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Representations of integers as
sums of primes from a Beatty sequence
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1. Introduction. The celebrated 1937 theorem of Vinogradov states
that every sufficiently large odd number is the sum of three prime numbers.
However, the statement is no longer true if all three primes are required to
lie in the Beatty sequence

By = {|am] : m € N}
for a fixed irrational number « > 3. Indeed, if N is odd and
(1) N = |ami| + [amz]| + [ams]
for some m1,ms, m3 € N, it is easy to see that
Na ' <mi+mg+ mg < Na !t +3a7 L

Hence, the relation (1) cannot hold if the fractional part { Na~'} of Na~!
lies in the open interval (0, 1—3a~!), which happens for about %(1 —3a )X
positive odd integers N < X. On the other hand, for an irrational number «
of finite type (see Section 2.2) in the range 1 < a < 3, we show that every
sufficiently large odd number is the sum of three prime numbers, each of
which lies in the Beatty sequence B,.

More generally, for fixed o, 8 € R with a > 1, we study the problem of
representing integers as sums of primes from the non-homogeneous Beatty
sequence

Bog={neN:n=|am+ (] for some m € Z}.
In this paper, we prove the following;:
THEOREM 1. Let o, 8 € R with o > 1, and suppose that « is irrational
and of finite type. Then:
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(i) Almost all even numbers N can be expressed as the sum of two primes
from the Beatty sequence B, g if and only if o < 2.

(ii) For any integer k > 3, every sufficiently large number N = k (mod 2)
can be expressed as the sum of k primes from the Beatty sequence
B if and only if a < k.

To state our results more explicitly, we define for every integer k > 2 the
function

Go(N) = Gola, BiN) = > A(m)---A(ng) (N >1),

ni+-+ng,=N
nl,...,nHEBaﬁ

where A is the von Mangoldt function:

Aln) = {logp if n is a positive power of the prime p,

0 otherwise.
By partial summation, our estimates for G.(N) lead to estimates for the
number of representations of an integer N = k (mod2) as the sum of

k primes from the Beatty sequence B, g.
Let v = 1), be the periodic function with period one which is defined on
the interval (0, 1] as follows:

i <ol
@) vy = {0 H0STEe

o ifal<a<l.
The function 7 is closely related to the characteristic function of the set B, g.
Let () =4, and for every s > 2, let (%) denote the r-fold convolution of
v with itself, defined inductively by

1

P (@) = [V @ —y)p(y)dy (> 2).

0

Finally, for every x > 2 we define the singular series

_ (_1)/% (_1)H+1
Sr(N) = }:[v<1 e 1)5_1> p];[v(1 T 1)”) (N >1).

The numbers &, (N) arise naturally in estimates for the number of repre-
sentations of an integer as a sum of £ prime numbers. Note that &,(N) = 0
if and only if N # k (mod 2).

THEOREM 2. Let o, € R with a > 1, and suppose that « is irrational
and of finite type. Then, for any constant C > 0, the estimate

Go(N) = Y@ (YN + 28)S2(N)N + o(ﬁ)

holds for all but O(X (log X)~C) integers N < X, where v = o~ %, § =
a1 - B), and the implied constants depend only on a and C.
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THEOREM 3. Let o, 5 € R with a > 1, and suppose that « is irrational
and of finite type. Then, for every integer k > 3 and any constant C > 0,

(%) N/@—l Nﬁl—l

w(N) =P (YN + Kk0)S (N ;

G.(V) = 0 (N + D)) 25 + 0oy

where v = a1, § = a~1(1 — B3), and the implied constant depends only on
a, k and C.

The proof of Theorem 2 is given in Section 3 (see the Remark after the
statement of Theorem 4) and that of Theorem 3 is given in Section 4 (see
the Remark after the statement of Proposition 1). In Section 5 we study
properties of the convolutions w(“) (k > 2) and, in particular, derive a sharp
lower bound for values of 1(*) in the special case that x = [«]. Our proof of
Theorem 1, which is given in Section 6, follows immediately from the results
of Section 5.

Our arguments have been strongly influenced by the treatment of the
Goldbach problem that is given in the book [6] of Iwaniec and Kowalski, and
we adopt a similar notation here. Our underlying approach relies heavily on
ideas from a recent paper of Banks and Shparlinski [2] on primes in a Beatty
sequence.

Acknowledgements. The authors wish to thank Ignacio Uriarte-Tuero
and Bob Vaughan for helpful conversations. This work was done entirely
at the University of Missouri-Columbia; the support of this institution is
gratefully acknowledged.

2. Preliminaries

2.1. Notation. The symbol [z] is used to denote the distance from the
real number = to the nearest integer; that is,

[«] = glel%m —n| (zeR).

We denote by |z], [z] and {z} the greatest integer < z, the least integer
> x, and the fractional part of z, respectively. We also put e(x) = >
for all x € R. As usual, we use p and ¢ to denote the Mobius and Euler
functions, respectively.

Throughout the paper, the implied constants in symbols O, < and >
may depend (where obvious) on the parameters «, k,C but are absolute
otherwise. We recall that for functions F' and G the notations F <« G,
G > F and F = O(G) are all equivalent to the statement that the inequality
|F'| < ¢|G| holds for some constant ¢ > 0.

2.2. Discrepancy of fractional parts. Recall that the discrepancy D(M)
of a sequence of (not necessarily distinct) real numbers ai,...,ap € [0,1)
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is defined by

3) D) = sup |[LEAD

- [Z]
zcpoyl M

)

where the supremum is taken over all subintervals Z = (¢, d) of the interval
[0,1), V(Z, M) is the number of positive integers m < M such that a,, € Z,
and |Z| = d — ¢ is the length of 7.

For any irrational number v we define its type T by the relation

7 =sup{t € R:lim infnt[['yn]] = 0}.
n—oo

Using Dirichlet’s approximation theorem, it is easily seen that 7 > 1 for
every irrational number . The well known theorems of Khinchin [7] and of
Roth [13, 14] assert that 7 = 1 for almost all real numbers (in the sense of
the Lebesgue measure) and all irrational algebraic numbers =, respectively;
see also [3, 15].

For every irrational number ~, it is known that the sequence of fractional
parts {7}, {27}, {37}, . . ., is uniformly distributed modulo 1 (for instance, see
[9, Chapter 1, Example 2.1]). When ~ is of finite type, this statement can
be made more precise. Let D., s5(M) denote the discrepancy of the sequence
of fractional parts ({ym +6})M_,. By [9, Chapter 2, Theorem 3.2] we have:

LEMMA 1. Let~y be a fixed irrational number of finite type T < co. Then
for all 6 € R the following bound holds:

Dr%(S(M) S M—I/T+O(1) (M — OO),
where the function implied by o(-) depends only on ~.

2.3. Numbers in a Beatty sequence. The following elementary result
characterizes the set of numbers that occur in the Beatty sequence B, g:

LEMMA 2. Let a,3 € R with a > 1, and put y = a1, § = a~ (1 - ).
Then n = |am + 3] for some integer m if and only if 0 < {yn+ 46} <~.
2.4. Estimates with the von Mangoldt function. The estimate below fol-

lows immediately from the Siegel-Walfisz theorem (see, for example, the
book [5] by Huxley) using partial summation:

LEMMA 3. Let k > 1 be fized. Then for any fixed constant A > 0 and
uniformly for integers N >3 and 0 < ¢ < d < (log N)4 with ged(c,d) = 1,

ST AN -0yl = 4 O(N* exp(— B(log N)2)),
ot rp(d)
n=c (mod d)

where B > 0 is a constant that depends only on k and A.
We also need the following;:
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LEMMA 4. Let k > 1 be fized. For an arbitrary real number 6 and co-
prime integers ¢,d with 0 < ¢ < d, if |0 —a/b] < 1/N and ged(a,b) =1
then

> Am)e(On)(N—n)""! < (b V2N b 2N NE1P) (log N)?,

n<N
n=c (mod d)

where the implied constant depends only on k.
Proof. The special case k = 1 is a simplified and weakened version of a

theorem of Balog and Perelli [1] (see also [11]), and the general case follows
by partial summation. =

2.5. The singular series. For every integer x > 2, it is easy to check that
the singular series

_ (=D" (=1~
S} = g(l - 1)"“1> pl;[v(1 - 1)“)
satisfies the identity

(4) GN(N)ZZ Z M(C)Hlﬂ(d)”d

s et
ged(c,d)=1

and for every k > 3 we also have
me HM d n+1d
) SHET R D o

2 e edr
ged(d,eN)=1

We moreover have the bound

(6) G2(N) < loglog N,
and for every x > 3,

(7) Gk(N) < 1.

3. Two Beatty primes. Fix o, € R with a > 1, and suppose that «
is irrational and of finite type. In this section, we focus our attention on the
function

Go(N) = > Alm)A(n2) (N >1).
ni+nas=N
n1,n2€B8B, 3
Put vy = o' and 6 = a~ (1 — 3), and let 7 denote the (finite) type of 7.
We recall that 1 is the periodic function with period one which is defined
by (2) on the interval (0,1], and 1(?) = ¢ % ¢} is the convolution of 9 with
itself.
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THEOREM 4. For any complex numbers cy and any constant C' > 0,

/
5 exGaN) = 3 ext PN + 200828 + (el e ).

C
N<X N<X log X)

where ||c]|2 = (X y<x lenl?)?.
REMARK. This result immediately yields a proof of Theorem 2. Indeed,
taking ¢y = Ga(N) — P (YN + 26)So(N)N, we derive the bound

X3
_h(2) 2 _
NESX(QQ(N) P (YN +20)62(N)N)* <« (log X )20
and Theorem 2 follows at once.

Proof of Theorem 4. By Lemma 2 and the definition (2), it follows that
(8) Go(N) = D Alma)A(n2)d(yna + 6)d(ynz + 6).

ni+nas=N
According to a classical result of Vinogradov (see [16, Chapter I, Lem-
ma 12]), for any A such that
1 1
0<A< 3 and A< imin{'y,l—fy}
there is a real-valued function ¥ with the following properties:

(i) ¥ is periodic with period one;

(ii) 0 <¥(z) <1 for all z € R;
i

i)
(iii) ¥(z) =¢(x)if A<{z} <y—Aorif y+ A< {a} <1-A4;
(iv) ¥ can be represented as a Fourier series
= g(ke(k)
kEZ
where ¢g(0) = ~, and the Fourier coefficients satisfy the uniform
bound
9) lg(k)| < min{[k|7% [K|72ATT} (k£ 0).
From the properties (i)—(iii) above, it follows that the estimate
(10) v (2) = v (2) + 0(4)

holds uniformly for all z € R, where ¥(? is the convolution ¥ % .
From (8) we see that

1) G = Y Am)A(m)¥(yn + ) (yny + )
ni+ns=N

+O(V(Z,N)(log N)?),
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where V(Z, N) is the number of positive integers n < N such that

{m+0}eZ=0,)U(y—Avy+A)U((1l-A1).
Since |Z| = 44, it follows from the definition (3) and Lemma 1 that
(12) V(Z,N) < AN + N7V,

Now let K > A~! be a large real number (to be specified later), and let
Uk be the trigonometric polynomial given by

(13) Uic(x) = Y g(k)e(kz).

k| <K
Using (9), we see that the estimate
(14) U (x) = ¥(x) + O(KtA™
holds uniformly for all z € R, and therefore
15) 7P () =0 (@) + OE A =P (z) + O(A+ KA,

where we have used (10) in the second step. From the definition (13) we also
have

(16) v (x) = 3 g(k)’e(kz).

k<

Inserting the estimate (14) into (11) and taking into account (12), we derive
that

Go(N) = > Aln)A(n2)¥ic(yn1 + 8)¥ic (yna + 9)
ni+ne=N

+O0(A+ K 'A™ 4+ NV N(log N)?).
For a given real number Z > 2, we now split A(n) as follows:

A(n) = — Z u(d)logd = A¥(n) + A°(n),

dln
where
Af(n) == p(d)logd and A’(n)=—> p(d)logd.
iy o
Then
(17)  Go(N) = GE(N) + 2G5 (N) + G5’ (N)

+O((A+ KA 4 N“YED)N(log N)?),
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where
GF(NY = Y A(m) A (no) Wi (yny + 0)Wic (s + 6),

ni+ns=N

GY(NY = Y A(m) A (no) Wi (yny + 8) T (yna + 6),
ni+nas=N

GY(N) = > X)X (n2)Wk (yn1 + 6)¥k (yna + 6).
ni1+no=N

From now on, let X be a large integer, and put
(18) A=X"YE) and K= XYW,
Then for all N < X the estimate (17) implies
Go(N) = GF(N) + 2G5 (N) + G5 (N) + O(X1~1/(107).
Therefore, for any complex numbers ¢y, it follows that
(19) D enG(N) = Y ew(GF(N) +265(N) + G (N))
N<X N<X
i O(||c||2X3/2_1/(107)).
Next, we need the following result, the proof of which is given below:

LEMMA 5. For any complex numbers u; and v,,, the bound
X (log X)?

>0 v A+ 8) < ulla ol “g

l+m+n=X
holds with any A > 0, where

1/2 1/2
el = (D 1l?) s Wl = (X fowl?)
<X m<X
and the implied constant depends only on o and A.

For any complex numbers cpy, we have
Z CNQSb(N) = Z ex 1AM M)W (ym + 8) - A ()W (yn + 6).
N<X I+m+n=X
We now apply Lemma 5 with
{CX—Z iflﬁlﬁX,
u; =

0 otherwise,
- {Aﬁ(m)lI/K(fym+5) if 1 <m <X,
" 0 otherwise.

From the trivial bound

| A3 (m)Wg (ym + 8)| < d(m)logm,
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where d(m) is the number of positive integer divisors of m, it follows that
0]l < X (log X)?,
where we have used the well known bound Y, -y d(m)? < X (log X)? (see,

for example, the proof given by Hua [4, Theorem 5.3]; see also [12, 17, 18]).
Hence, using Lemma 5 with A = C' + 9/2 we derive the bound

3/2 9/2
ﬁb X" (log X)
(20) N;(CNQZ (V) < el =g Zycror
for any constant C' > 0. Similarly,
X3/2(10g X)9/2
bb
(21) Z enGy (N) < lell2 W

N<X

Turning to the sum ggﬂ(N ), we begin by inserting the Fourier expansion
of Uk (x) and then changing the order of summation, obtaining

GEINY= > A(m) A (no) Wk (yna + 8) T (yna + 0)

ni+ne=N
=3 A n)AHN = n)Tg (yn + O)Tx (v(N —n) + 6)
n<N
=Y gk)gDe(ks)e(l(yN +8)) Y A*(n)AH(N — n)e((k — )yn).
|k|<K n<N
<K

We now collect terms in the double sum according to whether k£ = [ or not.
Writing
GF(N) = D Am) AN —n),
n<N
the contribution to ggﬁ(N ) coming from terms with k = [ is
2
GE(N) Y glk)e(k(yN +26)) = w2 (N + 20)GF (),
[k|<K
where we have used (16) in the second step. To bound the remainder

R= > g(k)g(e(kd)e(l(vN +4)) > A (n)A*(N —n)e((k — 1)yn),
k| JlI|<K n<N
kAl

we use the following result, the proof of which is given below:
LEMMA 6. For every integer ko # 0 with |ko| < 2K = 2XY(*7) | we have
> A n) AN — n)e(koyn) < X/2Z3H47,
n<N
where the implied constant depends only on «.
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From Lemma 6, it follows that
R< X223 N " (k)] > |g(D)] < X'V/2 2547 (log X)?,
|k|<K <K

where we have used (9) together with our choice of K.
We have therefore shown that

GH(N) = 02 (YN + 26)GH(N) + O(X /2237 (log X)?).
For any complex numbers cy, it follows that
> enGEN) = Y7 enWd (9N + 26)GE(N) + O(l|el|s X 2% (log X)?).
N<X N<X

Now put Z = XYOF127) Using the previous estimate together with the
bounds (20) and (21), we derive from (19) the estimate

3/2

N<X N<X

Examining the proof of [6, Lemma 19.3] (which is stated only for even num-
bers N but holds for odd numbers as well) and taking into account the
identity (4) with k = 2, we deduce that

G¥(N) = G3(N)N + 0 <ﬁ)

From the trivial estimate
> ¥R (1N +26) < flels X2,

N<X
it follows that
@) X3/2
D> enGo(N) = > enW (YN +26)62(N )N+O(!c\|2W>.
N<X N<X 08

Finally, by (15) and our choices of A and K, we have
v (@) = v (@) + O(X V),
In view of the trivial bound (6), it follows that
XY/ G Z enGa(N)N < |lef|o X327 B loglog X;

N<X
therefore,
X3/2
Z enGa (N Z entp? 7N+25)62(N)N+O<||C’2 W)
N<X N<X &

as required. =
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Proof of Lemma 5. We argue as in [6, Section 19.3] and begin with a
bound for the exponential sum

Sy (€)= D ()T (yn + Ble(n).
n<X
From the definition (13), it follows that
1Sp, (D1 < D lg(k)S* (€ + ky)l,  where §°(€) = > A(n)e(én)
|k|<K n<X

Using the bound (19.17) from [6] together with (9), we immediately deduce
that the uniform bound

Xlog Xlog K
22 S5 —_—

holds with any fixed constant A > 0.
To complete the proof, we observe that

Z wum A’ ()W (yn + 6)

l+m4n=X
S (3" wmele)) (3 vmelem)) Sy, (€)e(—€X) de.
m<X

<X

(€ eR)

Applying the Cauchy-Schwarz inequality and using (22) (with K = X1/(47))
together with the equalities

i‘zwe(ﬁl)fd& = Z |w?, i‘ Z vme(gm)rdg = Z 0],

0 I<X <X 0 m<X m<X

we obtain the stated bound. =

Proof of Lemma 6. We have:
(23) > An)A*(N — n)e(koyn)

n<N
= Z(Z (d1) logd1)< Z N(d2)10gd2)e(k07n)

n<N diln da|N—n
di<Z d2<Z
= Y pld)p(dz)logdilogdy Y e(koylady).
dy,d2<Z l1,l22>1
l1di+lodo=N

If [y > 1, then l1d; + lada = N for some Il > 1 if and only if [ < N/dj,
f = ged(dy, dz) is a divisor of N, and

li(di/f) = (N/f) (modda/[).
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Let a be the least positive integer such that
a=(di/f)" (N/f) (moddz/f).
Then [y varies over the set {a,a+da/f,...,a+ (L —1)da/f}, where

_ N/dl—a _ N
b= { da/ f J  [da, dy] + O,

and it follows that

L-1
(24) Z e(kovlldl) = e kovadl Ze k‘o’y] dl,dQ

l1,l2>1 Jj=0
l1dy1+1lado=N 1

<o o
[kov[dy,da] ]
where we have used a standard estimate in the second step (see, for example,
[8, Chapter 1, Lemma 1]). Since + is of type 7, we have

[yn] >n=2" (n>1),
where the implied constant depends on «; thus,
1
[kov[dy,da] ]
Combining this bound with (23) and (24), and using the trivial bound

Y logdylogdy < Z*(log Z)* < Z°,
d1,de<Z

< k;(%T [dl) d2]2T S (2X1/(4T))2TZ4T &< X1/2z47'.

we obtain the desired result. =

4. Three or more Beatty primes. In what follows, we use the same
notation as in the proof of Theorem 4, except that we now define

A = ]\]’-1/(87‘)7 K = Nl/(4‘r)

instead of (18). With these choices, we have the following analog of (15) for
every K > 2:

(25) v (z) = p(z) + O(NVED)  (z e R).
Also,
(26) (@)=Y gl)e(lx).

<K

PROPOSITION 1. Let k > 2 be fized. If, for any constant C > 0, the
estimate

(x) nt i
(27) Gu(n) = U (yn + £0) S (n) CEN O((log n)0>
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holds for all but O(N (log N)~C) integers n < N, then the estimate
(28)  Grrr(N) = WD (YN 4 (5 + 1)0)S (V) e 4 O —

rt K o K! (log N)¢
holds with any constant C' > 0.

REMARK. This result immediately yields a proof of Theorem 3. Indeed,
using (6) and (25) we obtain (27) with x = 2. By induction, Proposition 1
implies that (28) holds for every fixed x > 2. Replacing k by k—1 in (28) and
then using the estimate (25) again, we obtain the statement of Theorem 3.

Proof of Proposition 1. To simplify our exposition in what follows, for
any functions F' = F(N) and G = G(N) we use the notation
F=0(G)
to mean that for any choice of the constant C' > 0 the inequality
|G|
(log N)©
holds for all N > 2 with a constant ¢ > 0 that depends only on «, k and C.
By Lemma 2 and the definition (2), we have

Grr1(N) = > Al Al (ynn +8) - (Yngegr + )
nit-+ng41=N

= 3" AN = n)p(y(N = n) + 8)Gu(n)

n<N

= STTAN — )Y (3(N —n) + 8)Gu(n) + O(N™),

n<N

[Fl<c

where Y " indicates that the sum is restricted to integers n satisfying (27);
note that we have used the trivial bound

AN —n)p(y(N —n) + )G (n) < N L(log N)*

to estimate the contribution from exceptional integers. By (27), the previous
sum is equal to

nﬁ*l -

+ O(N").

DA =) (N =) + DT (yn + 10)Suln)
n<N
We now extend the sum to all integers n < N, using (6) or (7) to bound
Sk(n) for each exceptional n, then we replace ¢ with ¥k using (25) to
control the error term. Finally, replacing n by N — n, we see that G,11(V)
is equal to

Z A(n)Pg (yn + 5)517[(?)(7(]\7 —n) + £6)Sx(N —n) %
n<N

)n—l
+O(N").
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In this sum, we substitute the Fourier expansions (13) and (26) for ¥, and
lI/I(? ), respectively, then change the order of summation, obtaining

(29) Gur1i(N) = k%;Kg(k:)g(l)”e(ké + YN + 1K) i‘“’l_(]f))! + O(N"™),
where
Ska(N) = A(n)e((k — )yn)Sx(N — n)(N —n)"".
n<N

We now show that the main contribution to G.41(N) comes from the
sums Sk (N) with k = [. To this end, we use (4) to write

p(e)"p(d)<d
Skl /1 — l 'yn H 1
n;v d;n ; p(c)o(d)”
ged(c,d)=1
o)+ p(d)~d
= Z Z %Tk,l,d(]\r%
d<N c>1 pLey
ged(e,d)=1
where
TigaN)= Y Aln)e((k —D)yn)(N —n)*".
n<N
n=N (mod d)

Using the trivial uniform bound
N"log N
d

and the well known lower bound ¢(d) > d/loglogd, for any y > 3 we have
(since k > 2)

o)L y(d)Ed d(loglog d)® N*log N
Z Z ( zc)nﬂ((d))n Tk,l,d<N)<<Z ( gdng ) dg
>y c>1 ¥ ¥
ged(c,d)=1

TkJ,d(N) <

d>y

_ N*logN
d3/2 yl/2

< N“logNZ
d>y

Taking y = (log N)4 with A = 2C + 2 and C > 0 arbitrary, we derive that

) e utard v
Sk,l(N) = d<(§g:N)A C>Zl o) p(d)~ Tk,l,d(N) +0 ( (log N)C) .

ged(c,d)=1

Next, we observe that if d < (log N)* and ged(d, N) # 1, then the number
w(d) of distinct prime divisors of d satisfies the bound w(d) < loglog N,
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and it is easy to see that the bound
Tr1.4a(N) < N*log Nloglog N

holds for all such d. Using this estimate in the preceding expression for
Sk1(N), we deduce that

p(e)u(d)=d N®
SeiN) = 3 > TTk,l,d(N)JrO —— ).
d<(logN)A  c>1 p(c)p(d) (log N)
ged(d,N)= 1 ged(c,d)=

In the case where k = [, Lemma 3 immediately implies that
_ N
Tika(N)= Y. Am)(N-n)""=

n<N N ng(d)
n=N (mod d)

+O(N*),

and therefore,

NE /L(C)“H,u(d)“d N
Skk(N) = — Z Z —— = +0 ).
"< <(logN)A  ¢>1 p(c)*p(d) (log N)
ged(d,N)= 1 ged(e,d)=1

Since

Z Z (o) u(d)~d < Z (loglog d)~*! < 1

K /-e—&-l K C+1°
di({;’g ]Y)A = ©(c) i>(om A d (log N)
gc N)=1 gcd{c

and C is arbitrary, it follows that

K c K+1 K -
Sin(N) = NT 3 % +O(N").
c,d>1

ged(d,eN)=1

Finally, using (5) (with & replaced by x + 1) we deduce that
NF o~
(30) Sk(N) = G (N) — + O(N7) (k] < K).

To treat the case k # [, we use the following result, the proof of which
is given below:

LEMMA 7. There exists a constant 7 > 0 that depends only on a and
has the following property. For any positive integer d coprime to N, and any
non-zero integer ko such that |ko| < 2N1/(47),

> Am)e(koyn)(N —n)™ ' < N*71,
n<N
n=N (mod d)

where the implied constant depends only on k.
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By Lemma 7 we have, for all |k|, |l| < K with k # [,

Thra(N) = > Am)e((k —)yn)(N —n)" = O(N*),
n<N

n=N (mod d)

and therefore,

(31) Ski(N) = O(N®) [k, Il < K, k#1).

Inserting the estimates (30) and (31) into (29), and taking into ac-
count (9), leads to

Ger1(N) = S (N) o S gk e(kyN + (s -+ kd) + O(N)
k<K

K N K
i ON 4 (5 4+ 1D8)S (V) — + O(N™),

and this completes the proof. m
Proof of Lemma 7. Fix a constant g such that
1< 7 <p< 2T
Since « is of type 7, for some constant ¢y > 0 we have
(32) [ym] > com™@ (m >1).
Taking ¢y smaller if necessary, we can assume that cg < 2¢. Put
c1=2%cyp and e=1/(41+2).

Let d and kg be integers with the properties stated in the lemma; without
loss of generality, we can assume that kg is positive. Let a/b be the convergent
in the continued fraction expansion of kg that has the largest denominator

b not exceeding ¢;N'7¢; then
a 1 co
Foy = b = bey N1—¢ ~ p2eN1—¢’

Multiplying by b and taking (32) into account, we have
Co .
seNT=z = |bkoy —al = [bkor] > co(bho) ™.

(33)

Thus, since kg < 2NY(47) and o < 27, it follows that

(34) b> N1-9)/@n)-1/(4r) _ Ne.
Inserting (34) into (33) and recalling that ¢y < 2¢, we conclude that
a 1
koy — =] < —.
TTH=N

We are therefore in a position to apply Lemma 4 with 8 = kv, and this
yields the stated result immediately since N < b < ;N l—e o
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5. Convolutions with . In this section, we focus on properties of
the k-fold convolutions of ¥. We recall that v is the periodic function with
period one defined by

(1 i0<{a} <7,
w(m)_{o ity <{z}<lorzez

We assume that v = a~! < 1. As before, we put ¥(!) = ¢, and for every
k > 2, we denote by (%) the r-fold convolution of 1) with itself:

T

D (@ —y)py)dy = | oD () dy.
T—ry
Since 0 < ¢(z) < v for all z € R, it is easy to see that
0< w(“)(:n) < 7“_1 (k>1, z € R).
Note that w(”) is continuous for k > 2 and differentiable for x > 3.

¥ (2) =

O ey =

PROPOSITION 2. If k > [a], then there exists a constant ¢ > 0 which
depends only on a and r such that %) (x) > ¢ for all z € R.

Proof. By periodicity, it suffices to prove this for all = in [e,1 + ¢] for
some ¢ > 0. Since kv > [a]/a > 1, there exists € > 0 such that 14 2e < k7.
Fixing ¢, it is easy to see that for every x € [e,1 + €] the closed intervals

x € z €
___,—+—} and jw:[g_m’Eer

are contained in [0, v]. Also, if y; € J, for j =1,...,xk—1, then the number

T —y1 — - — Yu—1 lies in Z,. Therefore,
11
PO (@) =V Jol) - lye)(@ =y = = yum1) dyn -+~ dyes
0 0
% k—1
= ()
VA A r(e—1)

forallz € e,14+¢]. =

The remainder of this section is devoted to the problem of finding a sharp
lower bound for ¢)(*)(z) in the special case that x = [a], which is given in
Theorem 5 below.

LEMMA 8. If k > 2, then ") (z) = ¥ (ky — z) for all x € R.

Proof. Let 1y be the characteristic function of the set of real numbers x
such that [z] < /2. Clearly, ¢¥(x) = 1po(x — v/2) for all z € R\ Z, and by

induction on &, we have ¢ (z) = wéﬁ) (x — ky/2) for all Kk > 2 and =z € R.



272 W. D. Banks et al.

Since 19 is an even function, so is 1/}((),.;) for all kK > 2; therefore,

$(@) = " (2 — w7/2) = " (w7/2 = 2) = 0 (w7 — )
forallk >2and z €R. m
LEMMA 9. If 1 <k < [a] and € (kv,1], then ) (z) = 0.

Proof. When k = 1, this follows from the definition of . Now suppose
that "~ (z) = 0 for all z € ((k — 1), 1], where x > 2. Then for each
x € (K7, 1] the interval [x — ~y, z] is contained in ((k — 1)v, 1]; therefore,

x
(@) = | "Dy dy =0,
z—y
and the result follows by induction. m
The next result is an easy consequence of Lemma 9:

LeMMA 10. If2 < k < [a] and z € [0,7], then

T

P (@) = [ (y) dy.

0
The same result holds for k = [a] and x € [ky —1,7].

k—1

LEMMA 11. For1 <k < [a| and z € (0,7], we have
R () = T

Proof. This is immediate for x = 1. Suppose ¥~ (z) = 272 /(k — 2)!
for € (0,7], where 2 < k < [«]. Then by Lemma 10 we have

%) z (1) £ ynf2 ol
Y1) () =§w (y)dy=§(ﬂ_2)! Ay = D

and the result follows by induction. =

LEMMA 12. If1 <k < [a], then %) is increasing on [0, ky/2].

Proof. For k = 1 this is immediate, and for k = 2 it follows from the
fact that /(®)(z) = x for 2 € [0,~] by Lemma 11 and the continuity of ().
Now suppose that ¢)*~1) is increasing on [0, (x —1)7/2], where x > 3. Since
¥ is differentiable, for = € [, (k — 1)7/2] we have

(%)
dyp (t) _ w(n—l) (.’E) _ w(n—l) (.’E _ 'Y) > 0.
at  |,_,
If z € [0,7], then by Lemma 10 it follows that
(%)
t=x
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Finally, suppose that = € [(k — 1)7/2, 5y/2]. Since ¥*~1) is increasing on
[0, (k—1)7/2], it is decreasing on [(k—1)7/2, (k—1)7] by Lemma 8; therefore,
using the same lemma we have

dy™) (¢)

L A OB [CR)

t=x
> 0D (ky/2) = D ((k = 2)7/2) = 0,
and the proof is completed by induction. m

THEOREM 5. For k = [a], the sharp lower bound
k—1
V@) 2 2—2(k5 — 1)!
holds uniformly for all x € R.

Proof. Since 1(*) has period one, we can assume that z € [0, 1].

Using Lemmas 8 and 10 and arguing as in the proof of Lemma 12, one
sees that (%) is increasing on the interval [y — 1, k7v/2] and decreasing on
the interval [kv/2, 1]. Therefore,

e (z) > ¢(N)(1) = (%) (0)
for all x € [ky — 1,1]. On the other hand, by Lemmas 8, 9 and 11, for
x € [0, ky — 1] we have
1 x
P (@)= | () dy+ D (y) dy
T+1—7y 0
rky—1l—x T
= | eI dy+ [ () dy
(k—1)y—1 0
ry—1—2a T
= | eIy dy+ D) dy = f(o),
0 0

where ( ) . .
_ Ky—1—x)" " + 2"

Since the function f(z) attains its minimum on [0, ky—1] at = (ky—1)/2,
we obtain the stated result. m

6. Proof of Theorem 1. Suppose that x < a. If N =k (mod2), and
(35) N = |ami + (] + lamg + 8] + -+ + |amy + 5]
for some m1,...,my, € N, then

(N —wB)at <my+--+my < (N—rB)a™ +ra™t.
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Therefore, the relation (35) cannot hold if the fractional part {(N —x3)a "1}
of (N — k3)a~! lies in the open interval (0,1 — ka~!), which happens for
about 1(1 — k') X positive integers N < X with N = £ (mod2). This
proves the forward implications of the statements in Theorem 1. The reverse
implications follow immediately from Theorems 2 and 3 combined with the
lower bound of Proposition 2 and partial summation. m

7. Remarks. For an irrational number « in the range 0 < o < 1, it is
clear that the Beatty sequence B, g contains all prime numbers. In this case,
since ¢(")(z) = 1 for all Kk > 1 and = € R, the statements in Theorems 2
and 3 are consistent with known results for the number of representations
of an integer N as a sum of k prime numbers.

It would be interesting to see whether the results of this paper can be
extended to include irrational numbers « of infinite type (with a weakened
error term).

To address a question that was posed in a preprint of the present paper,
Kumchev [10] has studied representations of the form N = p;+- -+ py with
each prime p; lying in the Beatty sequence B, g,, where the numbers «;, 3;
are real, each «; is irrational (of finite type) and greater than one, and at
least one ratio a;/«; is irrational.

During the course of our investigations, we observed an interesting phe-
nomenon. If o, 8,3’ € R with a > 1 and « is an irrational number of finite
type, put

Gula, BN) = > A(na)--- Any)
ni+-+ng=N
n1,...,nx€B. 3
as before, and let G.(«,3'; N) be defined similarly. If 3/ = 8 + a/k for
some fixed k > a, then it is easy to see that the Beatty sequences B, 3 and
Bo g contain different sets of primes. Nevertheless, by Theorem 3 one can
immediately conclude that

Gu(a, B;N) ~ Gu(a,f';N) (N — ).
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