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1. Introduction. The discriminant of a polynomial is a vital charac-
teristic that crops up in various problems of number theory. For example,
they play an important role in Diophantine equations, Diophantine approx-
imation and algebraic number theory [3-7].

Let

P(.I') :anxn_i_an_lxn*l+...+a1x+a0 :an(x—al)...(x_an)

be a polynomial. By definition,

(1) D(P)=ay? ] (ci—ay)*

1<i<j<n
It is also well known that
1 Ap—1 Ayp—9 PN aq 0
0 an, Ap—1 ...ooa1 @
ny |0 0
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n (n—1ap-1 (n—2)ap—2 ... 0 0
0 nay, (n—1)ap-1 ... a1 O
0 .. . 0 nap, ... am
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Trivially, by (2), whenever P has rational integral coefficients the discrimi-
nant D(P) is also an integer. Furthermore, if D(P) # 0 then

(3) [D(P)| > 1.

Also (1) obviously implies that D(P) # 0 if and only if P(x) has no multiple
roots.

Fix n € N. Let @Q > Qo(n), where Qo(n) is a sufficiently large number.
Throughout P, (Q) will denote the class of non-zero polynomials P(x) with
deg P < n and H(P) < Q. Furthermore, P, (H) will be the subclass of
Pn(H) consisting of polynomials P with H(P) = H. In what follows ¢(n)
and ¢;, j = 0,1,..., will stand for some positive constants depending on n
only. Also we will use the Vinogradov symbol A < B meaning that A < ¢yB.
The notation A < B means B < A < B.

Using the representation (2) for D(P) one readily verifies that |D(P)| <
c(n)@*=2. Thus, by (3), we have

(4) 1 < |D(P)| < e(n)@*"?

for integral polynomials P with no multiple roots.
The number of polynomials in the class P,(Q) is finite and is easily
verified to satisfy

#Pn(Q) < 22n+2Qn+1 )

The latter together with (4) shows that [1,c(n)Q?"~2] contains intervals of
length ¢(n)Q" 3 free from values of discriminants of P € P,(Q). For n > 4
these intervals can be arbitrarily large. Thus, the discriminants D(P) are
rather sparse in the interval [1,c(n)Q?" 2] they belong to. In this paper we
establish a sharp lower bound for the number of polynomials P € P,(Q)
with relatively small discriminants. To the best of our knowledge this is the
first result of this kind.

2. Main theorems. In this paper we prove two theorems. The first one
deals with the distribution of discriminants of integral polynomials.

THEOREM 1. Let v € [0,1/2]. Then there are at least ¢(n)Q™" 172" poly-
nomials P in P, (Q) with

() |D(P)] < Q™27

In all likelihood the lower bound on the number of polynomials satisfying
(5) is best possible up to a constant multiple. Establishing this would also
give a lower bound in (5).

The following is an effective metrical result that represents the key to
establishing Theorem 1. Let @ denote a sufficiently large number, v € [0,1/2]
and let ¢; and ¢y be positive constants. By Minkowski’s theorem on linear
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forms, for any x € [—1/2,1/2] the system of inequalities
o fIre< aQ T,
[P'(z)] < c2Q'™"
has a solution in polynomials P € P, (Q) whenever cjcy > 1. Our next result
shows that the condition c¢ico > 1 cannot be substantially relaxed. To state

the result we introduce further notation. Let £,, g(c1,c2) denote the set of
x € I C[-1/2,1/2] such that (6) has a solution in P € P,(Q).

THEOREM 2. Let Q denote a sufficiently large number, v € [0,1/2] and
let ¢1 and ¢y be positive constants such that cico < n~ 127" 1. Then
nln,q(cr, c2) < |I]/2,

where  denotes the Lebesgue measure on the real axis.

3. Auxiliary lemmas. This section contains several lemmas that will
be used in the course of establishing Theorem 2.

For each polynomial P(x) € Z[z] of degree n with roots ay, ..., o, that
is,

P(x)=an(x —aq) - (x — ap),

we pick a root, say a, and consider only those z € I with minj<;<y, |[x—a;| =
|z — ay|. Furthermore, order the other roots of P according to the distance
from oy so that

a1 — o] < |ag —ag| < - <ar — apl.
Define vectors (pg, i3, - - -, tbn) and (l2, 13, ..., 1l,) by setting
oo —ajl =H™", ;- 1=[T], j=2n,

where T' = [n/e] + 1 and ¢ is a small positive number. It is readily seen that
(I = )T~ < pj < I;T~1. Further, define
L ]
pj:%, j=T1,n—1.
The polynomials P € P/ (H) that have the same vector § = (la,... 1)
form a subclass which will be denoted by P, (H, 3).

Given P € P, (H), let
S(a;)={x eR: |z —ay| = 1151%1”@ — ajl}.
LEMMA 1 (see [1]). If P is a polynomial and x € S(ay), then
| — an| < 2"|P(2)| [P (1),

. J 1/j
_ < 1 n—j / —1 o )
x—ay] < 2m£j1£n (2 |P(z)]|P'(c1)] k|_|2 lan — oy
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LEMMA 2. If x € S(«ay), then

9

o
P(z)]
Proof. Using the representation P(x) = ap(r—a1) -+ (x—a,) we obtain
[P’ ()] Si: L .. n
P =2 Te—ay] = ol
whence the lemma readily follows.
LEMMA 3 (see [7]). If |an| > H(P), then all roots o of P satisfy
laj| < 1.
In the next lemma we consider polynomials of fixed height H only.
LEMMA 4 (see [7]). Let k,m € Z and P € P (H). Then

P H.
pmax  [P(m)] > c(n)

LEMMA 5 (see [2]). For anyn € N withn > 1 and real 6 > 0 there is an
effectively computable bound Ko(d,n) such that for any K > Ky and positive
real ¢, T, n the following holds. If P (x), P2(x) € Z[z| are coprime and

max(deg P1,deg P») <n, max(H(P),H(P)) < K*,
and if there is an interval I C R with |I| = K=" such that
max(|Py(z)|, | P(z)|) < K~7  forallz eI,

|z —a1] <n

g

then
T+ ¢+ 2max{T +¢—1n,0} < 2ng¢ + 6.

LEMMA 6. Let P € P,(H) with |D(P)| < Q*"~272". Then there is a

polynomial T(x) = bpx™ + by_12™ L + -+ + by satisfying
\D(T)| = |D(P)|, H(T)< H and |b,|> H.

Proof. Let aq,...,a, be the roots of P(x) = apx™ + -+ + a1z + ag. By

Lemma 4, there is an integer mg with 1 < mg < n + 1 such that
|P(mo)| > ¢(n)H.
Consider the polynomial Pj(z) = P(x + mg) = a,a"™ +al/,_ 2" 1 + - +
alx + P(my). Its roots are §; = aj — mg, 1 < j <n, and
D)l =a22| T 3= 602 =22 T (ei—ap)?| = ID(P)].
1<i<j<n 1<i<j<n

The polynomial T'(z) = 2" Py(1/z) = P(mg)a™ +all 2" '+ +djz +ap
has roots v; = 1/8; = 1/(a;j — my), and satisfies

ID(T)| = Pmo)™ 2| T (8 - 8;)%6726;7.

1<i<j<n
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But [[[1<;cj<n ﬁ;2ﬁ3_2| = (P(mo)a,; *)?"=2, therefore |D(T)| = |D(P)|. The
condition H(T') < ¢(n)H is obviously satisfied because H(T) = H(P;) and
H(P) =< H(P).

LEMMA 7 (see [1]). Let P € P/ (H). Then

1PO(ay)| < H™, 1<I<n-1.

LEMMA 8 (see [2]). The measure of the set of those x such that the

mnequality
|P(z)| < H™Y

forw>mn—1 and H > Hy has infinitely many solutions in reducible poly-
nomials P(x), tends to zero as Hy — oo.

4. Proof of Theorem 1 modulo Theorem 2. We shall show how
Theorem 1 follows from Theorem 2.

Suppose P(x) € Z[z], deg P < n, |a,| > cH.

Lemma 6 shows that the last inequality does not impose a restriction: if
lan| < ¢H then the polynomial can be transformed into a polynomial with
a large highest coefficient without changing the value of its discriminant.

Using Dirichlet’s principle we shall prove that for any x € I C R and
Q@ > 1 there are two real positive numbers c¢3 and ¢4 with min(cs,cq) < 1
and c3cq > 8n such that the system of inequalities

(7) { |P(2)] < 3@,
|P'(z)] < eaQ, H(P)<Q,
holds for some polynomials P € P,(Q).
Let ¢3 = 1, ¢4 = 8n. Then system (7) may be rewritten as

{ |P(z)] < Q7"

|P'(z)] < 8nQ".

The existence of solutions to (8) and Theorem 2 implies that for v =
n~127"=12 the system of inequalities

o (g <l <@
1Q < |P/)] < $nQi,

has solutions in P € P,(Q) for all x € By with uB; > |I|/2. Indeed, if
one of the inequalities in (9) does not hold then |P(z)| < vQ ™", |P'(z)| <
8nQ 1Y and 8ny < 27V IF | P/ ()] < vQYY, |P(x)] < Q7" then ¢icp <
n~127"712 The claim reduces to the fact that the system of inequalities
does not hold on the set B with measure uB < |I|/2 and holds for all
x € By =1\ B with uB; > |I|/2.

Let us choose x; € B;. Then we can find a polynomial P;(z) for which
system (9) holds for 2 = x1. For all z in the interval |z — z1] < Q~2/3, the

(8)
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Mean Value Theorem gives
(10) Pi(z) = P{(z1) + P{(&)(z —21) for some & € [z, z1].

The obvious estimate |P"(&)| < n3Q implies |P"(&;)(z — z1)| < n®Q/3.
But |P/(z1)| > QY2 for v < 1/2 and therefore for sufficiently large @ it
follows from (10) and the second inequality in (9) that

37Q" " < 3|Pi(x1)] < |Pi(2)] < 2| P{(21)] < 16nQ"™".
In view of the values of P(z1) and P’(x1) given by (9) we can distinguish
four possible combinations of signs. We will consider the case when P (z1)

< 0 and P{(z1) > 0. The remaining ones can be dealt with in a similar way.
Again we use the Mean Value Theorem:

(11) Pi(z) = Pi(z1) + P{(&)(z —x1)  for some & € [z1, z].

Write # = x1 + A and suppose that A > 2y~1Q "~ 1+2v If Py(z) <
Py(z1 + A) < 0 then the first inequality of (9) implies

0< Pl(:cl + A) — Pl(scl) < an+v.
On the other hand, we have
P(e)A] > 1@ 2y Qe = g,

We thus obtain a contradiction to (11). This means that Pj(x; + A) > 0
and there is a real root o of P;(z) between z1 and z1 + A.
At the same time

(12) lz] — af < 2y71Q 1T = pantldgn—lt2y,

Now we shall obtain a lower bound for |z; — «|. Again we consider only
one of four possibilities, Pj(z1) > 0, P{(z1) < 0. At z = 21 + A; we have

(13) Pi(z) = Pi(z1) + P[(£3)A;  for some &3 € |2y, 7.

If Ay < 2747 1yQ 120 then |Py(x1)| > vQ "1 and |P'(&)A] <
yQ "%, Then (13) implies that P;(z) cannot have any root in [z1, 21 + A1]
and therefore for any root «, we have

nlaTnm BT g g,
Let a be the root of P;(z) closest to z1. Using the representation
Pl(a) = Pl(z1) + PY(E)(x1 —a)  for some & € [z, a],
the estimate | P} (¢)| < n3Q and (12) for sufficiently large Q we get
n~127 BRI < |Pl(a)| < 16nQ Y.

The square of derivative is a factor of the discriminant of P. Taking into
account that for |a,| =< H(P) all roots of the polynomial are bounded (see
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Lemma 3) we can estimate the differences |a; — |, 2 < i < j < n, by a
constant ¢(n). Thus, for 1 € B; we can construct a polynomial Pj(x) with
|D(P1)| < QQn—2—2v.

Define xg; = inf{x : x € I N By }. Clearly x; € By can be taken from the
interval J; = [1'01,.%'014—@7”71]. Set J{ = [3;01’3;014_@*”*1 +4771Q7n71+2v]
and xgy = inf{x : x € (I\J])NB}. Choose x5 € J2 = [x02, o2+ Q" 1|NB;.
By construction, we have
(14) |l‘2 — $1| > 47—1Q—n—1+2v'

For this point we can construct a polynomial P5(z) again satisfying the
system of inequalities (9) at x2. We will show that Py(z) # Pi(x). Consider
the value of the polynomial P;(z) at = x2. Then

Pi(z3) = Pi(z1) + P{(&) (g — x1)  for some &5 € [z1, 23]
Using | Py (z1)] < Q7" |P{(&)] > (v/2)Q Y and (14) we obtain
|Pr(z2)] > Q7™
so P; does not satisfy the first inequality of (9). Thus, P»(x) is different from
Py (z) at x2. The discriminant D(P) also satisfies (5). Moreover, for a point
x3 € By with z3 — 29 > 4y 1Q " 12Y we construct a polynomial P3(z)
different from P;(z) and P»(x) that satisfies conditions (5) and (9). It is

clear that repeating the described procedure we can construct c¢(n)Q"+1-2v
polynomials P(x) with discriminants satisfying (5).

5. Proof of Theorem 2. We start by estimating the measure of the
set of those x such that the system

{ |P(2)] < 1@,
Qlfvl < ’Pl(l')’ < CQQlfv
is solvable in P, where v; with v < v; < 1 will be specified later.

We shall show that P’(z) in the second inequality of (15) can be replaced
by P’(a), where « denotes the root of P nearest to x. Using the Mean Value
Theorem gives

P'(z) = P'(a) + P"(&)(x —a)  for some & € (a,x).
By Lemma 2,

(15)

1P
ol < EG
Then
P(0)] = [P(z) - P"(&2)(x — o).
As

‘P//(é-l)(x . Oé)’ S nSchnQ—n—l—H}—I—vl _ Cln4Q—n+v+v1
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for sufficiently large ) we obtain
FQIT < JIP'(x)] < [P'(@)] < §IP'(2)] < §e2Q'°
and
1P (@) < |P'(2)] < 5P/ (o).

Therefore for sufficiently large @, (15) implies

|P(2)] < 1@,
(16) Q17 < |P'(a)] < $e2Q' 7,

laj| < Q.
Let £/ (v) denote the set of x for which the system (16) is solvable in P.
Now we will prove that uL,(v) < 2|1|.

Consider the intervals
o(P): |z —a| < 3en@Q " P ()|
and
o2(P): |z —al <esQ P (o)7L

The value of c¢5 will be specified below. Obviously
(17) |o1(P)| < 3165 Q™" oo (P)).

Fix the vector b = (ay,...,az) of coefficients of P(z). The polynomials

P € P,(Q) with the same vector b form a subclass of P, (Q) which will be
denoted by P(b).
The interval o9(P;) with P; € P(b) is called inessential if there is another

interval oo(P2) with P> € P(b) such that
loa(P1) Noa(Pa)| > 0.5|02(Py)].
Otherwise for any P» € P(b) different from Py,
|o2(Pr) Noa(Ps)| < 0.5|02(P1)|

and the interval o9(P») is called essential.
The case of essential intervals. In this case every point x € I belongs to
no more than two essential intervals oo(P). Hence for any vector b,

(18) S Joa(P)| < 21)
PePy (E)
We have to sum over the lengths of the essential intervals o1 (P) inside the

class P(b) with fixed vector b, and then over all classes. We can estimate
the number of classes as the number of all possible vectors b,

n—1
(2Q+1)" ' = (2Q)" ! (1 + 21Q> < o ln—le(n=1/2Q L gngn—1,
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From (17) and (18) we obtain
Z Z lo1(P)| < 3cics Q= 2|112"Q !t = n2™ ey

b, |a;|<Q PEP(b)
Thus for c5 = n2""¢; the measure will be no larger than |I|/8.
The case of inessential intervals. Let us estimate the values of |P;(z)],
j = 1,2, on the intersection o9(P;, Py) of the intervals oo(P;) and o2(F3).

By the Mean Value Theorem,
Pj(z) = Pj(a)(z — a) + %Pj{'(fz)(x —a)?  for some & € (a, ),
and
Pi(z) = Pj(a) + P} (&)(z — «)  for some &3 € (o, ).

The second summand is estimated by
‘P”(fg)(l’ o a)2‘ < QTLSC§Q_3+2U+2U1,

while
[P'(a)(z — a)| < ;@'

As 2v; < 2 — v for an appropriate choice of v; < 3/4 we obtain
(19) Pia)| < des@7, j=12.

Similarly we obtain the following estimates:

[Pj(@)] < 562Q'7",  [Pf(&3)(z — )] < 2n’e;Q 1M

and for v; <1,
(20) |Pj(z)] < 302Q"%,  j=1,2.

Define K (x) = Py(x) — Pi(x). Obviously K (z) is not identically zero and
has the form K(x) = bjx + by. Moreover, (19) and (20) imply
(21) b1z + bo| < BesQ 1

and

1] = |K' ()] < §e2Q"".
For ﬁxed bo and b1 the measure of those x € I that satisfy (21) does not
exceed eesQ Ab; . Given that = € T and (21) is satisfied we find that by
can have not more than |I]|b;]| + 2 values. Summing over all by we obtain
an estimate for the measure when b7 is fixed,

(22) BesQ b ([][b] +2) < 6e5Q 7
After summing (22) over all |b1| we have
20eac5QT U TAMI| = n2"Beieo|I| = A1)
From cjca < n~127" 11 we can estimate the total measure for both essential
and inessential intervals by |I]/4.

Now we consider the remaining case. Our task is to estimate the measure
of £!!(v), the set of all z such that the system
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|P(2)] < Q™"
(23) |P'(z)] < Q1
laj| < Q,

is solvable in P € P,(Q).
To prove Theorem 2 it remains to show that

nCl(v) < 411,
The proof splits into the following cases:

L LT 4pr>n+l—v,

2. n4+01<bLT '4+pr<n+1-u,
3. 7/4<1LT ' +p <n+0.1,

4. 1T~ 4+ py < 7/4.

CASE 1:
(24) LT 4+p>n+1—nw.

Consider the class P¢(5) = Ugi< gyge+1 Pn(H, 5). Since @ is a sufficiently
large number and H < (), we have ty < t < log (). We are going to compare
two estimates for |z — aq| obtained from (23) and Lemma 1 for x € S(ay),

(25) |z — ay] <27 1P(@)| < 9t(=ntv=l+pi+(n—1))

[P (a1)]

and

(26) |r—a1] < (2n—1 |P(z)]|on — 0‘2’>1/2 « ot(=ntv—1+p2+(n—-2)e)/2
| P (0)]

In the case (24) we use the estimate (26). Let us divide the interval I into

smaller parts I; with ul; = o~ t((nt1-v=p2)/2-7) " where v is a positive con-

stant.

For an integral polynomial P(z) and an interval I; we shall write “P(z)
belongs to I;” or “I; contains P(x)” if there is a point « € I; that satisfies
the system (23). Let o(P) denote the measure of x € S(«1) satisfying (23).

(a) Assume that there is at most one polynomial P € Py(5) that belongs
to every I;. Then for every polynomial the measure of the set of those x that
satisfy (23) does not exceed ¢(n)2 - nt1=v=p2=(n=2)¢)/2 3nd the number of
I; is less than 24 +1=v=p2)/2=7)|I| Therefore

(27) > a(P)
PeP(3)
< Z 2t((n+17v7p2)/27’y)|f| . C(n)27t(n+17v7p27(n72)5)/2 < 2*t’71’
PePy(3)

5
where 71 = v — (n — 2)g/2.
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The sum (27) extends over all t > to. Since ) ., 27" < 2707 for
sufficiently large ¢y the measure of the set of those x such that the system
(23) holds and polynomials P(z) satisfy Case 1(a) does not exceed |I|/32.

(b) Suppose the contrary, that there are intervals I; that contain at least
two polynomials, i.e. we can find polynomials P; and P, from the class Py (3),
and points x1 and x2 from [;, that satisfy the system of inequalities

{ |Py(21)] < 21m+0)) { | Py ()] < 210740,
| P ()] < 21070, | Py (x2)| < 2t
Let us estimate the value of Pi(x) and P»(z) at points of the interval I;.

Using Taylor’s expansion for Pj(z) at ai,

" P9 () — o)
R S

j=1
and estimates |P?(aq)| from Lemmas 1 and 7 we get

|1D](.%')‘ < 2t(17pj+j((7n+v71+pj+(n*j)5)/j+7)) < 2t(*n+v+n71).

Now for polynomials P; and P, without common roots we can apply
Lemma 5.

Since we have 7 =n—v —ny, s =1, n=(n+1—v—p9)/2 — 7, it
follows that
n+1—v—ps

n—v—n'yl+1+2(n—v—n71+1— 5

+’y> < 2n+94.

Hence
2-2v<d64+ (3n—2)7.

The latter leads to a contradiction for v < 1/2 and sufficiently small =,
and §.

CASE 2:
(28) n+01<LT t 4p<nt+l—o

Let us divide the interval T into intervals I;, where |I;| = 2t(—2/T+7),

(a) Assume that no more than one polynomial P € P;(s) belongs to
every I;. We use inequality (25). For every polynomial the measure of the
set of o’s satisfying (23) does not exceed ¢(n)2~{n+1=v=pP1=(n=1)) Fyrther,
the number of I; is less than 2!("+1=v=P1=7)|J|. Therefore

(29) Z o(P) < Z otll2/T—) | g=t(nt+l-v—pi—(n-1)) 2 112,
PeP(5) PeP(5)

where v2 = v — (n — 1)e. Again we sum the estimate (29) over all ¢ > ty as
in formula (27). It is clear that the total sum is less than |I|/32.
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(b) Assuming, as in Case 1 above, the existence of an interval I; that
contains at least two different polynomials P;(z) and P»(x), for any = € I;
by Taylor’s expansion we get

|Py(z)] < 2710T H4pim1=20) g,

For Pi(z) and P»(z) which have no common roots, on I; we may apply
Lemma 5 with ¢ = 1, n = b7~ ! —~, 7+ 1 = bT~! 4+ p; — 27. Note that
I,T~! < pi. Then

LT+ 3p, — 4y < 2n + 6.
This together with (28) implies the inequalities

2n+é—4’y§l2T_l+3p1—4’y<2n—(5,

SO
% <0+ 4y,
which are contradictory for small § and ~.
CASE 3:
(30) T<bLT ' +p <n+ .

This case represents the largest interval for (o7~! + p; and is the most
difficult. We divide I into intervals I; of length 21T First let us estimate
the value of a polynomial P € P, and its derivative on I;. For this purpose
expand by Taylor’s formula, in the neighborhood of «;,

piy = Pl

Jg!

)

j=1
|P'(0n)(z — an)| < 217t
|PN(051)(£L' . Oél)2| < 2t(1—p2—2l2T*1) < 2t(1—p1—12T71),
PO () (z — )| < 9t(1=pimilbT™h)  gtl-p1=bT™Y) = 3 << p
Similarly we treat the derivative:
n—1 ; ;
PUD () (z — o)
/ —
j=0
|P'(an)| = 2107,
|p(i)(a1)($ —) Y < ot(l=pi=(i=1)lT™1) otl-r) 2 << p.

Thus, if the polynomial P(z) belongs to the interval I; it should satisfy
the system

t(1—p1—lat™1)
|P'(z)] = 2t0-P1).
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Consider those intervals that contain ¢(n)2 polynomials. Then the mea-
sure of the set of z € I that satisfy (23) is

2t(—n+v—1+p1+(n—1)a)c<n>2tg2tlgT*1 )

Ifo<n+1—v—(p1+1T 1) and t > to the measure can be estimated
by |I]/32.

To simplify subsequent computations we introduce

u::n—i—l—v—pl—lgT*l.

It follows from (30) and v < 1/2 that u > 2/5. Let uy = v —1/5 > 1/5 and
represent u; as the sum uy = [ug] + {u1}.

Let n+1—v—p; —o— 1T~ <0, ie. o> u. By Dirichlet’s principle,
there exist at least ¢(n)2t(#1}+02) polynomials Py (), ..., Pi(x), where k >
2t{u1}+0.2) guch that the first [u1] coefficients are identical.

Consider the polynomials R;(z) = Pjy1(z) — Pi(x), which obviously
satisfy
deg Rj(z) <n—[u], H(R;) < 2"
From (31) we get

{ |R](‘T)| <<2t(1—p1—12T_1)7 j = 17"'7k7

32
(32) IR ()] < 210-P0),

Every coefficient of the polynomial R; ranges in the interval [—2t+L 2t+l]
We divide all intervals into equal parts of length 2!, where ¥ = 1 —

{ur}/(n — [u]).

Then at least ¢(n)2%/® polynomials fall into the same intervals. Hence
the height of their differences R;(x) will be less than

c(n)zw — c(n)Qt(lf{m}/(n*[ul]))'
Define Sj(z) = Rj+1(x) — Ri(z) and rewrite (32) as follows:
1S;(z)| < 20— T =g k-1,
|5(2)] < 210-P), =1, k1,

deg Sj < n — [u1],
H(Sz> < ot(d—{ur}/(n—[u1]-1))

(33)

(a) Suppose there are coprime polynomials of type S;(x). Then applying
Lemma 5 with I = I; and

R Y,
n— [u1]’
max{deg S1,deg So} < degS =n—[u], n=1I0LT"

T=pi+LT =1, 9=
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we get

p1+ LTt — n{uli + 2(]?1 + 1T — Y - 12T1>
— luz

[u] n — [ui]
{u} )
<2(n-—l|u 1- + 4.
<200 ) (1- - h
This implies
1 3{u -1
3p1 — LT — ———= <2p1 + 20T +2v+ 04 —-244.
n — [u1]

Replacing p; by loT~! and representing n — [u1] — 1 as p1 + T~ 1 + 0.2 +
{u1} — 1 we obtain

8 3
(34) fun}

- —2v< + 0.
5 P+ LT t+o+024{u}—1

By writing the right hand side of the inequality as a function of {u;} and
vin [0;1)x[0; 1/4), we show that it does not exceed 0.4+3/(py + 12T+ 0.2)
+ 8, but our assumption p; + o7~ > 1 leads to a contradiction to (34) for
small enough §.

(b) If all the polynomials Sj(z) are of the type S () then |294Sy(x)| <
ot(l-p1—1T7") a1q

1—py—loT 1 0.2

172
|So(x)| < H(Sp)T=Tu1}/(n=TuD=02

If the inequality

(35) P+ LT 402-1> (n—|u)) <1 - n{_ul[il] - 0.2)

is false then Sprindzuk’s theorem [7] implies that in Case 2(b) we can esti-
mate the measure by |I|/32.
Since the product on the right side of (35) is p; + o7~ — 0.8, the in-
equality (35) leads to a contradiction.
(c) If there is a reducible polynomial S;(z) decomposing into the product
Si(x) = T1(x)T2(x) then system (33) implies that
Ty (x)| < H(Tl)(1—p1—lzT’l)(l—{m}/(n—[m]))’l’
degT <n—[u] — 1.
To apply Sprindzuk’s theorem we verify the inequality

(36) p1+ ZQT_I —1> (n — [ul] — 1) <1 — n{_ul[il]>

To this end rewrite the right hand side of (36) as
1
p1+ ILT-1 4+ 0.2°

P+ LT +02—-2+
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Determining the maximum of this expression as the function of {u; } we find
that the right side does not exceed
1
p1+ LT +02
Thus again the relevant measure in case (¢) does not exceed |I|/32.

CASE 4:

pr+ LT 4dy—2+

LT ' +p <7/4.

Let us estimate the expression o7 ! + p; from below. To do this we have
to prove that |P’(z)| < 2t(1=P1), By Taylor’s formula for P'(x) at a, we get

2 PO (@) (2 — )i

J!

P'(z) =
j=0
Clearly |P'(a)| =< 211=P1) The remaining terms of the sum satisfy
PO (a)(z—a) < 2t0P)  2<i<n.
Since |P'(z)| < 243, we have 1 — p; < 1/3 or equivalently 2/3 < p;. Thus
we need to consider the system
|P(z)] < 21,
(37) |P'(z)] < 24/3,
2/3 <lT™1+p <7/4.

All solutions of (37) with a being the closest root to = are contained in the
interval

(38) o(P)={zel:|zx—ai|<2")|P/(ag)|7).

Apart from o(P) we also consider the following interval o1 (P), which con-
tains o(P):

(39) o1(P)={z el:|z— o] <2M709NP ()|}
From (38) and (39) we get
,LLO'(P) < 2t(—n+v+1—v)uo_1 (P) _ 2t(—n+0.9)'u0_1 (P)

Divide all polynomials in P, into classes Py according to the n — 1 first
coefficients b = (ap, an—1,-...,az2). Obviously #b = ot(n—1),

(a) If po1(Pr) N poi(P) < duoy(Pr) then >_pep, Ho1(P) < [I]. Sum-
ming over all classes we obtain

Z Z ,LLO'(P) < 2n2t(nfl)n2t(*n+0.9)2|l‘ < n2n+1270,1t‘1"

(b) If po1(Py) N poi(P) > $uoi(Pr) we denote R(z) = Py(z) — Pa(z).
Since P; and P, belong to the same class P;, R(x) is of the type az + b.
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Moreover, taking into account the estimates of the polynomials and their

derivatives we obtain
{ |azx + b| < 21(=09Fv)

la| < 2t0—P1)
S0

(40)

b
T+ a‘ < Qt(_0‘9+”)|a|_1.

It is clear that inequality (40) holds for the whole essential interval.
Summing estimates (40) first over all b which do not exceed ¢(n)|a||I], and
then over all a, we obtain ¢(n)2H-09tvHl=P)|]| = ¢(n)2tv—P1+0D)|]| <«
2701 ]| Let us sum the estimates of cases (a) and (b) over all ¢ > t5. We
deduce that in Case 4 the measure of the set of those = that satisfy (23) does
not exceed |I]/32. Altogether for Cases 1-4 the measure of the set L (v)
does not exceed |I]/4, thus proving the theorem.
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