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1. Introduction. In [1], the first author showed that for any odd n > 1,

(1)

(n−1)/2
∑

r=1
(r,n)=1

1

r
≡ −2q2(n) + nq2

2(n) (modn2),

where

qi(n) =
iφ(n) − 1

n
, (i, n) = 1,

is Euler’s quotient of n with base i. In particular, if n is prime, (1) becomes
Lehmer’s famous congruence (cf. [2] or [3])

(p−1)/2
∑

r=1

1

r
≡ −2q2(p) + pq2

2(p) (modp2),

which, along with some other congruences, plays an important role in study-
ing the first case of Fermat’s last theorem. In this paper, we wish to general-
ize some other congruences of Lehmer to arbitrary positive integer moduli.

Theorem 1. If n is odd , then

(2)

⌊n/2⌋
∑

r=1
(r,n)=1

1

n − 2r
≡ q2(n) −

1

2
nq2

2(n) (modn2), (3, n) = 1,

(3)

⌊n/3⌋
∑

r=1
(r,n)=1

1

n − 3r
≡

1

2
q3(n) −

1

4
nq2

3(n) (modn2), (3, n) = 1,
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(4)

⌊n/4⌋
∑

r=1
(r,n)=1

1

n − 4r
≡

3

4
q2(n) −

3

8
nq2

2(n) (modn2), (3, n) = 1,

(5)

⌊n/6⌋
∑

r=1
(r,n)=1

1

n − 6r
≡

1

3
q2(n) +

1

4
q3(n) −

1

6
nq2

2(n) −
1

8
nq2

3(n) (modn2),

(15, n) = 1.

As an application of Theorem 1, we have the following result.

Theorem 2. If n is odd , then

(6)
∏

d|n

(

d − 1

⌊d/3⌋

)µ(n/d)

≡ (−1)φ3(n)(3φ(n)+1−1)/2 (modn2), (3, n) = 1,

(7)
∏

d|n

(

d − 1

⌊d/4⌋

)µ(n/d)

≡ (−1)φ4(n)(3 · 2φ(n) − 2) (modn2), (3, n) = 1,

(8)
∏

d|n

(

d − 1

⌊d/6⌋

)µ(n/d)

≡ (−1)φ6(n)(2φ(n)+2 + 3φ(n)+1 − 5)/2 (modn2),

(15, n) = 1,

where

φe(n) =
∑

d|n

µ

(

n

d

)⌊

d

e

⌋

is the generalized Euler totient function.

Remark. We shall prove in Lemma 4 below that (−1)φe(n) = −1 only
when n is a prime power pα with p ≡ 2 (mod3) for e = 3, p ≡ 5 or 7 (mod8)
for e = 4, and p ≡ 7 or 11 (mod12) for e = 6.

Corollary 1. If p, q are distinct odd primes, then
(

pq − 1

⌊pq/3⌋

)

≡
1

2
(3φ(pq)+1 − 1)

(

p − 1

⌊p/3⌋

)(

q − 1

⌊q/3⌋

)

(mod p2q2),

(

pq − 1

⌊pq/4⌋

)

≡ (3 · 2φ(pq) − 2)

(

p − 1

⌊p/4⌋

)(

q − 1

⌊q/4⌋

)

(mod p2q2),

(

pq − 1

⌊pq/6⌋

)

≡
1

2
(2φ(pq)+2 + 3φ(pq)+1 − 5)

(

p − 1

⌊p/6⌋

)(

q − 1

⌊q/6⌋

)

(modp2q2).

However, we have not been able to generalize the following formula of
Lehmer to arbitrary positive integer moduli:

⌊p/4⌋
∑

r=1

1

r2
≡ (−1)(p−1)/24Ep−3 (modp)
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for any prime p ≥ 5, where E2n is the 2nth Euler number which can be
defined by the generating function

sec x =
∞

∑

n=0

(−1)nE2n
x2n

(2n)!
for |x| <

π

2
.

What we prove is the following result.

Theorem 3. If p is an odd prime and l ≥ 1, then

⌊pl/4⌋
∑

r=1
p ∤ r

1

r2
≡ (−1)(p

l−1)/24Eφ(pl)−2

{

(modpl) for p ≥ 5,

(mod3l−1) for p = 3.

2. Auxiliary results

Lemma 1. If p ≥ 5 is a prime and k ≥ 2, l, t are positive integers, and
s is the least positive residue of pl modulo t, then

(9)

⌊pl/t⌋
∑

r=1

(pl−tr)2k−1 ≡
t2k−1

2k

{

B2k−B2k

(

s

t

)

+
p2l

t2

(

2k

2

)

B2k−2

}

(modp2l),

(10)

⌊pl/t⌋
∑

r=1

(pl − tr)2k ≡
t2k

2k + 1

{

2k + 1

t
plB2k − B2k+1

(

s

t

)}

(modp3l−1),

(11)
pBφ(p2l)

p − 1
≡ 1 (mod p2l),

where Bn is the nth Bernoulli number.

Proof. It is well-known that

Bv+1(x + 1) − Bv+1(x) = (v + 1)xv.

We let x = (pl−rt)/t (r = 1, . . . , ⌊pl/t⌋), and add all the resulting equations;
after cancellation we obtain

(12)

⌊pl/t⌋
∑

r=1

(pl − tr)v =
tv

v + 1

{

Bv+1

(

pl

t

)

− Bv+1

(

s

t

)}

,

where we have written s for the least positive residue of pl modulo t. From

Bv(x) =

v
∑

r=0

(

v

r

)

Brx
v−r
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and the von Staudt–Clausen theorem, for k ≥ 2 we have

B2k

(

pl

t

)

≡ B2k +
p2l

t2

(

2k

2

)

B2k−2 (mod p2l),

B2k+1

(

pl

t

)

≡ B2k
2k + 1

t
pl (mod p3l−1).

Taking v = 2k and v = 2k + 1 in (12), from the above congruences we get
(9) and (10) respectively.

Now we prove (11). Taking 2k = φ(p2l) and t = 1 in (10), noting that
B2k+1(1) = 0, we have

(13)

pl−1
∑

r=1
(r,p)=1

rφ(p2l) ≡

pl
∑

r=1

(pl − r)φ(p2l) ≡ plBφ(p2l) (mod p3l−1).

By using the fundamental congruence

qa(p
2l) + qb(p

2l) ≡ qab(p
2l) (modp2l),

we have
pl−1
∑

r=1
(r,p)=1

qr(p
2l) ≡

(
∏

1≤r≤pl, p ∤ r r)φ(p2l) − 1

p2l
=

(wplpl − 1)φ(p2l) − 1

p2l
(14)

≡ −φ(pl)wpl (mod pl),

where
wpl =

(

∏

1≤i≤pl, p ∤ i

i + 1
)

/pl

is the generalized Wilson quotient. Note that

(15)

pl−1
∑

r=1
(r,p)=1

rφ(p2l) =

pl−1
∑

r=1
(r,p)=1

(1 + qr(p
2l)p2l).

Combining (13)–(15), we have

plBφ(p2l) ≡

pl−1
∑

r=1
(r,p)=1

1 = φ(pl) (mod p3l−1),

and (11) is obtained.

Lemma 2 ([2]). If v is even, e = 2, 3, 4, or 6, then

Bv

(

1

e

)

= Bv

(

e − 1

e

)

=
∏

q|e

(1 − qv−1)
Bv

φ(ev)
,
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where q is a prime factor of e. If v is odd and e = 4, then

Bv

(

1

4

)

= −Bv

(

3

4

)

= −
vEv−1

4v
.

Lemma 3. If p ≥ 5 is a prime, l, d ≥ 1, e ≥ 2, p ∤ e, d ≡ ±1 (mod e),
then

⌊dpl/e⌋
∑

r=1
p ∤ r

1

dpl − er
≡

⌊pl/e⌋
∑

r=1
p ∤ r

1

pl − er
(mod p2l).

Proof. Let

D =

⌊dpl/e⌋
∑

r=1
p ∤ r

1

dpl − er
−

⌊pl/e⌋
∑

r=1
p ∤ r

1

pl − er
.

By expanding the summands as geometric series, we have

D =

⌊dpl/e⌋
∑

r=1
p ∤ r

1

dpl − er
−

⌊dpl/e⌋
∑

r=1
p ∤ r

1

pl − er
+

⌊dpl/e⌋
∑

r=1
p ∤ r

1

pl − er
−

⌊pl/e⌋
∑

r=1
p ∤ r

1

pl − er

≡ −
(d − 1)pl

e2

⌊dpl/e⌋
∑

r=1
p ∤ r

1

r2
+

⌊dpl/e⌋
∑

r=[pl/e]+1
p ∤ r

1

pl − er

≡ −
(d − 1)pl

e2

⌊dpl/e⌋
∑

r=1
p ∤ r

1

r2
−

pl

e2

⌊dpl/e⌋
∑

r=[pl/e]+1
p ∤ r

1

r2
−

1

e

⌊dpl/e⌋
∑

r=[pl/e]+1
p ∤ r

1

r
(mod p2l).

For any prime p ≥ 5, let t be the least positive residue of d modulo e; t = 1
or e− 1. Noting that p ∤ e implies pl − (⌊(e− 1)pl/e⌋+1) = ⌊pl/e⌋, we derive
that

D ≡ −
(d − 1)pl

e2

⌊tpl/e⌋
∑

r=1
p ∤ r

1

r2
−

pl

e2

⌊tpl/e⌋
∑

r=⌊pl/e⌋+1
p ∤ r

1

r2

−
1

e

( pl
∑

r=⌊pl/e⌋+1
p ∤ r

1

r
+

⌊tpl/e⌋
∑

r=1
p ∤ r

1

r + d0pl

)

(mod p2l),

where d0 = (d − t)/e. Recalling the well-known congruences
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pl
∑

r=1
p ∤ r

1

r
≡ 0 (modp2l),

pl
∑

r=1
p ∤ r

1

r2
≡ 0 (modpl),

if t = 1 we get

D ≡

{

−
(d − 1)

e2
+

d0

e

}

pl

⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
≡ 0 (mod p2l),

and if t = e − 1 we have

pl

⌊(e−1)pl/e⌋
∑

r=1
p ∤ r

1

r2
≡ −pl

pl
∑

r=⌊(e−1)pl/e+1⌋
p ∤ r

1

r2
≡ −pl

⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
(mod p2l),

pl

⌊(e−1)pl/e⌋
∑

r=⌊pl/e⌋+1
p ∤ r

1

r2
≡ −pl

( ⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
+

pl
∑

r=⌊(e−1)pl/e⌋+1
p ∤ r

1

r2

)

≡ −2pl

⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
(modp2l),

pl
∑

r=⌊pl/e⌋+1
p ∤ r

1

r
+

⌊(e−1)pl/e⌋
∑

r=1
p ∤ r

1

r + d0pl
≡

⌊(e−1)pl/e⌋
∑

r=1
p ∤ r

(

1

pl − r
+

1

r + d0pl

)

≡ −(1 + d0)p
l

⌊(e−1)pl/e⌋
∑

r=1
p ∤ r

1

r2
≡ (1 + d0)p

l

⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
(modp2l),

therefore,

D ≡

{

d − 1

e2
+

2

e2
−

1

e
(1 + d0)

}

pl

⌊pl/e⌋
∑

r=1
p ∤ r

1

r2
≡ 0 (modp2l).

Lemma 4. Let e = 2, 3, 4 or 6, n be odd , 3 ∤ n for e = 3 or 6. Then

(−1)φe(n) = −1

only when n is a prime power pα with p ≡ 3 (mod4) for e = 2, p ≡ 2
(mod3) for e = 3, p ≡ 3 or 5 (mod8) for e = 4, and p ≡ 7 or 11 (mod12)
for e = 6.

Proof. Let pα1

1 · · · pαs
s be the standard factorization of n. If e = 2, we

assume that pi ≡ ti (mod4), ti = ±1. Then
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φ2(n) ≡
∑

αi−1≤βi≤αi

1≤i≤s

⌊

pβ1

1 · · · pβs
s

2

⌋

≡
∑

αi−1≤βi≤αi

1≤i≤s

1 − tβ1

1 · · · tβs
s

2

≡
∑

αi−1≤βi≤αi

1≤i≤s

{

1 − tβ1

1

2
+ · · · +

1 − tβs
s

2

}

(mod2).

Since for any 1 ≤ j ≤ s,

∑

αi−1≤βi≤αi

1≤i≤s

1 − t
βj

j

2
=

(

∑

αi−1≤βi≤αi

1≤i≤s, i6=j

1
)

·
∑

αj−1≤βj≤αj

1 − t
βj

j

2

= 2s−1
∑

αj−1≤βj≤αj

1 − t
βj

j

2
,

we have

φ2(n) ≡ 2s−1

{

∑

α1−1≤β1≤α1

1 − tβ1

1

2
+ · · · +

∑

αs−1≤βs≤αs

1 − tβs
s

2

}

≡ 2s−1
∑

1≤i≤s
ti=−1

1 (mod2),

where we use the fact that for any odd a1, . . . , as,

1 − a1 · · · as

2
≡

1 − a1

2
+ · · · +

1 − as

2
(mod2),

and φ2(n) is odd only when n is a prime power pl with p ≡ 3 (mod4).

If e = 3, we assume that pi ≡ ti (mod6), ti = ±1. Then

φ3(n) ≡
∑

αi−1≤βi≤αi

1≤i≤s

⌊

pβ1

1 · · · pβs
s

3

⌋

≡
∑

αi−1≤βi≤αi

1≤i≤s

1 − tβ1

1 · · · tβs
s

2

≡
∑

αi−1≤βi≤αi

1≤i≤s

{

1 − tβ1

1

2
+ · · · +

1 − tβs
s

2

}

≡ 2s−1

{

∑

α1−1≤β1≤α1

1 − tβ1

1

2
+ · · · +

∑

αs−1≤βs≤αs

1 − tβs
s

2

}

≡ 2s−1
∑

1≤i≤s
ti=−1

1 (mod2),

and φ3(n) is odd only when n is a prime power pl with p ≡ 2 (mod3).
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If e = 4, we assume that pi ≡ ti (mod8), ti = ±1 or ±3. Then

φ4(n) ≡
∑

αi−1≤βi≤αi

1≤i≤s

⌊

pβ1

1 · · · pβs
s

4

⌋

≡
∑

αi−1≤βi≤αi

1≤i≤s

(1 − tβ1

1 · · · tβs
s )(3 − tβ1

1 · · · tβs
s )

8

≡
∑

αi−1≤βi≤αi

1≤i≤s

{

(1 − tβ1

1 )(3 − tβ1

1 )

8
+ · · · +

(1 − tβs
s )(3 − tβs

s )

8

}

≡ 2s−1
∑

1≤i≤s

∑

αi−1≤βi≤αi

(1 − tβi

i )(3 − tβi

i )

8
≡ 2s−1

∑

1≤i≤s
ti=−1 or−3

1 (mod2),

where we use the fact that for any odd a1, . . . , as,

(1 −
∏s

i=1 ai)(3 −
∏s

i=1 ai)

8
≡

∑

1≤i≤s

(1 − ai)(3 − ai)

8
(mod2),

and φ4(n) is odd only when n is a prime power pl with p ≡ 5 or 7 (mod8).
If e = 6, we assume that pi ≡ ti (mod12), ti = ±1, or ±5. Then

φ6(n) ≡
∑

αi−1≤βi≤αi

1≤i≤s

⌊

pβ1

1 · · · pβs
s

6

⌋

≡
∑

αi−1≤βi≤αi

1≤i≤s

(1 − tβ1

1 · · · tβs
s )(5 − tβ1

1 · · · tβs
s )

12

≡
∑

αi−1≤βi≤αi

1≤i≤s

{

(1 − tβ1

1 )(5 − tβ1

1 )

12
+ · · · +

(1 − tβs
s )(5 − tβs

s )

12

}

≡ 2s−1
∑

1≤i≤s

∑

αi−1≤βi≤αi

(1 − tβi

i )(5 − tβi

i )

12
≡ 2s−1

∑

1≤i≤s
ti=−1 or−5

1 (mod2),

where we use the fact that for any ai ≡ ±1 or ±5 (mod12), 1 ≤ i ≤ s,

(1 −
∏s

i=1 ai)(5 −
∏s

i=1 ai)

12
≡

∑

1≤i≤s

(1 − ai)(5 − ai)

12
(mod2),

and φ6(n) is odd only when n is a prime power pl with p ≡ 7 or 11 (mod12).
This completes the proof of Lemma 4.
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3. Proof of Theorem 1

Proof of (2). We first assume that n = pl with prime p ≥ 5. Taking t = 2
and 2k = φ(p2l) in (9), by using Lemma 2 with e = 2 and (11), we have

(pl−1)/2
∑

r=1
p ∤ r

1

pl − 2r
≡

(pl−1)/2
∑

r=1

(pl − 2r)φ(p2l)−1(16)

≡ q2(p
2l) ≡ q2(p

l) −
1

2
q2
2(p

l)pl (modp2l).

Now, let n = plm, p ≥ 3, m > 1, p ∤ m. By Lemma 3 and (16),

(n−1)/2
∑

r=1
(r,n)=1

1

n − 2r
≡

(n−1)/2
∑

r=1
p ∤ r

1

n − 2r
−

(n−1)/2
∑

r=1
p ∤ r
q1|r

1

n − 2r
(17)

+ · · · + (−1)s

(n−1)/2
∑

r=1
p ∤ r

q1···qg|r

1

n − 2r

≡
∏

q|m

(

1 −
1

q

) (pl−1)/2
∑

r=1
p ∤ r

1

pl − 2r

≡
φ(m)

m

(

q2(p
l) −

1

2
plq2

2(p
l)

)

(mod p2l),

where qi (1 ≤ i ≤ g) are the prime factors of m.
On the other hand,

q2(n) =
(1 + plq2(p

l))φ(m) − 1

plm

≡
φ(m)

m
q2(p

l) +
φ(m)(φ(m) − 1)

2m
plq2

2(p
l) (modp2l),

nq2
2(n) ≡ n

(

φ(m)

m
q2(p

l)

)2

≡
φ2(m)

m
plq2

2(p
l) (mod p2l),

hence

(18) q2(n) −
1

2
nq2

2(n) ≡
φ(m)

m

(

q2(p
l) −

1

2
plq2

2(p
l)

)

(mod p2l).

Combining (17) with (18) yields (2).

Proof of (3). Similarly, we first assume that n = pl with prime p ≥ 5.
Taking t = 3 and 2k = φ(p2l) in (9), by using Lemma 2 with e = 3 and (11),
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we have

⌊(pl−1)/3⌋
∑

r=1
p ∤ r

1

pl − 3r
≡

⌊(pl−1)/3⌋
∑

r=1

(pl − 3r)φ(p2l)−1(19)

≡
1

2
q3(p

2l) ≡
1

2
q3(p

l) −
1

4
q2
3(p

l)pl (mod p2l).

If n = plm, p ≥ 5, m > 1, p ∤ m, 3 ∤ m, noting that m ≡ ±1 (mod6), by using
Lemma 3 and (19), we can prove (3) in a way similar to (2).

Proof of (4). Taking t = 4 and 2k = φ(p2l) in (9), by using Lemma 2
with e = 4 and (11), we have

(20)

⌊(pl−1)/4⌋
∑

r=1
p ∤ r

1

pl − 4r
≡

⌊(pl−1)/4⌋
∑

r=1

(pl − 4r)φ(p2l)−1

≡
1

4
(q4(p

2l) + q2(p
2l)) ≡

3

4
q2(p

l) −
3

8
q2
2(p

l)pl (modp2l).

If n = plm, p ≥ 5, m > 1, p ∤ m, noting that m ≡ ±1 (mod4), by using
Lemma 3 and (20), we can prove (4) in a way similar to (2).

Proof of (5). Taking t = 6 and 2k = φ(p2l) in (9), by using Lemma 2
with e = 6 and (11), we have

(21)

⌊(pl−1)/6⌋
∑

r=1
p ∤ r

1

pl − 6r
≡

⌊(pl−1)/6⌋
∑

r=1

(pl − 6r)φ(p2l)−1

≡
1

12
(q6(p

2l) + 2q3(p
2l) + 3q2(p

2l))

≡
1

3
q2(p

l) +
1

4
q3(p

l) −
1

6
plq2

2(p
l) −

1

8
plq2

3(p
l) (modp2l).

If n = plm, p ≥ 7, m > 1, p ∤ m, noting that 2 ∤ n, 3 ∤ n, m ≡ ±1 (mod6), by
using Lemma 3 and (21), we can prove (5) once again as above.

4. Proof of Theorem 2. Define

An =

(

n − 1

⌊n/e⌋

)

.

Then

An =

⌊n/e⌋
∏

r=1

n − r

r
=

∏

d|n

⌊n/e⌋
∏

r=1
(r,n)=d

n − r

r
=

∏

d|n

Tn/d =
∏

d|n

Td,
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where

Td =

⌊d/e⌋
∏

r=1
(r,d)=1

d − r

r
.

Using the Möbius inversion formula, we have

Tn =
∏

d|n

A
µ(n/d)
d =

∏

d|n

(

d − 1

⌊d/e⌋

)µ(n/d)

.

On the other hand,

Tn =

⌊n/e⌋
∏

r=1
(r,n)=1

n − r

r
= (−1)φe(n)

⌊n/e⌋
∏

r=1
(r,n)=1

(

1 −
n

r

)

(22)

≡ (−1)φe(n)

{

1 − n

⌊n/e⌋
∑

r=1
(r,n)=1

1

r

}

≡ (−1)φe(n)

{

1 + en

⌊n/e⌋
∑

r=1
(r,n)=1

1

n − er

}

(modn2),

where

φe(n) =

⌊n/e⌋
∑

r=1
(r,n)=1

1 =

⌊n/e⌋
∑

r=1

∑

d|(r,n)

µ(d) =
∑

d|n

µ(d)

⌊

n

de

⌋

=
∑

d|n

µ

(

n

d

)⌊

d

e

⌋

,

and applying Lemma 4 and (2)–(4) to (22), respectively, we complete the
proof of Theorem 2.

If we set d = pq in Theorem 2, then Corollary 1 can be derived easily
with the help of Lemma 4.

5. Proof of Theorem 3. Taking t = 4 and 2k = φ(pl)− 2 in (10), and
using the von Staudt–Clausen theorem, we have

⌊pl/4⌋
∑

r=1
p ∤ r

1

r2
≡

⌊pl/4⌋
∑

r=1

rφ(pl)−2 ≡ −
Bφ(pl)−1(s/4)

φ(pl) − 1

{

(modpl) for p ≥ 5,

(mod3l−1) for p = 3,
(23)

where we have written s for the least positive residue of pl modulo 4. By
using Lemma 2, we have
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(24) Bφ(pl)−1

(

s

4

)

= −(−1)(p
l−1)/2

(φ(pl) − 1)Eφ(pl)−2

4φ(pl)−1
.

Applying (23) to (24) yields

⌊pl/4⌋
∑

r=1
p ∤ r

1

r2
≡ (−1)(p

l−1)/24Eφ(pl)−2

{

(modpl) for p ≥ 5,

(mod3l−1) for p = 3,

which completes the proof of Theorem 3.
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