ACTA ARITHMETICA
132.4 (2008)

Kloosterman sums, elliptic curves, and
irreducible polynomials with prescribed trace and norm

by

MARKO Moisio (Vaasa)

1. Introduction. Let F, be a finite field with ¢=p", and let a,beF,,
b # 0. Fairly little is known about the number P,,(a,b) of irreducible poly-
nomials p(z) = 2™ —az™ ' + -+ (=1)™b in F[z]. Carlitz [1] obtained the
asymptotic formula
m

¢ =7
mq(q—1)
and evaluated ), Py, (a,b) where b runs over I, and over the set of squares
(resp. non-squares) in Fy. Later Yucas [20] calculated elementarily the num-
bers > Ppn(a,b) and >, Py, (a,b) where a,b run over F.

By the bijection p(z) — (=1)™b~1a™p(1/x) we see that Py, (a,b) equals
the number of irreducible monic polynomials of degree m in the arithmetic
progression

Pm(a,b) = +0(¢"?)  (m — o),

{ex +d+ f(x)x?: f(z) € Fylz]},
where ¢ = (—1)"*lab™! and d = (—1)™b~!. Applying a general asymptotic
bound on the number of primes on an arithmetic progression (see e.g. [16,
p. 40]) we actually have the asymptotic bound

qm—l qm/2
P(a,b) = — L T .
(a,b) m(q—1)+o<m> (m — o00)
Finally, Wan [18, Thm. 5.1] obtained the following effective bound:
m—1
q 3 m/2
1.1 Pola,b) — — L | < 2 gm/2,
(1) b - sl < 2

For a more complete survey the reader is referred to [5].
The bounds above are obtained by using Dirichlet L-series over 4[] and
the Riemann hypothesis for function fields over a finite field. In this paper
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we express P, (a,b) in terms of the numbers N¢(a,b) of elements x € Fj
(with ¢ | m) satisfying Trace(z) = a and Norm(z) = b (Trace, Norm are from
F,m onto Fy), which, in turn, are expressed in terms of exponential sums.
This opens up a possibility to calculate P,,(a,b) explicitly in certain special
cases. Moreover, we shall obtain an improvement of the bound (1.1) if m is
small compared to g, more precisely, if m < %(q —1). If a = 0 the bound is
obtained elementarily, but if a # 0 this is done by linking the problem to
the number of solutions of certain system of equations, and making use of
the Katz bound [11]:

(1.2) Non(a,b) = L= L] < mgtm=212,
q(q—1)
proved by using deep algebraic geometry.

The Katz bound with m = 3 plays a significant role in the proof by
Huczynska and Cohen [10] of the existence of a primitive free (normal) cubic
polynomial with a (# 0) and b fixed, which completed a general existence
theorem (see also [4, 6, 5]). We shall improve the Katz bound in this case.
In fact, we get sharp lower and upper bounds for N3(a, b), and as a corollary
for P3(a,b), by using only the Hasse-Weil bound for elliptic curves together
with a simple divisibility argument.

Another special case where the Katz bound can be improved is the case
m = pF for some k. In particular, if p = 3 (resp. p = 2) a result on the
distribution of irreducible cubic (resp. quartic) polynomials in Fy[z] with
trace and norm prescribed is obtained in terms of Kronecker class num-
bers by using the known value distribution of a Kloosterman sum over F,
[12, 13].

Next, necessary and sufficient conditions for a Kloosterman sum over Far
divisible by 3 is given. In the case of r odd this result follows also from [3,
Thm. 3]. Finally, a new proof for the value distribution of a Kloosterman
sum over the field Fsgr is given. The proof uses only elementary properties
of elliptic curves together with a result by Deuring [8] which lies deeper: the
knowledge of the number of isomorphism classes of elliptic curves over F,
having ¢ + 1 + ¢ points with ged(q,t) = 1.

Acknowledgments. The author is indebted to the anonymous referee
for helpful comments and suggestions which improved the clarity of the
paper considerably.

2. Basic formulae. The aim of this section is to establish a link between
the numbers N,,(a,b) and P,,(a,b), and to give basic formulae for N,,(a,b)
and P, (a,b) in terms of exponential sums. The formulae will be studied
more closely in later sections.
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m,p,T fixed positive integers, m > 2, p a prime
F, the finite field with p” elements
a,b fixed elements in Fy, b # 0
Py, (a,b) the number of irreducible polynomials
™ — az™ 4 (=1)™b € Fylx]
t a positive factor of m
d equals ged(g — 1,m/t)
Ve a primitive element of F
g the primitive element of F, defined by g = Norm;(~;)
try(x) the trace function from F onto I,

Normy(x)  the norm function from Fy onto F,
Si(a,b) the set of the elements x in Fy, with
tr,,(z) = a and Norm,,(x) = b

Ni(a,b) the number of elements in S;(a, b)

n the Mo6bius function
x and e the canonical additive characters of Fy and F
X(Fy) the set of rational points on an algebraic

curve X defined over F,

The following two lemmas relate the numbers P, (a,b) and N¢(a,b):

ZM m/t a, b)

t\m

LEMMA 2.1.

Proof. Let
Hi(a,b) = [{z € F : trp(2) = a, Normy,(z) = b, and x & Fgs if s < t}].
Obviously Ny, (a,b) = Zﬂm Hi(a,b), and now by the Mobius inversion for-

mula
ZM m/t a b)

tim

But H,,(a,b) = mP,,(a,b), completing the proof. m

LEMMA 2.2. Let m = p{'---pi* be the canonical prime number decom-
position of m (p1 < pa < ---), and let m' =py---p. Then

Np(a,b) — Mym' /2 < mP,,(a,b) < Np(a,b) + Ma(m' —2)/2

with My =maxp{ Ny, (a,b)}, Ma=maxs{Ny,/s(a,b)} where h (resp. s>1)
runs over the factors of m' having an odd (resp. even) number of prime
factors. If k =1, set My = 0.
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Proof. Assume k = 1. Now mPy(a,b) = Ny(a,b) — Ny, /p, (a,b) by
Lemma 2.1. Moreover, since M; = N, (a,b) and My = 0, the conclu-
sion follows in this case. Assume k > 1. By Lemma 2.1 we have

MPr(a,b) = Nn(a,0) + > Nypys(a, ) = Y Ny n(a,b).
s h

Since m/ > 2*, we now get

lk/2]
mPp(a,b) — Nm(a,b) > =M Z 1=—-M; Z <2ik ) = —M2F!

h = +1
> —Mlm’/Q
Moreover,
[k/2]
mP,(a,b) — Ny (a,b) <M221_MQZ<) My(2F1 — 1)
S M2(m - 2)/27

and the proof is complete.

Next we derive a formula for Ny(a,b). First, we observe that if a # 0,
then

(21)  z € S(a,b) & ptm/tand try(z) = (t/m)a and Norm,(2™/) = b,
and if a = 0, then
(2.2) z € Sy(a,b) < p|m/t and Normy(z™/t) = b,
or ptm/t, try(z) =0, and Norm,(z™/*) = b.

Second, we see that

(2.3) Normy(z"™?) =b < (m/t)i = indg b (mod ¢ — 1)
& d|indgb and i =ip+ (¢ — 1)j/d,

where j runs over the set {0, e (qqi%)l/d — 1}, and ig is a solution of the
congruence mi/dt = (indy b)/d (mod (¢ —1)/d).

LEMMA 2.3. Assume p { m/t and d|indgb. Let iy be a solution of the
congruence mi/dt = (indy b)/d (mod (¢ — 1)/d) and let ag = ta/m. Then

Nt(aa b) = (qt -1+ Jt(avb))a

q(q—1)
where

(24) or(a,b) = > x(—cag) Y e(eyaltb/?).

c€F; z€F?,
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Proof. Let a be an element in Fy: with tr;(a) = t/m. Now, by (2.3) and
by the orthogonality of characters we get

t

[ et S |
(¢—1)/d
qNi(a,b) = Z Z (ctry, ZO+ a—1)i/d — a))
Jj=0  c€lFy
t

Gn/a! m
— Z X(*Ca) €<t C,YZO,YISqf ).7/ >

cG]Fq =0
—_— Z —cayp) Z e(c*yzom(qfl)/d)

cqu acEIF;t

d
= 1 (¢" —1+o04(a,b)). =

3. Zero trace. In this section we assume that ¢ = 0 and simplify
formula (2.4) by using Gauss sums and some very elementary group theory.
This will enable us to obtain an improvement of the Katz bound and the
Wan bound in the case a = 0. We use the following notations:

H,  the subgroup of order n of the multiplicative
character group of IF,
Ao the trivial character of H,,

For a multiplicative character ¢ of F we define a Gauss sum

G(y) = Y e(x)y(x).

xe]F;t
LEMMA 3.1. Let n be a factor of g —1 and let o € th. Then

Z e(az™) = Z G (X o Normy) A(Normy (o)),

where X = \71.
Proof. Tt is easy to see [14, p. 217] that

D elas™) = > GE)Y(a),

zeF?, YeH!,

where H is the subgroup of order n of the multiplicative character group of
FF,¢. But the surjectivity of Norm; implies that H,, = {A\oNorm; : A € H,}. =
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Assume a =0, p{m/t, and d|ind, b. Now, by Lemma 3.1 we get

0(0,b) Z Z e(cyiogla=/dy Z Z G (X o Normy)A(clg™)

CEF* (EGF[I CGIF )\GH(q 1)/d
= > G(XoNormy)A(g™) Y A(c")
AEH(qfl)/d CEF;

where n = ged(q — 1,¢). Since
. . 0 if A™ # Ao,
2 M =2 A (C):{ —1 A" =X, i if A€ HyNH,
ceF ceF?: 1 = A0, 1.6 n (q=1)/d>

we get

01(0,8) = (¢ 1) 3 G(RoNomy)A(g) = (g~ 1) 3 e(y°a”),

A€H xEIF;

where s = ged(n, (¢ — 1)/d). Thus,

d —1
NA(0,b) = (q ) |
xG]F*

implying the following

THEOREM 3.2. Assume p{m/t and d]ind b. Then

Nt(O,b):d< += Z °>

a:GIF at

t 1_1

where s = ged(t, (¢ — 1)/d) and d = ged(m/t,q —1).

Theorem 3.2 and the Weil bound (see e.g. [14, p. 223]) imply an improve-
ment of the Katz bound (see (1.2)) in the case a = 0:

COROLLARY 3.3.

qul -1

’wa, b) - ‘ < (s 1)gm2P2,

qg—1
where s = ged(m,q — 1).
We can now improve the Wan bound (see (1.1)) in the case a = 0 and
<3(g-1):
2

COROLLARY 3.4.
m—1 _ 1

q s=1 (oo  ¢"*—1 2 w2
Pm ab - =
(©.9) m(q—l)‘ m ! T Tg-d

where s = ged(m,q — 1).
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Proof. Since d < m/t, it follows from (2.2) and (2.3) that the numbers
Mj and M5 in Lemma 2.2 satisfy

m/p1 _ 1 m/2 _
My < My <pr <21 )

g—1 = q-1
and now, by Lemma 2.2 and Corollary 3.3, we get

m—1 _

m/2 _ 1
< (s—1)qm 22 4 m T~ .
q—1 q—1

By Lemma 2.1, Theorem 3.2, (2.3), and (2.2) we get explicit expressions
for P,,(0,b) e.g. in the following special cases:

m P (0,) — &

ExamPLE 3.5. If ged(p,m,q — 1) = 1, then

1 m
P(0,b) = — M() 41-1).
EXAMPLE 3.6. If m = p¥ > 1, then
qm—l -1 qm/p -1

P, (0,b) = -

4. Non-zero trace. In this section we assume that a # 0. This case
is much harder than the zero trace case, and we are not able to find such
a simple expression for Ny(a,b) as in case a = 0. The best we can do is to
give Ni(a,b) in terms of the number of solutions of a system of equations,
and estimate that number by using the Katz bound. This method will lead
us to an improvement of the Wan bound also in the case a # 0.

Let n = (¢—1)/d. By Lemma 3.1 and by substitution ¢ — —ag'c we see
that o¢(a,b) (see (2.4)) can be written in the form

o1(a,b) = Y x(c) > G(NoNorm)A(c!(—ag)~g™)

ceFy AEH,

= Z G (X o Norm) (g™ (—ag) ™) Z x(e)X(c)
\EHp, c€ly

= Z G (X o Norm)G(A)A (g (—ap)™?).
AeH,

Let ¢ = gioaa * and use the Davenport—Hasse theorem [14, p. 197] to get

or(a,) = (1)1 Y G)'GAYA(-1)'0)

A€eH,

i VD PN ElPYKEIP

A€H,
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Now, by the definition of a Gauss sum we get

ot(a,b) = (1)1 Z X1+ +u) Z My - (—u) e,

T, Tt uER AeH,

and consequently, by substituting x1 — —uxy,...,x; — —ux:, we obtain

(41)  oua,b) =D >0 x(—u(my 43— 1)

T1,...,Tt uERY

X Z My e ).
A

€H,

We can now prove the following
THEOREM 4.1. Ifa # 0, pfm/t, and d|ind, b, then
d—1
d(¢' —1) t_l( d(q — l)t)
N¢(a,b) = —— + (—1 N(c)— ——— |,
)= =y TV ; )= a1
where N(c;) is the number of solutions of

{m+m+%—L

Ty Tt = Gy,
in T, with ¢; = gla—Vi/dtioq 1,

Proof. Letn = (¢—1)/d and ¢ = g"ay?. The orthogonality of characters
implies that

da-DN@) = Y Y aulwm 1) 3 A ),

:B]_,...,th]FZ u€lF, AeHy; 1
and consequently

-1
gg—1Y Ne)= > D x(ul@m+-+z-1)
i=0

T1,...,Tt EF; u€lfy

d—1
X Z Z)\(ci_l;rl---xt).

)\GHq_l =0

Here
d—1 '
e oy ay) = Me Tty o) Z Ag™™)
1=0

{ Moy --x)d if A € Hy,
0 otherwise,
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and now, by (4.1), we get
d—1
- DN =d Y S xulwr+ et m - 1))
i=0

xl,...,xtEIF; u€lFq
X E Mc oy -ay)

AEH,

=d(-1)"o(a,b) +d D Y AMc ).

x1,...,zt€F; ANEH,

Z Z M roy-oxy) = Z (Z )\(cflx)y =(g—1)"

ml,..‘,l‘tE]FZ ANeH, AEH, xGF;
and it follows that

d—1
ou(ant) = (1 (TS e - (- 1))

=0

Here

Lemma 2.3 now completes the proof. =
LEMMA 4.2. Letn be a positive integer and let ¢ € Fy,. The number N (c)
of solutions (z1,...,z,) in Fy of
144z, =1,
{ L1 Tn =€,
satisfies

(¢ — 1)"‘ (n-2)/2
N(c) — —~| <ng" .
' SPESY
Proof. Choosem =t =mn,anda =1,b=c. Nowd = ged(m/t,q—1) =1
and we choose ig = indy b (see (2.3)). Now ¢ = g% /a’, and by Theorem 4.1
we get

_q" -1 o ="
Na(a, ) = -1 Nee) q(q—1)
or, equivalently,
At P
Ne) qg—1) Nn{a ) qlg—1)

The Katz bound (1.2) now completes the proof. =

We are now able to improve the Wan bound (1.1) in the case a # 0 and
m < 3(qg—1):

COROLLARY 4.3. Let a,b € Fy. Then

m m/2
L e L M s 2 g,
mq(q — 1)

Fn(a,8) = qlg—1) 2 q—1



338 M. Moisio

Proof. If p|m/t or d { indgb, then N¢(a,b) = 0 by (2.1) and (2.3).
Assume p{m/t and d|indg b. If t is even Theorem 4.1 implies

dlg' =1) iy, Ha=1
Nila.b) < %y — O+ T

for some ¢ € Fy. Now, by Lemma 4.2,

Nifa,b) < 4T =1 d< =1 _ tq(t2)/2> L A1)

q(g—1) (g —1) (g —1)
d(¢" - 1) (t-2)/2
S H? .
q(qg—1) !
Since d < m/t, we get
m(q' — 1) (t—2)/2
4.2 Ni(a,b) < ——" +mgq :

If t is odd, then
d
Nt(a7 b) S

for some ¢ € Fy, and

a d(g' = 1) (g—1) (t—22)  dlg—1)"
Nela,b) < (g —1) +d<q(q—1)+tq ) q(q—1)
_d¢' - 1) (t—2)/2
= dg—1) + dtq .

Hence, the bound (4.2) holds in this case too.
Now, by (4.2), the numbers M; and My in Lemma 2.2 clearly satisfy

m/2 _
My < My <2 A + mq(m_4)/4,
(g —1)
and consequently, by Lemma 2.2 and by the Katz bound (1.2), we get
g" -1 ’ (m—2)/2 -1 m? (m—4)/4
mPy(a,b) — < mq +m-——4+—9q .
(@?) (g —1) qg—1) 2
Hence,
= ‘ moaya, =1 m oy
Pr(a,b) — ————=1 <gq + =+
‘ (®?) mq(q —1) alg—1) 2

1 1
< = (1 4+ @ q—mq/4> qm/2
q q—1 2
1 m
R e —(m+4)/4 ) m/2
(q 121 >q '
Obviously (m/2)q~("*+4/* < 1/(q — 1), and so the proof is complete.
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5. Cubics and cubic extensions. In this section we assume that
m = 3. Now the system of equations defined in the previous section is
of degree 3, and therefore we can give N3(a,b), and also P3(a,b), in terms of
the number of rational points on a cubic curve defined over F,. Some elemen-
tary manipulations of cubic curves together with the Hasse—Weil bound for
elliptic curves, and the link between Ps(a,b) and N3(a,b), will then lead to
a sharp bound for N3(a, b), which is also an improvement of the Katz bound
in the case m = 3. The following result is a key for such an improvement:

THEOREM 5.1. Let ¢ = ba™2, and let X be the projective curve over F,
defined by
X y? tey+ay=2a’
Then N3(a,b) = |X(F,)| and
PS(aa b) = %(|X(]Fq)| - 6)7
where
. {1 if p#3 and c=1/27,

0 otherwise.
Proof. Let m = 3 and apply Theorem 4.1 with ¢t = 3 to get

3 3
(5.1) Ng(a,b) = qq(q_;—l—N(Co) — f]%q_li) :N(CO)+3,
where N(cp) is the number of solutions (x,y, z) in F3 of
rT+y+z=1,
{ TYz = Cp,

with cg = g /a® = b/a3, or equivalently, N(cg) is the number of solutions
of
(5.2) 2y + zy® — 2y = —co,
in ]Fg.

Equation (5.2) defines an affine component of the projective curve de-
fined by

X'y vy —ay = —coa,

and that affine component has exactly three points at infinity. Hence

Ns(a,b) = |X'(F,)|

by (5.1). By multiplying both sides of the equation of X’ by ¢ and then
substituting x — —cy 'y and y — cy Ly we see that X’ is isomorphic over F q
to X.

It follows from Lemma 2.1 that 3Ps(a,b) = Ns(a,b) — Ni(a,b), and
by (2.1), z € Si(a,b) if and only if p # 3 and b = (a/3)3. This completes
the proof. =



340 M. Moisio

COROLLARY 5.2. Assume p # 3, and let b= (a/3)3. Then
Ps(a,b) = 3(q £ 1),

where the sign is plus if p = 2 (mod 3) and 2 1 r, and otherwise the sign is
mMinus.

Proof. If p = 2 then the equation of & is y?4(z+1)y = 3. This equation
has only three solutions with = = 0, 1. By substituting y — (z+ 1)y, we can
write the equation in the form y?+y = 23/(x+1)2, and then by substituting
x — x + 1 we get the equation
(5.3) V4+y=z+1+zt+272

Since the absolute trace of = + 272 equals zero we have x(z~! +272) =1,
and therefore equation (5.3) has exactly

> ﬂ+x@+1D=q—2+xGK§:x@)—MD>=q—3—xﬂ)
zeF:\{1} veF;

solutions in F2 with = # 0,1. Hence, in the case p = 2, |X(F,)| = ¢ —3 —
x(1) +3+1 and P3(a,b) = (¢ — x(1))/3.

Assume p # 2 and write the equation y? + cy + 2y = 2 in the form
(y+i(c+ x))2 =23+ I(c+ )2 Substitute y — y — 3(c+ ) to get

y? =1+ 122 + fex + /4 = (x+1/9)%(x +1/36).

Finally, by substituting = +— x — 1/9, we see that X is isomorphic over F,

to
C: y*=a2%(x—1/12).
Let F be the set of finite points of C' and let F’ be the set of finite points
of the curve C’ defined over F, by
C': 2 =u—1/12.

We note that the map (z,y) — (v = z,z = y/x) from F \ {(0,0)} to F’
is injective, and it follows that |F| = |F’| = 1 depending on whether the
equation z? = —1/12 has, or has not, a solution in F,. Hence, |C(F,)| =
|IC'"(Fy)] £1 = ¢+ 1+ 1, and now, by Theorem 5.1, we get P3(a,b) =
fg+1£1-1). m

We can now improve the Katz bound in the case m = 3:

THEOREM 5.3. Let a,b € Fy, b # 0. Then
1-2 1+2
3’7%{—3\/6-‘ < Ns3(a,b) < 3{(1_‘_;—\/6J

Proof. By Lemma 2.1 we have
3P3(a, b) = Ng(a, b) — Nl(a, b)
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Assume first that a = 0. If p = 3 then Ny(a,b) = 1 by (2.2), and 3P3(a,b) =
q+1—1 by Example 3.6. Hence, N3(a,b) = ¢+ 1, and the conclusion follows
in the case a = 0 and p = 3.

If p # 3 then Ni(a,b) = 0 by (2.2), and Corollary 3.3 now implies

(5.4) qg+1—-2/9<3P3(a,b) <qg+1+2/q,

and therefore

FM;Q\/&-‘ < P3(a,b) < {WJ

Since 3P(a,b) = N3(a,b), the proof is complete in case a = 0 and p # 3.

Assume next that a # 0. It is easy to see that if X : y? +cy + 2y =
is singular then p # 3 and ¢ = 1/27. Hence, if X is singular then ¢ + 1 =
3Ps(a,b) = N3(a,b) — 1 by Corollary 5.2 and Theorem 5.1, and therefore
N3(a,b) = g =1+ 1, proving the assertion if X is singular.

Assume that X is non-singular. Now, by the proof of Corollary 5.2, we
see that p = 3 or ¢ # 1/27, and therefore 3P3(a,b) = |X(F,)| = N3(a,b) by
Theorem 5.1. Now, since X is elliptic, the Hasse—Weil bound (see e.g. [19,
p. 91]) implies that the bounds in (5.4) hold in this case too, and the proof
is complete. m

3

REMARK 5.4. The bounds in Theorem 5.3 are sharp. Take ¢ = 5, for
example. If a = b = 1, we have N3(a,b) = |X(F,)| = 9 =3[ (5+1+25)/3].
If a =1, b =2, we have N3(a,b) = |X(F,)| = 3 = 3[(5+1—2v/5)/3]. These
calculations can be verified e.g. by MAGMA.

6. Degree a power of the characteristic. An improvement of the
Katz bound can also be obtained in the special case m = p* (> 2), as we
shall see in this section. The key point is that in this case the number of
solutions of our system of equations, and therefore N,,(a,b) and P, (a,b),
can be given in terms of hyper-Kloosterman sums over F, which can be
estimated by the Deligne bound obtained in [7] (see also [14, p. 254]).

In the special cases (p,m) = (3,3),(2,4) we can go even further since
then we can use the known value distributions of Kloosterman sums to get
fairly precise information on the distribution of the irreducible cubic and
quartic polynomials over the fields F3r and For, respectively. These cases
are considered in Subsections 6.1 and 6.2.

For a positive integer n and c in Fy let ky(c) be an n-dimensional Kloo-
sterman sum (or a hyper-Kloosterman sum)

xl,...,an]FZ
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THEOREM 6.1. Assume m = p* > 2, and let a,b € Fgy. Then

qul -1 1
Nm(a7 b) = q— 1 + (_1) kme(C)v
where ¢ = b/a™. Moreover,
G 1yg(m-2)/2
Nofa,h) = T < (m = 1)g 20
Proof. Apply Theorem 4.1 with m =t to get

m _ _1ym
(6.1) Non(a,b) = qq(q_11) +(—1)m] <N(c) - (qq(q_1)1)>
where N(c) is the number of solutions of
T+ Ty =1,
{ Ty Ty = C
Obviously N(c) is equal to the number of solutions of

C
1+t T + -1=0,
xlcuvxm_l

and therefore, by the orthogonality of characters, we get

wo=  F a(ufnrenene i)

L1,y Tm—1 G]Fj; u€l,

uc
= Z X(*u) Z X(Ufﬁl + -t UuTym—1 + w)

ueF; xl,...,xmfleIE‘s
+ (g —1)m 1,
Now, by substitutions z1 — x1/u,...,Tm—1 — Tm—1/u, and by noting that

x — x" is a permutation of F,, we get

gN(c) = (¢ - )"

S w Y X<x+-~~+x +“’"C>
1 m—1 L1 Tl

u€lFy T1yeTm—1 E€EFY
u™c
m m
= E x(—u) E X(Jfl +"‘+xm1+w)
UGFZ 11,...,$m,1€F§ 1 m—1
ucl/m m
= g x(—u) g X .’L'1+"'+-’Em—l+ﬁ
u€lF} Ty T —1 €EF 1 m—1

X e S )

Tl Tm—1€FY u€el?
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The inner sum equals ¢ — 1 or —1 according as 1 - - - T,—1 is equal to ¢'/™
or not. Hence,

gN(c) = (= 1" " =ghmoa(c”™) = > x(@i+ 4 zm)

$1,...,$m71€F;
= gkm—a(c/™) — (=1)"7 1,
and consequently

N(e) = kma(c) + ; ((g— 1™ = (~1)m1),

since Ep_2(c/™) = kpm_2(c). It now follows from (6.1) that

qul -1

Np(a,b) = + (=)™ Y kpu_a(c),

qg—1
and the Deligne bound concludes the proof. =

By Theorem 6.1, equation (2.1), and Lemma 2.1 we get an expression
for P,,(a,b) in terms of a hyper-Kloosterman sum:

COROLLARY 6.2. If m = p* > 2 and ab # 0, then

qul -1

mPp(a,b) = + (=1)™ Yo (b/a™).

q—1

6.1. Irreducible cubics over F3r. Next we consider the number of irre-
ducible cubics Ps(a,b) when ¢ = 3". The main result of this section is the
following:

COROLLARY 6.3. Let ¢ = 3" and let a,b € F, with ab # 0. Then
Ps(a,b) = (¢ + 1+ t)/3 where t is an integer satisfying the following two
conditions:

(i) t = —1 (mod 3),

(ii) ¢ < 2/3.

Conversely, for a given integer t satisfying conditions (i) and (ii) there are
exactly (¢ — 1) H(t* — 4q) pairs (a,b) € F2 with ab # 0 and P3(a,b) =
(g+1+1t)/3. Here H(d) is the Kronecker class number of d.

Proof. For a given c € [} there are exactly ¢ — 1 pairs (a,b) € ]Fg such
that ¢ = b/a®. Corollary 6.2 and Theorem 6.4 below complete the proof. m

THEOREM 6.4 ([12]). Letq = 3". The range S of k1(c), as ¢ runs over Fy,
s given by

S={teZ:|t|<2\/qandt=—1 (mod 3)}.

Moreover, each value t € S is attained exvactly H(t> — 4q) times.
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EXAMPLE 6.5. Let ¢ = 3. If ¢ is an integer satisfying conditions (i) and
(ii) then t = —1 or ¢t = 2. There should be exactly (3 — 1)H (1 — 12) = 2
pairs (a,b) with ab # 0 and Ps(a,b) = 1, and exactly (3 —1)H(4 —12) =2
pairs (a,b) with ab # 0 and P3(a,b) = 2.

Indeed, the two pairs (a,b) for which there is exactly one irreducible
polynomial 23 + az? + cx + b € F3[x] are (a,b) = (1,1),(2,2), and the
corresponding irreducible cubics are

P42 4+20+1, 24227 +22+2.

The two pairs (a,b) for which there are exactly two irreducible cubics are
(a,b) = (1,2),(2,1) and the corresponding irreducible cubics are

B 4+224+2, 242 +2+2, 2B2+222+1, B+22%2+x+1.

Finally, for a pair (0,b) there should be, by Example 3.6, exactly one irre-
ducible cubic. Indeed, the corresponding polynomials are

3420 +1, 2342 +2.
Thus we have counted all the eight irreducible cubics in F3[z].

6.2. Irreducible quartics over For. We conclude Section 6 by considering
the number of irreducible quartics Ps(a,b) when ¢ = 2". We need the fol-
lowing result by Carlitz which links one- and two-dimensional Kloosterman
sums:

THEOREM 6.6 ([2]). Let c € F. Then
ko(c) = ki(c)? — q.
Now we are able to prove the main result of this section:

COROLLARY 6.7. Let ¢ =2" (r > 1) and let a,b € F, with ab # 0. Then
Py(a,b) = (¢*> +2q+1—t2)/4, where t is an integer satisfying the following
two conditions:

(i) t =1 (mod 2),

(i) 1 <t <27
Conversely, for a given integer t satisfying conditions (i) and (ii) there are
exactly (¢ — 1) H(t* — 4q) pairs (a,b) € F2 with ab # 0 and Py(a,b) =
(> +2¢+1—12)/4.

Proof. Let ¢ = b/a*. By Corollary 6.2, 4Py(a,b) = ¢*+q+1—kz(c), and
now, by Theorem 6.6, we get

4Py(a,b) = ¢*> + 29+ 1 — k1(c)*

Theorem 6.8 below completes the proof. m
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THEOREM 6.8 ([13]). Let ¢ = 2". The range S of ki(c), as ¢ runs over
Fg, ts given by
S={teZ:|t| <2y/qandt= -1 (mod 4)}.
Moreover, each value t € S is attained evactly H(t*> — 4q) times.

EXAMPLE 6.9. Let ¢ = 4. Now ¢t = 1 and ¢t = 3 are the only integers
satisfying (i) and (ii). There should be exactly (4 — 1)H (1 — 16) = 6 pairs
(a,b) with ab # 0 and Py(a,b) = (16 +8 +1 — 1)/4 = 6, and exactly
(4—1)H(9—16) =3 pairs (a, b) with ab # 0 and Py(a,b)=(164+8+1-9)/4=4.

Indeed, if F4 = {0,1, a, B}, then the six pairs (a,b) for which there are
exactly six irreducible polynomials z* + az3 + - -- + b € Fy[x] are

(a,b) = (1, ), (1, 8), (o, 1), (o, B), (B, 1), (B, @),
and the three pairs (a, b) for which there are exactly four irreducible quartics
are

(CL, b) = (17 1)7 (O" a)v (ﬁv ﬂ)
Finally, for a pair (0,b) there should be, by Example 3.6, exactly (¢* +

g+ 1—(g+1))/4 = 4 irreducible quartics. This is indeed the case, and so
we counted all the 6-6 +3-4+4 -3 = 60 irreducible quartics in Fy[z].

7. Divisibility modulo three of Kloosterman sums, ¢ = 2". Let
qg = 2". We consider the divisibility modulo three of Kloosterman sums
k(c) := ki(c). We use the following notations:

Trl,  the trace function from F, onto Fas
A the set of elements a € F, with Trd(a) =0
T3(b)  the number of irreducibles 3 + ax? + cx + b € F[z]
with b fixed and a running over the set A
We need the following
THEOREM 7.1 ([15]). Let o € Fym. Then
> elax®™!) = (=1)" (g = 1)km—1(Normpy, ().
xGIF;m
LEMMA 7.2. Let b € Fy. Then
Ty(b) = (3> + 1+ k(D)) — N(v).
where N (b) is the number of solutions of x> = b in A.
Proof. By Lemma 2.1,
(7.1) 3T5(b) = > Na(a,b) — > Ni(a,b).

acA a€A
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By (2.1) the latter sum is equal to N (b). Consider next the first sum. Apply
Lemma 2.3 with t = m = 3 to get

¢ -1 1
2, Malah) = 503y * gy 2 ol

acA acA
where
D os(ab) = Y e(erz™h) > x(ca)
acA cEF*xEF* acA
LS S ™) Y alclot o)
CGF*mGF* a€l,

Since x(ca) = x(c*a?) the orthogonality of characters implies

ZO’g a,b) Z Z (cyfox?™h) Zx((c+02)a2)

acA celF* xeF a€lFy

qz :cql.

xEF*

By Theorems 7.1 and 6.6 we get
> o3(a,b) = Sq(g — Dka(b) = 3q(qg — 1) (k1 (b)* - q)
acA
(note that Normg(72) = g% = b), and therefore
> Ns(a,b) = 5(¢* + g+ 1+ k1(0)? — q).
acA

Equation (7.1) now completes the proof. =

THEOREM 7.3. Let ¢ = 2", and let b € F,. Then 3 divides k(b) if and
only if one of the following condition holds:

(1) r is odd and Trd(/b) = 0,

(2) 7 is even, b= a> for some a € F,, and Trd(a) # 0.

Proof. We have, by Lemma 7.2,

2@+ 1+ k(b)?) — N(b) =0 (mod 3),
or equivalently,
k(b)?> = —N(b) — 2 (mod 3).

Hence, 3| k(b) if and only if N(b) = 1 (mod 3) if and only if N(b) = 1. If
r is odd, then 23 = b has the unique solution = = b in F, and therefore
N(b) = 1 if and only if Tr(v/b) = 0.

Assume r is even and let ¢ (€ F4) be a primitive third root of unity.
Now N (b) = 1 if and only if b = a® and Tri(al’) = 0, for some a € F, and
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for unique 7 € {0,1,2}. It follows by the transitivity of TrZ that the latter
condition is equivalent to Tri(a) # 0. m

REMARK 7.4. In the case of r odd Theorem 7.3 follows also from [3,
Thm. 3] proved by using different methods.

8. A proof for the value distribution of a Kloosterman sum,
g = 3". The aim of this section is to give a fairly elementary proof for
Theorem 6.4. Let ¢ = 3", and let ¢ € ;. Let k(c) := k1(c) and let X' be the
elliptic curve over F, defined by

X: P +ey+ay=a’.

LEMMA 8.1.
|X(Fy)| =g+ 1+ k(c) and Fk(c)= -1 (mod 3).

Proof. Choose p =m = 3, and combine Theorem 5.1 and Corollary 6.2

to get
|X(Fq)| =3P(1,¢) =q+1+k(c). m
LEMMA 8.2. X is isomorphic over F, to X' : y? =23+ 2% —c.
Proof. Complete the square to get the equation of X in the form
(y+z+c) =2+ (z+c)2
Then substitute y — y —x — ¢, z — x — ¢ to get
2= a2 — B
and then substitute = — 23, y — > to obtain
(2 —a®—22—¢)®=0.u

Let £ be an elliptic curve over ;. Starting from the long Weierstrass

form
y2 +a1xy + azy = 3+ aga:2 + aqx + ap

of the equation of &, it is easy to see (see e.g. [19, p. 10]) that the equation
of £ can be given in the form

y? =23+ az? + cx + d.
If a # 0 the substitution x — x 4 e with e = ¢/a yields the equation
y? =23 +ax? + 3 + ae® + ce + d,

and therefore we may assume that the equation of £ is one of the following;:

(i) y? = 23 + az? + b,

(ii) y? = 23 + cx + b,
for some a, b, c € F,. Since £ is smooth we must have ab # 0 in case (i), and
¢ # 0 in case (ii).
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The j-invariant of £ is given by
3 . .
] —a”/b in case (i),
ey ={ o et
0 in case (ii).
LeEMMA 8.3. Let |E(Fy)| = g+ 1+ t. The following three conditions are
equivalent:

(1) € is supersingular,

(2) j(€) =0,

(3) 3]t.

Proof. See [19, pp. 75, 121]. =

Assume next that £ is ordinary (i.e. non-supersingular). We may now
assume that £ is defined by

E: P =23 +ax? +0.
LEMMA 8.4. If a is a square in Fy then & is isomorphic over Fy to
X'y = 4 2® +b/d?,

and |E(Fy)| = q+ 1+t for some integer t with t = —1 (mod 3).

If a is not a square, then |E(Fy)| = 2(q + 1) — |X'(F,)|, and |E(F,)| =
q+ 1+t for some integer t with t = 1 (mod 3).

Proof. If a = ¢? for some ¢ € [, the substitution z — ax, y — c3y yields
the equation y? = 23 + 22 + b/a3. Assume next that a is not a square. Let

n be the quadratic character of Fy with 7(0) = 0. The number of solutions
Nofy2zx3+a:c2+bian is
N = Z(l+n(w3+a:r2+b)) =q+ Z n(z® 4 ax? +b).
z€F, z€F,
Now substitute & — ax to obtain
N =q+n(a) Y na®+a®+b/a®) =g Y na®+a°+b/a®),
z€lf, z€F,

and so
EFN =N +1=q+1— (X' (F)| - (¢+1)).

The remaining assertions follow immediately from Lemmas 8.2 and 8.1.

Proof of Theorem 6.4. Let t = —1 (mod 3) be an integer belonging to the
interval (—2,/q,2,/q). By Theorem 8.5 below there exist exactly H (t* — 4q)
pairwise non-isomorphic elliptic curves £ with |[E(F,)| = ¢+ 1 + ¢, and
by Lemma 8.3 each of them is ordinary. Now, by Lemma 8.4 each & is
isomorphic over F, to A" : y? = 23 + 2 + ¢ for some ¢ € [F7, and finally
Lemmas 8.2 and 8.1 conclude the proof. =
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THEOREM 8.5 ([8, 17]). The number M (t) of isomorphism classes of

elliptic curves over Fy having q + 1+t points with ged(q,t) =1 is given by

H(t? —4q) if t? < 4q,

0 otherwise.

M(t) = {

REMARK 8.6. Yet another proof of Theorem 6.4, which uses fairly ad-

vanced methods, is given in [9)].
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