only on k modulo p. Thus

Fy — Fk:—q — b+ Fk—q—r = sz—p - Fk—p—q - Fk—r—p + Fk—p—q—r~ u

3. Proof of Theorem Bloom [4] gave a relation between the
ternary cyclotomic coefficients and the numbers k such that k& = agqr +
brrp + cxpq with ag, by, and ¢ defined in the previous section. This equality
holds if and only if Fj, = 0, so we can express his result in terms of Fj.

LEMMA 3.1. Denote by Ny(t1,...,t;) the number of d’s in the given se-
quence. Then

n

apgr(n) = Z (No(Fi, Fre—g—r) — No(F—g, Fi—r))

k=n—p+1
n
- Z (NQ(Fkakaq7r> _NQ(kathkfr))
k=n—p+1
1 n
- 5 Z (Nl(kaqukfr) _Nl(Fkququr))'
k=n—p+1

Proof. The first equality is due to Bloom [4]. Here we rewrite his proof
which uses formal series:

_ (A =2P) (1 —aP)(1 —29)(1 —a")
Ppgr(z) = (1—a)(1—a7) (1 —27P)(1 — 2P9)

=(1-a29)(A—2")(1+z+ - -+aP?) Z T TrPEerd (mod oPIn).

a,b,c>0
Note that if & < deg(®Ppqr) < pgr then there exists at most one triple (a, b, ¢)
such that & = agr + brp + cpq. This equality holds if and only if Fy, = 0 with
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a=ag, b="b;, c=ci. Then
apgr(n) = Z ([F% = 0] = [Fy—q = 0] = [Fj—r = 0] + [Fy—g—r = 0])
k=n—p+1

= Z (No(Fk, Fr—g—r) — No(Fr—q, Fi—r))-
k=n—p+1
For simplicity we will use the following notations:

NS_ = NO(Fm Fn—la R 7FTL—]2+17 Fn—q—r: Fn—q—r—h <o 7Fn—q—r—p+1>7
NO_ = NO(FTL—(p Fn—q—h s 7Fn—q—p+1u ForyFnr—1,... 7Fn—r—p+1)7
and similarly N7, Ny, NJ©, N5 . We have just proved that apg.(n)=Ng —N; .

Now by Lemma [2.3| we have
n
N{ + 2N — N7 —2N; = Z (Fp — Frq— For + Frygr)
k=n—p+1
= min{M + m,p} — M +m — max{M +m — p,0} =0,

where we have used the fact that there is a bijection between the sets
{n,n —1,...,n —p+ 1} and {ap,an—1,...,an—ps1}, because arqr = k
(mod p). Moreover

Ny +N{ + N =Ni + Ny +Ny =2p.
By simple arithmetical operations, these equalities lead to

_ S
apqr(n) :N(;r - Ny =N — N, = §(N1 —N{). =

Using the first equality of Lemma [3.1] we consider the 4-tuples Q =
(Fr, Fr—gs Fi—p, Fy—g—r), where k € {n,n —1,...,n — p + 1}, such that
No(F, Fy—q—r) # No(F—q, Fx—r). Lemmas and will help us to ex-
clude the existence of most of the 81 possible such 4-tuples.

If No(Qr) € {0,4} then No(Fj, Fi—q—r) = No(Fl—q, Fix—r), S0 we are not
going to consider these cases. Also if No(Qr) = 2, then No(Fj, Fi—q—r) =
No(Fy—q, Fy—y) or |Fr,— Fi—g— Fy—p+Fj_q—y| > 2, contradicting Lemmal[2.3]
therefore this case does not need to be considered either.

To describe the other possibilities we note the following facts:

e if No(Qp) = 3 then by Lemmathe only non-zero entry here is equal
to 1,

o if No(Qx) =1 then F; =0 for some | € {k,k —q,k —r,k —q—r}. By
Lemma [2.2] we have Fi4q = 1 and Fji, = 1, where the sign depends
on [.

All these cases are described in the table below.
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Case Qk Fy — Fi—q No(Fr, Frn—g—r)
—Fyr 4 Fr—g—r | —No(Fn—g, Fn—r)
1 (0,0,1,0),(0,1,0,0), -1 1
(0,1,1,1),(1,1,1,0)
2 (0,0,0,1),(1,0,0,0), 1 -1
(1,0,1,1),(1,1,0,1)
3 (0,1,1,2),(2,1,1,0) 1
(1,0,2,1),(1,2,0,1) -1

Denote by C; the number of integers k € {n,n —1,...,n —p+ 1} for

which the Ith case occurs. Then we have
A+ <Chi+0C3, —A_<(Cy+0Cy.

In order to prove Theorem it is enough to show that

(3.1) C1,02 < a,
(3.2) C3 < min{a+ f,p—a — G},
(3.3) Cy <min{f — a,p+ a— [}.

In fact, we will count values of a;. instead of k.
Note that & = min{m, p— M}, where M and m are defined in Lemma2.3]
CASE 1. By Lemma 2.3 we have M +m — p < a < m, so

C1 <m —max{0, M +m — p} = min{m,p — M} = «a.
CASE 2. By Lemma 2.3] we have M < aj, < M + m, so
Cy <min{M +m,p} — M = min{m,p — M} = .
Note that
if M+m>p then a=p—Mand 8=p—m
and
if M+m<p then a=mand =M.

We also put v = [n/qr] + 1 and recall that k € {n,n—1,...,n —p+1}.

In order to simplify the notation, we divide the third case into Cases 3a
and 3b and define C3, and C3}, as above for the 4-tuples (0,1,1,2) and
(2,1, 1,0) respectively. Obviously, C3 = Cs, + Cly,.

CASE 3a. By Lemma [2.2] we have ay < m, M, thus by Lemma ap <
M +m —p. By Lemma 2.1} ax <y and ay — M —m +2p = ap_q > 7.
Finally

max{y + M +m — 2p,0} < ar < min{y, M +m — p},
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and we obtain
C3a < min{y, M + m — p} — max{y+ M +m — 2p,0}
=min{y,p—v,M +m—p,2p— M —m}
<min{M +m —p,2p— M —m} =min{a + §,p — a — [}
as long as M +m > p. Otherwise Cs, = 0.

CASE 3b. By Lemma 2.2 ap > M > m, so by Lemma [2.3] ar > M + m.
By Lemma ap — M —m = ap_q—, <y and a; > v. Finally
max{y, M +m} < ap < min{p,y+ M + m}.
Therefore
Csp, < min{p,y + M + m} — max{vy, M +m}
= min{vy,p —vy,M +m,p— M — m}
<min{M +m,p— M —m} =min{a+ 3,p—a— 3}
as long as M + m < p. Otherwise Cs, = 0.
CASE 3. We claim that C3 < min{a+ 3,p—a — (}. If M +m = p, then

C3 =0, a+ 8 = p and so the estimate holds. In case M + m # p Cases 3a
and 3b exclude each other and then the estimate also holds.

CASE 4. Assume that ¢ = m and 7" = M. By Lemma we have
M < a, <m (for Fy_q = 0) or m < ap, < M (when Fj_, = 0). The
first inequality is impossible, so Fj_, = 2 and Fj_, = 0. By Lemma
ap —m = ap—, <vand ap — M +p=ap_q > . Finally

max{M + v —p,m} < ap < min{m + vy, M },
and
Cy < min{m + v, M} — max{M +~v —p,m}
:mln{’y,p—%p—M+m,M—m}
<min{p — M +m, M —m} = min{ — a,p+ a — G}.

This completes the verification of (3.1)—(3.3)) and the proof of Theo-
rem [[3

4. The bound on A. In this section we derive a bound on A =
max{A;,—A_}. We also establish some infinite families of triples (p,q, )
with restrictions on ¢ and r modulo p only, for which A is bounded by a
constant independent of p, g, r.

We also apply our bound on A to estimate the density of the set of ternary
cyclotomic polynomials such that A < ¢p, for any real ¢ > 0 and fixed p. In
view of Conjecture the most interesting case is ¢ = 2/3.

At the end we prove a weaker version of the old Beiter’s Conjecture.
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Proof of Theorem[1.} By Theorem we have
A < max{min{2«a + §,p — 8}, min{p + 2a — 3, 5} }.
Ifg< %p then
A < max{min{2a + 3,p — 3}, 3} = min{2a + 8,p — 5}
= min{2a + 8*,p — B*}.
Also if 8 > %p then
A < max{p— 3, min{p + 2« — 3, 5}} = min{2a + p — 5, 3}
=min{2a + *,p— ("} =

COROLLARY 4.1. Letp > 12 and p = 2da+1 = 3d3+1 = 4d,+1 = 6dg+1
for some integers da,ds,dys, dg. Let also di = 1. If q is congruent to £d; and
r is congruent to £d; modulo p, then

A <min{2i + j,i + 25} < 18.

Proof. Just observe that a = min{i, j}, 8 = max{3, j} and apply The-
orem 4] w

Denote by

p<qg<r< A <
L@@):hnwup#{@ﬂﬂ p<q<r<n, Apy < cp}
n—oo #{(q,7) :p<g<r<n}
the density of the ternary cyclotomic polynomials with the smallest prime
factor of their order equal to p, for which A < ¢p.

COROLLARY 4.2.

> 424+ 0(1/p) if 0<e<1/2,
Dp(c) § >1-2(3—4¢)2+O0(1/p) if 1/2<c<3/4,
=1 if ¢>3/4.

Proof. Note that « and 8* depend only on the residue classes of ¢ and r
modulo p. Let a(7, j) = min{2a + %, p — 5*}, where @ and 5* are computed
for the polynomial @, with ¢ = ¢ (mod p) and 7 = j (mod p). Using
Theorem [L.4] and Dirichlet’s Prime Number Theorem we obtain

Za(i,j)gcp #{(qa 7") p<g<r<mn, (qu) = (27]) (mOd p)}

D,(c) > lim
p()_’nﬂoo #{(¢,7) :p<qg<r<n}
2
. 2(p—1)2log? n Za(’h])SCp 1
= lim = g 1,
n—c0 —n (p—1)2

2log? n a(i,j)<cp

where the sum runs over all the non-zero residue classes ¢ and j modulo p.
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It is not difficult to see that
> oes Y > 1som
a(i,j)<cp 1<a<p*<(p—1)/2 min{2a+p*,p—F*}<cp
In case ¢ < 1/2 we have

Lep/3] Lep) —2a

Dy(c) > _8122 > 1+0(1/p)

a=1 p*=«a
8(10202/6 +0())
1 c +0(1
L 00/ = 3¢+ 001 /).
Assume that 1/2 < ¢ < 3/4. Then
(p—1)/2 p* [(1—c)p]-1 B

D0z (X Y- Y > 1)+ou/)

pr=1 a=1 Br=lep/3]+1 a=[(cp—p*)/2]+1
= 8(p?/8 — p*(9 — 24c +16¢%) /12 + O(p))/(p — 1)* + O(1/p)
2
=1-30- 4¢)? + O(1/p).
The third equality in the corollary is obvious. m

Our bound on the value D(c) = lim,_o Dp(c) may be interpreted as a
quotient of two areas. The denominator is the area of the triangle described
by the inequalities 0 < z < y < 1/2. The numerator is the area defined by
the inequalities

O<z<y<l/2, 2z+4+y<ec, l—-y<ec

We can apply our estimation of Dy(c) to check that Conjecture is
true in at least 25/27 + O(1/p) cases and the old Beiter’s Conjecture

holds for at least 1/3 + O(l/p) cases.

Although Conjecture [1.1] does not hold in general, we are able to prove
a weaker version of it, w1th the same bound. Let A(p) denotes the average
value of A for all the ternary cyclotomic polynomials with the smallest prime
dividing their order equal to p. More precisely,

- E <g<r<n AP‘]T
A(p) = limsup P~ .
W) =lmnsw e r) p<a<r<n}

COROLLARY 4.3. A(p) < (p+1)/2.
Proof. Applying the method of Corollary [4.2] we obtain

p—1p—1

_ 4
TR o) U B S S )

i=1 j=1
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Let k < (p —1)/2 be a positive integer. Then

k k
—1 1 1
:la(i,i+p2—k> = jmin{3i—k+p2,k—z’+p;}

i=1

)

k
_ (p+ 1Dk . L (p+Dk
i +;mm{3z k—1,k—i} = 5
Now we have
(r—1)/2(p—1)/2
> D aling)
=1 j=1
(r-1)/2 & B B (p—1)/2
= Z(a(z,z+]?2—k>+a(z+p—k, ))— a(i, 1)
k=1 i=1 =1
(r-1)/2 & p—1 (p—1)/2
=2 Za<2,2+2—k>— Z a(i, i)
k=1 i=1 i=1
~1)/2
_ptl 2(pz” L p=1) _ (D1
2 2 8

Finally we get A(p) < (p+1)/2. =

5. Proof of Theorem First we present a simple expression for the
difference of two consecutive coefficients of a ternary cyclotomic polynomial
in terms of Fy:

LEMMA 5.1. Put
Ny =N (Fna anpfqa Fn*t]*?‘a anrfp)a

N_= Nl (Fn—pa Fn—qa Fn—m Fn—p—q—r)-

Then )
apgr(n) — apgr(n — 1) = §(N— - N4).

Moreover

apgr (1) — Apgr(n — 1)
= NO(Fn; Fn—p—qa Fn—q—’/‘y Fn—T—p) - NO(Fn—;n Fn—q; Fn—’r’ Fn—p—q—r)
= N2(Fna anpfqa anqfry anrfp) - NQ(FTpra anqa anr, anpqur)-
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Proof. By Lemma 3.1

1 n

- 5 Z (Nl(Fk*fPFk*T) _Nl(Fkakaqfr))
k=n—p+1
1 n—1

- 5 Z (Nl(kaqa kar) - Nl(Fk7 kaqfr»
k=n—p

1
= i(Nl (Fn—p7 Fn—q; Fn—rv Fn—p—q—r‘) - N (Fn7 Fn—p—qa Fn—q—rv Fn—r—p))

= (V- Ny,

The remaining two equalities can be established in the same way. =

Now we are ready to prove Theorem By Lemma [5.1| we have
1
|apgr(n) — apgr(n —1)| = §’N— - Ny <2,

where equality may hold only if N =4, N, =0or Ny =4, N_ = 0. We
will show that either is impossible.

Indeed, for some permutation (¢, u,v) of (p,q,r) by Lemma we have
Fo—i = F,_, €{0,2} in the case of (F,, Fr—p—q, Fr—g—r, Fn—r—p) = (1,1,1,1).
Therefore |Fy, — Fpy—t — Friy + Fromt—u| = 2.

Also if (F—p, Fu—g, Fn—r, Fn—p—g—r) = (1,1,1,1) then for some permu-
tation (t,u,v) we have Fy,_;_, = F_y—y € {0,2} and |F,—y — Fpy—p—y —
Fr—wy—v+ Fh—t—u—v| = 2. Both cases contradict Lemma n
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