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On the relative class number of
cyclotomic function fields

by
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1. Introduction. In cyclotomic theory over Q, ideal class groups and
class numbers of Q({,») and its maximal real subfield Q((,»)" are important
objects; especially, there are many results on the relative class group and the
relative class number. In [Ha], Hazama expressed the relative class number
as the determinant of the Dem’yanenko matrix up to a simple factor. It
was pointed out by Reyssat that the Dem’yanenko matrix is also related
to the signatures of the cyclotomic units. Putting these together, Schwarz
[S] obtained results on the parity of A, , an immediate corollary being the
well-known result that if A" is even then h, is even. In [J], Jha found bases
of the Stickelberger ideal I and its minus part I~. Let R be the integral
group ring of the Galois group. From the group structure of R~ /I, he also
obtained some result on the exponent of the relative ideal class group.

Let A = Fy[T] be the ring of polynomials over a finite field F, with ¢
elements, and k = [Fy(T"). Let oo be the place of k associated to (1/T") and
koo be the completion of k at co. Clearly koo = F,((1/7")). For each nonzero
M € A, one uses the Carlitz module g to construct a field extension Ky,
called the Mth cyclotomic function field, and its maximal real subfield K]'\Z
Let Gy = Gal(Ky/k) and G}, = Gal(K},/k). Let Oy and (’)]J(L\]?e the
integral closure of A in Kj; and K]J(/‘,, respectively. Let Cly; and Clys be
the group of degree zero divisor classes of Kp; and the ideal class group of
O, respectively. Let hyr = |Clys| and iNLM = ’&ML called the divisor class
number and the ideal class number of Ky, respectively. For the maximal
real subfield K ]J\}, C’lj\%, C’lj\%, h;\r/l and %JJ\F/] are defined similarly. Let Cl}, and

(75;4 be the minus parts of Clys and Cl M, respectively. We call them the
relative divisor class group and relative ideal class group of Kjy, respectively.

Let h; = |Cl},;| and 71}/[ = \&XA, called the relative divisor class number
and relative ideal class number of Ky, respectively. It is known that h;, =
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har/hy; and %54 = EM/EL When M = P" is a prime power, it is also known
[Y, Lemma 3] that h,, = (q—l)”_ITLK/l, where =g~ Ddeg P(gdeg P_1) /(¢ —1).
In [JA], we introduced the Dem’yanenko matrix in the function field case
and expressed the relative ideal class number ﬁ}n as the determinant of this
matrix.

The organization of this paper is as follows. In Section 2, we find a basis of
the minus part I~ of the Stickelberger ideal I (Lemma 2.1) and its transition
matrix with respect to some basis of the minus part R~ of the group ring R =
Z|G|, which is the Dem’yanenko matrix (Proposition 2.3). By an analytic
method, we show that the determinant of the Dem’yanenko matrix is equal
to hppn (Proposition 2.6). We also find a matrix whose determinant gives us
the relative divisor class number hp, (Proposition 2.5).

In Section 3, adopting ideas of Iwasawa [I] and Jha [J], we give some
results on the exponent of the relative divisor class group Clp.,.
Using the invariants of R~ /I~ and these results, we determine the group
structure of the relative divisor class group Clp,, for some special cases
(Examples 1, 2).

In Section 4, we show that the sign of cyclotomic units coincides with the
sign of the polynomial which acts on cyclotomic units. Using this result, we
obtain a result on the 2-parity between %;n and E;Sn for ¢ = 3 (Theorem 4.4),
as an analog of Schwarz [S]. Let [ be any prime divisor of ¢— 1. For general ¢,
this result should be extended on the [-parity between %;n and E;Sn.

2. Dem’yanenko matrix and relative class number. For M € A,
it is well known that the Galois group Gjs of Kjs over k is isomorphic to
(A/M)*. Let 04 be an element of Gjs defined by c4(\) = 0a()\) for any
nonzero M-torsion point A\. We write p4(A\) = A for simplicity. Then the
isomorphism ¢ : (A/M)* — Gy is given by ¢(A mod M) = 0 4. Under this
isomorphism, J = {0, : @ € F}} is the Galois group of Ky over K,. For
any subset H of Gy, let s(H) =% 0.

Let G m be the group of characters of G; with values in C. A character
X of Gy is called even if its restriction to J is trivial, and odd otherwise.
Let G]'\Z = {x € Gy : x is even} and GM = GM\GJr Any character x of
G can be viewed as a character of (A/M)*, so the conductor Fy of x is
defined as a divisor of M.

For a nonzero polynomial M € A, we let My (resp. M{,) be the set of
all the polynomials (resp. monic polynomials) in A with degree less than
the degree of M and prime to M. Let M, = My \ MX/[. Fix nonzero
M € A. For each polynomial A prime to M, we let A € M; be the unique
element such that A = A mod M. For A € A, we let sgn(A) be the leading
coefficient of A and sgn,;(A) = sgn(A) when A is prime to M. For A € M,
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let A" be the unique element of My, such that AA" = 1 mod M and let
A= A/sgn)(A) € M},

From now on we assume M = P", a power of a monic irreducible poly-
nomial P with n > 1. We write K = Kj; and G = Gy for simplicity. Let
R = Z|G], the integral group ring of G. It is well known [BK, R] that

(2.1) =11 (X x).

xodd  Aemy,
Let Oar = Y e, Zm(0,7)77 !, where Zy/(s,7) is the partial zeta function
associated to 7. It is a Stickelberger element of the extension K/k. From
[JA, (3)], we can write 0y as follows:

(2.2) 0= > o4 -
AeMy,

Let 6 = s(G)/(qg — 1). Let S be the G-submodule of Q[G] generated by
Opr and 0 and let I = S N R, called the Stickelberger ideal of K (cf. [JA,
Definition 3.1]). We define S~ = e SNSand I~ =S NR=e1NI,
where et = s(J)/(¢—1) ande” =1—et. Let n = ZAGM}& o, and “deg”
be the augmentation map on Q[G], i.e., deg(}_, cq @o0) = D, cq G0 for any
2o 00 € Q[G].

LEMMA 2.1. {(0a —1)0p : A€ My, } forms a Z-basis of I~

Proof. Since e~ 0y = 0p; and e~ 0 = 0, we have S~ = Rl and [~ =
ROy N R. Let I be the Z-submodule of R generated by {o4—1: A4 € My}

First we show that I~ = [*0);. Clearly I*0); is contained in I~. Let z =
> Aem,, @404 € R be such that z6y, € I7. Then (¢ — 1) |degx because

0y = Z as(oa — )0y + (deg )0y
AEMM

So to show that xfy; € I*0yy, it suffices to show that (¢ — 1)0y € [*0,.
But since s(J)fy = 0, we have (¢ —1)0y = Zaer(l —0q)0n € %0y For

any A € M1, s(J)(oa— 1)y = 0. So
(ca—10 =~ > ((0an—1)0a — (00 — 1)0n1).
1#a€ly

Thus {(ca—1)0p : A € M} generates I~ as Z-module. But I~ has Z-rank
IM,| (cf. [Y, Lemma 6]). Thus it must be a Z-basis of I~ u

Next we find a Z-basis of R~ = RnNe R.

LEMMA 2.2. {(0o —1)oa : 1 # a € F; and A € Mf;} forms a Z-basis
of R™.

5(G)
qg—1
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Proof. Let j be a generator of J. Then it is easy to show that R~ =
(1 =J)R. So (60 —1)oa € R™ for any 1 # a € F; and A € M},. Any
element of R~ can be written as a Z-linear combination of elements of the
form (1 — j)oaoa with a € F} and A € M. But

(1 —=5)0q0a = (00 —0ng)oa=(0q—1)oa — (00w — 1)oa

for some o’ € F;. So {(0a —1)oa:1#a €F; and A € M}, } generates R~
as Z-module. Since the cardinality of this set is equal to the Z-rank of R™,
we get the result. m

We recall the definition of Dem’yanenko matrix in the function field case.
For A, B € M, we let (AB) = 1if sgn);(AB) = 1 and (AB) = 0 otherwise.
Define Dys = ((AB))a,B, where A, B run through M.

PROPOSITION 2.3. [R™ : 1] = |det Dyy|.
Proof. Let
Yi={(0a—1)oa:1#acl, and A € M}, 1,
Yo ={(oa—1)0p : Ac My, }.
Note that (64 — 1)0y = (04 —1)(n — s(G)/(q¢ — 1)) = (¢ — 1)n. Thus from

[JA, (5)] and the proof of [JA, Theorem 3.1|, we see that the transition
matrix of Yo with respect to Y7 is Djs. So we get the result. »

The Dem’yanenko matrix Djs gives the complete group structure of the
quotient R~/I~. In Section 3, we investigate the exponent of the relative
divisor class group Cl, by using the quotient R~ /1.

The following lemma is a generalization of the Dedekind determinant
formula [W, Lemma 5.26].

LEMMA 2.4. Let G be a finite abelian group and H be a subgroup of G.
Let f be a function on G with values in some field of characteristic 0. Let
R be a full set of representatives for G/H. For o € G, let & be an element
of R with cH =oH. Then

[T (X x0)f©) =det(for7") = flo7 o
Xeé\@q ceG
where o, T run through G\ R.

Proof. We follow almost all the notations of the proof of [W, Lemma
5.26]. We only modify W to be the subspace of V' consisting of functions
h(X) with Yy h(o7T) =0 for all 0 € R, and for 7 € G, set

Q;Z)T(X) = d)‘r(X) - |—11{| Z ¢TO'(X)’

oceH
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By comparing the transition matrices of T' = ) __ f(o)o with respect to
two bases {¢-(X)},¢r and {X(X)}Xeé\G//\H, we get the lemma. =

Rosen [R] obtained a determinant formula for the relative divisor class
number hp and his formula was extended to the prime power case by Bae—
Kang [BK]. The following proposition provides us with another determinant
formula for A,

PROPOSITION 2.5. h,, = |det((AB’) — <A§/>)A,Bem;,|~

Proof. From (2.1) and Lemma 2.4 with H = Jand R = {04 : A € M},},
we have

=11 D x = [det({AB') = (AB)) 4 pens |- »

x odd AEM+
PROPOSITION 2.6. ﬁ]& = |det({(AB")) 4 BGM;{| = |det Dyy].

_ N / _ / B

Proof. Let D = ((AB') — (AB')) 4 Bely, and D; ((AB")) 4 Beuy, "
First, we make a partition of the column indices M, of D into r sets, say
X1,..., Xy, such that X; = F} \ {1} and if By, By € X;, then 31 = Bg
for each i. Then X; = {aB : 1 # a € [y} for some monic B e M. Tt
is easy to see that the sum of columns with indices in X; is (1...1)" for
. _ _ /!
i=1land (...1—(q—1)(AB').. )A e,
in X;. Thus, by making elementary column operations on D, we find that
det D = +(q — 1)"~! det Dy where D5 is equal to D except for one column

for i # 1. Here B is any polynomial

in each X;, i # 2, and any other column in Ds is (... (AB').. )AeM* for
some B € X;. Since
(2.3) (ABj) + Y (AB') =

BEXi

for some By € X;, we can recover D from Dy. This proves the first equality.

To get the second equality, for each ¢, polynomials in X; are mapped
to a polynomial in X; for some 1 < j < r via the map B — B’ except
for at most one polynomial in X;. So again from (2.3), we can change D;
to Dy by elementary column operations. This completes the proof of the
proposition. =

From Propositions 2.3 and 2.6, we have the following corollary which
was already proved by Yin [Y, Main Theorem] in the global function field
case.

COROLLARY 2.7. [R™ : "] = hy,.
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3. Exponent of the relative divisor class group C1;,. Since G acts
on the divisor class group Clys, we may view Cly; as an R-module. It is
well known (cf. [H, Theorem 1.1]) that the Stickelberger ideal I annihilates
Cly. The relative divisor class group Cl), is defined as Cly; = {c € Cly; :
) =11

For y € G, let ex = (1/1G) - aemy, x(A)o ;! € C[G] be the idempotent
element associated to x. Recall n =) AeM?, 021. Then we have

Orrey = ney = hyey
with hy =) Aemd, X(A). The following proposition is an analogue of Iwa-

sawa’s results [I, Theorems 7, 8]. The proof is almost immediate from the
number field case, so we leave it to the reader.

PropoOSITION 3.1. With the above notations, we have:

(i) Let t be the exponent of R~ /1, and let N denote the least positive
integer such that N/h, is an algebraic integer for every odd character x.
Then N is a factor of (¢ — 1)t and t is a factor of |G|N.

(ii) The exponent of Cly, is a factor of |G|N and the exponent of
Clg&fl)fs(‘]) is a factor of |G|N/(q—1).

(ili) Suppose that Cly; is a cyclic group. Then hy; is a factor of |G|N.

As t divides |R™/I7| = hy,, it follows that if (¢ — 1,%5/1) = 1, then t
must be a factor of |G|N/(q — 1).

Let Cyp = {c € Clj; : ¢*1 = 1}. Clearly Cj is an R-submodule of Cl},.
As in [J, Theorem 1.4], we have

THEOREM 3.2. Every cyclic R-submodule of Cl,;/Co is the homomor-
phic image of the quotient R~ /I~. In particular, the exponent e of Cly,
divides (¢ — 1)t, where t is the exponent of R~ /I~ .

Proof. Let j be a generator of J as before, so R~ = (1 — j)R. If
(1—34)f = (1 —4)g with f,g € R, then (f —g) € Rt = s(J)R. Thus
f—g = s(J)h for some h € R and ¢f = 93" = ¢9 for ¢ € Cl},. For
¢ € Cly,;, we define a map 7. : R~ — Cly; by (1 — j)f — ¢/. Then 7,
is a well-defined R-homomorphism of R~ onto ¢f. For s € I~, we have
(g—1)s = ((¢—1) —s(J))s = (1 — j)hs for some h € R. Since any ele-
ment of the Stickelberger ideal annihilates the divisor class group, we have
7e((q —1)s) = 7.((1 — j)hs) = " =1, i.e. 7.(s)7" ' = 1. Thus I~ C kerr,.
Therefore 7. : R~ /I~ — Cl;,;/Cy is a well-defined R-homomorphism and its
image is the R-cyclic submodule ¢t of Cl,;/Co. This completes the proof of
the theorem. m

Let hy, = [, 1" be the prime factorization of h,,. The exponent e of
Cl,, is divisible by [],l;. Suppose that [ is a simple prime factor of the
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exponent ¢t of R~ /I~ with (I,¢q— 1) = 1. Then by Theorem 3.2, the [-Sylow
subgroup of Cl;, is an elementary abelian group.

Let So be the set of infinite primes in K. Let D(Sw)? be the group of
degree zero divisors supported on S, and P(S« ) be the group of principal
divisors supported on Ss. For the set SE of infinite primes of K, D(S%)°
and P(ST) are defined similarly. Then we have the following commutative
diagram with exact rows:

0——D(5x0)°/P(Soc) —=Clps Cly 0

| |

0——=D(53)"/P(5%) —= Cliy —= Clf; —0,

where each column is induced from the norm map Ny g+
Let (D(S00)?/P(Ss0)) ™ be the kernel of N/ g+ in D(Se0)? /P (Seo). From
the above diagram, we have the exact sequence of R-modules

(3.1) 0 — (D(8x0)°/P(S))”™ — Cly; — Cly; — 0.
Thus we see that the results on Cl,,; (Proposition 3.1, Theorem 3.2) also
hold for the relative ideal class group 6’7;4
As J is both the decomposition and the inertia group at oo, N/ g+ (z) =
(¢g—1)z for x € D(Ss). Thus as an abelian group (D(Ss)?/P(Ss)) ™ has the
exponent dividing ¢—1. Since D(S)? is a free abelian group of rank r—1, the
order of (D(Sx)?/P(Sx))~ divides (¢—1)"~1. But from hy; = (q—l)“lﬁj&
and (3.1), we see |(D(Sx)?/P(Sx))~| = (¢ — 1)"~. Thus we have
PROPOSITION 3.3. (D(Sx)°/P(Sx))” = (Z/(q — 1))"~L. In particular,
if (ﬁ&,q —1) =1, we have

Cly; = (D(S)’/P(Se))™ @ Clyy = (Z/(g = 1))~ & Cly;.

Now we give some examples on the group structure of Cl,,. As the
k-isomorphisms T +— T + « with « € F; send a monic irreducible polyno-
mial to another monic irreducible polynomial, it suffices to consider only
the polynomials up to these isomorphisms. We compute the invariants of
R~ /I, i.e., the invariants of the Dem’yanenko matrix Djy; using MAPLE.
The computation of invariants from the matrix becomes difficult as the size
of the matrix becomes larger.

ExaMPLE 1. Suppose M = P with degP = 1. Then R~ = I~ by
Lemmas 2.1, 2.2 and so Cl}; is trivial.

EXAMPLE 2. We give examples with ¢ = 3, M = P, degP < 4.
A simple calculation shows that h), is prime to ¢ — 1 if deg P < 4. Thus,
by Proposition 3.3, it suffices to determine the structure of C1,.
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For degP =2, T? +1is the only nonisomorphic monic irreducible poly-
nomial and h,, | = 1. Thus Cly; is trivial and Cly, = Z/2 & Z/2 & Z/2.

For deg P = 3,4, there are 4 and 6 nonisomorphic monic irreducible
polynomials, respectively. Tables 1 and 2 show the order and the structure
of the relative ideal class group for each polynomial. When hj is square-
free, obviously 67; is cyclic. When ?LI_;. is not square-free, we compute the
invariants of R~ /I~ . If the exponent of R~ /I~ is square-free, then each [-
Sylow subgroup of ﬁ; is an elementary abelian I-group. We label such cases
“elementary” in Tables 1 and 2. If the exponent of R~ /I~ has a nonsimple
prime factor [, we cannot determine the [-Sylow subgroup of 6'713 from our
results. In this case we only write the nonsimple factors of the exponent of
R~ /I~ in Tables 1 and 2.

Table 1. p =3,degP =3

P(T) hy Cly,
T34+T2+2 579 cyclic
T3 +21%+1 3-131 cyclic
T3 + 27T + 2 33.7 elementary
T3 +2T+1 36 32

Table 2. p =3,deg P =4

P(T) hiy Cly,
T4+ T +2 241 - 641 - 881 - 532611841 cyclic
T4 + 2T +2 17 - 97 - 63648628175761 cyclic
T+ T2 42 241 - 3329 - 65521 - 1322641 cyclic
T + 272 4+ 2 173 - 12046669609441 elementary
T+ T2+ T+1 172 . 337 - 853111437361 elementary
T4+ T2 +2T+1 17213921 - 18743655761 172

EXAMPLE 3. Let ¢ = 7 and M = T?. We have E;W = 23.13%.118147
and the exponent of R™/I~ is 2-13 - 118147. As (h};,q — 1) = 2, we only
see that the [-Sylow subgroup of Cl}, is an elementary abelian I-group for

[ # 2 and the 2-factor of the exponent of Cl}, is 2 or 4 from Theorem 3.2.

4. The signs of cyclotomic units. Recall that for 0 # A € A, sgn(A)
denotes the leading coefficient of A. This function can be extended to a sign
function (also denoted by “sgn”) on koo, i.e., sgn : k3, — F which is the

identity on 7 and trivial on UC(xl)). Here Uéol) is the subgroup of 1-units of k.
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Let B be an infinite prime of K and p be the infinite prime of K lying
below B. From [GR, Proposition 1.10], there exists a primitive M-torsion
point A such that ordp(A) = (d —1)(¢ — 1) — 1, where d = deg M. As p is
totally ramified in K, we also have ord,(A\~1) = (d — 1)(¢ — 1) — 1. Since
the completion (K1), of KT at p is isomorphic to koo, we regard K as a
subfield of ko under this isomorphism.

PROPOSITION 4.1. sgn(A\4/)\) = sgn,,(A) for 0 # A€ A, (A, M) = 1.

Proof. Since A = A\ and sgn,;(A) = sgn,,(A), we may assume A €
My, with degA = dy < d — 1. Then A /X can be written as A /\ =
Z?io c(A,i)A" =1 where ¢(A,i) is a polynomial of degree (dy — )¢’ and
c(A,0) = A, c(A,dp) =sgn(A). For 0 <1i < dp, we have

orda (c(A, )AT 1)

=L@ -1)g-1)-1)

= —(dy —i)q"
(do Z)quq_l

- q_%{qi((q C)(i—dy+d—1)—1)— ((d—1)(g—1) - )}.

As (g —1)(i —do+d—1) —1 > 0 except for dg = d — 1 and i = 0,
ordeo(c(A,i)A 1) is an increasing function on i. Thus A /\ = zA with
x = 1+Z?21 c(A, )N /A € UL, Therefore sgn(A4/\) = sgn(x) sgn(A) =
sgn(A). =

COROLLARY 4.2. For A, B € M, sgn(op(A/\)) = sgny,(AB).

For a fixed generator a in Fy, we define sgn, : k3, — Z/(q — 1) as
sgn(z) = o) for € k%, An element z of K+ is called totally positive
if sgn, (o(z)) = 0 for any o € G},. Write M}, = {41,..., A, } with A; =1
and 0; = 04,. Let E be the group of units in Oy and E.y be the group of
cyclotomic units [GR, Section 4]. Then

r 7
E=F; x[[les) and Eeye =T x [[(&).
1=2 1=2
where {¢;}; is a system of fundamental units for E and & = \i/\. Let
& =¢e1 = a. For i > 2, we can write §; as & = o™ Hes;ij with n;, ¢;; € Z.
Let A = (c,-j);jﬂ. Then

(517--~7£r)=(51,...,gr).(é Z)

and so

(4.1) (sgn(ok(&i))ki = (sgnlow(i)))r,i - ( (1) j:l >
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Note that the matrix A is uniquely determined modulo ¢ — 1 in (4.1).
Now assume ¢ = 3. Note that sgn, (o (&)) becomes (A4;Ag) +1if i # 1
and 1 if ¢ = 1. From (4.1), we have

(4.2) (@%@M@DMZ@@J%@MMW<; ;) 0 Fy.

LEMMA 4.3. Let Ear = (580, (04(&)))r- Then |det Exr| = hy; mod 2.

Proof. Since « has order 2, we have Dy = ((A;Ak))i k- By adding the
first column of Dy, to the other columns, we change Dy, into £y in Fo. Now
the lemma follows from Proposition 2.6. =

Let Et (resp. Eég,c) denote the subgroup of totally positive units in E
(resp. Egyc). Then, as in [S, Theorem 1], we get the following theorem.

THEOREM 4.4. The following are equivalent:
(i) 2| hyy,- )

(i) Efe # Bl

(iii) 2| ki, or ET # E2.

Proof. Consider a homomorphism

¢: E_)Fg’ L= (Sg—na(al(x))""7Sg—na(ar($)))'
Since ET (resp. E.) is the kernel of ¢ in E (resp. Ecyc), we have |[E/ET| =

cyc

2% and |Eeye/Edel = 2% where d; = rank(sgn, (o (ci)))r; and dy =
rank(5gn, (0x(&i)))k,i- Now the result follows from (4.2), Lemma 4.3 and
the fact that |det A| = h}; (cf. [GR, Main Theorem]). u
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