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Exponential sums involving the largest prime factor function
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1. Introduction. Let P(n) stand for the largest prime factor of the
integer n > 2 and set P(1) = 1. A well known result of I. M. Vinogradov [7]
asserts that, given any irrational number «, the sequence ap,, n =1,2,...,
where p, stands for the nth prime, is uniformly distributed in [0, 1]. In
2005, Banks, Harman and Shparlinski [I] proved that for every irrational
number «, the sequence aP(n),n = 1,2, ..., is uniformly distributed mod 1.
They did so by using the well known Weyl criteria (see the book of Kuipers
and Niederreiter [5]) and thus by establishing that

.1
(1.1) Jim_ — ge(aP(n)) =0,
where e(z) := exp{2miz}.
Let M stand for the set of all complex-valued multiplicative functions
and let M be the subset of those functions f € M such that |f(n)| <1 for
positive integers n. Daboussi (see Daboussi and Delange [2]) proved that

given f € M and any irrational number «,
1
lim sup — Z f(n)e(na) = 0.
e fGM r n<z

Let M stand for the subset of those functions f € M such that |f(n)| =1
for all positive integers n. In this paper, we first generalize ((1.1)) by showing
that for any irrational number « and any function f € M1, we have

(1.2) Y f(me(@P(n)) = o(z)  (z — o0).

We also show that this general result further holds if one replaces e(aP(n))
by T'(P(n)), where T' is any function defined on primes satisfying |T'(p)| = 1
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for all primes p and such that }  _ T(p) = o(r(x)), where m(z) stands for
the number of primes < . -

We then move our interest to shifted primes by establishing that
holds if one replaces P(n) by P(n — 1), provided f € M satisfies an addi-
tional condition.

Finally, we examine the counting function

E(z,q,a) =#{p<z:Plp—1)=a (mod q)}.
In [I], Banks, Harman and Shparlinski proved that

li(x)

E(z,q,0) < —= (logq < (logx 1/3 ,
( ) () ( (logz)™/”)
where the constant implicit in < is absolute,

¢ dt

li(z) := |

5 logt

and ¢ stands for the Euler function. They also mentioned that the matching
lower bound E(x,q,a) > li(x)/¢(q) should most likely hold as well, but
could not prove it. Here we prove their guess to be true.

In what follows, ¢, ¢y, ca, ... always denote absolute real constants.

2. Main results

THEOREM 1. Given an irrational number « and a function f € My,

Tim % S fn)e(aP(n)) =0,

n<x
where e(z) := exp{2miz}.

THEOREM 2. Let f € My and let p stand for the set of all prime num-
bers. Let T : o — C be such that |T(p)| = 1 for each p € p and such
that 3, T(p) = o(m(z)), where w(x) stands for the number of primes not
exceeding x. Then

lim i S f(n)T(P(n) = 0.

Note that one can show that Theorems 1 and 2 remain valid when re-
placing P(n) by Pg(n), the kth largest prime factor of n.

THEOREM 3. Given an arbitrary fived number A > 0, there exists an
absolute constant ¢ > 0 such that, for all x > 2,
li(z)

E(x,q, a) > Cm (<a7Q) = 17 q < (IOgJJ)A)
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THEOREM 4. Let f € M; and assume that

1—R(f(p)p~")
S(t) == Z
p
P
converges for some t € R. Then, given any irrational number «,

xlggOZf e(aP(n —1)) = 0.

n<x

3. Preliminary results. The following two lemmas are essentially due
to Halasz [4]. We state them as follows.

LeEMMA 1. Let f € M with |f(n)] < 1 for all n € N. Assume that
the series S(ag) is convergent for some real number ag. Then there exists a
constant Cy € C and a slowly oscillating function Lo(u), with |Lo(u)| = 1,
such that

Y f(n) = Co Lo(log ) ' + o(x).

n<x

REMARK. Observe that the constant Cj is nonzero if there exists at least
one integer r > 0 for which f(2") # —1.

LEMMA 2. Let f € M with |f(n)| <1 for alln € N. Then
> fn)=
n<z

if S(b) diverges for every real number b or if f(2") = =1 forr=1,2,....

The next lemma, which may be of independent interest, plays a crucial
role in what follows.

LEMMA 3. Let (a(n))n>1 be a sequence of complex numbers of modulus 1
and set A(z) =3, . a(n). Also let T € R and set A-(z) =3, _, a(n)n'.
If A(x) = o(), then Ar(z) = o(x).

REMARK. As a consequence of Lemma 3, it follows that if A, (z) = o(x)
for some real number 7, then A,(z) = o(z) for every real number 7.

Proof of Lemma 3. Since A(x) = o(x), there exist decreasing functions
e(z) and 6(x), both tending to 0 as © — oo, such that

(3.1) [A(z +y) — A(z)] < 5(2)y,

uniformly for e(x)z <y < z.
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Now observe that

AT(-Z' + y) - AT(.’L') =27 Z a(n)e”bg(n/m)

r<nlzr+y
T n
=z (A(x +y) — A(z)) + O<|T] Z log $)
r<n<z+y
Therefore,
2
Y
(3.2) |[Ar(z +y) = Ar(2)] < JA(z +y) = Al2)] + e ]~
We shall now prove that
A(X
(3.3) limsup| (X)] = 0.
X —o00 X

To do so, we first let M > 0 be an arbitrarily large integer and choose X
large enough so that we have both §(X/M) < 1/M? and e(X/M) < 1/M?.
Finally let x = X /M. Since

M
A (M) = A (2) + 3 (A (j2) — AL(( — 1)),

j=2
it follows, in light of (3.1]) and -, that

M
[Ar(Mz)| < [Ar(2)] + Z [Ar(jz) = A ((j — 1))

M—1 M—
"1
<z+ Zmé(jaf)—i—cl]ﬂ g - <x+aM(z)+ cox|r|log M,
° J
]:1 :
from which it follows that
|Ar(Mz)]| 1 log M
PITV7ol «
Mz o o el =g
which in turn implies
A(X log M
limsup‘ (Xl < e3|7| e
X —o00 M

Since M can be taken arbitrarily large, (3.3)) follows, thus completing the
proof of Lemma 3.

4. The proofs of Theorems 1 and 2. Let f € My, « an irrational
number and S(x) := ), ., f(n). Assume for now that f is completely mul-
tiplicative. We shall consider separately the two cases

0 1m 2@ o SE:)

T—00 I

-+ 0 as x — oo.
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It is well known (see Tenenbaum [6]) that

(41)  Y(y):=#{n<z:P(n) <y} =1+o01))zpu) (z— o0),

where p(u) stands for the Dickman function and u := (logx)/(log y) is fixed.
Therefore, it is clear that, using (4.1)) for a fixed positive § < 1/2,

(4.2)  lim 1 (#{n<z:Pn) <2} +#{n <xz:Pn) >z}

r—00 I

— lim L (@, 20) + 2 — (@, 2 0) = p(1/8)+1— p(1/(1—6)) < 6.

T—00 I

So, let 0 < 6 < 1/2 be fixed. For some prime ¢, 2° < ¢ < z'79, define

Sy(z) = Z f(n) and Dy = H p.

n<z q<p<z
P(n)<q

Observe that for any n < z, one has P(n) < ¢ if and only if gcd(n, Dg) = 1.
Using the fact that f is completely multiplicative, we deduce that

(4.3) Sq(x) = Y ud)f(d)S(x/d).

d| Dy

Now consider the sum

Si=21(z) = ) fla)e(aq)Sy(x/q).

ré<g<al =9

It follows from (4.2)) that

‘ Z f(n)e(aP(n)) — 21’ < ¢qd.

n<x

This last estimate implies that Theorem 1 will be proved (in this case)
if we can show that Xy = ¥ (z) tends to 0 as © — oc.

Now since S(z) = o(z), there exists a function ¢;(x) which tends to 0 as
x — oo and is such that [S(x)| < e1(x)z.

From (4.3) and the definition of X;, we have

1 & 1

ay mise Y Loy a0, s L
ré<g<al—9 d|Dq d|Dqg 1

dg<z1—52 #1902 <qd<z

=xXa+ Xp,
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say. Clearly,

(4.5) SEICEDY H < >

rd<g<al—9 q<p<z

1
Caa@) Y e

rd<g<al =9 q IOg q

1
< 6661(.%62)*.
0
In order to estimate Xp, we proceed as follows. For a fixed prime g,
.. . . . 2 2 . .
each divisor d in the sum lies in [z, 20 z|, where z = 10 /q. Splitting this
interval into dyadic subintervals of the form [27z,27 “z], we observe that

> =l <n

d|Dq r<q
d€)29 2,201 2]

Since the maximum value of j in the above expression is cgd? log x, it follows
that

1 1
(46) EB S 61052 Z 08T < 01152 o8 T = 0115.

o 1= qlogq — dlogx

Using (4.5) and . in ., we obtain

P
‘1‘ <116 + ¢
xT

e1(z%)
5 b

which implies that
b))

T—00 x

< 0.

Since 0 can be chosen arbitrarily small, it follows that |2 (z)|/x — 0 as
x — oo, which completes the proof of Theorem 1 in case (i) when f is
assumed to be completely multiplicative, a fact that we only used to de-

duce (4.3).

To drop this last condition, we proceed as follows. We define f; = f1 , €M
by fi(p®) = f(p®) if p & [2°, xlf‘s] and f1(p®) = f(p)* otherwise. Set

SW(@) = filn

n<x

and, for 20 < ¢ < 279, let

S (@) =Y u(d) f(d)S™ (x/d).

d|Dq
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In light of these definitions, it is easy to see that
1
1S(z) = SV (@)| <z > 2 < g0

rd<q<al =9

and

>~ A)e(aP )| < do+ a7,

n<x
so that the theorem is proved in case (i) without the restriction that f is
completely multiplicative.

It remains to consider case (ii). In this case, it follows from Lemma 2

that there exists a real number 7 for which S(7) converges. From Lemma 3
we have, as z — 00,

% S f(m)e(aP(n) — 0 and é S ) Te(@P(n)) — 0.

n<x n<x
In light of these observations, it is sufficient to consider the case 7 = 0,
that is

(4.7) S(0) = Z 1_%;]0(2?)) is convergent.

Let f(p") = e(F(p")) with —1/2 < F(p") < 1/2. It is clear that (4.7))
holds if and only if

(4.8) 3 P20 o

e p
Let Y be a fixed large number and set

AX7y = Z @

Y<p<X p

Further define the multiplicative functions fy(n) and gy (n) by
Sy LI sy [T >
Tl if p>Y, 13 itp<y.

It is clear that f(n) = fy(n) - gy (n).
Further let

p"|n
p>Y
It follows from the Turan—Kubilius inequality that
2 F? (p") 2
(4.9) Z ’Gy(n) - A_)Qy’ S C12% Z p = Clngy,
n<lz p>Y

r>1
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say. From (4.8)), it follows that By — 0 as Y — 0o. On the other hand, since
gy (n) = e(Gy(n)), it is clear, in light of (4.9)), that

Z lgv (n) —e(Ax Y)| < 0131’332/.

n<x
Therefore,
(4.10) ‘Zf ) —e(—Axy) ny aP(n))| < ¢4z By.
n<z n<zx
We shall now establish that
1
4.11 - P 0 .
(111) 2 D Ir)elaP(n) =0 (@ o0

We further define the multiplicative function };(n) by
—~ 1 if p>vY/r,
fy (") = . .
fr(p") otherwise.
First observe that

(412) |3 fr(me(@Pm) = 3 fr(me(aPm)| < Y~ <e()a.

n<lx n<lx

where £1(Y) - 0 as Y — oc.
Let hy(n) be the function defined implicitly by

=2 (@)
dn
It is easy to see that

hy(p) = | PP -1 iEpSY,
0 ifp>Y,

and that similarly hy (p") =0if p > Y.

On the other hand, since hy (p") = fy(p") — fy(p"1), it follows that
hy(p") =0if p~! > Y.

From the definition of hy, it is clear that
(4.13) Z };(n)e Z hy (d Z (aP(dm)).

n<x d<z dm<z

If hy(d) # 0, then p" || d implies that p < Y and p"~! < Y, so that
p" < Y2, Consequently, d < Y?™(Y) < Y?Y Furthermore, hy (d) < 27),

For a fixed positive integer d, we have

(4.14) > elaPm) = > e@Pm)+0( Y 1).

m<z/d m<z/d m<z/d
P(m)<P(d)
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Using the main result of Banks, Harman and Shparlinski [I], namely that
for any fixed irrational number «,

Zlirrolo % Z e(aP(n)) =0,

n<z
we deduce, using in - that
4.1 lim — P =0.
(4.15) Tim x;fy(n)e(a (n) =0

Hence, it follows from estimate (4.15)), taking into account (4.12]), that (4.11])
is proved. Finally, gathering (4.10)) and (4.11f), Theorem 1 is proved.

Theorem 2 can be established along the lines of the proof of Theorem 1
and its proof will therefore be omitted.

5. The proof of Theorem 3. Let 0 <1y < n2 < 1/2. It is clear that
(5.1) E@Qa)>= > w@l)- > w1

M <Q<x"2 Q<Q’
Q=a (mod q) M <Q<z"2
QR=a (mod q)
=21 — 2y,

say, where as usual 7(z;b,a) := #{p <z : p = a (mod b)}. It follows from
the Bombieri—Vinogradov theorem that

(5.2) oy =liw) ) Ql—l O((logxw))

M <Q<x"2
Q=a (mod q)
assuming that 2 < \/z/(logz)?4*5, a condition which is equivalent to
1 loglog x
5.3 - — 2A+5 .
(53) 5~ (244 5)

Summing over @ allows us to write ([5.2]) as

b e () o)

uniformly for ¢ < (logz)¢, where D is any preassigned value.

In order to estimate X5, we use standard sieve techniques. Actually X
represents the number of solutions of p — 1 = bQQ’ < z, where b, Q, Q' vary
as follows:

Q=a(modq), Q€[2™a™], Q<Q, b=12.. ..

We first fix b and @, and we assume that there is at least one pair of
numbers p, Q" which is a solution of p — 1 = bQQ’ < z, in which case we
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have b < 2!72M and bQ < z'~™. Let 11 be close to 1/2. Then
(5.5) Eyo:=#{p.Q :p—1=0QQ <z, Q =a (mod q)}

x
S 5T A
log?z ¢(bQ)
Using the well known estimate >, 1/¢(b) < c16logy, it follows from (5.5
that N

log(z/Q?
(5.6) Xy = ZEbQ < 6151 C16 Z gc;_/clg)
b,Q M <Q<x"2
x 1 2
<cir— 1 —2n1)log —.
logx o(q )< ) m

Choosing 72 so that it satisﬁes and n1 so that c17(1 —2m1) < 1/2, and

then gathering (5.4)) and ( in , we obtain
1 n2\ li(x)

Ex7Q7a)Z<log) ’

( 2\, ) 5@

thus completing the proof of Theorem 3.

6. The proof of Theorem 4. Again using the analogue of Lemma 3,
namely in the form

zlLHolo:UnZ;f e(aP(n—1))=0 < mlinolo:v%f e(aP(n—1)) =0,

we may assume that 7 = 0, that is,
1 —R(f(p))
S(0) = < 0.
(0) Ep )

Arguing as in the proof of case (ii) of Theorem 1, we reduce the problem to
proving that the expression

(6.1) Z fr(n)e(aP(n —1)) Z hy (d Z e(aP(dm — 1))
n<z d<z mgx/d

is o(x) as x — oc.
First let us define

Y(x,y;a,q) == #{n <z:Pn)<y,n=a (mod q)}.

Since, in the first sum on the right hand side of (6.1)), d runs over a finite
set of integers which does not change as x — oo, it is enough to prove that

.1
(6.2) lim > e(aP(dm —1)) = 0.
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We have P(dm — 1) = g if dn —1 = qv, P(v) < ¢, that is, qv +1 = 0
(mod d), v = {4 (mod d), P(v) < ¢q, v < x/q. This quantity is precisely
P(zd/q, 4 by, d).

It follows that

xd
> el - 1) = Y claa)i (26 d).
m<X q<zd q
Let € > 0 be an arbitrary real number. It follows from (4.2]) that
d
63 Yelarm-1)= ¥ cans( " gitnd)+ R,
< € l1—e q
msx x®<q<x
where |R;| < ez. It has been established by Granville [3] that, if gcd(a,d) =1
and d'*¢ < y < z, then
1
(6.4) V(@ ysa,d) ~ —(z,y) (2 — 00).
Observing that

o(%a) = o (E 1) 2 (o),

we deduce, by (6.4), that the right hand side of (6.3)) is, as * — oo, equal to

wd Y p<logm - 1) @D | 51)2q 3 p<logm - 1)1 + R,

i log q q i log q q

= Sl(.%') + SQ(Q?) + R,.

In order to prove (6.2)), it remains to show that

(6.5) Si(x) =o(x) and Sa(x)=o(x).
First we set
I, = 1 _1+logd’1_1+logd.
1—¢ logx' e log x

If ¢ € [2°,217°], then (log zd)/(log q) — 1 € J,. On the other hand, note that
Jr € [1/(1 —¢),1/e], and that in this interval, p is bounded, and therefore,

(6.6) Sa(x) < o(1)xd Z E < 0(1):clogé =o(zr) (z— ),

which proves the second estimate in (6.5]).
To estimate S1(z), we proceed as follows. First set

B = Y 0

¢ <q<y 9
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By using the theorem of I. M. Vinogradov according to which

ml
max —— e(aq’zém —0 asz— o0,
22¢ <y<z m(Yy) zgngy ) ()

we find immediately that

2;%35(9 |B(y)| = d1(z) =0 asx — oo.

On the other hand, since
1 1

Z - §10g< o8y ) for z° <y < 2z°,
q elogx

z= <q<y

it follows that

max |B(y)| =d2(z) =0 asx— oo.
z°<y<w

From the definitions of S1(x) and B(y), we have

(6.7) Si(z) =zd | p<1foggzd - 1> dB(u)

mE

’ log zd log xzd
d B / —1)|——— du.
e S (w)p ( logu )u(log u)? "

Since both p(u) and p'(u) are bounded in J,, it follows from (6.7)) and the
above bounds on B(u) that

1—e

1 “ logad
On the other hand,
(6.9)
PO (Imejlogx y qjA=legz 1
) wiogap ™= )V w=y :<‘1_ )1 -
o g u) clogz ¥ Vg € e/ logx

Gathering , and completes the proof of (6.5]), as required.
Since € > 0 is arbitrary, it follows from (6.3|) that

% Z e(aP(dm—1)) -0 (z— o0)

m<x

for every d, thus proving (6.2)) and thereby (/6.1]), which completes the proof
of Theorem 4.
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